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Abstract

A linear differential equation with polynomial coefficients is studied. In the preceding study given
in J. Adv. Math. Comput. Sci. 2018; 28 (3) 1-15, the equation is expressed in terms of blocks of

classified terms, and the full solutions near the origin are presented for the differential equations
of the second order and with two blocks of classified terms. In the present study, it is shown that
the solutions near infinity are easily obtained and the asymptotic behaviors are discussed with the
aid of a theorem given in the preceding paper.
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2010 Mathematics Subject Classification: 47E05; 26A33; 34M25

1 Introduction

In the preceding paper [1], differential equations of order I, € Z~o, with coefficients of polynomials,
are studied. They take the form:

l oo Iy
. m dk . 2 3 dk
kE:O mE:O ak,mt ﬁu(t) = kg (ako+aws-t+aps -t +aks-t°+---)- ﬁu(t) =0, t>0, (1)

where ag,m for k € Zj,,) and m € Z~_, are constants. It was assumed that a finite number of the
constants are nonzero.

Here R and Z are the sets of all real numbers and all integers, respectively, and Z, 5 = {n €
Zla < n < b} for a,b € Z satisfying a < b. We also use C which is the set of all complex numbers,
and Zso ={n €Zn>a}, Zeca ={n €Zn<a}fora€Z,and R, = {z € Rlz > a} fora € R. We
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use (2)r and (z2);, for z € C, k € Z~_1, which denote (2), = [1%_},(z + m) if k € Z~0, and (2)o = 1,
as usual, and
k—1
@i = [T G=m) = (=1 (=2), k€ Zso, )
m=0
and (z), = 1.
In [1], the terms of Equation (1) are reassembled as
lo
> Diu(t) =0, t>0, 3)
l=—o0
where
lo e
Diu(t) = Z Qo k—1 -tk_lﬁu(t), (4)
k=max{0,l}

each of Dlu(t) is called a block of classified terms.
When [, = 2, Equation (3) is expressed as

Diu(t) + Diu(t) + DYu(t) + Dy u(t) + Dy %u(t) +--- =0, ¢>0, (5)
where
d? 2 d d? d
2 1 0 2
D; = az,oﬁ, D; = az,1t - w + al,oa, D; = az2t” - ﬁ + a1t % + ao,0,
d? d d? d
Dl 3 a4~ 2 a4 D2 — 4 a7 3 a4 2
¢ az,3t a2 + a2t a + ao,1t, f a2 4t a2 + a3t a + ap,2t”,

When D! is operated on t* for o € C\Z, we have

Dit® = Ay(a)t*, (7)
where
ly
Ay = > ars—i- ()i 8)
k=max{0,l}

When we discuss a differential equation of order [, the following condition is adopted.

Condition 1.1. We consider such a differential equation is not regarded as a differential equation of
u'(t), sothat 3°7°_ |ai,.m| #0and >, ao,m| # 0.

In [1], special attention is focussed on Equation (5) for the case in which there exist two nonzero
blocks of classified terms, so that the equation is expressed as

Diu(t) + Dy ™u(t) =0, m € Zxo, 9)

Remark 1.1. By (6) for I, = 2, we see that Equation (9) for { = —1, -2, ... are equivalent to the one
for I = 0, and the differential equation for [ = 1 is equivalent to the one for I = 0 when ao,o = 0. We
note that the differential equation for [ = 2 is equivalent to a special one for I = 0. Hence we study
only the differential equation for I = 0.
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In [1], special attention is focussed on the solutions of
DYu(t) + D; 'u(t) = 0, (10)

In [2, 3, 4], the solutions of Kummer’s and the hypergeometric differential equation, which are
special ones of Equation (10), were studied with the aid of distribution theory, and of the AC-Laplace
transform, that is the Laplace transform supplemented by its analytic continuation. In the study, the
following condition was adopted.

Condition 1.2. u(t) is expressed as a linear combination of ¢, (t) = Nlu) t'"fort >0andv € S,
where Sis asetof v € R»_y/\Z<1 for some M € Z~_;.
We then express u(t) as follows:
_ 1 v—1
u(t)_zu,,lr(y)t , (11)

where u,_1 € C are constants. Because of this condition, we obtained the solutions which are
expressed by a power series of ¢t multiplied by a power ¢“:

u(t) = t* ipktk, (12)
k=0

where o € C\Z«o, pr € C and po # 0.

In [1], for Equation (10), the solutions in the form of (12) are shown to be given by the generalized
hypergeometric function. When [, = 2, the solutions of Equation (10), which are of the form (12), are
expressed by

oFilabie) =3 CnBest, aFifa i) = > (@) . (13)
— (a)r & — 1
1F1(a; c;z):;0 k(‘(i)kz , oFi(Ge2) = ;0 k!(c)kz . (14)

The first series in (13) and (14) are the hypergeometric and the confluent hypergeometric series,
respectively. In Section 2, we reproduce the theorem giving the results for the solution of Equation
(10) for I, = 2, with a correction. In [1], every equation of Equation (9) for m € Z: is shown to
reduced to a differential equation of the form of (10) by a change of variable.

