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Abstract:  In this work the author derives the Galilean limit of the quantum7
gravity obtained by using the hydrodynamic approach. The result shows8
that the quantum interaction generates, in the limit of weak gravity, a non-9
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1. Introduction21
One of the main problems of the quantum gravity is to produce theoretical22
outputs that lead to experimental confirmation or to cosmological evidence23
[1-8].24
The real difficulty is to find the physical ambit where the quantum25
mechanics and the gravitational effects are contemporaneously important.26
This happens because the general relativity and the quantum mechanics27
describe events of different physical scale.28
The Planck scale is one of the possible contexts where they become29
physically coupled and it offers a possibility of investigation.30
By using the quantum-gravitational equations (QGEs) obtained with the31
help of the hydrodynamic quantum formalism, the author showed [9] that32
the quantum effects play an important role in the formation of a very small33
black hole since the spreading of the quantum wave opposes itself to the34
gravitational collapse by generating a repulsive force. This fact, in the case35
of a very small quantity of mass (below the Planck mass) prevents the36
formation of the black hole [9].37
Another measurable output that can come from the quantum gravity is the38
detailed behavior of the gravitational field of antimatter. Many and39
discordant are the hypotheses on the gravitational features of the antimatter40
[10-14] and they cannot be resolved without a defined set of quantum-41
gravitational equations. Actually, Cabbolet [5] claims that the CPT42
symmetry is incompatible with the matter-antimatter gravitational43
repulsion, while Villata and the author himself [15-17] show that the CPT44
agrees with anti-gravity.45
In this paper the author derives the weak limit of the quantum gravity,46
compares it with the Newton law and gives physical outputs that can be47
experimentally verified.48
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The paper is organized as follows: in the section 2 the equations of the49
hydrodynamic QGEs are resumed; in the section 3 the Galilean limit is50
calculated for the gravitational potential of a particle with a pseudo-51
Gaussian localization; in section 4 the new features of the weak quantum52
gravity are discussed.53

54
55

2. The quantum gravitational equation derived via the hydrodynamic56
approach57

58
In preceding papers [9,17-18] the author has shown that the quantum-59
gravitational equation (QGE) in the form of the Einstein one60

61
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can be obtained with the help of the hydrodynamic representation of63
quantum mechanics [9,18], where64
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where the quantum energy-momentum tensor (QEMT)


T  is defined68

below by (7).69
The hydrodynamic representation of quantum mechanics (HQM) [9,17-19],70

describes the quantum evolution of a mass distribution 2||   by using a71

self-interaction (the so called quantum-potential quV given by (8) [18-20])72

leading to the mass motion with a moment 
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The hydrodynamic quantum equations are described in the Euclidean space76
by the equatin of motion [9]77
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the 4-current ( imJ is the mass current and m  is the mass density)  where84

the QEMT
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and where the quantum potential quV  reads87

||

||

m
Vqu 




2
. (8)88

where, in the hydrodynamic notation, the 4-velocity reads [9,18-19]89
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It is worth noticing that in the classical limit (i.e., 0 ) the right hand91
part of (1) leads to the classical energy-momentum density tensor so that92
the Einstein equation is obtained.93
The HQM in non-euclidean space, coupled to the Einstein equation (1), is94
given in appendix.95

96
97

3. The Galilean limit of quantum gravity98
99

By using the quantum energy-momentum density tensor (QEMDT) (3) that,100
for a scalar, uncharged, particle reads [19]101
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104
where   and   are the wave functions of the matter and antimatter,105
respectively, the QGE for particles read  [9-17]106
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By introducing, the Galilean limit (i.e., low energy and low velocity limit:109

    0 1 0 0 0iu u , u , , ,     and110

111

2
1quV

mc
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113
 in (11), it follows that [17,23]114

115
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117
where G is the gravitational constant.118
Furthermore, following the procedure in ref [23], the dependence of 119

from the component 00g  of the metric tensor reads120
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2
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
  , (14)121

whose trace can be approximated as122
123
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Moreover, since in the Galilean limit it holds126
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129
130

it follows that131
132

2
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. (17)133

The deviation from the Newton’s law of (17) is due to the contribution134
coming from quantum potential quV  that in the classical limit is null [24].135

