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Modeling with the power variance form of the gamma distribution 3 

Abstract 4 

It is not uncommon to encounter data where the distribution of the responses is not known to 5 

completely follow any of the common probability models. While there are general classes of 6 

models, such as the Tweedie distribution, which can be adopted in such cases, many 7 

approximations have been proposed based on the fact that they are often easier to obtain. We 8 

bring to the discussion a three-parameter power variance representation of the gamma 9 

distribution ߁ሺߙ, ሺܻሻݎܸܽ ሻ that has a general mean-variance relationshipߚ ൌ  ఛ, where 10ߤ߶

ߤ ൌ  ሺܻሻ is the mean or expected value of ܻ, ߶ is a scale parameter, and ߬ is the degree of 11ܧ

power of the expression. This power variance formulation is a flexible extension of the gamma 12 

distribution, and are used to approximate various models and determine significant predictors 13 

even when the distribution is not fully realized. We present a comparison of the power variance 14 

model to several known distributions which have similar mean-variance. In addition, we provide 15 

a more general representation of the relation ܸܽݎሺܻሻ ൌ ߶ ఛܸሺߤሻ, where ఛܸሺߤሻ is the variance 16 

function indexed by the parameter ߬. We demonstrate the performance of the power variance 17 

modeling approach through a simulation and evaluate two numerical examples, including high 18 

school absenteeism and concrete compression strength. 19 
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1. Introduction 24 

It is common to begin the analysis of data by assuming that the responses follow an assumed 25 

distribution. This is usually influenced by certain defining features. For example, it is well 26 

known that the evaluation of count data begins with the assumption of the responses following a 27 

Poisson distribution. This may include the number of days until a patient is released from the 28 

hospital or the number of complications a patient experiences post-surgery. Although these types 29 

of data are commonly analyzed using Poisson regression with the count as the outcome, it may 30 

be the case that the data do not have follow our assumption of the standard Poisson distribution 31 

[1, 2]. This may be due to a certain extraneous factors, including the presence of overdispersion 32 

based on the survey design or the fact that the data were obtained based on some hierarchical 33 

structure. More so, it may be the case that the distribution selected to describe the responses in 34 

the data lacks the appropriate shape due to deviations in skewness or kurtosis. For example, 35 

although we often select the Poisson distribution in the evaluation of count data, the fit is 36 

affected when dealing with count data with an excess of zeroes.  37 

To characterize data, one often describes the distribution by relying on a description of 38 

the first two moments, the mean ࣆ and variance ܸܽݎሺࢅሻ. As in the exponential family of 39 

distributions, the variance is often related to some function of the mean, and such is the 40 

parameterization implemented in the Tweedie distribution. The Tweedie distribution [3], a class 41 

of exponential dispersion models, is characterized by the parameters ߶, ࣆ, and ߬ such that a 42 

mean-variance relationship is ܸܽݎሺࢅሻ ൌ ߶ܸሺࣆሻ ൌ ሻࢅሺܧ ఛ, whereߤ߶ ൌ  The Tweedie 43 .ࣆ

probability density function is not available in closed form, except in special cases, and then 44 

requires complex numerical approximations to evaluate the density. In particular, for the case 45 
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where 1 ൏ ߬ ൏ 2, the density function is written as a function of ߠ, ߶, and ߙ where ߤ is a 46 

function of ߠ and ߬ ൌ ఈିଶ

ఈିଵ
 such that 47 

௒݂ሺݕ; ,ߠ ߶, ሻߙ ൌ ∑
൤ቀഘ
ഝ
ቁ
భషഀ
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భ
೤
ቁ൨
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݌ݔ݁ ቄఠ

థ
ሾߠ଴ݕ െ ଴ሻሿቅஶߠఈሺߢ

௡ୀଵ  for ݕ ൐ 0 48 

where 49 

ሻߠఈሺߢ ൌ
ఈିଵ

ఈ
ቀ ఏ

ఈିଵ
ቁ
ఈ

଴ߠ , ൌ  ଵିఈ, 50߶ߠ

and ߱ is the prior weight [4]. The special cases of the Tweedie distribution include the normal (߬ 51 