In [5], the asymptotic behaviors as ¢ — oo are discussed for the confluent hypergeometric
function, which is a solution of Kummer’s differential equation, in the standpoint of fractional calculus.

It is the purpose of the present paper to show how the behaviors near infinity are obtained for
all the solutions given in the above-mentioned theorem. In Section 3, we first show that the solutions
near infinity, which take the form:

u(t) = t* i at ™", (15)
k=0

are easily obtained with the aid of the theorem. Discussion is then given on the behaviors as t — oo,
for the solutions given in the theorem. As a by-product, we obtain the solution of the following equation
in Section 3.2:
d*u
3

In Section 3.3, we use a formula for the confluent hypergeometric function, which is given in [5].
In Section 4, discussion based on fractional calculus is given on the derivation of the corresponding
formula for the hypergeometric function.
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2 Solution of Equation (10) for/, =2and [ =0

From now on, we restrict the discussion to the case of I, = 2.

We introduce notation ,, D! which represents D! when the coefficient of ¢* is nonzero and those
of t™ for m > n are all zero. The differential equations belonging to Equation (10) for [ = 0 are
classified into

2 DYu(t) + oDy 'u(t) =0, n=3,2,1, (17)
mDu(t) + 3Dy u(t)=0. m=2,1,0. (18)
We call Equation (17) for n € Z, 5 as (17-n), and Equation (18) for m € Zjy 5 as (18-m), where
(17-3) and (18-2) represent the same equation.
We use a, b and ¢, which satisfy a1,1 = a2,2(1 + a + b) and ao,0 = az,2 - ab, when a2 2 # 0, and
ao,0 = a1,1 - ¢, when az o = 0 and a1,1 # 0. Using these in (6), we obtain

~ d? d ~ d ~
2D?2a2,2[t2‘ E+(1+a+b)t~£+ab], 1D?:a1,1(t~£+c), ()D?:(I(L(). (19)

When a0 = 0, we putb = 0 and ¢ = 0 in (19). We use a, b and ¢, which satisfy a1,2 = a2 5(1+a+b)
and ao,1 = az,3 - ab, when az s # 0, and ao,1 = a1,2 - ¢, when az;3 = 0 and a1,2 # 0. Using these in
(6), we obtain

d? s d s Y d .
-@—l—(l—i—a—&—b)ta—i—abL oDy =ai2-t(t- — +¢),

1Dy =apq -t (20)

When ao.1 = 0, we put b = 0 and & = 0 in the first two equations of (20).

3D;1 =a2,3 - t[t2

Remark 2.1. In Section 7.21 of [6], terminologies "regular singular point” and "irregular singular point”
are used. For an equation, which is expressed by
2

d d
[(t = ¢)* 25 + (t = p(t) 2 +a®lu(t) =0, (21)
point ¢ = c is called a singular point, if f(th or (tq_(gQ is not analytic at c. If the point ¢ = ¢ is a singular

point, it is said to be regular or irregular at ¢t = ¢, according as both p(t) and ¢(¢) are analytic at t = ¢,
or not so. By this terminology, the point ¢t = 0 is a regular singular point of Equation (17), and it is
an irregular singular point of Equations (18-1) and (18-0). We note that there exist two, one and no
solutions of the form (12) for Equations (17) satisfying a — b ¢ Z, (18-1) and (18-0), respectively.

The differential equation (17-3) for ag,0 = 0 is the hypergeometric differential equation, whose
solutions are the hypergeometric functions. The differential equation (17-2) for ag,0 = 0 is Kummer’s
differential equation, whose solutions are the confluent hypergeometric functions. Laguerre’s differential
equation is a special one of Kummer’s differential equation; See Chapter VIl in [7], and Chapter 13
in [8].

The following theorem is Theorem 2.2 in [1], with minor corrections.

Theorem 2.1. We have the following solutions of the form (12) for Equations (17)~(18).

(i). Ifao,0 #0,a0,1 #0anda—b ¢ Z, we have the pairs of solutions of (17-3), (17-2) and (17-1),
respectively, given by

as,3

(zﬁa(t):ta-2F1(&+oz,5+oa;1+a+b+2a;—a—t), o= —a,—b, (22)

2,2

qﬁa(t):ta.1F1(5+o¢;1+a+b+2a;—zl’2t), a = —a,—b, (23)
2,2

bo(t) =t oF (1 +a+b+20—2), a=—a, b (24)

a2
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(ii). If ao,0 =0, ao,1 # 0 and —a ¢ Z, pairs of solutions of (17-3), (17-2) and (17-1) are given by

Go(t) =2F1 (@, 51+ a;— 224), ¢_a(t) =t 2Fi(@a—a,b—a;1 —a;— 22¢);  (25)
a2 az,2
Go(t) =1F1 (&1 +a;— 228), ¢ o(t) =t " 1 Fi(E—a;1 — a; —22¢); (26)
a2 2 az,2
Go(t)=oF1(;1+ a5 ——214), ¢ o(t) =t % oFi(;1 — a; — L), (27)
az 2 az,2

respectively, which are (22)~(24) for b = 0.

