A Study on the Solution of Linear Differential Equations
with Polynomial Coefficients

Tohru Morita*! and Ken-ichi Sato?
L Graduate School of Information Sciences, Tohoku University, Sendai 980-8577, Japan
2 College of Engineering, Nihon University, Koriyama 963-8642, Japan

Original-
research-article

Abstract

We discuss the solution of linear differential equations with polynomial coefficients. Let the

differential equation to be studied be Lu(t) := Zﬁ;;o > ak,mt’"d%u(t) = 0 for¢t > 0,

where ay,., are constants. We now rewrite the lefthand side as Lu(t) := ;g_oo Diu(t), where
dk

Diu(t) = S paxqouy @hk—1t" "' 4ru(t). and call each of Dju(t) a block of classified terms in

Lu(t). We present the solution taking advantage of the expression of the differential equation
in terms of blocks of classified terms. From the differential equations of the second order
with polynomial coefficients, we pick up six differential equations with two blocks of classified
terms, whose solutions are usually expressed by the the hypergeometric series, or the confluent
hypergeometric series, or other two related series, except for some special values of coefficients.
It is shown that all the other differential equations with two blocks of classified terms are reduced

to one of these six by a change of variable.
Keywords: linear differential equations with polynomial coefficients; Laplace’s differential equation;
AC-Laplace transform; change of variables
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1 Introduction

In recent papers [Morita and Sato (2013a,b, 2014)], we discussed the solution of Laplace’s differential
equation, and fractional differential equation of that type. The differential equations are expressed as

(azt + b2) - o DF u(t) + (art + b1) - o DFu(t) + (aot + bo)u(t) = f(t), t>0, (1.1)

forc = 1and o = 1/2. Here a;, by € R for I € Zj are constants, and oD u(t) are the
Riemann-Liouville fractional derivatives in [Morita and Sato (2013a)], and their analytic continuations
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in [Morita and Sato (2013b, 2014)]. Here R and Z are the sets of all real numbers and all integers,
respectively, and Z, ;) = {n € Z|a < n < b} for a,b € Z satisfying a < b. We also use C which is
the set of all complex humbers, and Zs, = {n € Zjn > a} Z<o = {n € Z|n < a} fora € Z, and
Rso = {z € R|lz > a} fora € R.

In the present paper, we study the differential equations of order I, € Z, with coefficients of
polynomials, which are of the form:

lo K
Z Zakm dtk u(t) _Z(ak,o+ak,1 bt aps P Faps P 4---)- SEu®) =0, t>0,(12)
k=0 m=0 =0
where ay.,., for k € Zj,;,) and m € Z-_1 are constants. We assume that a finite number of the
constants are nonzero.
In [Morita and Sato (2013b, 2014, 2016)], we studied the solutions of special cases of Equation
(1.1) or (1.2) with the aid of distribution theory and the AC-Laplace transform, that is the Laplace

transform supplemented by its analytic continuation and is briefly explained in Section 5.1. In the
study, we adopted the following condition:

Condition 1.1. u(t) and f(¢) in (1.1) are expressed as a linear combination of ¢, (¢) = ﬁt” ! for
t>0andv e S,where Sisasetof v € Rs_y\Z<: forsome M € Z~_;.

We then express u(t) as follows:

=D wagpstth (1.3)

where u,—; € C are constants. Because of this condition, we obtained the solutions which are
expressed by a power series of ¢ multiplied by a power t*:

)=t pit”, (1.4)
k=0

where o € C\Z<o, pr € C and po # 0.

A basic method of solving Equation (1.2) is to assume the solution in the form (1.4) with
a ¢ Z<o. The solution is obtained by determining the coefficients pi recursively; See e.g. [(Watson,
1935, Section 10.3)]. We now give a formulation of this method. Here we use (z); and (z);, for z € C,
k € Z~_1, which denote (z), = an;lo(z +m)if k € Zso, and (z)o = 1, as usual, and

k—1

(@) = [[=m) = (=D)*(=2)k, k€ Zs, (1.5)

m=0

and (z), = 1.
We now reassemble the terms of Equation (1.2) as

lo
> Diu(t)=0, t>0, (1.6)
l=—o0
where
le dk
Diu(t) = D akk-r 7 oqu(t), (1.7)
k=max{0,l}



and call D!u(t) a block of classified terms. In fact, we confirm that the Ihs of (1.2) is expressed as
the Ihs of (1.6), by writing m = k — [ in (1.2), as follows:

k

Z Z Q1 * th ldtk Z Z ak,k—l'tk ljtku(t) (1.8)

k=0l=—o0 l=—o00 k=max{0,l}

When [, = 2, Equation (1.6) is expressed as

Diu(t) + Dyu(t) + DYu(t) + Dy 'u(t) + Dy *u(t) +--- =0, ¢>0, (1.9)
where
d? d? d d? d
2 1 0 _ 2
D; = 2,0 77 D; =ast- e + as, 0 Dy = ag2t” - o +ayt- i + ao,0,
d? d _ d? d
—1 3 2 4
_ @ = — 2
D, az,3t” - p7e) + ax, ot T +ao1t, D, asat” - prel + a1 3t > + ao,2
(1.10)
When D! is operated on t* for o € C\Z, we have
Dit* = Aj(a)t™ ™, (1.11)
where
lo
Ae) = > arpi- (). (1.12)
k=max{0,l}