= 0), Poisson (߬ = 0 and ߶ = 0), gamma (߬ = 2), and inverse Gaussian (߬ = 3). Thus, for these 52 

density functions (߬ = 0, 1, 2, 3) one can directly compute the Tweedie distribution. Alternative 53 

estimation methods include series expansions, maximum likelihood estimation, and quasi-54 

likelihood estimation [5-7]. Also, there is software available to evaluate the Tweedie distribution 55 

for ߬ ൒ 1 [8]. 56 

It is often necessary in the data analysis to have at least some partial distributional 57 

assumption for the response even when the probability model is not completely realized. In those 58 

case one can rely on the Tweedie distribution to describe the mean and variance of the data, if 59 

one is comfortable with estimation under the special cases. However, making use of general 60 

forms of alternative distributions has shown to produce good approximations and are often easier 61 

to estimate. Stacy [9] proposed a three-parameter gamma distribution which includes many 62 

distributions as special cases. Stacy and Mihram [10] examined the generalization of the gamma 63 

distribution and derived a parameter estimation technique using a modified method of moments 64 

approach with a graphical aid. They demonstrated that enlarging the group of probability 65 

distributions and considering alternative estimation methods improve the accuracy of numerical 66 

analyses. Wilks [11] investigated various three-parameter probability distributions and found that 67 
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they provided additional flexibility and improved probability predictions compared to traditional 68 

distributions. These studies demonstrate the tractability of the generalized gamma distribution. 69 

We focus on the gamma distribution as it has many different parameterizations and its flexibility 70 

allows it to be used in the approximation of many distributions and in modeling unknown cases.  71 

As such, we present the power variance (PV) distribution, a three-parameter gamma 72 

distribution parameterized using the mean and variance relationship with parameters ߶, ߬ and 73 .ߤ 

This power variance form provides an extension to the gamma family, but has an additional 74 

flexibility due to the relationship of the parameters ߶ and ߬ in the mean and variance 75 

relationship, such that ܸܽݎሺܻሻ ൌ  ఛ. While the Tweedie distribution allows us to model the 76ߤ߶

data exactly, the PV distribution provides an adequate approximation and is easily estimated 77 

through the use of the gamma probability density function. Moreover, this form allows us to 78 

analyze data without requiring the assumption that the data follow a known standard distribution. 79 

The motivation for this approximation arose from work in the analysis of exponential dispersion 80 

models with mean-variance relationships. More so, Jørgensen [12] proved that such distributions 81 

having the power variance form with 0 < ߬ < 1 cannot correspond to an exponential family 82 

distribution. This flexible formulation is useful in many practical applications. 83 

The moments and properties of the gamma in its PV form are reproduced in Section 2. In 84 

Section 3, the PV form is compared to several known distributions in the exponential family. In 85 

Section 4, the model parameter estimation for the PV distribution using generalized least squares 86 

is described. A simulation study is conducted in Section 5. Two numerical examples are 87 

analyzed in Section 6, including applications in education and physical science. Some comments 88 

are given in Section 7. 89 

 90 
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2. Three-Parameter Gamma Distribution 91 

In this section, we consider the gamma distribution in its power variance form and examine its 92 

properties under this formulation. Although this is the same parameterization as the Tweedie 93 

distribution (Tweedie, 1984), it differs in that the PV distribution is written in a closed form and 94 

thereby provides an approximation to distributions which can be described by the Tweedie 95 

distribution. 96 

2.1 Density Function 97 

Let ܻ denote a positive random variable with power variance of the form with the density 98 

function  99 

௒݂ሺݕ; ,ߤ ߶, ߬ሻ ൌ
௬ሺഋ

మషഓషഝሻ/ഝ	௘௫௣	ሺି௬	ఓభషഓ/థሻ

௰൬ഋ
మషഓ

ഝ
൰	థ

ഋమషഓ
ഝ 	ఓሺഓషభሻഋమషഓ/ഝ

, ݕ ൐ 0  (2.1) 100 

within a parameter space Ωఓ ൈ Ωఝ ൈ Ωఛ ≡ বା ൈবା ൈ ব. We postulate that the density function 101 

(2.1) represents random variables with the mean-variance relationship 102 

ሺܻሻݎܸܽ ൌ  ఛ, 103ߤ߶	

where ߤ ൌ  ሺܻሻ, ߶ is a positive scale parameter, and ߬ is a real-valued parameter. The 104ܧ

௒݂ሺݕ; ,ߤ ߶, ߬ሻ is a density function for the gamma distribution in a different form as it represents 105 

a re-parameterization of the two-parameter gamma	߁ሺߙ,  ሻ with density function,  106ߚ