(iii). 1f ao,0 # 0, ao,1 = 0 and a — b ¢ Z, pairs of solutions of (17-3) and (17-2) are given by (22) for
b =0, and by (23) for ¢ = 0, respectively.
(iv). If ao,0 # 0 and ao,1 # 0, we have only one solution of (18-1) given by
az,3

Yoe(t) =t 2Fo(@ —c,b— ¢;; ——>1). (28)

a1,
The second factor on the righthand side of (28) is a polynomial, when a—c € Z.; orb—c € Z«;.
If such is not the case, it is an infinite series which has zero radius of convergence.
(v). Ifao,0 =0and ao,1 # 0, only one solution of (18-1) is given by (28) for ¢ = 0.
(vi). If ap,0 # 0 and ao,» = 0, only one solution of (18-1) is given by (28) for b = 0.
(vii). There exists no solution of the form (12) for (18-0).

Remark 2.2. In Theorem 2.2 of [1], the case (vii) is not included, since there exists no solution of the
form (12) in this case.

Remark 2.3. In [1], the first equation in (27) is given by ¢o(t) = o Fi(; 1+ a; —Z;;t), which is in error
and should be corrected as in (27).

3 Behaviors of the solutions given in Theorem 2.1 as ¢ —

candt— 0
Lemma3.1. Weputz = 1, v(z) = u(t), and
ngU(fL’)IZ% 'm+1Dt_1u(t)7 m=2,1,0, (29)
nﬁglv(x)::xw,lD?u(t), n=3,21. (30)
Then
2D21}(:Jc) +nD;10(m):O, n=3,2,1, (31)
mDS’U(ZC) +3D;1U(ZE):O, m = 2,1,0, (32)
where
P ansfe® o (1 —a—be- L ral, D0 = P - 33
2De=azs[2” 5 +(1—a—b)z- ——+abl, 1Dz =az(-z-——+8), oDz =aos, (33)

in place of (19), and

2
da?
1Dy =agp -, (34)

in place of (20). We call Equation (31) for n € Z; 3 as (31-n), and Equation (32) for m € Z 2 as
(32-m), where (31-3) and (32-2) represent the same equation.

+(1—a—b)x~di;—|—ab], oD ' =a11-2(—x- — +0),

o1 2
3D, =agz2 - z[z” -
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Lemma 3.2. When Equations (17-3), (17-2), (17-1), (18-1) and (18-0) hold, Equations (32-2), (32-1),
(32-0), (31-2) and (31-1), respectively, hold.

Remark 3.1. The solutions of Equations (31-n) and (32-m), respectively, for n € Z; 3) and m € Zjg 2,
are given by those of Equgtions (~1 7:n) and (18-m) with a2 2, a1,1, ao,0, a, b, ¢, ¢, ¥ and t exchanged
by as3, —a1,2, ao,1, —a, —b, —¢, ¢, ¥ and x, respectively.

Remark 3.2. As a consequence of Remark 3.1, from the solutions of the form (12) for Equations (17)
and (18) given in Theorem 2.1, we obtain the solutions of the form:

v(z) =t ipkxk, (35)
k=0

for Equations (31) and (32), where o € C\Z<o, pr € C and po # 0.

Remark 3.3. In Section 7.22 in [6], it is stated that an equation belonging to (17)~(18) is said to have
aregular or irregular singular point at ¢ = oo, according as the equation associated to it in Lemma 3.2
has a regular or irregular singular point at the point x = 0. By Remak 2.1, the equations in (31) and
Equations (32-1) and (32-0) have a regular and an irregular singular point, respectively, at x = 0. As
a consequence, by Lemma 3.2, Equations (17-3), (18-1) and (18-0) have a regular singular point at
x = oo, and Equations (17-2) and (17-1) have an irregular singular point at z = oo.

3.1 Solutions of (17-1) with a,; # 0 for |z] — c©

When Equation (17-1) with a1 # 0 holds, we have the pair of solutions given in (24). In this case,
Lemma 3.2 shows that Equation (32-0) with ao,1 # 0 holds, and Remark 3.1 shows that Equation
(32-0) has no solution, since Equation (18-0) has no solution as shown in Theorem 2.1(vii).

We put aze = 1, a01 = =6,z = t, { = 274, w(z) := u(t) and @(¢) := v(z). Then Equations
(17-1) and (32-0) are expressed by

d*w dw
2 —
2 +(1+a+b)z P + abw — dzw =0, (36)
d*w dib
- 3 2 T
0w+ ¢ acz +(1-a-0b) @ + ablw = 0, (37)

and if a — b ¢ Z, we obtain the following solutions of (36), with the aid of (24):

D_(2):=0"" d_a(t) = (62) " -0F1(;1 — a+b;0z), (38)

D y(2):=0"p_p(t) = (62) " 0F1(;14a— b;dz). (39)

Remark 3.4. Whenn € Z-_1,a = b+ n —eand § = 1, by using (39) and (38), respectively, we
obtain two solutions of (36):
P 0FiGl+n—¢€2)
1