For D! given in (1.10), the A;(«) satisfying (1.11) are given by

Az(a)=a20- (), Ai(a)=a21-(a); +ar00, Ao(a) =az2-(a); + a1+ aoo,
A_1(o¢)=a2,3 . (04)2_ + ai200+ ao,1, A_Q(Oé) = az,4 - (04)2_ +ai3a+aopz2, ---. (1.13)

Theorem 1.1. Let 4;(a) be given by (1.12), and k = max{k € Zio,1,)]akk—1 # 0}. Then Ai(a) is a
polynomial of degree k. If k > 0, there exist roots of 4;(a) = 0. Let k, € Z~ be the total number of
distinct roots of 4;(«) = 0, which are ay, for k € Zjo x,). Then A;(«) is expressed as

ka
A(e) = ag iy [ (@ = an)™, (1.14)
k=1
where my, € Zso for k € Zjy 5, satisfy S5, my = k. Then we have k solutions of
Dhu(t) =0, (1.15)
which are given by ¢**, and also
t** log, t,--- ,t** (log, t)™* ", (1.16)

if my > 2,fork € Zpy ). If k = 0, there exists no solution of (1.15).

Remark 1.1. Equation (1.15) is often called Euler’'s differential equation, which is reduced to a
differential equation with constant coefficients, that is Hﬁ;l(ﬁ — ax)™y(z) = 0, by the change
of variable from ¢t to z = log, ¢.

When we discuss a differential equation of order [, we adopt the following condition.
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Condition 1.2. We consider such a differential equation of order ., that is not regarded as a
differential equation of u'(t), so that >>°_ |ai,,m| # 0and >°>°_ |ao,m| # 0.

When only one nonzero block of classified terms exists in Equation (1.9), the following proposition
follows from Theorem 1.1.

Proposition 1.1. Let A;(«) forl € Z«s be given by (1.13), and o = a1 be a root of A;j(a) = 0.
Then u(t) = t°* is a solution of Diu(t) = 0. If there exists another root as, we have another solution
u(t) = t*2. Ifnot, butifl =1 and a2,1 # 0, orl = 0 and a2,> # 0, we have another solution given by
u(t) = t*' log, t.

We now consider Equation (1.9) for the case in which there exist two or more nonzero blocks
of classified terms and Condition 1.2 is satisfied. Let the first two nonzero blocks be Diu(t) and

D!=™nq(t), and the last nonzero block be D!™™=uw(t), so that I € Z.3 and m,, m, € Z-, satisfy
my < mg. Then (1.9) is expressed as

mg

(Di+ > Dy ™ult) =0. (1.17)

m=mny

Remark 1.2. By (1.10) for I, = 2, we see that Equation (1.17) for I = —1,—2,... are equivalent
to the one for [ = 0, and the differential equation for I = 1 is equivalent to the one for I = 0 when
ao,0 = 0. We note that the differential equation for I = 2 is equivalent to a special one for [ = 0.
Hence we study only the differential equation for I = 0 in Section 2.2.

In Section 2, we seek those solutions of (1.17), that take the form of (1.4). In Section 2.1, we
consider

Diu(t) + DL u(t) = 0, (1.18)

which is (1.17) for m,, = m, = 1, where the solutions in the form of (1.4) are given by the generalized
hypergeometric function. In Section 2.2 and the following sections, discussion is restricted to the case
of I, = 2. In Section 2.2, we consider Equation (1.18) for I, = 2 and [ = 0. There are six types of
differential equation, whose solutions are expressed by

Rt =3 Ok gz = 30 0 (1.19)
k=0 k=0 ’
YACEDEDS k(,’fifk SEIRIEDEDY k,(lc)kz’“~ (1.20)
k=0 " k=0

The first series in (1.19) and (1.20) are the hypergeometric and the confluent hypergeometric series,
respectively.

Equations (1.17) for m,, = m, > 1, are studied in Section 3, where we show that every differential
equation under consideration is reduced to a differential equation of the form of (1.18) by a change of
variable.

In Section 3.1, remarks are given on the parabolic cylinder function.

In some exceptional cases, the solution involving a logarithmic function appears. Comments are
given on a method of obtaining a solution for such a case, in Section 4.

