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Green’s Function (GF) For the Two Dimensional (2D)
Time Dependent Inhomogeneous Wave Equation.

ABSTRACT

Interference effect that occurs when two or more waves overlap or intersect is a common
phenomenon in physical wave mechanics. A carrier wave as applied in this study describes the
resultant of the interference of a parasitic wave with a host wave. A carrier wave in this wise, is a
corrupt wave function which certainly describes the activity and performance of most physical
systems. In this work, presented in this paper, we used the Green’s function technique to evaluate the
behaviour of a 2D carrier wave as it propagates away from the origin in a pipe of a given radius. In
this work, we showed quantitatively the method of determining the intrinsic characteristics of the
constituents of a carrier wave which were initially not known. Evidently from this study the frequency
and the band spectrum of the Green'’s function are greater than those of the general solution of the
wave equation. It is revealed in this study that the retarded behaviour of the carrier wave described
by the Green’s function at some point away from the origin is much greater than the general wave
solution of the carrier wave at the origin. The Green’ function is spherically symmetric about the
source, and falls off smoothly with increasing distance from the source. The anomalous behaviour
exhibited by the carrier wave at some point during the damping, is due to the resistance pose by the
carrier wave in an attempt to annul the destructive tendency of the interfering wave. Evidently it is
shown in this work that when a carrier wave is undergoing attenuation, it does not consistently come
to rest; rather it shows some resistance at some point in time during the damping process, before it
finally comes to rest.

Keywords: Parasitic wave, Carrier wave, Host wave, Greens Function, Time dependent
inhomogeneous wave

1. INTRODUCTION.
Interference effect that occurs when two or more waves overlap or intersect is a common

phenomenon in physical wave mechanics. When waves interfere with each other, the amplitude of the
resulting wave depends on the frequencies, relative phases and amplitudes of the interfering waves.
The resultant amplitude can have any value between the differences and sum of the individual waves
[1]. If the resultant amplitude comes out smaller than the larger of the amplitude of the interfering
waves, we say the superposition is destructive; if the resultant amplitude comes out larger than both
we say the superposition is constructive.

When a wave equation ¢ and its partial derivatives never occur in any form other than that of the first
degree, then the wave equation is said to be linear. Consequently, if ¢, and ¢, are any two solutions

of the wave equationy , thenay, + a,i,is also a solution, a and a,being two arbitrary constants
[2,3]. This is an illustration of the principle of superposition, which states that, when all the relevant
equations are linear we may superpose any number of individual solutions to form new functions
which are themselves also solutions.

There is a great need in differential equations to define objects that arise as limits of functions and
behave like functions under integration but are not, properly speaking, functions themselves. These
objects are sometimes called generalized functions or distributions. The most basic one of these is

the so-called delta O -function.
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A distribution is a continuous linear functional on the set of infinitely differentiable functions with
bounded support; this space of functions is denoted by D . We can writed[¢]: D — O to represent

such a map: for any input function ¢, d[¢] gives us a number [4, 5].

Green’s functions depend both on a linear operator and boundary conditions. As a result, if the
problem domain changes, a different Green’s function must be found. A useful trick here is to use
symmetry to construct a Green'’s function on a semi-infinite (half line) domain from a Green’s function
on the entire domain. This idea is often called the method of images [6].

If a wave is to travel through a medium such as water, air, steel, or a stretched string, it must cause
the particles of that medium to oscillate as it passes [7]. For that to happen, the medium must
possess both mass (so that there can be kinetic energy) and elasticity (so that there can be potential
energy). Thus, the medium’s mass and elasticity property determines how fast the wave can travel in
the medium.

The principle of superposition of wave states that if any medium is disturbed simultaneously by a
number of disturbances, then the instantaneous displacement will be given by the vector sum of the
disturbance which would have been produced by the individual waves separately. Superposition helps
in the handling of complicated wave motions. It is applicable to electromagnetic waves and elastic
waves in a deformed medium provided Hooke’s law is obeyed [8].

A parasitic wave as the name implies, has the ability of destroying and transforming the intrinsic
constituents of the host wave to its form after a sufficiently long time. It contains an inbuilt raising
multiplier A which is capable of increasing the intrinsic parameters of the parasitic wave to become
equal to those of the ‘host wave’. Ultimately, once this equilibrium is achieved, then all the active
components of the ‘host wave’ would have been completely eroded and the constituted carrier wave
ceases to exist [9].

Any source function ¢/(r) can be represented as a weighted sum of point sources. It follows from
superposability that the potential generated by the source (r) can be written as the weighted sum of

point source driven potentials i.e. Green's functions. It is evident that one very general way to solve
inhomogeneous partial differential equations (PDESs) is to build a Green's function and write the
solution as an integral equation [10,11]. Remarkably, a Green’s function can be used for problems
with inhomogeneous boundary conditions even though the Green’'s function itself satisfies
homogeneous boundary conditions. This seems improbable at first since any combination or
superposition of Green’s functions would always still satisfy a homogeneous boundary condition [12].
The way in which inhomogeneous boundary conditions enter relies on the so-called "Green'’s
formula”, which depends both on the linear operator in question as well as the type of boundary
condition (i.e. Dirichlet, Neumann, or a combination).

The organization of this paper is as follows. In section 1, we discuss the nature of wave and
interference. In section 2, we show the mathematical theory of superposition of two incoherent waves
using Green’s function technique. The results emanating from this study is shown in section 3. The
discussion of the results of our study is presented in section 4. Conclusion of this work is discussed in
section 5. The paper is finally brought to an end by a few lists of references and appendix.