Usually the classical condition (i.e., equation (8) put equal to zero) is136
heuristically assumed for macroscopic large masses (compared to the value137
of the Plank constant). Nevertheless, since macroscopic bodies are actually138
granular (i.e., made of atoms of elementary particles of very small masses)139
a more mathematically correct condition has to be assumed.140
Actually, the classical properties come from the fact that the quantum141
potential has a finite range of interaction [9,24-28] and it goes to zero at142
infinity so that, when the mean particle distance is larger than the range of143
quantum potential, they are quantum decoupled and lead to a classical144
matter phase [24-28].145
More precisely, it is possible to show that for pseudo-Gaussian particles146
[24-28] with tails that go to zero more slowly than the Gaussian law does,147
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in the large-scale physics the classical macroscopic behavior is warranted if148
the condition149
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151
is satisfied. It is noteworthy to mention that the condition (18) is not152
fulfilled by linear systems, given that in this case the quantum potential is153
quadratic and diverges at infinity [24-27].154
Since the Newtonian gravity is the weak limit of the classical general155
relativity, we have to warrant the classical limit (18) in order to retrieve the156
Newtonian gravity in the more general quantum gravity.157
To this end, we consider the case of pseudo-Gaussian particles localized in158
a sphere of radius R  located in R  with spatial densities of type159
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where f ( r R ) is an appropriate regular (smoothly varying) function that162
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167
where is the Gaussian range of the particle and where, for R   , the168
normalization condition leads to169
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For small distances, such as 2 2( r R )   , 2| | is physically176
indistinguishable from the Gaussian behavior177
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while for large distances such as | r R |  ,  we obtain the behavior181
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In order to give outputs connected to a real physical case, we consider, in184
the following, the large-distance behavior of the wave function [28-29]185

1 2/
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where  r' r R  , and where 2m   in order to have a normalizable wave196

function squared modulus in 3-d space.197
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3.1 Galilean gravitational potential200
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By using equation (17), in the Galilean limit, we can write203
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(and where
H
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Thence, from (30,33) it follows that221
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228
The expression (35) can be split in a Newtonian part and in a quantum-229
gravitational one such as230
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is the quantum-gravitational contribution.240
241

3.1.1 Large-distance GQG242
243

In order to evaluate the gravitational potential at large distance r' R  we244
derive the limiting expression of the modulus of the wave function and the245
quantum potential that read246

247
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leading to the Laplacian of the gravitational potential256
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The fact that the mass distribution 2| |  imperceptibly deviates by the259
Gaussian shape (24) is not significant at large distance. Thence, (as is260
usually done for a Gaussian mass distribution) it can be approximated by a261
delta-like distribution (see (67) in section 3.4).262
Moreover, since almost all of the particle mass is contained in the263
“Gaussian core” (a sphere of radius few times R ) by posing r' R 264
with 1   we can write265
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quantum potential central-symmetric, leads to269
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Moreover, by using for r' R   the approximation (24)  we can write272
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and, on macroscopic distances (i.e., 0
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3 2

0 0 0
2 2 2

0
2

1 2 2 2 2 2

1

4 1
1 2

qu
( ')

r'R

r' R /
R

Vm
d '

m mcGm
lim

r' r' R
f dr'

r' m c r'







  







  
  

   
          

  




r r

(48)280

where281
282

2 2

0

4
R

m | | r' dr' m


 


   (49)283

284
is the mass contained in the sphere of radius r' R  . Moreover, by285
writing286

287
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 

 

3 3
3 32 2

0 0 0 0 0 0

2

2 2 1 2 2 2 2 2
0

2
2

1 2 2 2 2 2

1 1 1

4 1
1 2

4 1
1 2

qu qu
( ') ( ')

R /R
R

r'
r'

R /

V Vm
d ' ( - ) d '

mmc mc

Gm R
lim f dr'

r' r' r' m c r'

R
f dr'

r' m c r'






 






     




 




    
      

    
           
  
      

     









r rr r




288

(50)289
and given that for r'  and 0  (see section 3.4) the Newton law must290
be obtained, it follows that291

292

 
3

3 1 2 2
0 0 0

4
1 0( ') R /

R

m R
( - ) d ' f dr'

m r'





   




 
     r r

. (51)293

Hence, by (12) (being cr' R l  )  that294

295

 

2
3

3 2 1 2 2 2 2 2
0 0 0

4 1
1 1 1 2 0qu

( ') R /
R

Vm R
( - ) d ' f dr'

m mc r' m c r'





   




   
       

   
   


r r

296

,(52)297
we finally obtain298

299

 