௒݂ሺݕ; ,ߙ ሻߚ ൌ
௬ഀషభ	௘௫௣	ሺି௬/ఉሻ

௰ሺఈሻ	ఉഀ
, ݕ ൐ ߙ			,0 ൐ ߚ			,0 ൐ 0   (2.2) 107 

where the gamma distribution shape parameter ߙ ൌ  ଶିఛ/߶ and the gamma distribution scale 108ߤ

parameter ߚ ൌ  ఛିଵ [13]. 109ߤ߶

2.2 Moments and Properties 110 

The density function ௒݂ሺݕ; ,ߤ ߶, ߬ሻ (2.1) has as its moment generating function 111 



 

6 
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మషഓሻ/థ,  (2.3) 112 

for ݐ ൏  ሻ, we obtain the cumulants of ܻ as  113ݐ௒ሺܯ	ଵିఛ/߶. Fromߤ	

ሻݐ௒ሺܭ ൌ ሻሿݐ௒ሺܯሾ݃݋݈ ൌ 	െ ቀ
ఓమషഓ

థ
ቁ ሾ1	݃݋݈	 െ  ሿ.    (2.4) 114ݐఛିଵߤ	߶

In its general form, the ݎ-th cumulant for the random variable ܻ has the form 115 

௥ߢ ൌ ௒ܭ
ሺ௥ሻሺ0ሻ ൌ ሺݎ െ 1ሻ! ሺ߶	ߤఛିଵሻ௥ିଵ	ߤ 

for 3 ,2 ,1 = ݎ, … where ܭ௒
ሺ௥ሻ denotes the ݎ-th derivative of ܭ௒ with respect to the parameter ߬. 116 

Thus, the random variable ܻ, has its mode at	ିߤଵ	ሺߤଶ െ  ఛሻ, provided that 117ߤ	߶	

ሺܻሻݎܸܽ ൌ ఛߤ߶ ൏  ଶ. 118ߤ

3. Comparison to the Exponential Family of Distributions 119 

Let ௜ܻ for ݅ ൌ 1,2, … ݊ be a set of continuous ݊ random variables. The family of distributions ఏ݂ 120 

for ߠ ∈  belongs to the one parameter exponential family if the density of ௜ܻ is of the form  121 ߆

݂ሺߠ|ݕሻ ൌ ݁ఒሺఏሻ்ሺ௬ሻିటሺఏሻ݄ሺݕሻ  (3.1) 122 

for some real valued functions ߣሺߠሻ, ܶሺݕሻ, ߰ሺߠሻ, and ݄ሺݕሻ ൒ 0. The exponential family is a 123 

family of distributions on the finite dimensional Euclidean space, parameterized by a finite 124 

dimensional parameter vector. The family provides a framework that makes it useful and 125 

convenient in statistical analyses [14-17]. The exponential family contains as special cases most 126 

of the standard discrete and continuous distributions typically used for statistical modeling, such 127 

as the normal, Poisson, exponential, gamma, among others. The PV distribution is an extension 128 

of the gamma distribution. It is parameterized in the form (3.1) and is a member of the 129 

exponential family of distributions. We provide comparisons of the PV form to several common 130 
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distributions in the exponential family as these distributions are widely used in modeling and 131 

have known mean-variance relationships. 132 

3.1 Comparisons to the Exponential, Chi-square, and Euler Distributions 133 

The PV distribution provides approximations to several known distributions. The most 134 

general family is the two-parameter gamma family, (2.2). The parameterization of the PV model 135 

is an alternative to the two-parameter representation of the gamma distribution [18]. They 136 

parameterized the ߁ሺߙ,  ሻ distribution in terms of the mean and dispersion of the random 137ߚ

variable as ߤ ൌ ߶ and ߶/ߚ ൌ  respectively. The exponential and chi-square distributions are 138 ߙ/1

special cases of the two-parameter gamma family, and as such have an obvious representation in 139 

the PV distribution family. The Euler distribution is also a special case of the PV distribution. It 140 

has the form 141 

௒݂ሺݕ; ,ߤ	 ߶ሻ ൌ 	
ݕ
ఓ
థିଵ݁݌ݔ	ሺെݕ/߶ሻ

߁ ቀߤ߶ቁ	߶
ఓ
థ

, ݕ ൐ 0, ߤ ൐ 0, ߶ ൐ 0, 

with mean ܧሺܻሻ ൌ ሺܻሻݎܸܽ and variance ߤ ൌ  ଵ which presents a special case of the PV 142ߤ߶

