Mathematical and numerical analysis for Neumann

boundary value problem of the poisson equation

Abstract

This paper falls within the framework of mathematical modelling and
that of numerical analysis. The analysis to be devel d through this
paper deals with three Neumann boundary value problmes: one pure,
one modified and the other with conduction term for the Poisson equa-
tion. We introduced Dirichlet and Neumann problems with conduction
valuables to prove the continuity in co aison with conduction term
of the Neumann problem with COQMOD term. We demonstrated the
existence and uniqueness of the modified Neumann problem. For sim-
plicity and concreteness, it was appropriate to choose the finite element
and classical methods to find the numerical and the explicit solutions,
respecti so that numerical simulations were implemented in Scilab.
Keywords: Neumann’s problem; Conduction term; Continuity; Finite
element method; Numerical simulations.

Introduction

Let © be a bounded domain in RV, N > 1, with boundary 052,
feL*Q),ge L*09), nis the exterior normal to the boundary 9.
We shall consider the following three Neumann boundary value problems: one
pure, one modified and the other with conduction term for the Poisson equation

to deve@y our analysis.
The Pure Neumann boundary value problem for the Poisson equation [3]
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where g—z =>", gz n; and n = (1;)1<i<n, does not admit@ unique solution
because if solution, u + ¢ (¢ constant) still solution. On the other hand,

the Modified Neumann boundary value problem for the Poisson equation [4]
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admits@unique solution that we will prove by the Lax-Milgram theorem.
We shall introduce the homogeneous Dirichlet problem with conduction term
and unhomogeneous Neumann problem with conduction term those will be
valuable to prove the continuity in comp on with conduction term of the
solution of the following Neumann boundary value problem with conduction
term for Poisson equation [1]

(0.3)
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{—v (V) = f inQ

where 0; € R, (i = 1,2) represents the term of conduction of the model.
The aim of this paper is to prove the existence, uniqueness, continuity and
to find the exact and numerical solutions of the above problems. The resolu-
tion algorithm and the implementation of numerical simulations depend on the
type of the solution and requiere a search of the exact solution. For simplic-
ity and concreteness, it will be appropriate to use the one-dimensional Pure
Neumann boundary value problem for the Poisson equation. Then, the finite
element method and the classical method shall be de ped to find the exact
and numerical solutions so that numerical simulations will be implemented in
Scilab. The analysis to be presented through the paper makes a strong use of
the results and arguments of |2, 3, 4, 5, 6, 8, 10].
The organization of the paper is as follows. The homogeneous Dirichlet prob-
lem and the unhomogeneous Neumann problem with conduction term will be
presented for developping the continuity analysis of problem (0.3). A varia-
tional formulation will be presented to demonstrate the existence and unique-
ness of the problem (0.2). The one-dimensional Pure Neumann boundary value
problem for the Poisson equation will be solved numerically and analytically
by using the finite element method and the classical method, res\dﬁivelly.
Finally using those exact and numerical solutions, numercial simulations will
be implemented in Scilab.
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1 Continuity of the solution u of modified Neu-
mann problem with respect to o

We first prove the continuity of the solution of the following homogeneous
Dirichlet problem with conduction term

{—aiAui =f in Q (11)

u; =0 on 02

A variational formulation of the problem (1.1) is written as

/UiVuiVUdQ:/fde Voe Hyf)
Q Q

Fori=1
/ 01Vu VodQ = / fodQ (1.2)
Q Q
For i =2
/ 09 Vua VodQd = / fodQ2 (1.3)
0 0
By substracting (1.3) from (1.2) we get
/ (61Vuy — 09Vugy) VodS) = 0
Q
which can also be written
/ O'1V(U1 - UQ)VUdQ + (0’1 - 0'2) / V’UQV’UdQ =0 (14)
0 0
Let v =1u; —uy € H}(Q), the equality (1.4) becomes