3
3 2

0 0 0
2 2 20
2

1 2 2 2 2 2

1

4 1
1 2

qu
( ')

r'R

r' R /

V
d '

mcGm
lim

r' r' R
f dr'

r' m c r'






  







  
  

   
          

  




r r

. (53)300

Thisleads to301
302

 

0
2

2 2

1 2 2 2 2 2

1

4 1
1 2

qu( )

r'

R /

V

mcGm

r' r' R
f dr'

r' m c r'






  
   

             



(54)303

304
305

where306
307
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 

  

  

1 2 4 3 2

4 2

22

4

2

4 2

2 4

2 2
2 1

2 1 1

1
2

22 2 1 1

/
( r' R )Rf R | |

exp[ ]

[ [ ]]
ln ln

exp[ ]
ln ln

   

 





 

 


   

 


 

 
 

   
   
 

(55)308

309

warrants that 2| | is continuous at r' R  .310
In order that (55) furnishes the best value of the parameter f  for the311
approximated formulas (44,54) we must require that for r' R   the mass312

density distribution 2| |  is well approximated by the Gaussian behavior313
(24) while for r' R  it is well approximated by the hyperbolic behavior314
(26). The search for best value of  , that can be found by a least-mean315
squares procedure, leads to 2   and hence to316

317
0 1f , (56)318

319
Moreover, applying the condition320

321

r' R
mc


  (57)322

323
 at lowest order in 1r , it follows that324

325

 

0
2

2

1 2 2

1

4

qu( )

r'

R /

V

mcGm

r' r' R
f dr'

r'






  
   

        
 


. (58)326

327
and that328

329

0
2 2 1 2

4
1 qu( )

/

VGm f R

r' rr' mc




   
        

r R  ; (59)330

331
that, since332

333
2

0
2 2

3
1 1

2
qu( ) c

V l

mc R

 
   

 
, (60)334

335
 leads to336
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337
2

2

3
1

2
clGm R

r rR
 

   
        

, (61)338

339

where
1 2

4
0 23

/

f
,


  , and, finally, to340

1R

lc

Gm R
lim

r r
 



    
 

. (62)341

Expression (62) contains a small repulsive quantum contribution that goes342

like
2

1

r
 in addition to the Newtonian potential.343

From (62) we observe that, for highly localized particles for which we have344
for instance345

346
2

2 2

3
0 1

2
qu c

V l
,

mc R



  , (63)347

348
the gravitational potential at large distance does not converge to the349
Newtonian one and reads350

351
2

2

3
1

2
clGm

r R


 
   

 
(64)352

353

where the term
2

2

3
1

2
clm
R

 
 
 

, basically, is the gravitational mass of the354

particle, showing that, in the frame of the quantum gravity, the breaking of355
the equivalence principle, between the inertial and gravitational mass may356
happen for very localized particles.357

358
359

3.2 The classical limit360
361

In the classical limit, that is obtained for 0cl

r
 and 0

R

r


 , the identity362

(42) leads to363
2

0 2
2 0qu c

lc

V l
lim

rmc


 
   
 

(65)364

365
and to366

367
2

0 3
4 0qu c

lc

V l
lim

r' r


  
  

  
, (66)368

369
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while (19) leads to the mass density distribution on the large-scale that370
reads371

 

 

2
2

2 2 20 0 3 3 2
4

4

2

2 20 3 3

1

2 2

1 1

1

22

R R

R

r'
lim | | lim exp[ ]

r'R [ R ]
r'

ln
R

r'
lim exp[ ] ( r')

RR







   

 

 
  

 
  

 

  


(67)372

373
that finally leads to374

375

4q Gm ( r )
r r 


 




 
(68)376

377
and, by integrating, to378

379
Gm

r
   (69)380

381
that represents the classical Newtonian law.382

383
384
385

3.3 Weak quantum-gravity in a fluctuating environment386
387

If we consider the gravitational potential in an open environment, we must388
take into account for the spontaneous localization of particles due to389
thermal fluctuations [24-28].390
The quantum coherence in a fluctuating environment is maintained up to391
distances of order of the De Broglie thermal length c [24-28,31-32] and it392

is possible to show [24-28], for particles interacting through a weak393
potential, that the quantum localization 2 R is of order of394

2

2 4 4c c
mc

R l
kTmkT

     


, (70)395

396
and that the upper limit of the spontaneous enlargement of a pseudo-397
Gaussian wave packet when subject to external fluctuations (stationary398
condition at infinite time) is [24-28]399