distribution with ߬ = 1. The parameter correspondences of the Euler, exponential, gamma, and 143 

chi-square distributions are summarized in Table 1. 144 

 145 

Table 1. Parameter Correspondence Among PVτ Distribution and Special Cases 146 

Distribution Mean ࡱሺࢅሻ Variance ࢘ࢇࢂሺࢅሻ ࣆ ࣘ ࣎ 

PV ߤ߶ ߤఛ ߤ ߶ ߬ 

Exponential  ߤ ߤଶ 2 1 ߤ 

Euler 1 ߶ ߤ ߤ߶ ߤ 
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Gamma  ߶ߤ߶ ߤଶ 2 ߶ ߤ 

Chi-square 1 2 ߤ ߤ2 ߤ 

 147 

3.2 Mean-Variance Relationship  148 

Several exponential family distributions have the mean-variance relationship of the 149 

power form ܸܽݎሺܻሻ ൌ  ఛ with the parameter ߬ restricted to integer values. We denote the 150ߤ߶

distribution as the power variance distribution PVτ with power parameter ߬. For ߬ = 0, 1, 2, and 151 

3, we have approximations of the Gaussian, Poisson, gamma, and inverse Gaussian distributions, 152 

respectively.  153 

3.2.1 Gaussian Distribution  154 

Figure 1 shows plots for the PV0 (the PV distribution with power parameter ߬ = 0) and 155 

the Gaussian densities with mean 3 = ߤ and different variances (߶ߤఛ). Although the Gaussian 156 

and PV distributions have the same means and variances in each of the three illustrations, it is 157 

clear that the distributions are quite different in their respective shapes as one nears the zero 158 

boundary of the PV distribution. The differences between the shapes of the two distributions 159 

become less pronounced as one moves further from zero or as the coefficient of variation, 160 

 ሺܻሻ, decreases. In the three panels, Figure 1, the means are equal to 3, while the 161ߤ/ሺܻሻߪ

variances are: (a) 3, (b) 1 and (c) 1/3. The red line represents the Gaussian curve, while the black 162 

line is the PV0 curve. The coefficient of skewness, ߛଵ ൌ ሺܻܧ െ  ሺܻሻଷ/ଶ, for the PV0 163ݎܸܽ/ሻଷߤ

model approaches infinity as ߤ tends toward zero. As the mean ߤ tends towards infinity, the PV0 164 

distribution is similar to the Gaussian distribution as is shown in Figure 1(c).  165 

 166 
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 167 

Figure 1. Comparisons of the PV0 Distribution and the Gaussian Distribution 168 

3.2.2 Poisson Distribution  169 

Figure 2 provides a comparison of the PV1 density and the Poisson mass function. In this 170 

illustration, the scale parameter ߶ was fixed to 1 so the two distributions have the same mean-171 

variance relationships. The means are: (a) 2, (b) 5, and (c) 8. The red lines correspond to the 172 

Poisson mass function and the black line corresponds to the PV1 density function. The plots 173 

show that the PV1 distribution approximates the Poisson distribution as their relative shapes are 174 

similar, even when the mean approaches 0. The PV1 distribution is slightly more skewed and 175 

platykurtic than the Poisson distribution. The differences become negligible as the means of the 176 

distributions become larger. 177 

 178 
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 179 

Figure 2. Comparisons of the PV1 Distribution and the Poisson Distribution 180 

 181 

3.2.3 Log Normal Distribution 182 

Figure 3 shows plots of the PV2 distribution and log normal ܰܮሺߠ, ߭ሻ distributions. We chose to 183 

use the log normal distribution because it is represented in the same power variance form with 184 

mean ܧሺܻሻ ൌ ݁ఏାజ/ଶ ൌ ሺܻሻݎܸܽ	and variance ߤ ൌ ሺ݁జ െ 1ሻ ቀ݁ఏା
ഔ
మቁ

ଶ
ൌ  ଶ. The means are 185ߤ߶

equal to 4 in all panels, Figure 3, while the scale parameters are: (a)	߶ = 1/4, (b) ߶ = 1/2 and (c) 186 

߶ = 1. In Figure 3, the red line is the log normal density and the black line is the PV2 density. For 187 

these distributions, the scale parameter is the square of the coefficient of variation. The two 188 

distributions within each panel have the same mean and variance, although there are pronounced 189 

differences in the shapes of the distributions as the means approach zero. The two distributions 190 

are closer to each other when the coefficient of variation is small as in Figure 3(a), compared to 191 

when the coefficient of variation is large as shown in Figure 3(c). 192 

 193 
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 194 

Figure 3. Comparisons of the PV2 Distribution and the Log Normal Distribution 195 