In [Morita and Sato (2014, 2016)], a part of results given in Section 2.2 are obtained by applying
the AC-Laplace transform. In Section 5, an argument is given to show how the remaining results are

obtained by the method adopted in [Morita and Sato (2014, 2016)], where some preliminary formulas
of the AC-Laplace transform are presented in Section 5.1 before the argument .
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2 Basic Method of Solving Equation (1.17)

In this section, we seek the solution u(t) of Equation (1.17). We assume here that the solution is
expressed by (1.4). In Section 4, remarks are given on solutions involving a logarithmic function.
When w(t) is given by (1.4), we have

Diu(t) =t Z Ai(o + k)prt”, (2.1)
k=0
by using (1.11).
Substituting (1.4) in (1.17) and using (2.1), we obtain

Afla+E)pr =0, k€ Zgm,-1),

Ao+ E)pe+ > Armla+k—m)pem =0, k=2Zspm, 1, (2.2)

m=may

where we put p, = 0 for k € Z .

Definition 2.1. Let « satisfy A;(a) = 0, po # 0, pi for k € Z~,, -1 satisfy (2.2), and p, = 0 for
k € Zp m,, -1, if mn € Z1. Then we denote u(t) given by (1.4), by ¢ (2).

We note that since po # 0, A;(«) = 0 is required. Hence we adopt the following condition.
Condition 2.1. There exists « satisfying A;(a) = 0.

Lemma 2.1. If A;(«) is a polynomial of « of degree 0 or 1, we have no or one solution, accordingly,
of the form (1.4). Whenl, = 2, ifl =1, a21 =0andai,0 # 0, 0rl =0, az,2 = 0 and a1 # 0, then
we have only one solution ¢o(t), the pointt = 0 is called an irregular point of the differential equation,
in [(Watson, 1935, Section 10.3)].

Lemma 2.2. Whenl, =2, ifl =2,orl =1andaz1 # 0, 0rl = 0 and az2 # 0, the pointt = 0
is called a regular point of the differential equation, in [(Watson, 1935, Section 10.3)]. Then we have
two solutions of (1.17), among which those in the form (1.4) are as follows:

1. If A;(a)) = 0 has two distinct roots, we call them o and a3, so that Re o > Re «5. Then one
of the solutions is ¢y (t). If o — a5 ¢ Z, the second one is ¢qx (t).

2. If Ai(a) = 0 has only one root, which we call 1. Then we have a solution ¢, (t).

Remark 2.1. Lemmas 2.1 and 2.2 show that « in the solutions of the form (1.4) are determined by
the first nonzero block of classified terms in (1.6) or (1.9). In many studies and in the following part
of the present paper, solutions are given for Equation (1.9) with two nonzero blocks. When we solve
a differential equation with more than two nonzero blocks in (1.9), knowledge of the solutions of the
differential equation which consists of the first two of the nonzero blocks is helpful.

When Equation (1.9) consists of two nonzero blocks of classified terms, and hence itis expressed
as (1.17) with m,, = m,, the recursion formula (2.2) is simple. Many differential equations which
appear in mathematical physics are of this type.



2.1 Solution of Equation (1.18)

We now study the solutions of Equation (1.18), which is (1.17) for m,, = m, = 1.

We assume that D! and D!=' in (1.18) are differential operators of order ¢ + 1 € Zso and
p € Z~_1, respectively, and hence A;(a) and A;_1(«) defined by (1.11) are polynomials of degree
q + 1 and p, respectively. We express these as

q+1
Afa)=p | | (a = an),
Ari(@)=v [J(@=Ba), p€Zso, (2.3)
n=1

and A;_i(a) =vifp=0,where p € R, v € R, ar, € Clorn € Zypy 444), are constants, and 3, € C for
n € Zp,p) are constants if p € Zo.

We show that one or more of the solutions are expressed by the generalized hypergeometric
series given by

oFy(ar, - apicr, - ez Zk']_[ zk, if p € Z>o and q € Z>o, (2.4)
=0
oFy(Ger, ez Z © zk, if p=~0andq € Zso, (2.5)
=0 m=1\tm k
pFolar, -+ ,ap;;2)= Z m= 1 (@m ) 2", if p€Zso and ¢ =0. (2.6)

k=

Theorem 2.3. Let D! and D!~ in (1.18) be differential operators of order ¢+ 1 € Zso and p € Z~_1,
respectively, and A;(a) and A;_1(«) defined by (1.11) be expressed as (2.3). If n € Zj; 441) is such
that there exists no m € Z; 441 for which ., — an € Zxo, then a solution of (1.18) is given by

oy Fy(aio, -+ ;ap;ciy - -, q;—ﬁt), if p€ Zso and q € Z~o,
¢)an(t):{ tooFy(;e1,- - ,cq;—% ) if p=0and q € Z>o, (2.7)
t*p,Fo(a,--- ,ap;;—ﬁt) if p€ Zsopand q=0,

where am = o — Bm for m € Zp ), and ¢, for m € Zp o) are given by ¢ = aom —an +1ifm < n
and ¢, = a1 — an +1ifm > n.

