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Mathematical and numerical analysis for Neumann boundary value
problem of the poisson equation

Abstract

This paper falls within the framework of mathematical modelling and that of numerical analysis. The analysis
to be developed through this paper deals with three Neumann boundary value problmes: one pure, one modified
and the other with conduction term for the Poisson equation. We introduced Dirichlet and Neumann problems
with conduction valuables to prove the continuity in comparison with conduction term of the Neumann prob-
lem. We demonstrated the existence and uniqueness of the modified Neumann problem. For simplicity and
concreteness, it was appropriate to choose the finite element and classical methods to find the numerical and
the explicit solutions, respectively so that numerical simulations were implemented in Scilab
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Let Q be a bounded domain in RN, N > 1, with boundary 0Q,

f €L*(Q), g € L?(0Q), n is the exterior normal to the boundary 0Q.

We shall consider the following three Neumann boundary value problems: one pure, one modified and the other
with conduction term for the Poisson equation to develop our analysis.

The Pure Neumann boundary value problem for the Poisson equation [3]

—Au=1finQ
ou — (D
& g on 0Q

P
where %“ = in:1 S—L‘:ni and N = (Mi)16i6n, does not admit a unique solution because if u is a solution, u +c

(c constant) still solution. On the other hand, the Modified Neumann boundary value problem for the Poisson
equation [4]

—Au+u=1fin Q

ou — (2)
o —gon 0Q

admits a unique solution that we will prove by the Lax-Milgram theorem.

We shall introduce the homogeneous Dirichlet problem with conduction term and unhomogeneous Neumann

problem with conduction term those will be valuable to prove the continuity in comparison with conduction term

of the solution of the following Neumann boundary value problem with conduction term for Poisson equation

(1]

v (G,V(;T)_ f in Q 3)

Gy —gon o0Q

where 6; € R, (i =1,2) represents the term of conduction of the model.
The aim of this paper is to prove the existence, uniqueness, continuity and to find the exact and numerical
solutions of the above problems. The resolution algorithm and the implementation of numerical simulations
depend on the type of the solution and requiere a search of the exact solution. For simplicity and concreteness, it
will be appropriate to use the one-dimensional Pure Neumann boundary value problem for the Poisson equation.
Then, the finite element method and the classical method shall be developed to find the exact and numerical
solutions so that numerical simulations will be implemented in Scilab. The analysis to be presented through
the paper makes a strong use of the results and arguments of [2, 3, 4, 5, 6, 7, 8, 9, 10].
The organization of the paper is as follows. The homogeneous Dirichlet problem and the unhomogeneous
Neumann problem with conduction term will be presented for developping the continuity analysis of problem
(3). A variational formulation will be presented to demonstrate the existence and uniqueness of the problem (2).
The one-dimensional Pure Neumann boundary value problem for the Poisson equation will be solved numerically
and analytically by using the finite element method and the classical method, respectively. Finally using those
exact and numerical solutions, numercial simulations will be implemented in Scilab.



1. Continuity of the solution u of modified Neumann problem with respect to ©

We first prove the continuity of the solution of the following homogeneous Dirichlet problem with conduction

term
—oiAu;=1f in Q

4
u; =0 on 0Q @)
A variational formulation of the problem (4) is written as
Z Z
o;vu;VvdQ = fvdQ Vv E Hé(Q)
Q Q
Fori=1
Z Z
o1 Vu VvdQ = fvdQ ®))
Q Q
For i=2
Z Z
c, Vu, VvdQ =  fvdQ (6)
Q Q
By substracting (6) from (5) we get
Z
(o1 Vu; — 63 Vup) VvdQ =0
Q
which can also be written
Z Z
61V(u — up)VvdQ+(o; —o0z) VupVvdQ =0 @)
Q Q
Let v=u; —u, € HO1 (Q), the equality (7) becomes
Z Z
G V(U — )R+ (o — o) VWV T w)dQ =0
Q Q
Z Z
611V — w)PdQ 6 lo) — o | Vusl|V(u; — w)ldQ
Q Q
orku; — w Kf{d(ﬂ) 6 loy — o lkuskyyaykur — w ki yq)
_ ‘61 - 62|
ku1 185 kHol(Q] 6 o kuzng(Q) (8)
Otherwise Z V4
o, Vu, VvdQ = fvdQ
Q o)
V4 V4
| 0, Vuy, VvdQ| = fvdQl
Q Q
Z Z
lor Vu, VvldQ 6 [fv]dQ
Q Q