=7 [1+;k!(1—|—n—e)(l—I—n—e+1)(1+n—e—|—2)~~~(1—|—n—e+k:—l)z l:(40)

n—1
_p_ L Z 1-— _
enl(l—n+e)n1-2""" Rl —n+e2) = (1—dnoe-nl-27" n+€komzk

—bte G n! I’
1 41
MR S S e ey e e e A (41
both of which tend to 2% - ¢ F1(; 1 + n; 2z) as e — 0, where §,, o denotes Kronecker’s delta, which is
equal to 1, if n = 0, and to 0, if otherwise.
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Lemma 3.3. Whenn € Z~_1,a =b+n and § = 1, we have two solutions of (36):

wi(z):=2"" 0Fi(;1+mn;z2), (42)

wa(2):=(1—dno)nl- 27" " E_: )" -k~ 1)!Zk

k!
k=0
_ e n! k) — k
42 R (14 2)log 2 — b%”(¢(" +k!2n+¢l(c7;!)+¢( Dk (43)
where
B) =1+ ! 44
(k) = ot ot (44)

Proof. To obtain (43), we use (41) and (40) in

wa(z) = lin’(l) g[e (1 =n+ -2 TG FRIGl—nte2) -2 " oFi(G1 40— 2)]. (45)
€e—r €
|
Putting b = 0 and » = 1 in this lemma, we obtain the following lemma.

Lemma 3.4. Whena =1,b=0 andd =1, we have two solutions of (36):

w1(2) :==0l1(;2; 2), (46)

)+ plk+1) 1 4
kl(k + 1)! ’

wa(z):=2"" 4+ oF1(;2;2) log z — Z $(k
k=1

where ¢(k) is given by (44).

3.2 Solutions of (18-0) with ¢, # 0 for |z| — oo

When (18-0) with ag,0 # 0 holds, Theorem 2.1(vii) shows that there exists no solution of the form (12).
In this case, Lemma 3.2 shows that (31-1) with ao,0 # 0 holds, and Remark 3.1 shows that (17-1)
and (24), with a2,2, @0,0, 00,1, Q, b, (]3 and t replaced by az,3, 40,1, 40,0, —a, —b, ¢ and x, reSpeCtiVG'y,
hold, so thatifa — b ¢ Z,

ba()=2" oFi(G1+a—b— 200y, gp(a) =a’ oFi(;1—a+b;—20g). (48)

az,3 az,3

We put ago = 1, az3 = =6, 2 = t, { = 274, @(¢) = v(z) and w(z) = u(t). Then (18-0) and (31-1)
are expressed by

2

5 d°w .= dw =+ .
w—90-2z[z ~ﬁ+(1+a+b)z-£+abw]f0, (49)
d*w wdb s
2 — a P T 7y —
—4[¢ vd@+(1fafb)C-d—<+abw]+waO, (50)

and if @ — b ¢ Z, we obtain the following solutions of (49), with the aid of (48):

“Oa(z) = (62) " oFi(G1+a—b; (32)7Y), (51)

Phy(x) = (52) 7 0P (1 —a+ by (62) 7). (52)
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Remark 3.5. We note that the solutions of (50) for the cases of (): n € Zs_1, @ = b — n + € and
§=1,(i)n€Zs_1,a=b—nandd =1, and (ii): @ = —1, b = 0 and § = 1, are obtained from
Remark 3.4 and Lemmas 3.3 and 3.4, respectively, with z, w;(z) and w2 (z) replaced by ¢, w1 (¢) and
w2(¢), respectively. As a consequence, we have the following lemma from Lemma 3.4.

Lemma 3.5. Whena = —1,b =0 and§ = 1, Equation (49) is expressed by

de

which has an irregular singular point at z = 0, and the solutions of (53) are given by

wi(2)=w1(¢) = oF1(;2;27 1), (54)

wa(z) =w2(C) = 2z — oF1(;2 logz—X:qj ;iitl)_lz*’“, (55)

where ¢(k) is given by (44).

3.3 Asymptotic behaviors of the solutions of (17-2) for |z| — o

We consider Equation (17-2) with ag,1 # 0 or ag,0 # 0 or both, for which we have the pair of solutions
given in (23). In this case, Lemma 3.2 shows that (32-1) holds, and Remark 3.1 shows that Equations
(18-1) and (28), with a2 3, a1.1, ao.0, @, b, ¢, 1 and ¢ replaced by as 2, —ai.2, ao.1, —a, —b, —¢, ¢ and
x, respectively, hold, so that

Pa(z) =2 - 2 Fo (G — a, & — by; 22 7). (56)
ai,2

Weputazs =1,a12 = —6, 2 =t, ¢ = 27}, w(z) := u(t) and @(¢) := v(x). Then Equations (17-2)

and (32-1) are expressed by

d*w dw dw

2 ] —

z -ﬁ+(1+a+b)z-g+abw—52[z~df—kcw]fo’ (57)
dw -~ 3 d271) 2 dw

J[C'd — &) + ¢ .d<2+(1—a—b)C d<+ab(w—0 (58)

and if a — b ¢ Z, we obtain the following solutions of (57), with the aid of (23) and (56):

D_(2):=0"p—a(t) = (62) " - 1F1(E—a;1 —a+ b;62), (59)
p(2):=0""p_u(t) = (52)4’ 1Fi(E—b;1— b+ a;0z), (60)
U_a(2) =06 “Pa(x) = (62) - 2Fo(¢ — a, & — by; —(62) ). (61)

Whenb=0,A=¢ B=1+4+aandd =1, (57) is Kummer's equation:

d2 dw Cdw

and its solution given by (60) becomes 1 F1(A; B; z). In [5], the asymptotic behavior of 1 F1(A; B; z) is
given as follows.

