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Abstract 

Fully fuzzy quadratic programming became emerge naturally in numerous real-world applications. Therefore, an 

effective model based on the bound and decomposition method and the separable programming method is 

proposed in this paper for solving Fully Fuzzy Multi-Level Quadratically Constrained Quadratic Programming 

(FFMLQCQP) problem, where the objective function and the constraints are quadratic, also all the coefficients 

and variables of both objective functions and constraints are described fuzzily as fuzzy numbers. The bound and 

decomposition method is recommended to decompose the given (FFMLQCQP) problem into series of crisp 

Quadratically Constrained Quadratic Programming (QCQP) problems with bounded variable constraints for each 

level. Each (QCQP) problem is then solved independently by utilizing the separable programming method, 

which replaces the quadratic separable functions with linear functions. At last, the fuzzy optimal solution to the 

given (FFMLQCQP) problem is obtained. The effectiveness of the proposed model is illustrated through an 

illustrative numerical example. 
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1. Introduction 

The purpose of this introduction is to furnish a brief description of fundamental concepts, and literature survey 

in terms of Fully Fuzzy Multi-Level Quadratically Constrained Quadratic Programming (FFMLQCQP) 

problem. Optimization problems arise constantly in a wide range of fields, which create the requirement of 

viable methods for solving them. In most real-world circumstances, these optimization problems include a lot of 

parameters whose values are allocated by decision makers. However, those values are frequently imprecisely or 

ambiguously known to the decision makers. With this observation in mind, it would be more appropriate to 

represent these parameters as fuzzy number and dealing with them using the concepts of fuzzy set theory, which 

offers the possibility to construct decision models with vague data. [1-3]  

A fuzzy number is a convex fuzzy subset of the arrangement of real number in the sense that it does not 

allude to one single value but rather to a connected set of possible values. The fuzzy programming problems in 

which all the parameters as well as the variables of both objective functions and constraints are represented by 

fuzzy numbers are called Fully Fuzzy Programming (FFP) problems. One of most common (FFP) problems is 

the model in which all fuzzy parameters are described by triangle numbers. [4, 5] 

The conventional optimization approaches are limited by their underlying assumptions of a single 

decision maker (DM) and a single objective function. These approaches become troublesome as the number of 

decision variables increases. First methodology developed to overcome the limitations of these conventional 
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approaches is with the structure of Multi-Objective Programming (MOP). MOP is a mathematical programming 

in which multiple, conflicting objective functions can be presented, and enables the study of inconsistencies 

among the multiple objectives controlled by a single DM. MOP is assumed that no single solution will optimize 

all objectives simultaneously. Instead, there exists a set of preferred solutions.  

MOP overcomes the limitation of a single objective function, but the conventional optimization 

approaches remain limited by the assumption of a single DM. Therefore, it has become an urgent need for 

developing Multi-Level Programming (MLP) techniques with various decision makers as an alternative solution 

methodology to overcome the single DM limitation. MLP techniques are developed to solve decentralized 

planning problems with multiple decision makers in hierarchal organizations, where decisions have interacted 

with each other. 

MLP problems have recently progressively appeared in decentralized management circumstances and 

have become exceedingly complicated, particularly with the improvement of economic integration and in the 

age of big data. Multi-level decision making process is based on two key issues: Firstly, architecting a multi-

level decision model to depict a hierarchical decision making process. For that, the bi-level and tri-level decision 

making models have been presented. Secondly, obtaining an optimal solution to the decision model. For that, 

multi-level decision-making techniques, which are closely related to the economic problem of Stackelberg [6] in 

the field of game theory, have been developed to perceive compromises between the decision makers in a 

hierarchical organization and make their individual decisions in sequence for optimizing their objectives. [7, 8] 

In many optimization problems, the objective function is non-linear function, or one or more 

constraints have non-linear relationship or both. This kind of problems is known as a Non-Linear Programming 