Proof. Substituting (1.4) in (1.18) and using (2.1), we obtain 4;(«) = 0, and
Al(a+k)pk +Al_1(a+k7 l)pk_l =0, (28)

for k = Z-o, in place of (2.2). We then obtain the solution (2.7) of (1.18), by choosing « = «,, and
determining py, by (2.8).

Corollary 2.4. If o, forn € Zp1 441 are distinct with each other, and satisfy o, — o & Z for every
pairn, m € Zp q+1), then we have q + 1 solutions of (1.18), which are given by (2.7).

2.2 Solution of Equation (1.18) for /[, =2and [ =0

From now on, we restrict the discussion to the case of [, = 2.



We introduce notation ,, D! which represents D! when the coefficient of t" is nonzero and those
of t™ for m > n are all zero. The differential equations belonging to Equation (1.18) for [ = 0 are
classified into

2 Du(t) + oDy 'u(t) =0, n =321, (2.9)
1DYu(t) + 3Dy 'u(t) =0. (2.10)
We call Equation (2.9) for n = 3,2 and 1 as (2.9-3), (2.9-2) and (2.9-1), respectively.

We use a, b and ¢, which satisfy a1,1 = a2,2(1 + a + ) and ao,0 = az,2 - ab when a2 > # 0, and
ao,0 = a1,1 - cwhenaz2 = 0and a1, # 0. Using these in (1.10), we obtain

2

de?

2 DY = az o[t 4 +0). (2.11)

d ~
+(1+a+b)t - +abl, DY =ayq(t- a7

When ag,o = 0, we putb = 0 and ¢ = 0in (2.11). We use &, b and &, which satisfy a1.2 = az,3(1+a-+b)
and ap,1 = az2,3 - abwhen azz # 0, and ap,1 = a1,2 - ¢ when az 3 = 0 and a1,2 # 0. Using these in
(1.10), we obtain
~ d? N . d | .
3D; P =ag3 -t E+(1+a+b)t- aJrab], 2Dt = a1 -t(t»£+c),
1Dy ' =aoa - t. 2.12)

When ao; = 0, we put b = 0 and & = 0 in the first two equations of (2.12). We do not consider
the case when ag,1 = 0 for the third equation in it, since we consider only the differential equation
satisfying Conditions 1.2 and 2.1.

We note that the point ¢ = 0 is a regular point of Equation (2.9), and it is an irregular point of
Equation (2.10) [(Watson, 1935, Section 10.3)].

The differential equation (2.9-3) for ap,0 = 0 is the hypergeometric differential equation, whose
solutions are the hypergeometric functions. The differential equation (2.9-2) for ag,0 = 0 is Kummer’s
differential equation, whose solutions are the confluent hypergeometric functions. Laguerre’s differential
equation is a special one of Kummer’s differential equation [(Magnus and Oberhettinger, 1949, Chapter
VI1)], [(Abramowitz and Stegun, 1972, Chapter 13)].

We write the relations corresponding to (1.11) for ,, D! as follows:

WD = Ay ()t (2.13)

Then with the aid of (1.13), we obtain
Azp(a)=az2(a+a)(a+b), Aiola)=ar1(a+c), (2.14)
Agyfl(a):ag,g(a—i—&)(a—ﬁ—g), A2,71(Oé) = a1,2(0é+6), A1771(Oé) = ao,1- (215)

We give the solutions of the differential equations given in (2.9)~(2.10) by applying Theorem 2.3
and Corollary 2.4. The parameters which are used in the solution, are listed in Table 1. They are
obtained by comparing (2.14) and (2.15) with (2.3).

Theorem 2.5. We have the following solutions of Equations (2.9)~(2.10).

(i). aoo #0,a0,1 #0anda—>b ¢ Z, we have the pairs of solutions of (2.9-3), (2.9-2) and (2.9-1),
respectively, given by

ba(t)=t" - oF1(a+ o, b+ ;1 +a+b+20; —?t), o= —a,—b, (2.16)
2,2
da(t)=t" - 1F1(é+ a;1+a+ b+ 2q; —%t‘)7 a=—a,—b, (2.17)
2,2
gzﬁa(t):to"oFl(;1+a+b+2a;—ZO—’1t), a=—a,—b. (2.18)
2,2



Table 1: The parameters, which determine the solutions in the form of (2.7), for Equations
(2.9)~(2.10). x indicates that no equation is considered for ap,1 = 0 for (2.9-1).

ag0 =0 ago #0 ag1 =0 ag1 #0
differential equation | ¢ ¢ a1 a o1 s v o p B as B oo
(29'3) a22 1 0 —a —a —b a2 3 2 0 —a —a —b
(29-2) a272 1 0 —a —a —b a1,2 1 0 —c
(2.9-1) a2 1 0 —a —a —-b a1 0 x X
(210) ai,1 0 0 —C az.3 2 0 —a —a —b
(ii). If ao,0 # 0 and ao,1 # 0, we have only one solution of (2.10) given by
b_o(t) =t 2 Fp(@—c,b—c;; —22¢). (2.19)

ai,i

This function is a polynomial when @ — ¢ € Z; or b—c € Z<1. If such is not the case, the
solution is an infinite series which has zero radius of convergence.