400
2

2 4 4 c
mc

Max{ R } l
kTmkT

  
 . (71)401

402
403
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Moreover, by the indetermination principle that requires 2 R p    , where404

for the thermal fluctuations 2p mkT  , the minimum limit for R  [31]405
is406

2
R

mkT
 


, (72)407

that, for
2

2 454 2 5 10c
mc

T T m x , x K
k

   , leads to408

409

cR l  . (73)410

411
Condition (73) is practically always fulfilled for any physically attainable412

temperature. In fact, we have that 183 5 10cT , x K   for a proton,413
152 2 10cT , x K   for an electron and 113 10cT x K   for a neutrino.414

415
416

3.3.1 Weak gravity at large-distance in a fluctuating environment417
418

In this case, from (61,71) the gravitational potential reads419
420

2 2

3 1
1 2

8

Gm kT

r r'mc mkT
 


       
  


(74)421

422

that, for 2kT mc  (i.e., cl R ), leads to423

424
425

1
1 2

Gm

r' r'mkT
 

 
   

 


. 2r'

mkT

 (75)426

427
428
429
430
431
432
433
434
435
436

Table 1437
438

m (Kg) cl mc



(m)
2

kT

mc
2R

mkT
 


(m)

Proton   1,6726 x 10-27    2 x 10-18 T  x 2,7x 10-11
1

T
x 4,4x 10-9

Neutron   1,6749 x 10-27    2 x 10-18 T  x 2,7x 10-11
1

T
x 4,4x 10-9

Electron     9,1 x 10-31  3,5 x 10-15 T  x 4,7 x 10-8
1

T
x 1,8x 10-7

Neutrino     1,2 x 10-35   2,7 x 10-10 T  x 3,6 x 10-3
1

T
x 5 x 10-5
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In table 1, for instance, the values of
2

kT

mc
and 2R

mkT
 


 for various439

particles are reported.440
441
442

4. Characteristics of the Galilean quantum-gravity and its443
experimental validation444

445
In order to build up experimental tests that can validate the theory, it is446
helpful to discuss some features of the Galilean quantum gravitational447
potential (GQGP) that are quite different from those of the classical limit.448
The most important one is that, actually, the GQGP is not a real449
gravitational potential as we mean in the classical theory.450
In fact, the GQGP has been derived (see section 3) just for an isolated451
particle and it is not independent of the test particle that has to be452
introduced in order to experience it.453
This fact is a consequence of the presence of the quantum potential in the454

Ricci tensor component 0
0R  (13) that changes with the evolution of the455

quantum wave function.456
In the presence of another particle (e.g., the test one or a colliding one) due457
to their mutual interaction, the wave function undergoes the quantum458
coupled evolution so that the quantum potential, as well as the gravitational459
potential, are not assigned functions of the coordinates but change460
according to the quantum interaction of the particles (e.g., the radial461
symmetry of the quantum potential of a single particle (used to derive (31-462
35)) is not applicable).463
On the other hand, if the distance of the particles r fulfils the condition464
r R , for a pseudo-Gaussian distribution (19), the quantum potential465
reads466

467
2 2

2 2 2

2
0qu c

r R
,

R lc

V l R
lim

mc R r


 



  


(76)468

469
and can be neglected under the spontaneous mass localization470

2 cR l
mkT

 
  due to the environmental fluctuations. In this case, it471

follows that the particles acquire the classical behavior and the gravitational472
potential becomes classic.473
Generally speaking, we observe that the GQGP contains additional non-474
classic parameters, such as the localization R  and Compton’s length of475
the particle, with respect to the classical Newtonian gravity.476
In the case of a pseudo-Gaussian particle, the first order correction to the477
Newtonian potential is given in table 2.478

479
480
481
482
483
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cR l 

c

R
lim

l




r R
2

2

3
1

2
clGm R

r rR
 

   
        

1
Gm R

r r
 

    
 

484
Table 2485

486
487

Among the cases in table 2, we can retrieve the Newtonian law by imposing488
the classical conditions (i.e., 0  (and, hence, both 0cl  and 0R 489

with
2

2
c

R mc

l kT



  ) and r R  ).490

Moreover, the localization of the particle is determined by the491

environmental fluctuations (i.e., 2R
mkT

 


), hence at first order it492

follows that493
494

1
1 2

Gm

r rmkT
 

 
   

 