Lemma3.6. Let A € C\Z«1, B€ C\Z«1 and B— A € C\Z«1. Then

1F1(A;B;Z):ez~1F1(B*A;B; 72) (63)
:eiAﬁir(FB(lj)A) U(A; B; 2) +ei<B_A)ﬁ% U(B— A; B;e " 2), (64)
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where

U(A;B;z)i=2"" 2Fo(1+ A= B, Aj; -2 1), (65)
e BITE(B - A;Bie ™ 2) = %2 P Ry (1— A B— A 27 Y. (66)

Remark 3.6. In Section 13.5.2 of [8], (65) is stated to hold valid, when —27 < argz < 27. As a
consequence, (66) holds valid, when —17 < arg z < 37, and (64) with (65) and (66) hold valid, when
—im < argz < 37. In Section 13.5.1 of [8], (64) is stated to hold valid when —37 < argz < — 3, if

2
¢ in these equations are replaced by —:.

Remark 3.7. Equations (64) and (66) are taken from Equations (70) and (72) in [5], with corrections.
The corrections are such that ”4” in the first factor in the second term on the righthand side of (70)
and in the first factor on the righthand side of (72) should be replaced by ” — ¢ .

With the aid of this lemma, we obtain the asymptotic behavior of the solutions (59) and (60) of
Equation (57) as follows.

Lemma3.7. Letc—a € C\Z«1,1—a+beC\Zc1and1+b—¢ e C\Z«1. Then

27 FiE—al—a+b2)=€2"" 1Fi(1+b—&1—a+b;—2) (67)
= e ‘“711:((1 I_ng U@E—a;1—a+b;z2)
JelIHb=am F(lf(gi‘j ;“)b) €2 U(1+b—&1l—a+be ™2), (68)
where
ZU@E—a;1—a+b;z)=2 % 9Fy(¢—bé—a;;—2 1), (69)
AT (14 b— &1 —a+be T2)=e 2 0. 2Fo(1—é+a,1+b—2¢;27").

(70)
Lemma 3.8. Lemma 3.7 in which a and b are exchanged holds.

Comparing (69) and (70) with the corresponding equations in Lemma 3.8, we see that the
lefthand sides of these equations are equal with themselves with a and b exchanged. When we
put A=¢—band B =1+ a— b, the equations showing these are expressed by

U(A;B;2)=2"5U(1+A—-B;2— B;z), (71)
ei(BfA)rer(B — A;B;e "™2) :ei(lfA)”ezzlfBU(l — A;2— B;e "2), (72)

See Sections 13.1.29 and 13.1.30 in [8].
In discussing the asymptotic behaviors of the solutions given in Lemmas 3.6~3.8, we use the
following lemma; See Sections 13.5.3 and 13.5.4 of [8].

Lemma 3.9. Let0 < ¢ < 1, 2Fu(a, b;; 2) be the asymptotic expansion of a function f(z) near the
origin, and fx (z) := Son_, {2Bk 2k for N € Zo. Then there exist N € Z~o andr € Rxq, for which
|fn(2) = f(2)] <€ if[z] <.

Based on this lemma, we obtain

Remark 3.8. For the solutions given by (63) and (67) and the corrsesponding solution in Lemma 3.8,
(64) and (68) show that Stokes’ phenomenon occurs; See Section 7.22 in [9] for this phenomenon.
For instance, the asymptotic behaviors given by (65) and (66), which are U(A, B, z) and e*U(B —
A, B,e”"™2), are observed for the solution given by (63) as |z| — oo, for Re z < 0 and Re z > 0,
respectively.
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3.4 Solutions and asymptotic solutions of (18-1) for |z| — oo and
|z| = 0, respectively

We consider Equation (18-1) with ag,1 # 0 or ag,0 # 0 or both, for which we have the solution given by

(28). In this case, Lemma 3.2 shows that (31-2) holds, and Remark 3.1 shows that (17-2) and (23),

with a2, a1.2, ao.1, a, b, & ¢ and ¢ replaced by as 3, —ai1, a0, —a@, —b, —c, ¢ and z, respectively,
hold, so that

da(x)=z" 1 Fi(@a—c;1+a—b; ggr:), by (z) = 1F1(bfc 1—a+ b a1 x). (73)

a2,3 az,3

Weputaszs =d,a11 =1,2=1t,¢=2"" @) = v(x) and w(z) = u(t). Then (18-1) and (31-2) are
expressed by

2

z.Z—w+cw+5z[22~27w+(1+d+l~?)z'CfTw‘Fdl;w]:O» (74)
R ] ~ dw 2 dw —
OlC* - Gez + (A —a—b)- g7 +aba] - ¢ d7+04w 0, (75)

and we obtain the following solutions of (74), with the aid of (28) and (73):

U_o(2):=0 “Y_c(t) = (62) - 2Fo(a — ¢, b— c;;—02), (76)
<i>,a(z) = 67&&1(3:) = (52)7& 1FR(a—c¢l+a— l~); (62)71)7 (77)
b_;(2):=0"s(x) = (62) "1 Fi(b—c;1 —a+b; (62) 7). (78)
Whenb=0,A=—¢, B=1—aandé = 1, (75) is Kummer’s equation:
dPw = dw dw .
C'T@+B'7c_< @ — Aw =0, (79)

and the solution given by (78) becomes 1 F1(4; B; z~1). The asymptotic behavior near the origin of
1 F1(A; B; 271) is obtained by replacing 4, B and z in Lemma 3.6 by A, B and 27, respectively, as
follows.