(iii). 1f ao,0 =0, ao,1 # 0 and —a ¢ Z, we have the pairs of solutions of (2.9-3), (2.9-2) and (2.9-1),
respectively, given by

oo(t) =2F1(a, b1+ a; —%t), d—a(t) =t~ " -2F1(a— a,b—a;l—a; —%t); (2.20)

az 2 az,2
(Z)o(t):lFl(é;l—f—a;—&t), (;Lu(t)=t_a-1F1(5—a;1—a;—&t); (221)
a2 az,2
Go(t) =011+ a5 —210), ¢_alt) =t oF1(;1 — a5 — —2Lp), (2.22)

az 2 az,2
which are (2.16)~(2.18) for b = 0.
(iv). When ao,0 = 0 and ao,1 # 0, we have only one solution of (2.10) given by
fo(t) =2 Fo @, by; — —=21), (2.23)
ai1

which is (2.19) for ¢ = 0.

(V). If ao,0 # 0, ap,y = 0 and a — b ¢ Z, we have the pairs of solutions of (2.9-3) and (2.9-2),
respectively, given by (2.16) for b = 0, and by (2.17) for ¢ = 0.

(vi). Ifaoo # 0andag1 = 0, we have only one solution of (2.10) given by (2.19) for b = 0.

For Equation (2.9), a; and a2 are given in Table 1. Remarks are given on the cases of a1 — s €
Z, in Section 4.

2.3 Remarks on the Solutions of Equations (2.9)~(2.10)

Remark 2.2. Equation (2.10) is equal to Equation (2.9-3) for a2,2 = 0. Accepting that bin (2.16) and a
in (2.20) denote 2%, we note that (i) the solution ¢_, () given in (2.16) and (2.20), of (2.9-3), tend to

az 2
¢—a(t) in (2.19), and to ¢o(t) in (2.23), respectively, as a2, — 0, and (ii) the second factor on the rhs
of the equation for ¢_;(¢) in (2.16) and the rhs of the equation for ¢, (¢) in (2.20) diverge, as a2,2 — 0.




Remark 2.3. Equation (2.9-2) is equal to Equation (2.9-3) for a2,3 = 0 and a1,2 # 0. Accepting that
b denotes 22 we note that @ approaches ¢, and the solutions given in (2.16) and (2.20) of (2.9-3)

az,3’

tend to the cérresponding ones in (2.17) and (2.21), respectively, as az,3 — 0.

Remark 2.4. Equation (2.9-1) is equal to Equation (2.9-2) for a1, = 0. Considering that ¢ denotes
Zi’—; we note that the solutions given in (2.17) and (2.21) of (2.9-2) tend to the corresponding ones in

(2.18) and (2.22), respectively, as a1 o — 0.

3 Reduction of Equation (1.17) for [, =2 and m,, = m, > 1
to Differential Equation of the form of (1.18)

In Section 2.2, the differential equations belonging to Equation (1.18) for I = 0, which is Equation
(1.17) for I = 0 and m,, = m,; = 1, are classified as in Equations (2.9)~(2.10), and the solutions
in the form of (1.4) are given for these equations. In the present section, we study the differential
equations belonging to Equation (1.17) for [ = 0 and m,, = m, = m € Z-1, which are classified as in

o DYu(t) +t™ 1 D u(t) =0, n=3,21, (3.1)
1Du(t) +t™ " - 3Dy tu(t) =0. (3.2)

Examples of (3.1) for m = 2 are Legendre’s, Chebyshev’s [(Magnus and Oberhettinger, 1949, Chapters
IV, V)], Hermite’s differential equation [(Magnus and Oberhettinger, 1949, p. 80)], and Bessel’s differential
equation [Watson (1922)], for n = 3, n = 3, n = 2 and n = 1, respectively. An example of (3.1) for
m = 3 and n = 1 is Airy’s differential equation [(Abramowitz and Stegun, 1972, Section 10.4)].

We show that the following lemmas hold valid.

Lemma 3.1. Equations (3.1)~(3.2) for m = Z~1 are reduced to the corresponding equations in
2DJy(x) + Dy y(2) =0, n=3,2,1, (3.3)
1D3y (@) + 3 D7 'y(x) =0, (3.4)
by the change of variable from t to x = t™, when we put u(t) = y(z).