 196 

3.2.4 Moments of the PV Distribution and Comparative Distributions 197 

Table 2 provides higher-order moments and standardized moments for the PV distribution with 198 

various parameter values, as well as the Gaussian, Poisson, gamma, and inverse Gaussian 199 

distributions [19]. 200 

 201 

Table 2. Moments of the Power Variance and Standard Exponential Family Distributions 202 
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aߛଵ ൌ
ாሺ௒ିఓሻయ

൫௏௔௥ሺ௒ሻ൯
య/మ, coefficient of skewness; bߛଶ ൌ

ாሺ௒ିఓሻర

൫௏௔௥ሺ௒ሻ൯
మ, standardized fourth moment; cEulerൌ ܸܲሺߤ, ߶, 1ሻ; 203 

dGammaൌ ܸܲሺߤ, ߶, 2ሻ 204 

 205 

4. Generalized Least Squares Parameter Estimation 206 

Due to the flexibility of the PV distributions, they are used to approximate other distributions. 207 

Thus, to estimate the parameters of the underlying distribution of the responses in the data, we 208 

present a regression type estimator of these parameters from the mean variance relationship. 209 

Smyth [20] and Wilson and Koehler [21] among others have modeled dispersion based on 210 

multiple parameters as it pertains to different subpopulations instead with the use of a single 211 

constant factor. We obtain regression types estimators of the parameters ߶ and ߬.  212 

We consider a consistent estimator for the vector of parameters ࢼ ൌ ሺ߶, ߬ሻᇱ from a 213 

generalized least squares regression which allows the errors to have non-constant variance 214 

Distribution ࢘ࢇࢂሺࢅሻ ࡱሺࢅ െ ࢅሺࡱ ሻ૜ࣆ െ ૚ࢽ ሻ૝ࣆ
a ࢽ૛

b 

Normal ߶ 0 3߶ଶ 0 3 

PVሺ߬ ൌ 0ሻ ߶ 2߶ଶିߤଵ 3߶ଶሺ1 ൅ ଵ 3ሺ1ିߤଶሻ 2߶ଵ/ଶିߤ߶2 ൅  ଶሻିߤ߶2

Poisson ߤ ߤ 
ଶߤ3 ቆ1 ൅

ଵିߤ

3
ቇ 

ଵ/ଶ 3ሺ1ିߤ ൅ ଵ/3ିߤ ሻ 

PVሺߤ, 1,1ሻ ߤ3 ߤ2 ߤଶሺ1 ൅ ଵ/ଶ 3ሺ1ିߤଵሻ 2ିߤ2 ൅  ଵሻିߤ2

Inverse 

Gaussian 

଺ሺ1ߤହ 3߶ଶߤଷ 3߶ଶߤ߶ ൅ ଵ/ଶ 3ሺ1ߤሻ 3߶ଵ/ଶߤ߶5 ൅  ሻߤ߶5

PVሺߤ, ߶, 3ሻ ߶ߤଷ 2߶ଶߤହ 3߶ଶߤ଺ሺ1 ൅ ଵ/ଶ 3ሺ1ߤሻ 2߶ଵ/ଶߤ߶2 ൅  ሻߤ߶2

Eulerc ߶2 ߤ߶ଶ3 ߤ߶ଶߤଶሺ1 ൅ ଵ/ଶ 3ሺ1ିߤଵሻ 2߶ଵ/ଶିߤ߶2 ൅  ଵሻିߤ߶2

Gammad ߶ߤଶ 2߶ଶߤଷ 3߶ଶߤସሺ1 ൅ 2߶ሻ 2߶ଵ/ଶ 3ሺ1 ൅ 2߶ሻ 

PVሺߤ, ߶, ߬ሻ ߶ߤఛ 2߶ଶߤଶఛିଵ 3߶ଶߤଶఛሺ1 ൅ ߤఛିଶሻ 2߶ଵ/ଶߤ߶2
ఛ
ଶିଵ 3ሺ1 ൅  ఛିଶሻߤ߶2
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ሺ߳ሻݎܸܽ ൌ  The variance parameters are obtained through the linearized mean-variance 215 .ߗଶߪ

relationship 216 

ሺ࢟ሻሻݎሺܸܽ݃݋݈	 ൌ ߶݃݋݈ ൅ ߬ ݃݋݈  217 .ࣆ

For each subpopulation, we let the response vector ࢅ has elements the log of the variance of the 218 

observed data with data matrix ࢄ, consisting of a column of ones and a column of ݈݃݋  is 219 ,ߤ

nonrandom with the vector of regression parameters ࢼ∗ ൌ ሺߚ଴, ଴ߚ ଵሻ′ whereߚ	 ൌ  and 220 ߶݃݋݈