Applying Cauchy-Schwartz inequality [5, 10], we have
(639 kVuszz(Q) kVVkLz(Q) 6 kkaZ(Q) kaLZ(Q)

(6] kuzkHé (Q)ka[_IOl Q) 6 CkaLZ Q)



By applying the inclusion of standards in H!(Q) and L?(Q) [5, 10] we have

kuok 6 MC
uz HO' o) 072
So (8) becomes
o1 — o2
ku; — wk 6 ——MC
U — Wk e

| _
ku — wky 6K 91 % (with K =M C)

0 () 105

So if 61,0, > pu > 0 with p fixed, that is to say
1 1

0102 3

610y >’ =

The inequality (9) becomes
K
ku1 - uzkl_'ol(gj6 F‘G] - (52‘

Which proves the continuity of u

[n, +0o[ == Hy' (Q)
6 ——Ug

In the following we use the above result to prove the continuity of the solution of the problem (3)

Weak form of the problem (3) is written as

Z | Z Z
YuvvdQ = —  fvdQ-+ gvds YveE HY(Q)
Q G oQ
Fori=1
Z 1 zZ zZ
Vu vvdQ=—  fvdQ+ gvdo
Q S1 @ oQ
For i =2
Z | Z Z
Vu, VvdQ = —  fvdQ+ gvdo
Q G2 @ o0

By making the difference of (10) and (11) we get
z .z

(Vu; — Vup) vvdQ= L — — fvdQ
Q O1 2 Q
Z | ! Z
Vu — m)VvdQ= — —— fvdQ
Q o1 02 qa
Let v=u; — u; € H!YQ), the problem (12) becomes
Z Z
6y — G
Y — w)2dQ =21 fvdQ
Q G102
Using the semi-norm 7 .z
| V(- w)2dQl = \u fvdQ|
Q G102 Q
Z Z
6, — ©
1V(u; — w)*ldQ 6 22— [fvldQ
Q G102 Q

©)

(10)

Y

(12)



And applying the Cauchy-Schwartz inequality

Oy — O
ku1 - uzklil(g) 6 ‘W‘kkaZ(Q) kUI — W kLZ(Q)
ku1 - uszz(Q) 6 Bkul - uzkHl(Q)

We then obtain [——
klh - U kHl(Q) 6 NB#
G162

‘61 - 02|
ku; — wkpyiq) 6 Liclcz (L =NB) (13)
So if 61,05 > p >0 with p fixed, that is to say

1 1
6 —:

>

610y > p* =

G102 p?

The inequality (13) becomes
L
kl.h - uzkH1(Q) 6 F|Gl - (52‘

Which proves the continuity of the solution u of Neumann’s problem with conduction term with respect to o
that is to say

[w,+e[ —— H(©Q)

c——Ugs

1.1 Existence and uniqueness of the solution of the Modified Neumann problem

We will use the Modified problem (2) to prove the existence and uniqueness of the solution u using the Lax-
Milgram theorem [5, 10].
feEL?(Q) = — Au+u € L*(Q)
Au € L*(Q)
u € H(Q)

Let . L .
V =H (Q) which is a Hilbert space.

We now find the variational formulation of the problem (2)

Let
vEH(Q)

Let us multiply the first equality of (2) by v and integrate over Q
Z Z V4

—AuvdQ+  uvdQ = fvdQ
Q Q Q

Using Green’s formula we have
Z Z Z Z
Vu.VvdQ — g—u.vdc +  uvdQ = fvdQ
4 il z“ z°
Vu.VvdQ — gvdo+ uvdQ = f.vdQ

ZQ ZE)Q 7 Q ZQ

VuvvdQ+  uvdQ = gvdo+ fvdQ
Q Q oQ Q

By setting 7 7

a(u, v) =  Vu.VvdQ+  u.vdQ
Q Q



and V4 V4

L(v) = gvdo+ fvdQ
oQ Q

We then obtain
a(u, v) = L(v)