Lemma 3.2. Let ,D? and sD; ' in (3.1) and (3.2) be expressed as DY and D; ', respectively, in
(1.10), and a2, 1,1, a2,3 and a.,» denote

- 2 -
G22=m"-az22, ai,=m(m—1)-a22+m-ai,

- 2 -

G23=m"-az23, ai2=m(m—1) a23+m-ais. (3.5)

Then 2 DY in (3.3) is expressed by DY in (1.10) with as», a1,1 and t replaced by a2 .2, 1.1 and z,
respectively, and 1D in (3.4) is given by this ;DS for as o = 0. 3D;' in (3.3) and (3.4) is expressed
as D; " in (1.10) with a2 3, a12 and t replaced by as 3, a1,» and x, respectively, and . D;* and 1 D;*
are given by this s D3 ! foras s = 0, and foraz s = 0 and a1 » = 0, respectively. In these replacements,
ao,0 and ay,1 are not changed.

Proof. We change the variable ¢t to z = ¢t™ for m € Z~, and put u(t) = y(x). Then

d d?

_ d?
2m—2
%y(ﬂf% ﬁu(t)

d _ m—1 _ _ m—2 i 2 w
Eu(t) =mt =m(m— 1)t dmy(az) +m’t e y(z). (3.6)

Theorem 3.3. Let as 2, @1,1, a2,3 and a1,2 be given as in (3.5). The solutions of (3.3) and (3.4) are
obtained from the corresponding solutions ¢.(¢) given in Theorem 2.5 of (2.9) and (2.10), by replacing
a2,2, a1,1, a2,3, a1,2 and ¢, by as 2, a1,1, az2,3, a1,2 and z, respectively. We then obtain the solutions of
(3.1) and (3.2) by putting u(t) = ¢a(t™).

Lemmas 3.1 and 3.2 are applied to Hermite’s and Bessel’s differential equation, respectively, in
[Morita and Sato (2016)].



3.1 Parabolic Cylinder Function

The parabolic cylinder functions are the solutions of the following differential equation:
2
1
@u(t) F ZtQu(t) —au(t) =0, (3.7)
[(Magnus and Oberhettinger, 1949, Chapter VI, Section 4)], [(Abramowitz and Stegun, 1972, Chapter
19)]. This takes the form:

(0DF + oD} + 2Dy *)u(t) = 0. (3.8)
If we put t* = 2 and u(t) = y(x), then by using (3.6), we obtain the equation for y(z) as follows:
dzy" + 2y F ixy —ay =0, (3.9)
which takes the form
(1Dy + oDy + 1D; Hy(z) = 0. (3.10)

When the upper sign is adopted in (3.7), we introduce z(z) by y(z) = e*®z(z). We then see that
the function z(zx) satisfies

1 ’ / 1
4xz" 4+ 22 F2x2 :Fiz—azzo, (3.11)

which takes the form of (3.3).

4 Analytic Continuation of Solution

When we learn on the Bessel function, we meet with the derivation of the Bessel function of the
second kind, which does not take the form (1.4); see [(Watson, 1922, Section 3.581)]. That argument
is done as follows.

We assume that we do not know the solution v, (¢) of a differential equation with coefficients {c; },
but we know the solution 5(t) for the differential equation with coefficients {c; + dd;} for 6 € C. If
the solution is an analytic function of ¢, and if the limit o (t) = lims_0 ¢s(¢) exists, it is a solution.

This method is justified in the same way as the case when the Bessel functions of the second
kind is obtained; see [(Watson, 1922, Section 3.581)].

In the present section, we consider Equation (1.18). We assume the following condition.

Condition 4.1. One of the following three conditions: (i) I = 2, (i) Il = 1 and a2,1 # 0, and (iii) { = 0
and a2 2 # 0, is satisfied.
This is the condition that A;(«) given by (1.13) is a quadratic function of «.

Definition 4.1. Let A;(a) be a quadratic function of «. If A;(a) = 0 has two distinct roots, we call
them a7 and a3, so that Re ] > Re 5. If it has only one root, we denote it a7 as well as a3.

Proposition 4.1. Let Equation (1.18) satisfy Condition 4.1, and Definition 4.1 be adopted. Then we
have two solutions of the equation, one of which is Dot (t). The second one is given as follows.
(i). If Ai(a) = 0 has two distinct roots, and ai — a3 ¢ Z>-1, then the second one is ¢a3 (1)
(i)). If Ai(e) = 0 has two distinct roots, and o] — a5 = n € Z>_1, then the second one is ¢ (1),
or takes of the form
bay(t)logt + doy (1), (4.1)

according to as ¢.; (t) is expressed as 2 multiplied by a polynomial of degree less than n,
or not.
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(iii). If A;(a)) = 0 has only one root, then the second solution is of the form (4.1).
qb;3 (t) in (4.1) takes the form (1.4) with o = a5.

This proposition is a consequence of Theorem 2.3, excluding the cases when the solution in the
form (4.1) appears.

Remark 4.1. Solutions of the form (4.1) are found for the confluent hypergeometric function and the
hypergeometric function in [(Abramowitz and Stegun, 1972, Section 13.1.6)] and [(Abramowitz and Stegun,
1972, Sections 15.5.16~21)], respectively.