(NLP) problem. Quadratic Programming (QP) problem is one of the essential (NLP) problems of both 

theoretical importance and application interests. Quadratically Constrained Quadratic Programming (QCQP) 

problem generalizes the (QP) problem in that some or all the terms in the constraints are quadratic, 

which include the square of a variable or the product of two variables, instead of linear, in addition to the 

quadratic objective function. [9-11] 

Kumar et al. in [12] proposed a technique to locate the fuzzy optimal solution of Fully Fuzzy Linear 

Programming (FFLP) problems with equality constraints by representing all parameters as triangular fuzzy 

numbers. After that, the ranking function [13] was utilized to change the (FFLP) problem into proportional crisp 

linear programming problem for solving the problem. Ezzati et al. [14] handled an algorithm to solve the (FFLP) 

problem by converting it to a Multi-Objective Linear Programming (MOLP) problem with three objective 

functions. At that point, the lexicographic strategy was used to locate a lexicographic optimal solution of 

(MOLP) problem. Ren developed in [3] a method to deal with the fully fuzzy bi-level linear programming 

problem by applying interval programming method. The membership grade of fuzzy coefficients and variables 

was disintegrated into a limited number of alpha-level sets. Then, the fully fuzzy bi-level linear programming 

problem was transformed into an interval bi-level linear programming problem for every alpha-level set. The 

acquired interval bi-level linear programming problem was converted into two deterministic sub-problems 

which related to the lower and upper bounds of its upper level objective function, which can be solved 

consecutively. In [15] Emam et al. proposed an interactive approach to find the solution of fully fuzzy multi-

level linear programming problem. 
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Emam et al. in [16] tackled a solution for multi-level large-scale quadratic programming problem with 

stochastic parameters in the objective functions. Taylor's series was solidified with the decomposition algorithm 

to transform the quadratic into linear objective function. In [17] Loganathan and Lalitha presented a fuzzy multi-

objective non-linear programming problem. Every one of the coefficients of the non-linear multi-objective 

functions and the constraints were fuzzy numbers. Interval arithmetic based on Alpha-cut was utilized to solve 

the non-linear programming problem. In [18] Youness et al. proposed an algorithm to comprehend Bi-Level 

Multi-Objective Fractional Integer Programming Problem (BLMOFIPP) including fuzzy numbers in the right-

hand side of the constraints. The fuzzy numbers was described by triangle fuzzy membership functions. The 

algorithm consolidated the strategy of Taylor series with the Kuhn Tucker conditions to solve Fuzzy 

(BLMOFIPP), and then cutting-plane technique was used to get the integer solution.  

In [19] Pramy developed a method for solving fuzzy multi-objective linear fractional programming 

problem. All the fuzzy parameters of the problem were converted into crisp multi-objective linear fractional 

programming problem using the graded mean integration representation method [20]. Then, the converted 

problem was transformed into a single objective linear programming problem. Kassa and Tsegay [21] developed 

an algorithm to solve a tri-level quadratic fractional programming problems using fuzzy goal programming 

approach. First, a membership function was constructed to develop a fuzzy model, and reformulate the original 

tri-level problem into a conventional one-level optimization problem. Then, the transformed fractional one-level 

problem was transformed into an equivalent quadratic problem. This final optimization problem was solved to 

get a candidate solution for the original tri-level problem. 

In the majority of the previously mentioned strategies, the (FFP) problem is first transformed into 

approximated single crisp programming problem and afterward the acquired crisp problem is solved to locate 

the optimal solution of the problem. Therefore, the obtained optimal solution is approximate and not accurate, 

which is not reliable solution for the decision maker.  

In this paper, (FFMLQCQP) problem is addressed, where the objective function and the constraints are 

quadratic, also all the coefficients and variables of both objective functions and constraints are expressed as 

fuzzy numbers. The outline of this paper is as follows: In section 2 some important preliminaries that are useful 

in the given (FFMLQCQP) problem are introduced. Section 3 formulates the given (FFMLQCQP) problem. 

Section 4 presents the proposed model for solving the given (FFMLQCQP) problem. A procedure followed by a 

flowchart for the proposed model are suggested in section 5. In section 6, the efficiency of the proposed model 

is showed through an illustrative numerical example. Finally, section 7 finalizes the paper with its conclusion 

and future works. 