(77)495

496
with497

498

2r
mkT


 . (78)499

500
Expression (77) has to be considered the generalization of the Newton law501

(at the first order in
R

r


) for particles with free quantum localization.502

503
4.1 The breaking of equivalence principle in quantum-gravity504

505
From table 2 we can see that for particles whose spatial localization is a few506

times its Compton’s length (e.g., 0 1 cR , l  ) the Galilean limit of quantum507

gravity (64) breaks the classical principle of equivalence between the508
inertial and gravitational mass509
Even if it is very interesting to experimentally verify this theoretical output,510
such a goal faces the quite difficult problem of fixing the particle511
localization.512
From a general point of view, the spatial localization can be achieved by513
the use of a physical potential (e.g., a square well potential of infinite514
height) or by modulating the amplitude of the stochastic noise [24,31].515
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If the first method can be used for particles that carry a (repulsive) force in516
addition to the gravitational one (e.g., the electromagnetic one) the517
weakness of the gravitational constant poses some difficulties in measuring518
the gravitational interaction.519
On the other hand, for a particle sensible just to the gravitational force, its520
localization can only be achieved by modulating the thermal fluctuations of521
the vacuum [24,31].522
Even if theoretically possible, the physical conditions are practically523
unrealizable even on cosmic scale. In fact, for instance, for the neutron a524

temperature of 1017 °K is required for the breaking of the equivalence525
principle (see table 1), while for the neutrino, the lowest critical526

temperature, is of order 1010 °K.527
528
529

5. Discussion and conclusion530
531

The present work shows that the quantum gravitational effects, stemming532
from (2) that is able to justify the astronomical observations on the velocity533
of galaxies rotation [18], lead to corrections of the classical Newtonian534
gravity that in principle can be measured in a particle-particle interaction535
experiment on earth laboratories.536
At very short distance the gravity force and the quantum mechanics are537
coupled to each other and the definition of a classic-type of potential is not538
possible.539
At large distances, and in a fluctuating environment, the first order540
correction to the Newtonian law is proportional to the ratio between the541
quantum localization of the particle and the distance from its position.542
In freely localized particles, a slight temperature dependence of the543
gravitational potential is introduced by the first-order correction.544
When the particle localization is very high, the quantum contribution545
becomes physically important: In this case, the theory output shows that the546
equivalence principle between the gravitational and inertial mass can be547
violated. The paper shows that this occurrence can happen when the548
particle localization is a small fraction of Compton’s length.549
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Appendix630
631

The quantum hydrodynamic description in non-euclidean space632
633

Since equation (1) (containing the QEMDT (3)) determines the metric of the space,634
equations (5-8) or (10635
-13) have to be generally written in the non-euclidean co-ordinates and they read [9]636
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639
with the conservation equation that reads640
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, (A.3)645

where g  is the metric tensor and where
1 2

acg | g | J
    , where acJ  is the646

Jacobian of the transformation of the Galilean co-ordinates to non-euclidean ones647
[23].648

649
Connection with the standard quantum mechanics650

651
It is noteworthy to observe that, due to the biunique relation between the quantum652
hydrodynamic approach and the standard quantum mechanics [20-22, 24-26], the653
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solutions of the coupled equations (1-3,5-8) are equivalent to the QGE (1) coupled654
(through (13)) to the Klein-Gordon equation that in non-euclidean space reads655
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658
Moreover, the fully independence of the quantum gravity equation by the659
hydrodynamic approach is achieved by deriving the quantum energy impulse tensor660

density (QEMDT) T  (3) as a function of the wave function (as given in reference661
[19]) that reads662
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664 However, the quantum field approach does not contradict the Schrödinger one.665 Both define a field that becomes quantized by external imposed conditions666 [33](i.e., quantization).  In the quantum field theory,  the quantization condition667 is introduced in a more clear and standardized way.668 The same happens for the quantum hydrodynamic approach. The equations669 define a field (that contains also non-quantum solutions). The restriction to the670 quantum ones is obtained by the quantization conditions [26].671 The analysis how the quantization is introduced in the hydrodynamic approach672 to quantum mechanics  (and how it modifies the minimum action principle)  is673 matter of underway work whose objective is to derive the quantum gravity674 equation by a minimum action principle [34]. When we do that, a cosmological675 term as given by (2), that is able to solve the conundrum of the huge order of676 maglitude of the quantum vacuum energy, appears.677 Once this aspect is analitically and quantitatively made clear, the comparison678 with the outputs  in modified quantum field approach can be fruitfully carried679 out.680
681
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