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ABSTRACT:

This paper investigates the influence of Buoyancy effects and thermal radiation of the nonlinear MHD flow
with heat and mass transfer characteristics of an incompressible, viscous, electrically conducting and
Boussinesq fluid along a permeable vertical stretching sheet. A magnetic field is applied transversely to
the direction of the flow. The basic equations governing the flow, heat transfer, and concentration are
reduced to a set of non linear ordinary differential equations by using appropriate transformation
variables. The non linear ordinary differential equations are first linearised using Quasi-linearization and
solved numerically by an implicit finite difference scheme. Then the system of algebraic equations is
solved by using Gauss-Seidal iterative method. The effects of physical parameters on the velocity,
temperature, and concentration profiles are illustrated graphically. Velocity, Temperature and
Concentration profiles drawn for different controlling parameters reveal that the flow field is influenced
appreciably by the presence of buoyancy effects, thermal radiation, and magnetic field.

Keywords: Buoyancy parameters; Thermal radiation; Suction parameter; Magnetic field; Finite difference
scheme

INTRODUCTION:

The analysis of the flow field in a boundary-layer near a stretching sheet is an important part in fluid
dynamics and heat transfer occurring in a number of engineering processes such as extrusion of plastic
and rubber sheets, polymer processing and metallurgy [1]. The interaction of moving fluids with magnetic
fields provides a rich variety of phenomena associated with mechanical energy conversion such as
metals processing, heating and flow control, or power generation from two-phase mixtures [2], but the
major use of MHD is in plasma physics. The study of magneto hydrodynamics is also stimulus due to its
vast application to the delineation of space and astrophysical plasmas.

Considering suction/injection effects, Erickson et al. [3] studied heat and mass transfer over a
moving surface. Pal [4] illustrated the impact of different parameters on velocity, temperature and
concentration profiles for both assisting and opposing flows in stagnation-point flow over a stretching
surface with thermal radiation numerically. In recent years, MHD flow problems have become more
important industrially. Indeed, MHD laminar boundary layer behavior over a stretching surface is a
significant type of flow having considerable practical applications in chemical engineering,
electrochemistry and polymer processing. In his pioneering work, Sakiadis [5] developed the flow field
due to a flat surface, which is moving with a constant velocity in a quiescent fluid.

In recent years, MHD flow problems have become important industrially. Indeed, MHD laminar boundary
layer behavior over a stretching surface is a significant type of flow having considerable practical
applications in chemical engineering, electrochemistry and polymer processing. The study of
hydrodynamic flow and heat transfer over a stretching sheet may find its applications in polymer
technology related to the stretching of plastic sheets. Also, many metallurgical processes involve the
cooling of continuous strips or filaments by drawing then cooling of continuous strips or filaments by



drawing them through a quiescent fluid and while drawing these strips are sometimes stretched. The rate
of cooling can be controlled by drawing such strips in an electrically conducting fluid subjected to a
magnetic field in order to get the final products of desired characteristics as such a process greatly
depends on the rate of cooling. For the non-Newtonian power-law fluids, the hydrodynamic problem of
the MHD boundary layer flow over a continuously moving surface has been dealt by Andersson et al [6],
Cortell [7] and Mahmoud and Mahmoud [8]. All the above mentioned investigators confined their
analyses to MHD flow and heat transfer over a linear stretching sheet.

Further investigations on boundary layer flow and heat transfer of viscous fluids over a flat sheet are
very important for development in many manufacturing processes, such as polymer extrusion, drawing of
copper wires, continuous stretching of plastic films and artificial fibers, hot rolling, wire drawing, glass-
fiber, metal extrusion, and metal spinning. Both the kinematics of stretching and the simultaneous heating
or cooling during such processes has a decisive influence on the quality of the final products (Magyari &
Keller [9]). Among these studies, Sakiadis [10] initiated the study of the boundary layer flow over a
stretched surface moving with a constant velocity and formulated a boundary-layer equation for two-
dimensional and axisymmetric flows.

Bujurke et. al. [11] made an investigation on the heat transfer analysis in a second order fluid flow
past a stretching surface with heat transfer. Datta et. al. [12] has studied the distribution of temperature in
a continuous stretching sheet with uniform wall heat flux. Further flow and heat transfer from a linearly
stretching sheet gained more importance due to practical applications in industrial processes. Abel and
Veena [13] have analyzed visco-elastic fluid flow and heat transfer in a porous medium over a stretching
sheet.