ଵߚ ൌ ߬. Group sizes are allowed to vary [22]. Thus, the estimates of our dispersion parameter 221 

and power parameter are obtained from an approximate generalized least squares estimator for 222 ,ࢼ 

෡ࢼ ൌ ൫ࢹ′ࢄ෡ି૚ࢄ൯
ି૚
 ࢅ෡ି૚ࢹࢄ

where the ࢹ෡  is a consistent estimator for the covariance matrix for ࢅ. The variance of ࢼ෡ is 223 

 ሻିଵ [23, 24]. 224ࢄଵିࢹ′ࢄଶሺߪ

The generalized least square estimates ߶෠ and ߬̂ are parameter estimates for the PV 225 

distribution, and regression coefficients for the data are obtained through minimizing the log 226 

likelihood of the PV distribution. Since the PV distribution is limited to positive values, values of 227 

ݕ ൌ 0 may be adjusted by a factor of 0.5 [25].  228 

 229 

5. Simulation Study  230 

The PV representation of the gamma distribution is flexible and can be used to approximate 231 

many distributions through the mean-variance relationship. We illustrate the applicability of the 232 

PV distribution through a simulation study. Data were simulated from a Poisson distribution Y 233 

with mean parameter ߤ, such that ݈݃݋ሺߤሻ ൌ 1 ൅ 2ܺ where ܺ is generated from an uniform (0, 1) 234 

distribution. We assume that the PV distribution is of form ߶ߤఛ. The simulation was conducted 235 

for a total of 10,000 iterations, where the values of Y were predicted by: 236 
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a) Poisson distribution with a log link 237 

b) PV distribution with a log link.  238 

Parameter estimates were compared over three sample sizes (100, 250, 500) and four subgroup 239 

sizes (5, 10, 15, 20) to estimate the mean-variance relationship parameters ߶ and ߬. The average 240 

generalized least squares estimates for the mean-variance parameters for each simulation 241 

condition are reported in Table 3. 242 

Table 3. Estimates of Mean-Variance Parameters 243 

Number of 

Subgroups 
Sample Size ࣘ ࣎ 

5 

100 1.01 1.10 

250 0.95 1.10 

500 0.94 1.10 

10 

100 1.02 1.03 

250 0.98 1.03 

500 0.98 1.03 

15 

100 0.97 1.02 

250 0.97 1.02 

500 0.98 1.01 

20 

100 0.93 1.01 

250 0.97 1.00 

500 0.98 1.01 

 244 

In each simulation condition, the mean-variance parameters are estimated close to the true values 245 

of ߶ = 1 and ߬ = 1. Estimates of the power parameter ߬ improved as the number of subgroups in 246 
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the data increased. The average regression parameter estimates and standard errors from each 247 

simulation condition are reported in Table 4. The model fit, measured through the mean square 248 

error (MSE), is also reported.  249 

 250 

Table 4. Simulation Results by Number of Subgroups and Sample Size  251 

Number of 

Subgroups 
Distribution 

Sample 

Size 

 ૚ = 2.000ࢼ ૙ = 1.000ࢼ
MSE 

Est SE Est SE 

5 

Poisson 

100 0.997 0.092 2.002 0.130 8.470 

250 0.999 0.058 2.001 0.082 8.582 

500 0.999 0.041 2.000 0.058 8.641 

PV 

100 0.951 0.089 2.063 0.129 8.514 

250 0.950 0.057 2.066 0.082 8.612 

500 0.950 0.040 2.067 0.058 8.666 

10 

Poisson 

100 0.998 0.092 2.001 0.130 8.484 

250 1.000 0.058 2.000 0.082 8.596 

500 0.999 0.041 2.001 0.058 8.643 

PV 

100 0.935 0.084 2.076 0.121 8.537 

250 0.941 0.055 2.072 0.078 8.628 

500 0.941 0.039 2.072 0.056 8.671 

15 

Poisson 

100 0.997 0.092 2.003 0.130 8.492 

250 1.000 0.058 1.999 0.082 8.608 

500 0.999 0.041 2.001 0.058 8.639 

PV 
100 0.924 0.082 2.086 0.116 8.558 

250 0.937 0.054 2.074 0.077 8.645 
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500 0.938 0.039 2.074 0.055 8.668 