/ O'1V(U1 — Ug)ng + (0’1 — 0'2) / VUQV(Ul — U,Q)dQ =0
Q Q

/ O'1|V(U1 — U2)|2dQ < ’0’1 — O'2| /lVUQHV(Ul - U2)|dQ
Q Q
orllur = w23 ) < lor = ool lluallmy o lwr — ol o)

|o

1= 02|
Jur — us| g3y < U—1HU2||H3(Q) (1.5)



Otherwise

/UQVUQVUdQ:/fUdQ
Q Q

|/ g Vus VodQ| = |/ fodQ|

Q Q
/\UgVUgVMdQ < /|fv|dQ
Q Q

Applying Cauchy-Schwartz inequality [5, 10|, we have

o2l Vua || 2@l VUl 2) < | fllz2@llvl 22

o |luzll o) 1Vl 3 (@) < Cllvllzze)

By applying the inclusion of standards in H*(Q2) and L*(Q) [5, 10] we have

MC
luzllgp) < ——

So (1.5) becomes

|01—U2|

Jur — sl 3 ) < MC

0102

|01 — 03
0109

Hu1 — u2||H01(Q) < K (Wlth K = MC) (16)

So if 01,09 > p > 0 with p fixed, that is to say

, 1 1
0109 2 U = S
0102 2
The inequality (1.6) becomes
K

|ur — uell g1 (o) < Pfgl — 02

Which proves the continuity of «

[, oo — Hy(Q)
0 Uy

In the following we use the above result to prove the continuity of the
solution of the problem (0.3)



Weak form of the problem (0.3) is written as

/Vu,-Vde: l/fvalQ—i—/ gvde  Yove HY ()
Q 0i Jo o0

Fori=1

1
VuVodQ = — [ fodQ) +/ gudo
Q Q o9

01

For i =2
1
VuaVoudQd = — [ fodSd +/ gudo
Q Q o9

02

By making the difference of (1.7) and (1.8) we get

/ (Vuy — Vug) VodQ) = <i — i) / fodQ
Q 01 02 Q

1 1
/QV(ul — uy)Vod) = (0—1 — 0—2) /vadQ

Let v =u; —uy € H'(Q), the problem (1.9) becomes

/ V(up — up)2dQ = 22— / FodQ
Q 0102 Q

Using the semi-norm

|/Vu1—u2 240 — | 72 /fde\
0109

And applying the Cauchy—Schwartz mequahty

Jur — ua|7 ) < |

w1 — uz|| 1200y < Bllur — uz|| g1 (o)

We then obtain

HU1 — UQHHl(Q) < NB|02 _ 0-1’
0102
= wal| 1110y < plo ol (L= NB)

0102

H\fHL2(Q)HU1 - U2HL2(Q)

(1.7)

(1.8)

(1.9)

(1.10)



So if 01,09 > p > 0 with p fixed, that is to say

, 1 1
0103 2 |° = S
0102 2
The inequality (1.10) becomes
L

lu1r — us|| g1() < E|01 — 09|

Which proves the continuity of the solution u of Neumann’s problem with con-
duction term with respect to o that is to say

[, oo — H'(Q)
o Uy

1.1 Existence and uniqueness of the solution of the Mod-
ified Neumann problem

We will use the Modified problem (0.2) to prove the existence and unique-
ness of the solution v using the Lax-Milgram theorem [5, 10].

feL*(Q) = —Au+uc L*(Q)
Au € L*(Q)
ue H'(Q)

Let
V = H'(Q) which is a Hilbert space.