1.1 Research Methodology.

In this work, a carrier wave with an inbuilt raising multiplier is allowed to propagate in a narrow pipe
containing air. The attenuation mechanism of the carrier wave is thus studied by means of the
Green'’s function technique.

2. MATHEMATICAL THEORY.

2.1 General Wave Equation.
Generally, the wave equation (WE) can be described by two basic equations given below.
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62¢)
D2¢— EH—y = -
at?
) d°A
02A-0Op—s=- pJd (2.2)
at?

(2.1)

O lo

where V is called the del operator, it is a three dimensional (3D) Laplacian operator in Cartesian
coordinate system, the scalar potential is given by ¢, the vector potential is given by A, the charge

density is p, the permittivity is €, while the permeability isy, and the current density isJ, the
permittivity and the permeability of air isd and x respectively. It is very obvious that both wave

equations have the same basic structure; hence in a free space we can write a single wave that would
connect the two equations as follows.

ot
Where f(x,y ;t) is a known source distribution having space — time functions. Since we are dealing

with dynamic variable coordinates the source function is normally represented by the delta function.
The solutions to (2.3) are superposable (since the equation is linear), so a Green's function method of

solution is appropriate [13, 14]. The Green's function G(x,t| X',t") is the potential generated by a

-0 v
U -Ou— | o (xt) == f(xt;t) (2.3)

point impulse located at position X and applied at timet'. Now to solve (2.3) we find the Green
function for the equation, that is, we replace ¢ by G and f(x,y;t) by Dirac delta § and obtain
expression for Green function as

2
[Dz—Dy§7jG(mﬂxtr):—5u—x050—r) (2.4)

Hence, (2.4) is the Green function for one dimensional (1D) space. However, the Laplacian in 3D
Cartesian space is given by
, 8% 9% a?
=t —+—
- x> ay2 0z° 25
Suppose, if we confined the motion to two coordinates Xand Yy axes, that is, we make the motion to
be constant with respect to one of the axes, say z - axis, then the Laplacian becomes
n%= 62-+62 (2.6)
x> ay2 '
Then we can recast the equation of motion described by (2.4) to be 2D in character. The variation in
the Laplacian will also lead to a variation in the Green'’s function. Accordingly, we get

x> ay? at?
The Dirac delta function in (2.7) is represented by two coordinate system with 2D character and is
defined as

2 62 62
(—+—-Dﬂ—j G yit|x',y'it) = = 8(x=x) 3(y - y) 5(t~t) (2.7)

1 Ckemkid ) (X=X (Ky=Kid) (y=y'
B(x=x)8(y=y)8(t-t) = —— [ d%k[ dewe (NP0 LyTyD O

4
(2m)
et L) (-1)-E@M] -] [(Gy=-GyA) (t-t)-E(1)] 2.8)
However, the last exponential function in the integrand does not depend on any coordinate as a result
it can be contracted by setting the direction j =i, then the result yield
1 i (kyk; -X) ] (ky—kyA) (y-y'
B(x=x)8(y=y)8(t-t) = —— [ d%k[ dewe (N 0 TN
(2m)
N [(W=tA) (t-t')-E(1)] 2.9)

The particular solution of equation (2.7) is determined by utilizing the Green’s function of the
Helmholtz equation. Now the Green'’s function is related to the Dirac delta function as
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1
@em*

ky—kxA ) (X=X') _j (ky—kyA) (y-y'
G(X,y;t|X'.y';t'): x~kxA) (X X)eJ( y~kyd) (y-y") <

Idskjdwg(k,w) e

@2 [(&tdd) (1-0)-E@)] (2.10)
Where g(k,«)is the Fourier component or the scattering amplitude of the wave equation. The

substitution of (2.10) into (2.7) and by equating the result of the substitution into (2.8) shall equally
yield

i - 2 . . 2 , ,
{(. (Ky —kx)l)) +(j (k, - ky/])) ~Ou(-2i (w-awr)- z(t))z}x gk,w) = -1 (2.11)
1
g(k,w) = ) , 3 (2.12)
{(kx —kA)? +(k, —k, 1) - 40 ((w-win)- z(t))z}
But if the wave number mode is the same irrespective of the coordinate axes, that is, the wave
number conserves parity or reciprocricity thenk, =K, and j =i, hence
1
g(k,w) = } (2.13)
{ 2(k-k'A)? -40u ((w-awi)- z(t))z}

2i (k=k'2)| x = x| o2 @-one-v-eo]

1 3 e
G (X, y;t| X.y't') = 2 '[d k'[da; 5 > (2.14)
@2n) 2(k-k'A)? =40 u((w-w A) - 2(t))
. 3 ezi[(k—k'/l)\x—x'\—((w—w'/l)(t—t')—E(t))]
G(x,y;t|x‘.y‘;t'): 4'[d kjdw . > (2.15)
(2m) 2(k-k'A)? -a0u((w-w ) -z(t))
2.2 Evaluation of the Retarded Distance and the Ret arded Time of the Green’s

Equation.
The denominator of (2.15) can be factorized according to the relation below.

2(k-k'A)? =40 u((w-wA) - 21))° =

2((|< —kA)+20u ((w-w i) - z(t))) ((k ~kA) =201 ((w-w ) - z(t))) (2.16)

(k=k'A) =20 u((w-wA) - 2(1)) (2.17)

Hence the integral (2.15) vanishes unless the exponential power is equal to zero.