5 Solution of Equation (1.18) for [, = 2 by Means of the
AC-Laplace Transform

5.1 Preliminary Formulas of the AC-Laplace Transform

In Section 5.2, we study Equation (2.9) by using the AC-Laplace transform of u(t) expressed by

1

(1.3). We first note that the Laplace transform of g, (¢) = o is given by L[g,(t)] = s7" forv € C
satisfying Re v > 0. We call the analytic continuation (AC) of this L[g.(¢)] as a function of s to
s € C\Z<«1 the AC-Laplace transform, that is given by g, (s) := Lu[g.(t)] = s™" forv € C\Z<: .

As in[Morita and Sato (2014, 2016)], we assume that u(t) satisfies Condition 1.1 and is expressed
as (1.3). Then its AC-Laplace transform i(s) is expressed as

a(s) = w15 (5.1)

vesS

The derivative of g, (t) of order [ € Z~ is calculated by

d' _J g®), v—-1eC\Za«,
a9 = { 0, v—leZa. (5:2)
The AC-Laplace transform of %gy (t) is given by
dl l—v l—v
Lal 7. 0)] =5 = (s, (5.3)
where
k
l—v _ S, k':l—Z/EZ>_1,
IS Al (5.4
We note here the formulas:
tV*l tl/
th(t):tr(y) :VF(Z/+1) :Vgl’+1(t)7 (55)
d _, b
3.5 =S ' =vLulguii(t)]. (5.6)
By using these, we confirm that
m m dm —UV
Lut"g,(t)] = (-1) et (5.7)

By applying these formulas, we obtain
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Lemma5.1. Letm € Zxo, l € Zxo, u(t) be expressed by (1.3) and i(s) := Lu[u(t)]. Then
dm

Ll u(0)] = (<1 i), 58)
LH[%u(t)} =s"a(s) — (s'a(s))o, (5.9)
Lalt™ o) = (<) (s a(e)] — (<) (), 5.10)
where
s))o = iul,k,ls’“. (5.11)
In particular,
(s8())o = wo, (s20(s))o = wos + w1, (s*0(s))o = uos? + urs + us. (5.12)

5.2 Solutions of Equation (2.9) for ¢y, =0

Equation (2.9-2) for ag,0 = () is given by Equation (5) in [Morita and Sato (2016)], with ¢, a and b
replaced by 1+a, ¢and — (2016)], the AC-Laplace transform of
Equation (5) in [Morita and Sato (2016)] is given by (50) in [Morita and Sato (2016)]. The corresponding
AC-Laplace transform of (2.9-2) for ag,0 = 0, is given by

d

Zl+ Z;—is)a( )] +[(1+a)s+ éﬁ]&(s) = —auo. (5.13)

The differential equation is of the first order, and its complementary solution is ¢_(s) which is the
AC-Laplace transform of ¢_,(¢) given in (2.21). By applying the inverse AC-Laplace transform to
the obtained ¢_.(s), we obtain the solution ¢_,(t) of (2.9-2). In [Morita and Sato (2014)], the other
solution is given by obtaining a particular solution of the differential equation for @(s), ¢o(s), which
is the Laplace transform of ¢o(¢) given in (2.21). In [Morita and Sato (2016)], after obtaining ¢_. (%),
¢o(t) is obtained by using the forthcoming Lemma 5.4 for (2.9-2).

Equation (2.9-3) for ag,0 = 0 is given by Equat|on (10) in [Morita and Sato (2016)] if c,aand b, t
and i are replaced by 1 + a, @, b, 83t and ﬂ dt, respectively, where 35 = —=22. Corresponding to
Equatlon (60) in [Morita and Sato (2016)], the AC-Laplace transform of (2.9-3) for ao,0 = 0 is given by

,83@[32@(3)] - %[(52 + B3(a+b+1)s)i(s)] + [(1 + a)s + Bzabli(s) = —auo. (5.14)

Corresponding to Equations (11) and (12), we have (2.20).

Remark 5.1. In obtaining the complementary solution of (5.14) by the method given in [Morita and Sato
(2016)], we use Equation (64) in [Morita and Sato (2016)], where A(A — 1) should be replaced by
A+ 1).

Equation (2.9-1) for ap,0 = 0 is given by putting a1, =0 and a1,2 - ¢ = a1 in (2.9-2) for ag,0 = 0,
and hence the AC-Laplace transform of (2.9-1) for ag,0 = 0 is obtained from (5.13) as

d

[s%a(s)] + [(1 + a)s + 221 Ya(s) = —auo. (5.15)
Cds az,2
The complementary solution of this equation is

a(s) = Cs'TePre T = s 1*“2 oY sk (5.16)
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where g1 = —221 By the inverse AC-Laplace transform, we obtain ¢_,(t) given in (2.22), by

a2,1

choosing C = I'(1—a). After obtaining ¢_.(t), ¢o(t) is obtained by using the forthcoming Lemma 5.4,
for (2.9-1).