We now find the variational formulation of the problem (0.2)

Let
v e H'(Q)

Let us multiply the first equality of (0.2) by v and integrate over €

/—Au.de—i—/u.de:/f.de
Q Q Q

Using Green’s formula we have

/Vu.Vde— @.vdo—i-/u.vdf):/f.vdﬂ
Q a0 On Q Q



Vu.Vde—/ g.vda+/u.de:/f.de
Q 00 Q Q

/Vu.Vde+/u.de:/ g.vda—{—/f.de
Q Q o0 Q

a(u,v) :/Vu.Vde+/u.de
Q Q

L(v) = /89 g.vdo + /Q food$2

By setting

and

We then obtain
a(u,v) = L(v)

Let us check the continuity of a since its bilinearity is trivial

la(u,v)| = |/ Vu.Vde+/u.de|
Q Q
la(u,v)] < /]Vu.Vv|dQ+/|u.v\dQ
Q Q
Using the Cauchy-Schwartz inequality

lau, )] < ( / Vulde)} ( / Vof2d0)t + ( / a2’ / o[2d52)?

|a(u, v)| < [Vullrzo) Vol @) + [lull 2@ vl 2@
So that
|a(u, v)| < llull@llvllme) + lullzz@llvl 2@

And applying the Poincaré inequality [5, 8]
lullr2(0) < erllullro)

[vllz2(0) < callvllaie)
Then
|G(U7U)| < HU||H1(Q)||U||H1(Q) +0102||U||H1(Q)HU||H1(Q)

|a(u, V)] < (1 + aco)llull @ llvll o)

la(u,v)] < CHUHHI(Q)HUHHI(Q)



with
c=1+ C1C2o

Hence a is continuous.

Let us check the continuity of L since its linearity is trivial

|L(v)| = l/m g.vdo +/Qf.de|

|L(v)| </ |g.v|d0—|—/|f.v|dQ
o9 Q

Using the Cauchy-Schwartz inequality we have
LI < ([ JoPdo)( [ [oPdo)’+ ([ |1Ray [ opan)?
o0 o0 Q Q

IL()| < [lgllz2oo)llvlizzoo) + | fll2@llvlice)
Or
f e L) = || fllrxe

g € L*09) = |lgllz200)

<Ky
< ko

So
|L(v)| < kallv]|200) + F1lv]| L2

According to the continuity of the trace function on H'(Q): v — yu |so= u
such as

Ivullz200) < cllullm o)

We have
|L(v)| < challv]lmie) + kvl 2@

And using Poincaré inequality then
|L(v)| < cka[vllane) + akal[v]la o)

|L(v)| < (ks + aki)||v]| g g
|L()| < kvl g

with
k = cky + ak;

Hence L is continuous.



Let us check if a is H(Q2)-elliptical

By setting u = v
a(u,u) = / Vu?dS) + / u?dQ
Q Q

a(u,u) = HUH?P(Q)

We have

Hence a is coercive.

Proprerties being verified according to the Lax-Milgram theorem there ex-
ists u € H'(Q) unique such as a(u,v) = L(v) and [Ju||g1() < @

1.2 Numerical resolution of the problem

We will use the finite element method of Lagrange type P; to solve the
following one-dimensional pure Neumann problem for the Poisson equation.

{—u":fin]o,l[zﬂ

wW(0)=a, d/(1)=p8, a,fER (1.11)

with the weak form

/u’v’dx—/f.vdx—&v(())—i—ﬂv(l), Vo € H(Q)
Q 0

,,,,,

0:$0<$1<...<$N+1i1.

Suppose the uniform step be given by h = z;11 — ;.
We define the approximation space H'(0,1) by

Vi, = {U S C(O, 1)|U\[xj,xj+1] eP,Vyj=0,.. N}

The approximation of the variationnal formulation (1.11) is to find u, € V,
such that

Vo, € Vi, / upvpder = / fundz + o (1) — avy(0) (1.12)
Q Q

V;, being a vector subspace of H(0, 1) we can therefore define a canonical basis
(¢0, eny ¢N+1) such that:

N+1

up, € Vi = up(z) = Z u;ps(x)
i=0



N+1

vh € Vi = wa(z) = ) v;o5(x)

=0
So
N+1
uj(z) =Y wid)(x)
i=0
And

N+1

vh(x) = 3 vid(a)