2i[(k kA x-x| - (@-w ) (t-t)-EQ) | = 0 (2.18)
[ (,/zmu((w—w/\) - z(t)))\ x=X| - (@-wA)(t-t) - E(t)] =0 (2.19)
(- A) (t-t') - E(t)
x| (2.20)
| | V20 u ((w-w ) -z(1))
() - («/ZIZI,U((w—w'/})—z(t)))|x—x‘|+E(t) (221
(- A)
(w- W A) (t-t') - E(t)
X=X- =0 (2.22)
J20u ((@-wd) - 2()
N (w/ZDy((a)—w'/])—z(t)))| x=x|+E(t) (223

(w-wA)
This means that the causal behaviour associated with a wave distribution, that is, the effect observed
at the point xand time t is due to a disturbance which originated at an earlier or retarded timet'. The
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reader should note that /0J | X= x'| is a time component. Now using (2.16) in the denominator of
(2.15) we get

G (x, y,t|x‘.y',t'):

1 4J'd3k'|'dw62i[(k—k%)x—x'—((w—aM)(t—t')—E(t) )] §
2(2m)
1

(k-k 1)+ 204 (@-w) -20)) (k-k 1) -204 (@-w1) - 20)))

2.3 Evaluation of the Green’s Function using Contou r Integration Method.
Equation (2.24) can be solved by contour integration. We can now proceed to determine the validity of

the Green’s function G(Xx, y;t| x.y';t") by observing the poles of the equation. Now because of the

(2.24)

quadratic nature of the denominator of (2.24) there are two poles say f(z)and f(z,) in the
integrand, that is,

f(z)= fk-kA) = =201 (w-aA) - 2(t)) (2.25)
f(z,) = f(k-kA) = +/20 4 (0= 1) - 2(1)) (2.26)

Thus, if we carry out a contour integration along the part of the upper and the lower half planes, in
either case, the residue of each pole would contribute to the integral. While residue f (z,) contributes

to the integral in the left lower quarter plane, f(z,) contribute to the integral in the right upper quarter
plane. Thus the residue of f(z)and f(z,)at the polesis
2i [— [20u ((w-wA)-z(t) )|x—x|- (w-wA) (t-t) - E(t) ) ]

Residue of f(z) = — (2.27)

2204 ((w-a 2) - 2(1))
2i [,/25;1 ((@-wA)-z(t) )| x-x|- ((w-aA) (t-t') - E(1) ) ]

Residue of f(z,) =+ (2.28)

2204 (w-wH) -2())

2i [Jzzu ((@-w)-z(t) )| x-x|- ((w-w) (t-t') - E (1)) }

Sum of the residue: (f(z) + f(z,))= +
2204 ((w- w2y -2(1))

o2 [V (@2 Jeox-(awh) () -E ) |

- (2.29)
220 u (w-a 2) - 2(1))

Sum of the residue: (f(z) + f(z,))=
eZi [ [Zu ((@w-w)-z (1) )|x-X|- (- (t-t) - E () )] _ eZi [—,/25;1 ((@w-w)-z(t) )| x|~ ((@w-w) (t-t') - E(t) )]

2204 (- wA) - z(t))

(2.30)
For further simplification of the sum of the residues given by (2.30) we set

0 = 2J20u ((w-wh) -z())| xx| ; B=2[e-a2) (t-t)-E®)) (2.31)

ei 6-8) _ ei (=6-8)
Sum of the residue ( f(z) + f(z,))= (2.32)

220 4 (- w A) - z(1))
-8 ig __-ig
e e -

Sum of the residue ( f(z) + f(z,))= ( e ) (2.33)

220 u ((w-w ) - z(t))
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e’ (2ising)

Sum of the residue ( f(z,) + f(z,))= (2.34)
220 4 (- @A) - 2(1))
o2 (6e D= BO) G0 8T (- w ) - 2(t)| x-x|)
f(z) + f(z) =
V204 ((@-wA)-2@)
(2.35)
Hence by Cauchy’s Residue theorem the integral (2.15) becomes
G(x,y;t| xXLy'it') = 2 (ZITi x sumof the residues (f(z)+ f(z,) ) (2.36)
2(2m)
Sty eyt e 2 (@a(t-t)-EO) g e, (- -2)|x-x|)
Xyt xy't)y = —
S 2@n° 204 (@-w) - 20))
(2.37)

Let us further reduce the numerator of equation (2.37) since it will not be very easy to work with the

exponential function. Thus

e 2 lla-ahe-r)-EQ)] = cos2((w-wA) (t-t)-E(t) ) -isin2((@-wh)(t-t)-E@))  (2.38)

When (2.38) is substituted into (2.37) and the magnitude or the absolute value of the resulting

equation is taken due to the presence of the imaginary function we get after simplification
sin(y/80 ¢ ((w-w ) -z®)| x-x])
(2m)°\80 u (- 1) -2(t))

Thus the dimension of the Green’s function is metres m. Note that the point source driven potential

(2.39) is perfectly sensible. It is spherically symmetric about the source, and falls off smoothly with

increasing distance from the source.

24 General Solution of the Wave Equation and the C  arrier Wave CW which is the
Source Function.

It follows that the potential generated by W(r,t) can be written as the weighted sum of point impulse

driven potentials. Hence generally, the solution to the wave equation (2.3) is

W(r,t) :J- lw(x y:0)|G(rt|r t)drdt’ (2.40)

G(x, y;t| xyht) = - (2.39)

W(x yit) = J.|l//(X. yi)[G(x y.t [x,y,t') dx'dy'dt’ (2.41)

If such a representation exists, the kernel of this integral operator G(x,y;t |x',y';t') is called the
Green's function. Hence we think of W(x, y;t) as the response at X and Y to the influence given by a
source functiong(x,y;t). For example, if the problem involved elasticity, W(x, y;t) might be the
displacement caused by an external force f (x,y;t). If this were an equation describing heat flow,
Y(x,y;t) might be the temperature arising from a heat source described by f (x,y;t). The integral
can be thought of as the sum over influences created by sources at each value of X'and y'. For this
reason, G is sometimes called the influence function [15]. Note that f (x,y;t)= ¢/(x, y;t)is a known

source distribution function having both space and time components. Now the source distribution
function ¢/(x, y;t)is regarded in this study as the carrier wave CW equation which comprises of both
the parameters of the host wave (a, « , ¢ k) and the parameters of the parasitic wave (b, &', &' k).