5.3 Solutions of Equations (2.9)~(2.10) for ago # 0

In [Morita and Sato (2014, 2016)], we obtain the solutions (2.20) and (2.21) of the differential equation
(2.9-3) and (2.9-2) for ag,0 = 0 by the method of AC-Laplace transform. The solution (2.22) of the
differential equation (2.9-1) for ap,0 = 0 is shown to be obtained by that method at the end of last
section. We now present a method by which the solutions (2.16)~ (2.18) for ag,0 # 0 are obtained
with the aid of solutions (2.20)~ (2.22) for ag,0 = 0.

In Section 2.2, we gave the solutions of Equations (2.9)~(2.10), We now study related equations,
which are

2DYy(t) + oDy ty(t) =0, n=3,2,1, (5.17)
1DYy(t) +3D; ty(t) =0, (5.18)
where
Qﬁ?:az,g[tz-d;+(1+2a+a+b) 5t+(a+a)(a+b)], DY =ayq(t- j+a+c)
(5.19)
3Dt =ag stt? ;:2 +(14+2a+a+b)t- d£+( +a)(a+b)], 2D =ait(t- j +a+é),
1Dyt =ao it (5.20)

We call Equatlon (5 17) forn = 3,2 and 1 as (5.17-3), (5.17-2) and (5.17- 1) respectively.
»D? and D 1 given in (5.19) and (5.20) are so constructed from ,, DY and ,, D; ! given in (2.11)
and (2.12) that the following equations hold:

WDY[ty(0)] =t - DYy (1), WDy ' t7y(8)] = 7w DYy (D). (5.21)

Let u(t) be the solution of (2.9-3) for ap,0 # 0, and u(t) =t~ “y(t). Then y(t) satisfies (5.17-3) for
a = —a, and then this equation is Equation (2.9-3) for b = 0, with &, b, « and u(t) replaced by a — a,
b—a, b—a and y(t), respectively. Then y(t) is given by (2.20) with the same replacement. Thus we
obtain the solution of (2.9-3) for ao,0 # 0 by using the solution (2.20) for ag,0 = 0.

The following two lemmas are consequences of this type of arguments.

Lemma 5.2. Let us(a, 22, 3’zt) w2 (€, " 2t) and i (a; ~1) be solutions of (2.9-3), (2.9-

2) and (2.9-1), respect/ve/y, for the case of ao,0 = 0 and ao,1 7'5 0 Then if « = —a or a = —b,
t“us(o + @, o + b, 20 + a + b; —a23t) t“uz(¢+ o, 2a + a + b; —a”t) and t*ui (2a + a + b; —a2; t),
respectively, are solutions of (2.9- 3) (2.9-2) and (2.9-1) for ap,0 # 0 and ao,1 # 0.

Lemma 5.3. Let the solution of (2.10) for ag,o = 0 and ao1 # 0 be given by uo(a, b, —Zﬁ—ft). Then

the solution of (2.10) for ap.0 # 0 and ao.1 # 0 is given by t ™ uo (@ — ¢, b — ¢, — 22:3¢).

ao,1

Remark 5.2. After (2.16) is obtained, (2.19) is obtained from it by Remark 2.2, and (2.23) is obtained
by putting @ = 0 in (2.19), or from (2.20) by Remark 2.2. When (2.23) is known before (2.19), the
latter is obtained from the former with the aid of Lemma 5.3.

By putting b = 0 and o = —a in Lemma 5.2, we obtain the following lemma.
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Lemma 5.4. Let the condition in Lemma 5.2 be satisfied. Then t~®uz(a — a,b — a, —a; —223¢),

az 2

t™uz(@—a, —a; — 22¢) andt™ “u1 (—a; — 21t) are also solutions of the respective differential equation

az 2 az,2

for apo =0 and ap1 # 0. Y

In [Morita and Sato (2016)], after obtaining ¢_,(t) given in (2.21), ¢o(¢) in (2.21) is obtained by
using this lemma for Equation (2.9-2) for a¢,0 = 0.

6 Conclusion

In the present paper, we express the linear differential equation with polynomial coefficients in terms
of blocks of classified terms, which are defined by (1.7), and by using (1.10) for the equations of the
second order. The equation with only one block is Euler’s differential equation, whose solution is
given in Theorem 1.1. Equation (1.18) expresses the equations with two adjacent blocks. Except
for special values of the coefficients, the solutions of these equations are obtained in the form of the
generalized hypergeometric series as stated in Theorem 2.3. For Equation (1.18) of the second order,
detailed study is presented in Section 2.2. In Section 3, for the differential equation of the second
order, with two blocks which are not adjacent with each other, the solution is shown to be obtained
from the solution of an equation with two adjacent blocks by a change of variable. In Section 4,

comments are given on the solutions involving log ¢.
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