20 

Poisson 

100 0.996 0.092 2.004 0.130 8.484 

250 0.999 0.058 2.000 0.082 8.589 

500 1.000 0.041 2.000 0.058 8.647 

PV 

100 0.914 0.079 2.094 0.112 11.166 

250 0.931 0.053 2.079 0.076 8.630 

500 0.936 0.039 2.075 0.055 8.678 

 252 

As expected, the Poisson distribution produced the most accurate parameter estimates. However, 253 

the PV distribution had comparable standard errors compared to the Poisson distribution. We 254 

note that the PV parameter estimates deviated further from the true values of ߚ଴ = 1 and ߚଵ = 2 255 

as the number of subgroups increased. Improved estimates were obtained with a larger number 256 

of observations in each subgroup (less subgroups) and larger sample sizes.  257 

 258 

We compare the model fits of the PV distribution compared to the true distribution using the 259 

MSE. From the MSEs across the simulation conditions, we see that the PV distribution provides 260 

a comparable fit to the Poisson regression model in most cases. The model fit deviated the most 261 

between the two approaches in the case with a sample size of 100 and 20 subgroups. Under these 262 

conditions, there are only 5 observations per subgroup which can result in unreliable estimates 263 

for the mean-variance relationship parameters and impact the PV model fit. However, in all other 264 

simulation conditions, the PV model provided a good approximation. 265 

 266 

 267 

 268 
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6. Numerical Examples 269 

We present two numerical examples demonstrating the use of the PV distribution in regression 270 

models for count and continuous data. We examine absenteeism among high school students and 271 

the compression strength of high-performance concrete. These examples demonstrate the use of 272 

the PV distribution as an approximation for different outcome types across various applications.  273 

6.1 Absenteeism 274 

Data were obtained from 316 9th-grade students enrolled in two high schools in the Los Angeles 275 

area in Fall 1995. Each student took the California Test of Basic Skills and received scores for 276 

the mathematics and language sections. We wish to explain the varying number of absences 277 

during the school year based on the student demographics and their academic performance as it 278 

pertains to ethnicity (a binary measure, Caucasian or Filipino versus other), the school, 279 

mathematics and language exam scores (percentile rank), and bilingual status.  280 

The number of absences are evaluated using a generalized linear model with a Poisson 281 

distribution as the random component and a PV distribution model. We use the PV distribution 282 

as a flexible method to estimate the regression parameters and compare the results between the 283 

two approaches, Table 5. To estimate the mean-variance relationship parameters ߶ and ߬ based 284 

on the generalized least squares, we split the subpopulations into nine subgroups by ethnicity and 285 

school. We estimate the mean-variance parameters as ߶෠ = 1.79 and ߬̂ = 1.84, and obtain the PV 286 

model parameters by maximizing the log likelihood with parameters ߶෠, ߬̂, and ̂287 .ߤ 

 288 

 289 

 290 

 291 
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Table 5. Parameter Estimates, Standard Errors (SE), and P Values for Poisson and PV 292 

Models 293 

Variables 
Poisson PV 

Estimate SE P Estimate SE P 

Intercept 2.189 0.140 <.001 2.187 0.374 <.001 

Ethnicity 0.679 0.079 <.001 0.758 0.186 <.001 

School -0.477 0.065 <.001 -0.451 0.175 .01 

Mathematics 

Percentile Rank 
-3.292ൈ10-3 1.319ൈ10-3 .01 -3.129ൈ10-3 3.602ൈ10-3 .39 

Language 

Percentile Rank 
3.298ൈ10-5 1.383ൈ10-3 .98 -1.200ൈ10-3 3.781ൈ10-3 .75 

Bilingual -0.212 0.049 <.001 -0.320 0.140 .02 

 294 

The PV distribution allows additional flexibility in the model and provides a reasonable 295 

approximation to the Poisson model. The regression coefficient estimates are similar for both the 296 

Poisson and the PV models. We find that the model fit is similar for both models as the PV 297 

model has a MSE of 48.47 while the Poisson model has a MSE of 48.16.  298 

6.2 Concrete Compressive Strength 299 

High-performance concrete is a complex material which has increased compressive strength 300 

compared to conventional concrete. We are interested in predicting the strength of high-301 

performance concrete, measured in megapascals, based on the content of 1,030 concrete samples 302 