Note that these parameters retain their usual meaning as wave characteristics. Thus in this study we
assume that the carrier wave which is the source distribution is given by the equation
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1
W(x y;t) :{(a2 ~b22%) - 2(a-04)? cos((w- w )t —(5—5'/1)}2 cos(IZC.r"—(w—aM)t —E(t))
(2.42)

£ - tan_l( a sing +bisin (¢ A —(a)—aj/l)t)j (243

acose+bA cos(s’/l —(a)—a}/l)t)

From the geometry of the resultant of the two interfering waves (please see appendix), the carrier
wave CW is two dimensional 2D in character since it is a transverse wave, the position vector of the
particle in motion is represented as F =r(cosfi +sind j) and hence the motion is constant with

respect to the z- axis, the combined wave number or the spatial frequency of the carrier wave is
ke =(k—KA)i+(k-KA)j. Then, ke.F =1 (k-KA) (cos@+sin€) is the coordinate of two dimensional
(2D) position vectors and 8 = n - (€ - £'A) , the total phase angle of the CW is represented by E(t) . A

complete detail of the derivation of the carrier wave (2.43) is shown in a previous paper [16]. By
definition: (&« —a«'A) is the modulation angular frequency, the modulation propagation constant is

(k —k'A), the phase difference J between the two interfering waves is (¢ —&£'A), and of course we

. . . 2 .
have that the interference term of the carrier wave is 2(a—bA) cos((w—ai/l)t—(s—s’/l) , While
waves out of phase interfere destructively according to (a - b/])2 , however, waves in-phase interfere

constructively according to (a +bA )2 .

In the regions where the amplitude of the wave is greater than either of the amplitude of the individual
wave, we have constructive interference that means the phase difference is (¢ + £€'1) , otherwise, it is

destructive in which case the phase difference is (€ — 1) .

If « =a', then the average angular frequency say (« + «'A)/2 will be much more greater than the
modulation angular frequency say (« —a«'A)/2 and once this is achieved then we will have a slowly
varying carrier wave with a rapidly oscillating phase. Driving forces in anti-phase (¢-¢&'=4+n)

provide full destructive superposition and the minimum possible amplitude; driving forces in phase
(¢ = ¢') provides full constructive superposition and maximum possible amplitude.

2.5 The Calculus of the Total Phase Angle  E of the Carrier Wave Function.
Let us now determine the variation of the total phase angle with respect to timet . Thus from (2.43),

2 -1
dE asing —bAsin((w-aw )t -£'A) d( asine —bAsin((w- W A)t -£'A)
— =1+ X — (2.44)
dt acose —bAcos((w-awA)t - £'A) dt\ acose —bAcos((w—awA)t —&€'A)
E: (acos.s—b/l cos((w—w‘ﬂ)t—.s&l)2 y
dt (acoss -bAcos((w-w A)t - .s'/l))2 + (asins -bAsin((w- @A)t - .s'/l))2
d asins—b/lsin((a)—w'/l)t—s'/l) (2.45)
dt \ acose - bA cos((a)—a)'/l)t—s'/l) '
After a lengthy algebra (2.45) simplifies to
dE
—=-Z (2.46)
dt

where we have introduced a new variable defined by the symbol Z as the characteristic angular
velocity of the carrier wave and is given by

2,2 N e
7 = (@) b24? - abA cos{(e + £4) - (w- W M)t

2.47
a® +b2A? - 2abi cod((¢ + £1) - (w- W M) (247)

Hence, Z has the dimension of rad./s. In other to avoid unnecessary complications we can set
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1
0= {(a2 ~024%) - 2(a-ba)? cos((w- w )t - (¢ - 5'/\)}2 (2.48)

J' sin(y80 ¢ ((w-wA) - z®)| x-x]|)
W(x,y;t) = —

em®\ 80 u (w-wA) -2())

Q cos{ke F - (- w M)t - E(t)) dxat”

(2.49)
But according to (2.22) and (2.23); dx'=dt'=1, as a result,

sin(y80 ¢ ((w-wA)-z(®))|x- x| )Q
@380 u (w-wA)-z(1))

Now in equation (2.50) we can simply replace x - | X = x'| which is just the distance covered by the
carrier wave in metres mas it propagates in a pipe of radiusr = 003metresm.

sin(y/80 1 ((w-w ) - z(1)) x)

WX y;it) = — cos(Ke F — (w-w' Nt - E(1)) (2.50)

Yixy;t) = —
Oy @m* B0 4 ((@-w ) -20)
1
{(a2 ~b222) - 2(a-bA)? cos((w- w A)t - (¢ - 5’)!)} 2 cos(IZC.F —(w-w' At - E(t)) (2.51)

The reader should not ignore or forget that the motion under study is still a 2D one. The fact that we
have constrained it to X— axis does not mean that the y - axis is not implied. The factor 2 which
appear in (2.14) is a reflection that the motion is still 2D. Note that it is the absolute values of the
carrier wave (/(x, y;t)that we used in our computation.