Lemma 3.10. Let A € C\Z<1, B€ C\Z<, and B— A € C\Z<,. Then

\FL(A; Bz Y = R (B— A B;—27Y) (80)
= eiA” 711(3) - U(A; B; zfl) + ei@*‘&)"L(Bi) el/ZU(B — A, B; 67”’2571% (81)
T(B - A) T'(A)
where
U(A; Bz )=2" 2Fo(1+ A= B, A;; —2), (82)
ei(B_A)”el/zU( —A;B;e 27 — !/, AYE 2Fo(1—A,B—A4;;2). (83)

Remark 3.9. In Remark 3.6, it was stated that (64) with (65) and (66) holds valid for ——ﬂ <argz <
37, and hence (81) with (82) and (83) holds for for —17 < arg(z~"') < 27 so that for —5m < argz <
im. Ifalliin (81)~(83) are replaced by —i, (81) with (82) and (83) are valld for —3m < argz < 3.

We note that we obtain the asymptotic behavior near the origin of the solutions given by (77), by
replacing a, b, ¢ and z in Lemma 3.7 by —a, —b, —c and z ', respectively, as follows.

10
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Lemma3.11. Let—c+a € C\Zc1,1+a—be C\Zc1,and1 —b+c e C\Z<,. Then

2 Fi(—ct@1+a—bz )= 2 (1 —b4cl4+a—b—z ") (84)
= gitceram e LAF 804y g g
'l—b+c¢)
i—treon D1 +a—b a = P —im -
+ez(17b+c)7r lg(j'ccl a;)) el/zzfaU(l — b4+ cl+ & — b; e Ty 1), (85)
where
2T U(—cta;l+a—bz7 ) =27 2Fy(—c+ b, —c+ad;;—2), (86)
AT 2 (1 bl a—be Ta ) =V T R (b e— a1 — b+ 2).

(87)

Lemma 3.12. Lemma 3.11 in which @ and b are exchanged holds.

Remark 3.10. We note that the three equations (76)~(78) correspond to (59)~(61) in Section 3.3.
The behaviors at |z] — oo and |z| — 0, of the second set of equations, must describe the behaviors
at |z| — 0 and |z|] — oo, respectively, of the first set of equations. In particular, from the Stokes’
phenomenon described in Remark 3.8 for the second set, we expect Stokes’ phenomenon at |z| -0
for the first set as follows. Asymptotic behaviors for U(A, B, z~') and '/*U(B — A, B,e~""271) are
observed for the solution given by (80) as |z| — 0 for Re z < 0 and Re z > 0, respectlvely

3.5 Behaviors of the solutions of (17-3) for |z| —

We consider Equation (17-3) with ag,1 # 0 or ag,0 # 0 or both, for which we have the pair of solutions
in (22). In this case, Lemma 3.2 shows that Equation (32-2) holds, and Remark 3.1 shows that (17-3)
and (22), with az 3, az,2, a, b, a, b,¢pandt replaced by az 2, az 3, —a, —b, —a, —b, ¢; and x, respectively,

hold, so thatifa — b ¢ Z,

ba(z)=2" - 2F1(a — a, a—b1-|-a_[~)_ﬁx)7
az,3

Fs(@)=a" 2Py (b—a,b— b1 —a+ b —22q). @)
az,3

We putass =1, a23 = =6, 2 =t, ¢ = 27, w(z) = u(t) and @w(¢) = v(z). Then Equations (17-3)
and (32-2) are expressed by

d’w dw dPw dw
2
z dz—l—(l—i—a—&—b)z-a—i—abw—éz[ d2+(1+a+b)z d——&—abw}—o (89)
d*w Ty do s d* dw
2 - P 3 e dd B
o[¢” - e +(1—-a-0b) d—§+abw}+< Vel +(1—a—-0b)- dC—l—awa 0, (90)

andifa—b ¢ Zand @ — b ¢ Z, we obtain the following solutions of (89), with the aid of (22) and (88):

D_o(2)=0"" p_a(t) = (62) - 2F1(a— a,l;f a;1 —a+b;6z), (91)
D 4(2)=6" ¢ y(t) = (62) " 2F1(a—bb—b;1+a—b;dz), (92)
é,&(z) =5 q{)a(:v) = (62)7a oFi(a—a,a—b;l+a— 6; ((57;)71), (93)
b_;(2)=0"" dy(x) = (62) " s F1(b—a,b— b;1 — @ + b (32) ). (94)