Understanding MHD is strongly related to the comprehension of physical effects which take place
in MHD. When a conductor moves into a magnetic field, electric current is induced in the conductor and
creates its own magnetic field (Lenz’s law). Since the induced magnetic field tends to eliminate the
original and external supported field, the magnetic field lines will be excluded from the conductor.
Conversely, when the magnetic field influences the conductor to move it out of the field, the induced field
amplifies the applied field. The net result of this process is that the lines of force appear to be dragged
accompanied by the conductor. In this paper the conductor is the fluid with complex motions. To
understand the second key effect which is dynamical we should know that when currents are induced by
a motion of a conducting fluid through a magnetic field, a Lorentz force acts on the fluid and modifies its
motion. In MHD, the motion modifies the field and vice versa. This makes the theory highly non-linear [14,
15]. Sparrow and Abraham[16] studied Universal solutions for the streamwise variation of the temperature
of moving sheet in the presences of moving fluid. Numerical simulation of the radiative heating of a
moving sheetwas analysed by Boetcher et al [17]. Sparrow and Abrahim [18] studied New buoyancy
model replacing the standard Pseudo=density difference for internal natural convection in gases.

The main goal of this paper is to find the numerical solutions using numerical techniques for the
velocity, temperature and concentration distributions to study the steady magneto hydrodynamic fluid flow
over a stretching sheet in the presence of buoyancy forces. The effects of different involved parameters
such as magnetic field parameter, suction parameter, Prandil number, buoyancy parameters due to
temperature and concentration effects, Schmidt number, Biot number and radiation parameter on the fluid
velocity, temperature and concentration distributions are plotted and discussed

MATHEMATICAL FORMULATION:

In this paper we examine heat and mass transfer in a steady laminar two-dimensional boundary-layer
flow of an incompressible electrically conducting fluid over a permeable stretching sheet (Fig. 1). It is
assumed that the stretching velocity is in the form of u,(x) = c¢(x)"® (two equal and opposite forces are
applied along the x — axis with the fixed origin) where ¢ is a constant and the surface of the sheet is
heated by convection from a hot fluid at temperature h;. The flow will be induced through the stretching
sheet. A magnetic field of non-uniform strength B(x) = By(x) " is applied normal to the sheet. The left
surface of the sheet is heated by convective heat transfer and all of the fluid properties are considered as
constant properties except density. The boundary-layer governing equations and boundary conditions
with the Boussinesq and the boundary-layer approximations are as contained [19]. The induced magnetic



field is neglected in comparison with the applied magnetic field and the viscous dissipation is small. The
governing equations are
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Figure 1  The schematic diagram of the stretching sheet problem.
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where u and v are velocity components in the direction of x and y along and normal to the surface
respectively (as shown in fig 1). v is kinematic viscosity, o is the electric conductivity, p is the fluid density,
B(x) is non-uniform magnetic field parameter, g is the acceleration due to gravity, By is coefficient of
thermal expansion, B¢ is coefficient of thermal expansion with concentration, T is the fluid temperature, C
is fluid concentration, a is the thermal diffusivity, C, is specific heat at constant pressure, ¢* is the
Stephan-Boltz-man constant, K, is the Rosseland mean absorption coefficient and D is the coefficient of
mass diffusivity. It should be made clear that the last term in Eqgn. (3) refers to the radiation parameter. In
this case, the Rosseland approximation has been supposed and the radiative heat flux is given by g, =
—%2—7: . Using the Taylor series T* is defined as a linear function of temperature T* = 4T3T — 3T [20].
The thermal radiation is quite significant and the quality of final product can be controlled by the control of
cooling rate via radiation parameter. In polymer industry, the thermal radiation effect may play an
important role in the control of heat transfer process which is directed in a thermally controlled
environment. The desired quality of the final product can be reached by the knowledge of radiative heat
transfer [21]

The corresponding boundary conditions are as follow [22]:
=, (0),v = v, —k 5 = he(x)(T,, = T)
u=u,(x),v=muv,, 6y_fx W )

Cy=Co+bxaty=0,
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After introducing stream function W and similarity variable n, the ordinary form of equations can be
derived. It is assumed that the temperature varies in the x-direction, too(T,, = T + ax).

n= ny_1/3V1/2,11U = C1/2x2/31/1/2f(}7),

0m) =1 o) = - (6)
fUARFE =S = ME (4,0 + 2e0) = 0, - (7)
(1+N)0"+75(2f6'~3f6) = 0, -- (8)
0" +:S:(2f¢' = 3fp) =0 - (9)
where
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The corresponding boundary conditions are as follows

fn) = £y, £'(D) = 1,6/(n) = —B;[1 - 6(0)],

6é(n) =latn=0,

f'(n) - 0,6(n) - 0,¢(n) » 0asn - = --(10)
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Where f,, = — % is the suction/injection parameter (f,, >0for suction and f,, <0 for injection) and
v c
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infinity is equal to zero

is the Biot number. Since we have considered free convective flow, the velocity at the