2.6 Determination of the Host Wave Parameters (  a,«,eand k) contained in the

Carrier Wave.
Let us now discuss the possibility of obtaining the parameters of the host wave which were initially not
known from the carrier wave equation. This is a very crucial stage of the study since there was no
initial knowledge of the values of the host wave and the parasitic wave contained in the carrier wave.
However, the carrier wave given by (2.42) can only have a maximum value provided the spatial
oscillating phase is equal to one. As a result, the non-stationary amplitude A and the oscillating

phase angle ¢ becomes after disengaging them as
L
A= {(a2 - bz/lz)— 2(a-ba)? cos((w-w A )t - (e - 5%))} 2 (2.52)
9= cos((k-KA) r (cos +sind) - (w- ' M)t - E(t)) (2.53)

Using the boundary conditions that at timet =0, A =0and A=a , then
1 1

A= {a2 - 2a? cos(- s)} 2= af 1- 2cos(e )} 2 (2.54)

{1-2cose} %=1 = £=cos}(0)=90° (L5708rad.) (2.55)

Any slight variation in the combined amplitude A of the carrier wave due to displacement with time
t =t + Jtwould invariably produce a negligible effect in the amplitude a of the host wave and under

this situation A = 0 . Hence we can write

Lim J A 0AL_, (2.56)
ot - 0 ot
Li 12 na?sin(w(t +ot)-¢
a'tlmo (aZ—Za2 cos(w(t+c¥t)—£))1 + ( ( ) ) =a (2.57)

/2
(a2 - 2a% cos(w(t + o) - e))l
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(a2 - 2a% cos(wt - g))“ g wa® sin(wt - ) =a (2.58)
/2
(a2 - 2a? cos(wt - ‘s))l
(a2 - 2a® cos(wt - 5))+ wa’sin(wt - £) = a(a2 ~ 2a? cos(wt - 5))1/2 (2.59)
1-2 cos(a)t - 5) + wsin (a)t - 5) = (1 -2 cos(a)t - 5))1/2 (2.60)

At this point of our work, it may not be easy to produce a solution to the problem; this is due to the
mixed sinusoidal wave functions. However, to get out of this complication we have implemented a
special approximation technique to minimize the right hand side of (2.60). This approximation states
that

(1+et(@)" :d%[hnf f(¢)+%(&f(¢))2 +W(& f(@) +j (2.61)

The general background of this approximation is the differentiation of the resulting binomial expansion
of a given variable function. This approximation has the advantage of converging functions easily and
also it produces minimum applicable value of result. Consequently, (2.60) becomes

1- Zcos(a)t - 5) + wsin (wt - 5) =wsin (a)t - 5) (2.62)

wt — & =cos ' (05) = 60° =1.0472rad. = wt = 2.6182rad. = w= 2.6182rad./s (2.63)
From (2.57), by using the boundary conditions that for stationary state whendt=0,1=0,
6=n-(e-&1)= n-¢&=3142-15708=15712rad, E =& =15708ad, then we have that

!
5t 'm Ocos{(k —K'A)r cos8 + (k —k'A)r sin@ - (w— ) (t +tSt) — E} =1 (2.64)
(kr (cos@+rsing) - wt -£)=0 (since, cos '1=0 ) (2.65)
(kr (09999 - 26182-15708 =0 = kr = 4190%ad = k=4.1907%ad/m (2.66)

The change in the resultant amplitude A of the carrier wave is proportional to the frequency of
oscillation of the spatial oscillating phase ¢ multiplied by the product of the variation with timet of the

inverse of the oscillating phase with respect to the radial distance r , and the variation with respect to
the wave number (k - k'’A) . This condition would make us write (2.52) and (2.53) separately as

_ .y _ 2 o e e o
% _ (- w A)@-bA)? sin((w- w M)t - (£ - £)) 267
12
((a2 ~b%A?) - 2(a - bA)? cos((w- w M)t - (¢ - g'/l)))l

‘;—f = —(k - k'A)(cos8 + sin @) sin((k - k'A)r (cosf +sin8) - (w— w A)t - E) (2.68)
‘jj—f’ = (- w A) + Z)sin((k - k'A)r (cos@ +sind) - (w- w A)t - E) (2.69)
ﬁ = (~r (cos +sin@) - E)sin((k - k'A)r (cos8 +sin8) - (w—- w A)t — E) (2.70)
dA _ (L%’j{lﬂj(_‘w j = (2.71)

dt 27t \raglak-kA)
A=flt 2.72)

That is the time rate of change of the resultant amplitude is equal to the frequency f of the spatial

oscillating phase multiplied by the lengthl of the arc covered by the oscillating phase. Under this
circumstance, we refer to Aas the instantaneous amplitude of oscillation. The first term in the
parenthesis of (2.71) is the frequency dependent term, while the combination of the rest two terms in
the parenthesis represents the angular length or simply the length of an arc covered by the spatial
oscillating phase. Note that the second term in the right hand side of (2.71) is the inverse of (2.68).
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With the usual implementation of the boundary conditions that at

t=0,1=0 8=n-(e-€A)=n-&=3142-15708=15712rad, E =& =15708rad, dA/dt =a
we obtain the expression for the amplitude as

- _(i][ ( (cosé + sin 6) - 5)] - 00217m 2.73)

27T )\ _ksing(cos@ + sin )

Note that cosf¢) = cose (even and symmetric function) and sin(-¢) = -sine (odd and screw

symmetric function). Thus generally we have established that the basic constituent’s parameters of
the host wave are

a=0.0217m, « = 2618%ad /s, £ =1.5708&ad , and k = 4.1907ad /m (2.74)
2.7 Determination of the Parasitic Wave Parameters (b, ', ' andk’) Contained in

the Carrier Wave.
Let us now determine the basic parameters of the parasitic wave which were initially not known before
the interference from the derived values of the resident ‘host wave’ using the below method. The
gradual depletion in the physical parameters of the system under study would mean that after a
sufficiently long period of time all the active constituents of the resident host wave would have been
completely attenuated by the destructive influence of the parasitic wave. On the basis of these
arguments, we can now write as follows.