Let us check the continuity of a since its bilinearity is trivial

Z Z
la(u, VI=| vuvvdQ+ u.vdQ
Q Q
Z Z
la(u,v)I 6 |Vu.vv[dQ+  |u.v[dQ
Q Q

Using the Cauchy-Schwartz inequality
Z Z Z Z
la(u, V)l 6 ( 17ul2dQ)z.(  |7vPdQ)2 + ( [ul2dQ)z.(  v[2dQ):
Q Q Q Q
|a(u, V)| 6 kVukLz(g) kVVkLz(Q) + kukLz(g) kaLz(Q)

So that
\a(u, V)‘ 6 kukHl(Q) kaHl(Q) -+ kukLZ(Q) kaLZ(Q)

And applying the Poincar inequality [5, 8]
kukLZ(Q) 6 ClkukHl(Q)

kaLz Q) 6 C2 kaH 1(Q)

Then
\a(u, V)‘ 6 kukHl(Q) kaHl(Q) + ClCzkukH Q) kaH Q)
‘a(u, V)‘ 6 (1 + ClCz)kukHl(Q) kaHl(Q)
|a(u, V)| 6 Ckukﬁl(g) ka]—ll(Q)
with

c=1+cic,
Hence a is continuous.

Let us check the continuity of L since its linearity is trivial
V4 Z

Lv) = gvdo+ fvdQ|
oQ Q

z zZ

IL(W)I 6 lg.vldo +  [fv]dQ
o0 Q

Using the Cauchy-Schwartz inequality we have
Z Z Z Z 5
L) 6 ( lgPdo)2( |vi2de)s +(  If12dQ)z( IvIFdQ)?
oQ oQ Q Q

|L(V)‘ 6 kgkLz(GQ)kaLz(BQ)+ kkaZ(Q) kaLz(Q)

f € L*(Q) = kfkp2q) 6k
g € L*(6Q) = kegkr250)6 k2



So
‘L(V)‘ 6 kz kaLZ(aQ) + k] kaLz(Q)

According to the continuity of the trace function on H!'(Q): u — yu [s0=u
such as
k'YukLZ(aQ)6 CkukHl(Q)
We have
‘L(V)‘ 6 Ckzkvkﬂl(g) +k; kaLz(Q)

And using Poincar inequality then
|L(V)‘ 6 CkszkHl(Q) -+ (lk] kaHl(Q)
|L(V)‘ 6 (Ckz -+ (Ikl )kaHl(Q)

with k = ¢k, + ak;

Hence L is continuous.

Let us check if a is H!(Q)-elliptical
By setting u =v 7 7
a(u, u) = vuidQ+ u?dQ
Q Q
We have
a(u, u) = kukﬁl(g)

Hence a is coercive.

Proprerties being verified according to the Lax-Milgram theorem there exists u € H!(Q) unique such as

a(u, v) = L(v) and kukyiq) 6 %

1.2 Numerical resolution of the problem

We will use the finite element method of Lagrange type P; to solve the following one-dimensional pure Neumann

problem for the Poisson equation.

—u'=fin]0,1[= Q
u'(0) =0, u'(1) =B, o pER

with the weak form 7z y4

ulvldx = fivdx — av(0) +Bv(l), Vv € HY(Q)
Q Q

Let (Xj)j=o,..,~n+1 be a subdivision of ]J0,1[ such that

0=x) <x; <..<Xn+1=1.