 

2. Preliminaries 

In what follows, some principal definitions and notions related to the fuzzy set theory and the basic arithmetic 

operations on fuzzy numbers, which will be used in this paper, are exhibited. 

2.1 Basic Definitions [2] 

Definition 1. a fuzzy set A෩ in universe of discourse X (A෩ ⊂ X) is directly specified by the membership function 

μ୅෩ሺxሻ or indirectly by a set of ordered pairs ൫x, μ୅෩ሺxሻ൯, where μ୅෩ሺxሻ represent the value of the "grade of 

membership" of x in A෩, as follows: 
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                                                        ∀ x ∈ X   |    A෩ ൌ ൛൫x, μ୅෩ሺxሻ൯ൟ.                                                                                (1) 

 

Definition 2. A fuzzy set A෩ is convex if any point located between two other points has a membership degree 

higher than the minimum membership degree of these two points, as follows: 

                          ∀ xଵ, xଶ ∈ X   ,   λ  ∈ ሾ0,1ሿ  |  μ୅෩ሺλxଵ ൅ ሺ1 െ λሻxଶሻ ൒ minሺ μ୅෩ሺxଵሻ, μ୅෩ሺxଶሻሻ.                                     (2)  

Definition 3. A fuzzy set A෩ is said to be normalized if its height (Hgt (A෩), the maximum membership degree) is 

unity, i.e., at least one element of X has a membership degree equal to one, as follows: 

                                                            ∀ x ∈ X   |    μ୅෩ሺxሻ ൌ Hgt ൫A෩൯ ൌ 1.                                                                     (3) 
 

Definition 4. A fuzzy number A෩  is a convex fuzzy set which has a normalized and continuous membership 

function. The membership function of a fuzzy number A෩  has the following properties: 

1. μ୅෩ሺxሻ is upper semi-continuous. 

2. μ୅෩ሺxሻ ൌ 0 outside of the interval [c, d]. 

3. There are real numbers a and b, such that  c ൑ a ൑ b ൑ d and: 

3.1 μ୅෩ሺxሻ is monotone increasing on the interval [c, a]. 

3.2 μ୅෩ሺxሻ is monotone decreasing on the interval [b, d]. 

3.3 μ୅෩ሺxሻ= 1 for each x ∈ [a, b]. 
 

 

Definition 5. A fuzzy set A෩  over X, is called triangular fuzzy number with a unique maximizing point a, left 

width α > 0 and right width β > 0, if its membership function has the following form: 

                                 μ୅෩ሺxሻ ൌ

ە
ۖ
۔

ۖ
ۓ 1 െ 

ୟି୶

஑ 
                    if  a െ α  ൑ x ൏ ܽ

         1                          if  x ൌ a                    

    1 െ 
୶ିୟ

ஒ
                    if  a ൏ ݔ ൑ ܽ ൅      ߚ

 0                                    otherwise ۙ
ۖ
ۘ

ۖ
ۗ

.                                                                           (4) 

 

2.2 Fuzzy Arithmetic Operations [22] 

Let A෩ ൌ ሺaଵ, aଶ, aଷሻ and B෩ ൌ ሺbଵ, bଶ, bଷሻ are two triangular fuzzy numbers, and k is any real number, then the 

arithmetic operations between these two triangular fuzzy numbers are presented as follows: 

 

Definition 6.    A෩  and  B෩ are said to be equal if and only if aଵ ൌ bଵ, aଶ ൌ bଶ  and   aଷ ൌ bଷ. 

Definition 7.    kA෩ ൌ kሺaଵ, aଶ, aଷሻ ൌ ሺkaଵ, kaଶ, kaଷሻ,   for k ൒ 0. 

Definition 8.    kA෩ ൌ kሺaଵ, aଶ, aଷሻ ൌ ሺkaଷ, kaଶ, kaଵሻ,   for k ൏ 0. 

Definition 9.    A෩ ⊕ B෩ ൌ ሺaଵ, aଶ, aଷሻ ⊕ ሺbଵ, bଶ, bଷሻ ൌ ሺaଵ ൅ bଵ, aଶ ൅ bଶ, aଷ ൅ bଷሻ. 