a-bl=0= 0.0217=b/

w-wA=0= 26182=w/

e-&A=0=15708=¢'A

k-k'A=0= 41907=k'A

Upon dividing the sets of relations in (2.75) with one another with the view to eliminate A we get

0.008288v=b
0.013820¢' =b
0.00517&’' =b
1.6668¢' = w
0.6248k' =

0.3748k' = &'

However, there are several possible values that each parameter would take according to (2.76). But
for a gradual decay process, that is for a slow depletion in the constituent of the host parameters we
choose the least values of the parasitic parameters. Thus a more realistic and applicable relation is
when 0.008288«'= 0.00517&' . Based on simple ratio we eventually arrive at the following results.

a'=0.00518ad/s, k'=0.0082%ad/m, & =0.0031Fad, b=0.0000429n (2.77)

Any of these values of the constituents of the parasitic wave shall produce a corresponding
approximate value of lambda A =505upon substituting them into (2.75). Hence the interval of the
multiplier is0 < A <505. Now, so far, we have systematically determined the basic constituent's

parameters of both the host wave and those of the parasitic wave both contained in the carrier wave.

(2.75)

2.76)

2.8 Determination of the Attenuation Constant (7).

Attenuation is a decay process. It brings about a gradual reduction and weakening in the initial
strength of the basic parameters of a given physical system. In this study, the parameters are the
amplitude (a), phase angle (&), angular frequency (« ) and the spatial frequency (k). The dimension
of the attenuation constant (1) is determined by the system under study. However, in this work, the
attenuation constant is the relative rate of fractional change (FC) in the basic parameters of the carrier
wave. There are 4 (four) attenuating parameters present in the carrier wave. Now, if a, «, €, kK
represent the initial basic parameters of the host wave that is present in the carrier wave and a—-bA,
a-a'A, e-€2, k=k'A represent the basic parameters of the host wave that survives after a given
time. Then, the FC is

10
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1 ([a—b/lj [5—5’/1) [a)—w‘/lj [k—k’/lD

g=—X + + + (2.78)
4 a £ w k
n=FCl,,-FC/l,,,,=0 -0, (2.79)

The dimension is per second (s™). Thus (2.79) gives n =0.001978s ' for all values of the raising
multiplier A (i = 0,1,2,...,505) . The reader should note that we have adopted a slowly varying regular

interval for the raising multiplier since this would help to delineate clearly the physical parameter
space accessible to our model.

2.9 Determination of the Decay or Attenuation Time (1).

We used the information provided in (2.79), to compute the various times taken for the carrier wave to
attenuate to zero. The maximum time the carrier wave lasted as a function of the raising multiplier A
is also calculated from the attenuation equation. However, it is clear from the calculation that the
different attenuating fractional changes contained in the carrier wave are approximately equal to one
another. We can now apply the attenuation time equation given below.

o=e @NU1A (2.80)

A
t= (quln g (2.81)

The equation is statistical and not a deterministic law. It gives the expected basic intrinsic parameters
of the ‘host wave’ that survives after timet. Clearly, we used (2.81) to calculate the values of the
decay time as a function of the raising multiplier A (0, 1, 2, ..., 505).

Table 2.1: Shows the calculated values of the characteristics of the carrier wave ¢(x,y;t).

SIN Physical Quantity Symbol Value Unit
1 Amplitude of the host wave a 0.0217 m
2 Angular frequency of the host wave (7 2.6182 rad/s
3 Phase angle of the host wave & 1.5708 radian
4 Spatial frequency of the host wave k 4.1907 rad/m
5 Amplitude of the parasitic wave b 0.0000429 m
6 Angular frequency of the parasitic wave ' 0.00518 rad/s
7 Phase angle of the parasitic wave &' 0.00311 radian
8 Spatial frequency of the parasitic wave k' 0.00829 rad/m
9 Raising multiplier A 0,1, 2,...,505 -

Table 2.2: Shows calculated values of some of the parameters and some constants required
for the work .

SIN Physical Quantity Symbol Value Unit
1 Attenuation constant n 0.001978 s
2 Radius of the pipe r 0.03 m
3 Maximum attenuation time t 892180 S
corresponding to the maximum multiplier
4 Sum of the total time that the carrier t 48429885 S
wave lasted as a function of the
multiplier
5 | Sum of the total distance covered by the X 4.67691 x 10™ m
carrier wave as a function of the
multiplier
Permittivity of air 5| 8.85x 107" c2N'm™
Permeability of air 7] 1.2566 x 10° H/m
8 The product of Permittivity and Uu 1.11209 x 10 2/ m?
Permeability of air

11



410

411 3. RESULTS AND DISCUSSION.

412

413 The relevant results obtained which is given by the equations (2.20), (2.39), (2.43), (2.47) and (2.51)
414 respectively are shown graphically below.