[26]. The components (measured in kg/m3) include cement, blast furnace slag, fly ash, water, 303 

superplasticizer, coarse aggregate, and fine aggregate. The age of the concrete in days is also 304 

recorded. Using 14 subgroups based on the age of the concrete, the variance parameters were 305 
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estimated as ߶෠ = 17.77 and ߬̂ = 0.35. The regression parameter estimates for both models are 306 

reported in Table 6. 307 

 308 

Table 6. Parameter Estimates, Standard Errors (SE), and P Values for Gaussian and PV 309 

Models 310 

Variables 
Gaussian PV 

Estimate SE P Estimate SE P 

Intercept -23.331 26.586 .38 -23.337 18.499 .21 

Cement 0.120 0.008 <.001 0.116 0.006 <.001 

Blast Furnace Slag 0.104 0.010 <.001 0.093 0.007 <.001 

Fly Ash 0.088 0.013 <.001 0.082 0.009 <.001 

Water -0.150 0.040 <.001 -0.128 0.028 <.001 

Superplasticizer 0.292 0.093 .002 0.323 0.067 <.001 

Coarse Aggregate 0.018 0.009 .05 0.014 0.007 .04 

Fine Aggregate 0.020 0.011 .06 0.022 0.008 .004 

Age 0.114 0.005 <.001 0.116 0.004 <.001 

 311 

 312 

The MSEs for the Gaussian and PV models are 107.20 and 109.23, respectively, 313 

indicating that both approaches provide comparable model fits. The parameter estimates are 314 

fairly similar between the two models, although the PV approach produces smaller standard error 315 

estimates. The PV standard error estimates for the covariates are between 20 percent and 31 316 

percent lower than the standard errors for the Gaussian model.  317 

 318 

 319 
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7. Conclusion  320 

The PV form provides the flexibility to address the extra variation through the mean-variance 321 

relationship, as used in the Tweedie distribution, but easily estimated from a closed form of a 322 

gamma probability density function. We present the parameterization of the PV distribution and 323 

verify that it provides a good approximation of many other distributions described through the 324 

Tweedie distribution. We introduce a generalized least squares estimation method to estimate a 325 

two-parameter mean-variance relationship in ߶ and ߬. Our simulation demonstrates the 326 

applicability of the PV distribution for estimating parameters in the data model from other 327 

distributions in the exponential family. In addition, the examples of modeling counts and 328 

continuous data pinpoint the flexibility that the PV distribution provides for a wide class of 329 

mean-variance relations. 330 

This paper suggests that the PV distribution is useful to examine the performance of 331 

regression models for data that do not necessarily follow an exponential family but have a mean-332 

variance relationship that may be related. While the PV distribution is used to simulate data that 333 

have a power form other than ߬ = 0, 1, 2, and 3, it is trivial to generate data that have a mean-334 

variance relationship	ܸܽݎሺܻሻ ൌ  ଵ/ଶ. Additionally, one can generate data with an alternative 335ିߤ߶

mean and variance relationships other than the power form. In particular, setting ߙ ൌ ߶/ଶߤ ఛܸሺߤሻ, 336 

and ߚ ൌ ߤ߶ ఛܸሺߤሻ, yields a gamma model with a mean-variance relationship equal to ܸܽݎሺܻሻ ൌ337 

߶ ఛܸሺߤሻ where ఛܸሺߤሻ is the variance function indexed by the parameter ߬ [18]. It encompasses the 338 

negative binomial mean-variance relationship ܸܽݎሺܻሻ ൌ ሺ1ߤ	 ൅  ሻ where the free scale 339ߤ߬

parameter ߶ is set to unity. Similarly, one could generate data with mean ܧሺܻሻ ൌ  and 340 ߨ	

variance	ܸܽݎሺܻሻ ൌ ߶ሼߨሺ1 െ  ሻሽఛ. This manipulation of the mean-variance relationship through 341ߨ

this PV model allows one to address overdispersed or underdispersed binomial.  342 
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The robustness of the quasi-likelihood function [27] and related methods, including the 343 

extended quasi-likelihood function [28] and the pseudo-normal likelihood [29] for non-344 

exponential data, continues to be enhanced. Our discussion expands on this type of modeling. 345 

 346 
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