Definition 10.  A෩ ⊖ B෩ ൌ ሺaଵ, aଶ, aଷሻ ⊝ ሺbଵ, bଶ, bଷሻ ൌ ሺaଵ െ bଷ, aଶ െ bଶ, aଷ െ bଵሻ. 

Definition 11.  A෩ ⊗ B෩ ൌ ቐ

ሺaଵbଵ, aଶbଶ, aଷbଷሻ                        if aଵ ൒ 0

       ሺaଵbଷ, aଶbଶ, aଷbଷሻ             if  aଵ ൏  0, aଷ ൒ 0 
ሺaଵbଷ, aଶbଶ, aଷbଵሻ                        if aଷ ൏ 0

ቑ. 
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3. Fully Fuzzy Multi-Level Quadratically Constrained Quadratic Programming (FFMLQCQP) 

Problem 

Let F෨୧: R
m → R, (i = 1, 2, …, n) are the fully fuzzy first level objective function, second level objective function 

and nth level objective function, respectively. x෤ are fuzzy decision variables indicating the control of each level 

decision maker. In this manner, the first level decision maker (FLDM) has control over the variable x෤ଵ, the 

second level decision maker (SLDM) has control over the variable x෤ଶ, and so on. (C෨୧୨, A෩୦୨) where ሺi  ൌ

 1, 2, … , nሻ, ሺj ൌ 1, 2, … ,mሻ, ሺh ൌ 1, 2, … , oሻ, are fuzzy real numbers, which describing the coefficients of the 

linear terms. (L෨୧୩୨, Q෩୦୩୨) where ሺi  ൌ  1, 2, … , nሻ, ሺk ൌ 1, 2, … ,mሻ, ሺj ൌ 1, 2, … ,mሻ, ሺh ൌ 1, 2, … , oሻ, are fuzzy 

real matrices, which describing the coefficients of the quadratic terms. G෩ is a fully fuzzy quadratically constraint 

set, where b෨୦ ሺh ൌ 1, 2, … , oሻ is a fuzzy vector of right hand sides of constraints. Accordingly, the formulation 

of the (FFMLQCQP) problem can be considered as follows: 

[FLDM]  
    Max   F෨ଵሺx෤ሻ ൌ ∑ C෨ଵ୨

୫
୨ୀଵ ⊗ x෤୨⨁ 

ଵ

ଶ
 ∑  ∑ x෤୩

୫
୩ୀଵ

୫
୨ୀଵ ⊗ L෨ଵ୩୨  ⊗ x෤୨,                                                                              ሺ5. aሻ  

 ෤૚ܠ
,෤૛ܠ   ܍ܚ܍ܐܟ ,෤૜ܠ … ,   ;ܛ܍ܞܔܗܛ    ܕ෤ܠ

 

[SLDM] 
Max   F෨ଶሺx෤ሻ ൌ ∑ C෨ଶ୨

୫
୨ୀଵ ⊗ x෤୨⨁ 

ଵ

ଶ
 ∑  ∑ x෤୩

୫
୩ୀଵ

୫
୨ୀଵ ⊗ L෨ଶ୩୨  ⊗ x෤୨,                                                                            ሺ5. bሻ  

 ෤૛ܠ
…,෤૜ܠ   ܍ܚ܍ܐܟ ,   ;ܛ܍ܞܔܗܛ    ܕ෤ܠ

 

…                                                                            

[nth LDM] 
Max   F෨୬ሺx෤ሻ ൌ ∑ C෨୬୨

୫
୨ୀଵ ⊗ x෤୨⨁ 

ଵ

ଶ
 ∑  ∑ x෤୩

୫
୩ୀଵ

୫
୨ୀଵ ⊗ L෨୬୩୨  ⊗ x෤୨,                                                                            ሺ5. cሻ  