Which amounts to finding (), ..., up(zn41) such as: Vi =0,..., N +1

/0 (Z uigb;(x)) (Z vjqa;(x)) dx = /0 f (Z vjcbj(rc)) da+f3 Z v;0;(1)=a Y v;6;(0)

=0 =0 =0

Which implies

N4IN+1 o N+l N+1 N1

> Z/ (¢i(2) ¢ (2) )uvde = Z/ (f6(x)) vida+B Y v (1)—a Y v;¢(0)
i=0 j=0 /0 j=0 0 j=0 7=0

N+1

S ([ dweitore) = [ restadias pos()=a;0). ¥0 < < N1

N+1

1
> aiu; = /0 foj(x)dr 4 Bo;(1) — ag;(0), VO < j < N +1
1=0

With .
%z%@@%@

Vi=0,..N + 1 we define the ¢; fonctions by:

$_2i_1 ifx € [ilfi_l, .Z‘Z]
di(x) =40 else
% if z S [.TZ‘, xz’—i—l]

We notice that we have

1 fi=N-+1
0 else



and
1 ifi=0
¢i(0) = @(l’o) =
0 else
We then define b, € RY*2 by

Lot foi(a)de i 1<j<N
(On)i = [ foo(x)de —a if =0
ff;f\ﬂrl f¢N+1d(L' —|— 5 lf ’L = N + ]_

By taking Uy = (un(20), ..., un(zn41))" € RV*2 we get that U, is a solution of
aijUy = by, where a;; € RWHDX(N+2) jg the rigidity matrix

We have .
, , 1 1
oo :/0 ¢o(x) ¢ (w)dz = /xo ﬁdz ~h

1 TN+1
AUN+1)(N+1) = / Oy (T) Py () dw = / e =+
0

TN

/ o (x)p(x)dx = /:Z (%) (%) dx—i—/:i+1 <—%) (—%) dr = % (ifi #0and i # N+1)

o 1 1 1 1
cuu:/¢g@mmwx=/ (-3) (3) de= o) =

it — /¢ e :/Wﬁwmﬂwm+/”¢@mﬂmw

Li+1

Tit+l 1 1 1
= —_— — d = ——
[ ()G
Then matrix form is

1 -1 0 Up

1 1 2 1 w foj}éﬁlfgsdx—a
. S - o S0 (1.13)
-1 2 —1f| u
0 1) \uww Jy Soute)dz + 5

The matrix a;; is self-adjoint and positive. Indeed, for all (v;) € RM*2 we
have

Vo — U0 Vo
1 —Ug + 2U1 — V2 U1

< aiv, 0 >= E :
—UN_1 + 20N — UNt1 UN

—UN + UNn41 UN+1



[(vo —v1)vg 4+ (—vo + 201 —va) vy + -+ + (—un_1 + 208 — UN11) UN + (U1 — UN) V)

=

< G0,V >=

[(vo — v1)vo + (UN+1 — UN)UN+1 + (=2 + 201 —vg) + -+ - + (—Un+1 + 208 — Un_1)UN]

1
h
T N
=7 (vo — v1)vo + (VN1 — UN)UN1 + Z(_Uz’Jrl + 2v; — Uil)'vz‘]

L i=1
1 [ N
= E (Uo — ’Ul)Uo + (UN+1 — UN)UN+1 + Z(’Uz — UZ'+1)UZ‘ + (’Ui — Uil)Ui]
L i=1
1 [ N N-1 7
= (vo — v1)vo + (Un41 — UN)UNF1 + Z(Uz — Vig1)V; + Z(%‘H — U;)Vig1
L i=1 i=0 i
1 i N N-1 7
=7 (vo — v1)vo + Z(Uz — V1)V + Z(%H — U;)Vit1 + (Ung1 — UN)UNH1
L i=1 i=0 |
L[ N
~h Z(Ul — Vit1)v; + Z(Ui+1 — V;)Vit1
| i=0 i=0
L
= E Z(vf—QviviH—i—vfﬂ)
i=0
| XN
=7 (vi—viy1)? =0
i=0

On the other hand, a;; is not defined because a,;;v.v = 0 if and only if

Ui = Ujt1 ,VZ = O,...,N.