To solve the system of transformed governing equations (7)-(9) with the boundary conditions (10) we
first linearized equation (7) by Quasi-linearization technique

Then equation (7) transformed to
w2 . 2 2 1,02 2
F+ 26+ (=2F = M)+ CF)f+ G(F)* - 2FF + A8 +A.9) =0, — (1)

where F is assumed to be known function and the above equation can written as



Aof " + Agf" + Ay + Asf+ A, = 0, - (12)

where

Ajlil =1

Ali] = F

Ali] = (—%F—M)
Aqli] = SF’
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Equation (8) can be expressed as

Co® +C0 +C,0+Cs=0, - (13)
where

Colil =1 + N,

Cili] = 2R f

C,li] = —P.f'

And equation (9) can be expressed as

Eg@ +E1@ +E,90 =0, - (14)
where

Eoli] =1

E,[i] = —gscf

E,[i] = Sc(f)

Using implicit finite difference formulae, the equations (12),(13) and (14) are transformed to

B, [ilf[i + 2] + B, [ilf[i + 1] + B, [ilf[i] + B3 [ilf[i — 1] + B,[i] = 0, - (15)
where

Boli] = 2A,li], B, [i] = —6A,[i] + 2hA,[i] + h2A,[i]

B,[i] = 6A,[i] — 4hA[i] + 2h3A[i], Bs[i] = —2A,[i] + 2hA;[i] — h?A,[i]

B,[i] = 2h3A,[i]

Dolilgli + 1] + D, [ilg[i] + D, [ilgli — 1] = 0, -- (16)
where

Dy i] = Co[i] + hCy[i], D4 [i] = —2C,[i] + h?C,[i] — hC,[i]

Dy [i] = Coli]

Holileli + 1] + Hy [i]@[i] + Ha[ile[i — 1] = 0 - (17)
where

Holi] = Eo[i] + hE,[i], H[i] = —2E,[i] + h2E,[i] — hE[i]

Hy[i] = Eoli]

Here h represents the mesh size in n direction.



Equations (15), (16) and (17) are solved under the boundary conditions (10) by Thomas algorithm for
various parameters entering into the problem and computations were carried out by using C
programming.
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RESULTS AND DISCUSSIONS:



A parametric study is performed to explore the effects of magnetic field parameter, Buoyancy parameter,
and Thermal radiation parameter. In order to get a clear insight of the physical problem, numerical results
are displayed with the help of graphical illustrations. The effect of magnetic field parameter on
dimensionless velocity, temperature and concentration profiles with constant, buoyancy parameter,
thermal radiation parameter, suction parameter, prandtl number and Schmidt number are presented in
Fig. (1-3). It is observed that the velocity of the fluid decreases with the increase in magnetic field
parameter whereas temperature and concentration increases.

Fig. (4-9) demonstrates the dimensionless velocity, temperature and concentration profiles for different
values of buoyancy parameters (4;,4-) with constant thermal radiation parameter, suction parameter,

prandtl number and Schmidt number and the uniform magnetic field. It is seen that the velocity increases
with the increase of buoyancy parameter, whereas temperature and concentration decreases.

Fig. (10-12) illustrates the dimensionless velocity, temperature and concentration profiles for different
values of Thermal radiation parameter N, with constant Buoyancy parameter, suction parameter, prandtl
number and Schmidt number and the uniform magnetic field. It is seen that the velocity and temperature
of fluid increases with the increase of N,, whereas concentration decreases, but with a very low
concentration variation.

The effect of Schmidt number on the dimensionless velocity, temperature and concentration profiles for
constant Buoyancy parameter, suction parameter, prandtl number and the uniform magnetic field as
shown in Fig. (13-15). It is observed that velocity and concentration of fluid decreases and temperature
increases with increase of Schmidt number

Fig. (16-17) illustrates the dimensionless velocity, and temperature profiles for different values of prandtl
number with constant Buoyancy parameter, suction parameter, Schmidt number and the uniform
magnetic field. It is seen that the velocity and temperature of fluid decreases with the increase of prandil
number.

CONCLUSIONS:

This paper presents numerical studies on the problem of influence of Buoyancy effects and thermal

radiation of the nonlinear MHD flow with heat and mass transfer characteristics of an incompressible,

viscous, electrically conducting and Boussinesq fluid along a permeable vertical stretching sheet.The

solutions are found to be governed by different parameters such as buoyancy parameter, thermal

radiation parameter, suction parameter, prandtl number and Schmidt number Some of the important

findings of the paper are:

(a) The effect of magnetic field is to reduce the velocity whereas to increase the temperature and
concentration fields.

(b) Velocity of the fluid increases with the increase in the buoyancy parameters while the temperature
and concentration decreases.