415
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419 Fig. 3.1: Shows the displacement of the carrier wave as func  tion of time and multiplier. The
420 figure represents equation (2.42).
421
422
0.045
—_ 0.04 R
E
o 0035 ]
g
=
5 0.03 R
o 0025 R
S
; 0.02 .
g
o 0015 R
[%]
©
<
= 0.01 .
I
(o}
F 0.005 | .
0 | | | | | | | |
0 100000 200000 300000 400000 500000 600000 700000 800000 900000
423 Time (seconds)
424
425 Fig. 3.2: Shows the spectrum of the amplitude of the total p hase angle of the carrier wave as
426 function of time and multiplier. The figure repres ents equation (2.43).
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Fig. 3.3: Fig. 3.2: Shows the spectrum of the amplitude oft  he characteristic angular velocity
of the CW as function of time and multiplier. The f  igure represents equation (2.47).
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Fig. 3.4: Shows the spectrum of the distance covered as a fun  ction of time and the raising
multiplier. The figure represents equation (2.20).
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Fig 3.5: Shows the Green’s function representation of the 2D carrier wave as function of time
and the multiplier. The figure represents equation (2.39).
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Fig. 3.6: Shows the spectrum of the general wave solution as function of time and multiplier.
The figure represents equation (2.51).

The displacement of the carrier wave as a function of time and the multiplier is shown in Fig. 3.1. At
the origin the frequency of the carrier is initially very high and with well-defined amplitude of about +
0.02477m and —0.0279 M. When the value of the raising multiplier is 486 and the time is about
400000s the frequency of the CW decreases. However, the CW has a longer wavelength when the
amplitude is decreasing. The carrier wave becomes monochromatic with no definite frequency after
600000 S. The carrier wave finally decays to zero after 892180 S. The simple explanation here is that
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the components of the host wave in the carrier wave could have been completely depleted by the
effect of the interfering parasitic wave.

In fig. 3.2 the amplitude of the total phase angle of the CW first increases with high frequency and a
narrow band. However, after a period of time say about 400000 <, the frequency becomes dispersed
and the CW has a pronounced wavelength. The total phase angle is thus generally positive and
basically it does not attenuate to zero. The positive nature of the total phase angle means that the
constituents of the CW are highly repulsive, in other words, there is a general disagreement between
the parameters of the host wave and those of the parasitic wave in the CW.

The spectrum of the amplitude of the characteristic angular velocity of the CW as shown in fig. 3.3
first increases to a maximum value of about + 0.65011rad/s and time 37526 S. The maximum value
of the characteristic angular velocity corresponds to when the raising multiplier is 236. However, after
this time the amplitude decreases to a minimum value of + 0.00896 rad/s when the time is about
380133 < and the multiplier is 483. The attenuation of the characteristic angular velocity is
exponential and it decays to zero after about 600000 $. The disband frequency shows that the
parameters of the host wave in the CW equation are already experiencing a rapid decay process due
the destructive tendency of the interfering parasitic wave.

Fig. 3.4 represents the spectrum of the total distance covered by the carrier wave as a function of the
raising multiplier. The maximum distance covered by the CW as a function of the raising multiplier is
about 2.60893 x10™ M. This maximum value corresponding to A = 300 and time t = 68265 S. In the
interval of the multiplier [100 — 446] and time [6055 — 241272] Sthe distance covered by the carrier
wave is longer with high frequency. The distance of propagation by the CW first go to zero at t
=407419s. The CW then propagates to some distance before it comes to zero again for a second time
at t= 500000 S. Thereatfter, it then covered a small distance before it finally attenuates to zero. The
repeated relative zero distance — time behaviour of the CW equation shows that there is existence of
some residual energy in the host wave that tends to resist an end to the propagation of the CW due to
the destructive influence of the parasitic wave. From the calculation the sum of the total distance
covered by the carrier wave as a function of the multiplier is 4.67691 x 10" m while the sum of the

total time that the carrier wave lasted to travel the distance as a function of the multiplier is 48429885
Q

<

It is obvious from fig 3.5 that the Green'’s function first show initial increase in the displacement from
the equilibrium position. The spectrum of the Green’s function also show a very high frequency before
it starts to decrease exponentially. The exponential decrease in the amplitude finally becomes a plane
wave at time t = 450873 Swith an amplitude of about -1.29941 x 10™°m. The wave finally comes to
rest at time 892180 S (247 hours) and this corresponds to a critical value of the multiplier which is 505.

It is clear from fig. 3.6 that the general wave equation first show initial increase in the displacement
from equilibrium position. The spectrum of the general wave equation also show a very high
frequency before it starts to decrease. The decrease is exponential and it finally becomes a plane
wave at time t = 391988 £ with final amplitude of about 6.03426 x 10™m. Beyond this time the
general wave equation becomes a plane wave and it is no longer sinusoidal before it finally comes to
rest. It is clear from fig. 3.5 and fig. 3.6 that the decay time and the relative amplitude of the Greens
function representation of the carrier wave are greater than those of the general solution of the wave
equation. From the figure while there is still pronounced amplitude in the Green’s function beyond
300000 s hut in the general wave solution the amplitude is already almost zero. Thus the attenuation
time of the Green’s function representation of the carrier wave lags the decay time for the general
wave solution by 100000 S. That is, while the general wave solution finally goes to zero at 400000 S
the Green'’s function finally goes to zero at 500000 S. This shows that the retarded behaviour of the
carrier wave described by the Green’s function at some point away from the origin is much greater
than the general wave solution of the carrier wave at the origin.

4. CONCLUSION.

This study shows that the process of attenuation in most physically active system does not obviously
begin immediately when they encounter an oppositely interfering system. The general wave equation
that defines the activity and performance of a given wave away from the origin is guided by some
internal inbuilt factor which enables it to resist any external interfering influence that is destructive in
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nature. Consequently, the anomalous behaviour exhibited by the carrier wave during the decay
process, is due to the resistance pose by the intrinsic parameters of the host wave in the constituted
carrier wave in an attempt to annul the destructive tendency of the parasitic wave. It is evident from
this work that when a carrier wave is undergoing attenuation, it does not steadily or consistently come
to rest; rather it shows some resistance at some point in time during the decay process, before it
finally comes to rest. The attenuation time of the Green’s function representation of the carrier wave
equation lags the attenuation time for the general wave solution. This shows that the retarded
behaviour of the carrier wave described by the Green’s function at some point away from the origin is
much greater than the general wave solution of the carrier wave at the origin. The Green’ function is
spherically symmetric about the source, and falls off smoothly with increasing distance from the
source.