11
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Whenb=0,A=d,B=b,C=1+aandd =1, (89) is the hypergeometric differential equation:

d*w dw
z(l—z)ﬁ—&-[C—(l-l-A-i-B)z]E—ABw—O. (95)
and if C' ¢ Z«o, its solution (92) becomes 2 F1 (A, B; C; z),
In Section 15.3.7 of [8], and in Section 2.4.1 of [7], we have the following formula, which gives
the behavior near infinity of 2 F1 (A, B; C; 2):

2F1(A,B;C;Z):Eggigig:ii(_z)—fl,2F1(A+1_C’A;1+A_B;Z—1)
+£Ei§£gé:g; (—2) P 2Fi(B+1-C,B;1— A+ Bz "), (96)

for |z| > 1 and arg(—=z) < =.

Remark 3.11. This formula can be derived by the method used in deriving Lemma 3.6 in [5]. The
derivation is given in next section.

With the aid of this lemma, we obtain the behavior near infinity of the solutions (91) and (92) of
Equation (89) as follows.

Lemma 3.13. Leté¢ —a € C\Z«1,1 —a+b € C\Z«1,and1+b—¢ € C\Z«1. Then
(1—a+bD(b-a)
(b—a)T(1+b—a)

LT —a+bhl@— b)
(@—a)T'(14b—b)

Isi}

2 R (a—ab—a;l—a+bz)= (—2) % oFi(@a—bya—a;14+a—b;z ")

(—z)_g coFy(b—bb—a;1—a+b;z 1),

(97)
for|z| > 1 and arg(—=z) < .

Lemma 3.14. Lemma 3.13 in which a and b are exchanged holds.

4 Solutions of the Hypergeometric Equation with the Aid
of Fractional Calculus

Lemma 4.1. Let¢ = 0 or £ = oco. Then we have solutions of (95) given by

wi(§,2)=m(8) - pDE (1 - 2) 7, (98)
wy(§,2) =s(8) - 2" p DT (1 = 2) 71, (99)
in [10], where
1O = oy g 10 = g (100)
mnoo) =TT D, (o) = L2 AL (101)
Here the fractional derivative p D{[f(z)] forv = —\ satisfying Re X > 0 is equal to
—A 1 B A-1
=D = T3 /5 (2 = O FOC, (102)

when the integral exists, and pD{[z"(1 — z)*] is assumed to be analytic as a function of v, of k as
well as of \; See [11].

12
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Remark 4.1. In Table 1in[10], a; and b, for I = 3 are 1 —c+a and 1 — ¢+ b, which should be replaced
by 1—c+band1— c+ a, respectively. In Lemma 4.1, this correction is included.

In [11], pD f(2) is defined for a function f(z) which is expressed by f(z) = z*"1fi(2), as
follows.

Definition 4.1. Let v € C, A € C\Z, Cp(z) be Pohhammer’s path of integration, that is P, :=
(26, —€) = P1 = 2-(1—¢,—¢), 21, 2-(1—¢,2¢) — (€,2€), 0%, (€,€) = 2-(1—-2¢,¢), 27, 2:(1—2¢, —2¢) —
(2¢,—€), 07, (2¢,—¢), where 0 < ¢ < 1, — denotes the path along the line segment from the
preceding point to the succeeding point, and 2™ and 2z~ denote the pathes from the preceding point to
the succeeding point, along a circle around the point z counter-clockwise and clockwise, respectively,

and f1(z) be assumed to be analytic within the path Cp(z). Then if v ¢ Z o,

v A—1 eI (v+1) —u—1 -1
pDqz fl(@]-m/cﬂz)(c—z) ¢ A(QdC

1 —6””/67“7)\

= I'(—v) 4sin(—vm) sin(An) /CP(Z)(Z — Oiuilg)\ilfl(C)dC, (103)

andifv=-ne€Z.oand k € C, PDE"[ZA71f1 (2)] = limg—n pDO_“[z)‘flfl (2)].

Remark 4.2. Path Cp(z) may be denoted by C(P, 2,07, 27,07), where P is a point on the path
from Py to P;.

In the following proofs, we use

Lemma4.2. Letk € C, A€ C, A€ C\Z«1,k€Z>_1, A’ € C\Z and B € C\Z<«1. Then

! Z1e (k)T (N
— _ k—1,2—1 _ -\ A 1 4
B(x, \) /0(1 )" M e REESYE Re k >0, Re A > 0, (104)

7i7r/\67i7rm

—e T'(k)I'(A)

_ oyl g e '
Bk, A) = 4 sin(Arr) sin(km) /Cp(l)(l O ¢dC L(k+ )’ €2, A¢Z. (105

(A +k) = T(A)(A)y, T(A —k)= %, (ka) = BREDT ()