Suppose the uniform step be given by h = x;+1 — x;.
We define the approximation space H'(0, 1) by

Vh = {V € C(O, 1)‘V|[Xj ] € Pl, VJ = 0,..., N }

s Xj+1

The approximation of the variationnal formulation (14) is to find uy € Vp, such that

z Z

Y vh € Vh, u(ilv%ldx = fvpdx +Bvp(l) — avy(0)
Q Q

(14)

15)



Vy, being a vector subspace of H!(0, 1) we can therefore define a canonical basis (g, ..., ¢x-+1) such that:

w1
up € Vp 2 un(x) = uiei(x)
i=0
Nl
vh € Vp = w(x) = Vi 05 (%)
j=0
So
up(x) = u; 93 (x)
i=0
And
X1
vp(x) = vj 05 (X)
j=0

Which amounts to finding up(Xg), ..., un(Xn+1) such as: Vi=0,..., N +1
y U [l [l [l
21wt T Z, s ¥l LY
uiq)oi(x) L Vj (p}(x)L dx = £ vj(pj(x)D dx +B vioi(l) — a v; 9; (0)
0 =0 j=0 0 j=0 j=0 j=0
Which implies

IS N~ DI DI
(pi(X)9j(X))uividx = (fo;(x)) vjdx + B vioi(1) —a  vje;(0)
i=0 j=o0 O j=o0 0 j=0 j=0
N Zy Z1
()¢, (x)dx ui=  foj(x)dx +Pe;(1) — ag;j(0), 106j 6N +1
i=o 0 0
N Z
ajju; = fo;x)dx +Boj(l) — aej(0), Y06j 6 N +1
i=0 0
With 7 .
aj = 9j(x)¢j(x)
0

7Yi=0,..N + 1 we define the ¢; fonctions by:

EX_ i—1 ifx € [Xifl,Xi]
Pi(x) = 0 else
S Xiv1—X

ifx € [Xj, Xj+1]

We notice that we have

1 ifi=N-+1
0i(1) = @i(xXN+1) =
0 else
and
1 ifi=0
0i(0) = 9i(x0) =
0 else

We then define b, € RN *2 by

TR

R:: foi(x)ydx if 16j6N
(bn)i = R;‘I feo(x)dx —a if i=0
N fon1dx B if i=N+1

XN



By taking Up = (un(X0 ), ..., un(Xxn+1))" € RN'2, we get that Uy, is a solution of
a;jUn = b, where a;; € RNT2D*(N*2) ig the rigidity matrix

We have Z, 7
| 1
an = PPy (x)dx = mg
Z 4
! 0 0 e 1
aN+HIN+D) = On (XDoN (dx = }?dx =4
0 XN
Z Zxioq X 1 2
_ 0 0 _
= : ‘(x)dx = — — dx+ —= —— dx ==
all 0 (pl(x)q)](x) X . h h X . h h X h
Z Z
! Xi 11 1
i1 (X)ei(x)dx = . *i ;1 dx = *E x —x )=-
aii= ¢ ' Lot
0
Z 1 Xi+1 ) ) Xi+2 . .
Aji+1 = (POi(X)(P(i]H(X)dX = 0;(x)0; 1 (x)dx + 0;(X)9;4 (x)dx
0 Xi Xi+1
Z ..
_ X1+171 l dX _ l
X h h h
Then matrix form is
1 1 0 oo O < .
- U 1 _
00— 1 2 1 00 u 0 0 0 {qil(x)dx (04
1 00 0 0 f(PZ(X)
O
0 00 0 g
N 3R g=0 :
= -1 2 el GO uN - nop ’
0 -1 1 UN +1 0 fon(x)dx + B
The matrix aj; is self-adjoint and positive. Indeed, for all (v;) € RN *2 we have
U 0o OJ
Vo — Vi1 Vo
IE _V0+2V1_V2 Vi
< ajjv,v== o
=N +2vn — v H v
— VN T VN+1 VN +1
< ajjv,Vv >= }ll [(VO - V1)V0 +(* Vo +2V1 - V2)V1 “+ 0+ 4 +2VN - VN+1) VN + (VN+1 -
(—vN
1
=4 [(Vo = Vi)Vo = (YN+1 — WWIVWN+1 F(— V2 +2vi — vo) + +(— vN+1 T2V — W—1)VN ]
" #
1 D¢
= h (vo — vi)vo +(VN+1 — VN)VN+1 T+ (— Vit1 +2vi — vi—)vj
i=1
" #
D ¢
=4 (vo = vi)vo F(VN+1 — VW)IVWN+1 T+ (Vi — Vir)vi H (Vi — Vie)Vvi
i=1
" #
1 X =
=5 (Vvo = vi)vo F(VN+1 — VN)IVWN+1 T+ (Vi — Vir)vi + (Vi1 — Vi)Vir1
i=1 i=0
" #
1 X NXE
=5 (vo = vo)vo + (Vi = Vir)Vi + (Vi1 = Vi)Vi+r1 T (VN+1 — VN)VN+1
i=1 i=0
;N N id