REFERENCES.

[1]. Lipson S.G., Lipson H. and Tannhauser. “Optical Physics”. Cambridge University Press third
edition. (1996).
[2]. Lain G. Main. “Vibrations and waves in Physics”. Cambridge University Press, third edition,
(1995).
[3] Coulson C. A. Waves: “A mathematical approach to the common types of waves motion”.
2nd edition, Longman, London and New York 2003.
[4]. Mehdi Delkosh, Mohammed Delkosh and Mohsen Jamali. “Introduction to Green’s function and
its Numerical solution”. Middle East Journal of Scientific Research. (2012) No. 11, Vol. 7, pp 974
—981.
[5]. Ivar Stakgold and Michael Holst. “Green’s functions and Boundary Value Problems”, 3" edition
Wiley.
[6]. So Hirata, Matthew R. Hermes, Jack Simons and Ortiz J.V.. “General order Many-Body Green’s
function Method”. J. Chem. Theory and Computation (2015) Vol. 11 Issue 4, pp 1595 — 1606.
[7]. David Halliday, Robert Resnick and Jearl Walker “Fundamentals of Physics”, 6" Edition, John
Weley and Sons, Inc. New york: p378 2001
[8]. Brillouin L. “Wave propagation in periodic structure” Dover Publishing Press, 4™ edition New York
(1953)..
[9]. Edison A. Enaibe, Daniel A. Babaiwa, and John O. A. Ildiodi.. “Dynamical theory of superposition
of waves”. International Journal of Scientific & Engineering Research, (2013) Volume 4, Issue 8,
pp 1433 — 1456. ISSN 2229-5518.
[10]. Hoendens B. J. “On the correct expansion of a Green’s function into a set of eigen functions
connected with a non-Hermitian eigen value problem considered by Morse”. Journal of Physics
A. (1979). Vol. 12, No. 12, pp 1 - 7.

[11]. Murnaghan F. D. “Introduction to Applied Mathematics” Wiley, New York, 1948.

[12]. Haji-Sheikh A., Beck J.V. and Cole K. D. “Steady-State Green’s function solution for moving
media with axial conductor”, (2010). Vol. 53 Issue 13-14, pp 2583 — 2592.

[13]. Webb D. J: “Green’s function and Tidal Prediction”. Review of Geophysics and Space Physics,
(1974) Vol. 12, Issue 1, pp 103 — 116.

[14]. Mehdi Delkosh and Mohsen Jamali. “Green’s function and its Application”. Lap LAMBERT
Academic Publication. ISBN 978-3659-30689-1 (2012).

[15]. Carslaw H. S: “Mathematical Theory of the Conduction of Heat in Solids”. Macmillan & Co. ,Ltd.
London, 1921, reprint Dover, New York, 1945.

[16] Edison A. Enaibe , and Osafile E. Omosede “Dynamical Properties of Carrier Wave
Propagating In a Viscous Fluid” International Journal of Computational Engineering Research,
(2013).Vol, 03, Issue, 7, pp 39 — 54.

16



577
578

579
580
581
582
583
584
585
586
587
588
589
590
5901
592
593
594
595
596
597
598
599
600
601

602
603
604

605
606

684

609
610
611

612
613
614

615

616
617

818

620

621
622

623

624
625

626
627

APPENDIX: The vector representation shown below is the resultant of the superposition of the
parasitic wave on the host wave. The amplitudes of the wavesy, ,y, and the resultant wave y are
not constant with time but they oscillate at a given frequency.

Fig. A 1: Represents the host wave y, and the parasitic wave y, after the interference. The

superposition of both waves y,and Yy, is represented by the carrier wave displacementy . It is clear
from the geometry of the figure: u+£1+180 —£=180;u=c-£4;6=180 - (s - E'/]); and
O=rm- (5 - 5’)I). Note that fis the variable angle between the waves y,and y, .

Let us consider two incoherent waves defined by the non - stationary displacement vectors

y, =acos (k.F -nt-¢)
(A1)

y, =bAcos(k'A.F —n'At - £'A)
(A.2)

where all the symbols retain their usual meanings. In this study, (Al) is regarded as the host wave.
While (A. 2) represents a parasitic wave with an inbuilt multiplicative factor or raising multiplier

/1(: 0,1 2,~~~,/1max). The inbuilt raising multiplier is dimensionless and as the name implies, it is

capable of gradually raising the basic intrinsic parameters of the parasitic wave. Now let us add the
two waves given by (A. 1) and (A. 2) using vector summation rule. Consequently, after a lengthy
algebra we shall get that the resultant equation y is given as

y= \/(az —blez)—Z(a—b/l)2 cos((n -n')t —(5—5’/1)) x cos(k, .7 = (n - A)t - E(t))

(A.3)
where
c - tan_l[ asine —bAsin((n-n'A)t - g'/\)j
acose —bAcos(h—-n'A)t-¢€'A)
(A.4)

Equation (A. 3) is now the required carrier wave CW equation necessary for our study. It is clear from
(A 3) that when the raising multiplier increases the intrinsic parameters of the parasitic wave to
become equal to those of the host wave then the carrier wave ceases to exist after a specified time.
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