See Section 12.43 of [12] for Equation (105),

Lemma4.3. Let®,_c(z), Po(z), P_a(z) and d_p(z) be given by (91)~(94) forb =0, A=a, B = b,
C=14aandsé=1. Then
’11)1(07 Z) :(I)1_C(Z), ’11}1(00 2 Z) = (_1)0_14&'—3(2:), (1 07)
w3(0,2) =®o(2), ws(oo-z,2) = (=1 "Bd_4(2). (108)
Proof. Proofs are given for the two equations in (108). By (99) and (102),
_ 1-C 1 S NC-B-1,B-l; . -A
ws(62) = (O gy [ =0T T -0 (109)

if the integral on the righthand side exists. We put £ = 0 and ¢ = zz. Then if Re (C — B) > 0,
Re B > 0and z # 1, we have

w3 (0, z) = 7F(C)_ B /o (1—a2)° PP (1 - 22) " da. (110)

13
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When |z| < 1, we have

ws(0, 2) = 5 F(g 5 i( ) k k/01(1 _m)C—B—le—l-Hedx

AN
k=0
B IN(e)! ~ (A T(C = B)I(B+k) 1 ~=A)rBk 1 o
T(B)L(C — B) ; KID(C + k) ? _kZ:O M), © A BiC2).
(111)
When 6§ = arg 2, £ = 0o - ¢’ and |z > 1, we put ¢ = 2¢%. Then
0 N I'l—- B+ A) c-B —A/1 _  NC—B—1_—C+Asq __—1\—A
ws(oo - e ’Z)_F(l—C—l—A)F(C—B)( 1) (=2) 1-=x) x 1—=zz" ") “da
__TO-BtA) e _AZ AT(C —BT(1—C+A+k) _y
- T1-C+AI(C-B) ET(1—-B+A+k)
:(71)"*3(72)*'4-QFI(A+170,A;173+A;Z . (112)

Lemma 4.4. LetRe (C — B) > 0,Re B > 0, |z| > 1 and arg(—=z) < 7. Then ws(0, z) given by (110)
is expressed by
w3(0, z) = (—2) s (A—C+1,A4,A—B+1;27"). (113)

Proof. By using (110), we have

wﬂO;z)z%/g (1—2)° B P71 — 22) e
_ IO (=" —e @B gmin(Bm A _ C—B—1.B-1-A; _ 1._a
“T(B)I(C = B) sin[x(C — B)|sin[7(B — A)] /CP(I)(I OF e A e T
_ T(O)(-n)A
T(B)T(C — B)
—e OB gmin(BA) — [—A 1Yk ,k  \C—B-1,B-1-A—k
4sm[7r(C B)]sin[n(B — A)]kz()(k)( 1) /CP(1>(1 <) ¢ d¢
__ o -~ (4 B)I(B-A—k)
~T@BIrC-B " kzzo kk'FCAk:)
_T@Ors - A N (A)p(A—C+ 1)
RGRGEE Z rraa s (114
]

Remark 4.3. By the derivation of w3(0, z) given by (113) in Lemma 4.4, we see that it is an analytic
continuation of 2 F1(A, B; C; z) to the domain given by |z] > 1 and arg(—z) < w=. We note that
2F1(A, B; C; ) does not change when A and B are exchanged, and hence ws(0, z) obtained from
(113) by the exchange of A and B, must be another analytic continuation of 2 F (A, B; C; z). The sum
of these analytic continuations is expressed by (96), which is seen to be a linear combination of (93)
and (94) for § = 1.

14
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5 Conclusion

In [1], it is proposed to use the expression of the differential equation with polynomial coefficients,
in terms of blocks of classified terms. The differential equation with only one block is called Euler’'s
equation, which is easily solved. In [1], the solutions of the differential equation of two blocks are
studied, where the solutions of the form (12) are expressed by the generalized hypergeometric
functions. In particular, the solutions of Equation (10) of the second order are expressed in terms
of the four functions given in (13) and (14). That part of the results is summarized in a theorem. In
Section 2 of the present paper, we reproduce it as Theorem 2.1. In Section 3, we show that the
solutions applicable near infinity are obtained with the aid of the solutions given in the theorem, and
then discussion is given of the behaviors near infinity of the solutions given in the theorem.

In [5], the asymptotic behaviors as ¢ — oo are discussed for the confluent hypergeometric
function, which is a solution of Kummer’s differential equation, in the standpoint of fractional calculus,
where the solutions are near the origin, are near infinity and asymptotic solutions are of the solutions

near the origin as t — oo, for Kummer’s equation. In Sections 3.3 and 3.4, we show that the solution
near infinity that is of the form (15) is easily obtained from the solutions given in the theorem in
Section 2, for Equation (10) for I, = 2. Discussion is also given on the behaviors of the solution given
in the theorem as ¢t — oo. The results for the solutions of Equation (17-2) are obtained with the aid of
the results in [5].

In [10], Kummer’s 24 solutions of the hypergeometric equation are derived in the standpoint of
fractional calculus. The results are used to discuss the behaviors of the solutions of Equation (17-3).
In Section 4, by using the solution obtained by fractional calculus, an argument is given to show how
the behavior near infinity is obtained from the solution near the origin.

In the present paper, we focussed attention to the solution of Equation (10). In the preceding
paper, it was mentioned that the solutions of an equation described by (9) for m > 1 are obtained
from those of an equation described by (10) by a change of variable.

In Section 3.2, we derive a solution which is not expressed in the form (12) for Equation (16), as
an example.
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