1

h

VN) VN+1]

(ifi=0and i =N + 1)

(16)



x =

" h Vi = virvi+  (Vier —

Vi)Vi+1
=0 i=0

1
2 vy 2
ﬂ (Vi 2Vivi+1 + Vi,
i=0



1 X

h i=0

vi — vir1)? >0

On the other hand, ajj is not defined because ajjv.v =0 if and only if

Vi = Vi+1 ,Vi:(),...,N.

During the numerical simulation for the calculation of the second member by, we will use a quadrature formula
including the trapezoidal formula.

1.3 Analytical resolution of the problem

We will try to solve the one-dimensional Neumann problem by using the classical method of resolution. To avoid
the trivial difficulty of determining the constants in the Modified Neumann problem for the Poisson equation,
we will add the condition of Dirichlet u(1) = . Hence we have the following problem

C
—u'(x) = f(x)

(17)
u'(0) =a, ul) =B, o B & R
Consider f(x) = 5n? cos(nx)
We have 4 duto q
u(x Y 5
- v = = = — .
x  dx f(x) Ix 5m° cos(mx);
Y = — Smsin(nx) +cq;
Then
du(x) = —S5Smsinnx + ¢y
dx
Hence
u(x) = 5cos(mx) +cix + 3.
Determine c; and c,. After manipulation we obtain
C
Ci = o
=5+pB—a
Hence the exact solution of problem (17) is
u(x) =5cos(nx) +(x — o +5+, o, p €ER. (18)

1.4 Numerical simulations

The aim here is to represent on the same graph the solutions (18) and (16) exact and numerical, respectively,
taking into account the number of points N and of step h of the finite element method in order to converge the
two solutions. This simulation will be implemented in Scilab.

Figure 1 illustrates the exact solution (18) fora = = 1.

10



Figure 1: Representation of the exact solution

By fixing N = 5 in (16), we have attempted to vary the step h of the method to verify the numerical convergence
of numerical solution of (16) on the exact solution of (18). ( See Figure 2)

= Taking h = 0.001, we notice that the two solutions exact and numerical respectively converge very
fast numerically ( See Figure 2 a).

= Taking h = 0.01, we notice that at the beginning both exact and numerical solutions respectively
tend to distance themselves and then converge and finally move away (See Figure 2 b), which is
explained by slow numerical convergence.

(a) (b)

Figure 2: Representation of the exact and numerical solutions for N =5

In Figure 3, we fixed N = 10.

* Taking h = 0.001, we notice that the convergence between the exact and the numerical solution is
the almost numerically the same, which is explained by the strong numerical convergence (Figure 3 a).
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e Taking h = 0.01, we notice that the exact and numerical solutions, respectively converge almost

every-
where numerically. (See Figure 3 b).

(a) (b)

Figure 3: Representation of the exact and numerical solutions for N = 10

The finite element method requieres a very large number of points N and a very good choice of step h of the
method to ensure the convergence of the numerical solution (16) to the exact solution (18) numerically.

Conclusionet perspectives

In this work, we solve numerically the Neumann problem for the Poisson equation by presenting the three
problems of Neumann.

We first showed the continuity of the solution of the Neumann problem with conduction term with respect
to 6. According to what exists in the literature, we think we are the first to prove this continuity. Then we
showed the existence and uniqueness of the modified Neumann problem by applying the Lax-Milgram theorem.
Then we solved numerically the one-dimensional Pure Neumann problem using the finite element method and
showed that its rigidity matrix is self-adjoint and positive. To solve analytically this problem we have added
the Dirichlet condition to this problem because the determination of constants is difficult. Finally, we used
these results to make numerical simulations to compare the numerical convergence of both exact and numerical
solutions, respectively. In the future we will inverstigate the theoretical convergence of the Pure Neumann
model and expensive to solve the problem in higher dimension (2 or 3).
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