(c) Higher the thermal radiation parameter, the higher is the velocity and temperature fields and lower is
the concentration field.

(d) The effect of Schmidt number is to decrease the velocity and concentration profiles whereas to
increase the temperature profiles.

(e) Increase in the Prandtl number is to decrease the velocity and temperature profiles.

REFERENCES:

[1] Tamizharasi R, Kumaran V. Pressure in MHD/Brinkman flow past a stretching sheet. Commun
Nonlinear Sci umer Simul 2011;16:4671-81.

[2] Tillack MS, Morley NB. Standard handbook for electrical engineers. 14th ed. McGraw Hill 1998.

[3] Erickson LE, Fan LT, Fox VG. Heat and mass transfer on a moving continuous flat plate with suction
or injection. Ind Eng Chem Fundam 1966; 5:19-25.

[4] Pal D. Heat and mass transfer in stagnation-point flow towards a stretching surface in the presence of
buoyancy force and thermal radiation. Meccanica 2009; 44:145-58.



[5] Sakiadis BC Boundary-layer behavior on continues solid surfaces: Il. The boundary-layer on
continuous flat surface, AIChE J. 1961; 7: 221-225.

[6] Andersson H. ., Bech K. H., and Dandapat B. S., “Magnetohydrodynamic flow of power law fluid over
a stretching sheet”, International Journal of Non-Linear Mechanics 1992; 27: 929-936.

[7] Cortell R., “A note on magneto hydrodynamic flow of a power-law fluid over a stretching sheet”,
Applied Mathematics and Computation 2005;168: 557-566.

[8] Mahmoud M. A. A. and Mahmoud M. A. E., “Analytical solutions of hydro-magnetic boundary layer
flow of a non-Newtonian power-law fluid past a continuously moving surface”, Acta Mechanica 2006; 181:
83-89.

[9] Magyari E and Keller B.: Heat and mass transfer in the boundary layers on an exponentially stretching
continuous surface. J. Phys. D: Appl. Phys. 1999; 32: 577-585.

[10] Sakiadis, B.C, Boundary-layer behavior on continuous solid surfaces: I.Boundary-layer equations for
two-dimensional and axisymmetric flow, AIChE J. 1961; 7:26-28.

[11] Bujurke N.M., Biradar S.N., Hiremath P.S.: Second order fluid flow past a stretching sheet with heat
transfer. Z. Angew. Math. Phys. 1987; 38: 653-657.

[12] Datta B.K., Roy P. and Gupta A.S.; Temperature field in a flow over a stretching that within uniform
heat flux. Int. Comm. Heat transfer. that within uniform heat flux. Int. Comm. Heat transfer. 1985; 12:89.
[13] Abel M.S. and Veena P.; Visco-elastic fluid flow and heat transfer in a porous medium over a
stretching sheet. Int. J. non-linear Mechanics 1998; 33: 531-540

[14] Davidson PA. An introduction to magnetohydrodynamics. Cambridge University Press; 2001.

[15] Goedbloed JP, Poedts S. Principles of magnetohydrodynamics: with applications to laboratory and
astrophysical plasmas.Cambridge University Press; 2004.

[16] Sparrow E. M., and Abraham J. P., Universal Solutions for the Streamwise Variation of the
Temperature of a Moving Sheet in the Presence of a Moving Fluid, International Journal of Heat and
Mass Transfer 2005; 48: 3047-3056.

[17] Boetcher S.K. S.,Sparrow E.M., and Abraham J.P., Numerical Simulation of the Radiative Heating of
a Moving Sheet, Numerical Heat Transfer 2005; 47:1-25.

[18] Sparrow E. M. and Abraham J. P., A New Buoyancy Model Replacing the Standard Pseudo-Density
Difference for Internal Natural Convection in Gases, International Journal of Heat and Mass Transfer
2003; 46: 3583-359.

[19] Kays WM, Crawford ME. Convective heat and mass transfer. 4th ed. New York: McGraw Hill; 2005.
[20] Rashidi MM, Momoniat E, Rostami B. Analytic approximate solutions for MHD boundary-layer visco
elastic fluid flow over continuously moving stretching surface by Homotopy Analysis Method with two
auxiliary parameters. J Appl Math 2012;

[21] Chen C-H. On the analytic solution of MHD flow and heat transfer for two types of visco elastic fluid
over a stretching sheet with energy dissipation, internal heat source and thermal radiation. Int J Heat
Mass Transf 2010;53:4264—73.

[22] Ferdows M, Uddin MJ, Afify AA. Scaling group transformation for MHD boundary layer free
convective heat and mass transfer flow past a convectively heated nonlinear radiating stretching sheet.
Int J Heat Mass Transf 2013;56:181—7.