During the numerical simulation for the calculation of the second member by,
we will use a quadrature formula including the trapezoidal formula.

1.3 Analytical resolution of the problem

We will try to solve the one-dimensional Neumann problem by using the
classical method of resolution. To avoid the trivial difficulty of determining the
constants in the Modified Neumann problem for the Poisson equation, we will
add the condition of Dirichlet u(1) = 5. Hence we have the following problem

W(0)=a,u(l)=p4, « 8 € R .

Consider f(x) = 572 cos(mz)

We have 4 /d dY
( u(@) = —f(x) = — = —bn? cos(nz);

dr dx dx



Y = —brsin(nx) + ¢q;

Then
du(x)

dx

= —dHmsinwxr + ¢

Hence

u(z) = bcos(mx) + c1o + co.

Determine ¢; and cy. After manipulation we obtain

Cl =«
62:54—6—0{

Hence the exact solution of problem (1.14) is

u(z) = bcos(mx) + (x — 1)+ 5+ 3,

=

1.4 Numerical simulations

a, B eR. (1.15)

The aim here is to represent on the same graph the solutions (1.15) and
(1.13) exact and numerical, respectively, taking into account the number of
points N and of step h of the finite element method in order to converge the
two solutions. This simulation will be implemented in Scilab.

Figure 1 illustrates the exact solution (1.15) for « = 5 = 1.

T T T T T T T T T
0 01 02 03 04 05 06 07 08 09

Figure 1: Representation of the exact solution

By fixing N = 5 in (1.13), we have attempted to vary the step h of the
method to verify the numerical convergence of numerical solution of (1.13) on

the exact solution of (1.15). ( See Figure 2)
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e Taking h = 0.001, we notice that the two solutions exact and numerical
respectively converge very fast numerically ( See Figure 2 a).

e Taking h = 0.01, we notice that at the beginning both exact and numer-
ical solutions respectively tend to distance themselves and then converge
and finally move away (See Figure 2 b), which is explained by slow nu-
merical convergence.

=

Figure 2: Representation of the exact and numerical solutions for N =5

In Figure 3, we fixed N = 10.

e Taking A = 0.001, we notice that the convergence between the exact
and the numerical solution is the almost numerically the same, which is
explained by the strong numerical convergence (Figure 3 a).

e Taking A = 0.01, we notice that the exact and numerical solutions, re-
spectively converge almost everywhere numerically. (See Figure 3 b).
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(a) (b)

Figure 3: Representation of the exact and numerical solutions for N = 10

The finite element method requieres a very large number of points N and
a very good choice of step h of the method to ensure the convergence of the
numerical solution (1.13) to the exact solution (1.15) numerically.

Conclusion et perspectives

In this work, we sol numerically the Neumann problem for the Poisson
equation by presenting the three problems of Neumann.
We first showed the continuity of the solution of the Neumann problem with
conduction term with respect to 0. According to what exists in the litera-
ture, we think we are the first to prove this continuity. Then we showed the
existence and uniqueness of the modified Neumann problem by applying the
Lax-Milgram theorem. Then we solved numerically the one-dimensional Pure
Neumann problem using the finite element method and showed that its rigid-
ity matrix is self-adjoint and positive. To solve analytically this problem we
have added the Dirichlet condition to this problem because the determination
of constants is difficult. Finally, we used these results to make numerical sim-
ulations to compare the numerical convergence of both exact and numerical
solutions, respectively. In the future we will inverstigate the theoretical con-
vergence of the Pure Neumann model and expensive to solve the problem in
higher dimension (2 or 3).
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