 ܖ෤ܠ
,ା૚ܖ෤ܠ   ܍ܚ܍ܐܟ … ,   ;ܛ܍ܞܔܗܛ    ܕ෤ܠ
 

  Subject to:  
x෤୨ ∈  G෩    ሺj ൌ 1, 2, … ,mሻ,                                                                                                                               ሺ5.dሻ    

 

 

Where          

(QCQP)              G෩ ൌ ሼ ∑ A෩୦୨
୫
୨ୀଵ ⊗ x෤୨⨁ 

ଵ

ଶ
 ∑  ∑ x෤୩

୫
୩ୀଵ

୫
୨ୀଵ ⊗ Q෩୦୩୨  ⊗ x෤୨ ൑ b෨୦      ሺh ൌ 1, 2, … , oሻ, 

          x෤୨ ൒ 0  ሺj ൌ 1, 2, … ,mሻ.  ሽ                                                                              
 
 

Definition 12. If x෤∗∈ Rm is a feasible solution for the (FFMLQCQP) problem (5.a) - (5.d); no other feasible 

solution x෤୨∈ G෩ exists, where ሺj ൌ 1, 2, … ,mሻ, such that F෨ i(x෤∗) ≤ F෨ i(x෤); so x෤∗ is the optimal solution for the 

(FFMLQCQP) problem.   

 

4. A Proposed Model for Finding the Fuzzy Optimal Solution of (FFMLQCQP) Problem 

In what follows, a practical model is proposed for overcoming the intricacy of the (FFMLQCQP) problem using 

the bound and decomposition method [23, 24], and afterwards locating the fuzzy optimal solution for the given 

problem using the separable programming method [25, 26]. 
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4.1 Bound and Decomposition Method 

In the proposed model, the bound and decomposition method [23, 24] is used to decompose the (FFMLQCQP) 

problem into three crisps (QCQP) issues with bounded variable constraints for each level.  

Firstly, all the fuzzy parameters and the fuzzy variables of both objective functions and constraints 

for each level ሺF෨୧, x෤୨, x෤୩, C෨୧୨, A෩୦୨, L෨୧୩୨, Q෩୦୩୨ and b෨୦) are represented by the following triangular fuzzy numbers 

ሺZଵ୧, Zଶ୧, Zଷ୧ሻ, ൫x୨, y୨, t୨൯, ሺx୩, y୩, t୩ሻ, ൫ς୧୨
ଵ , ς୧୨

ଶ , ς୧୨
ଷ൯, ൫γ୦୨

ଵ , γ୦୨
ଶ , γ୦୨

ଷ ൯, ൫ζ୧୩୨
ଵ , ζ୧୩୨

ଶ , ζ୧୩୨
ଷ ൯, ൫φ୦୩୨

ଵ , φ୦୩୨
ଶ , φ୦୩୨

ଷ ൯andሺβ୦
ଵ, β୦

ଶ, β୦
ଷሻH

ence, the given (FFMLQCQP) problem can be reformulated as follows: 

   

[ith LDM]      where (i = 1, 2, …, n) 
 

Max   ሺZଵ୧, Zଶ୧, Zଷ୧ሻሺx, y, tሻ 
ሺܑܠ, ,ܑܡ  ሻܑܜ

 

            ൌ ∑ ൫ς୧୨
ଵ , ς୧୨

ଶ, ς୧୨
ଷ൯୫

୨ୀଵ ⊗ ൫x୨, y୨, t୨൯⨁ 
ଵ

ଶ
 ∑  ∑ ሺx୩, y୩, t୩ሻ

୫
୩ୀଵ

୫
୨ୀଵ ⊗ ൫ζ୧୩୨

ଵ , ζ୧୩୨
ଶ , ζ୧୩୨

ଷ ൯  ⊗ ൫x୨, y୨, t୨൯,                       (6.aሻ    
 

,ܒܠ൫  ܍ܚ܍ܐܟ ,ܒܡ ܒ ሺ     ,ܛ܍ܞܔܗܛ ൯ܒܜ ൌ ܑ ൅ ૚,…   ;ሻܕ,

 
 

Subject to:  
 

         ൫x୨, y୨, t୨൯ ∈  G    ሺj ൌ 1, 2, … ,mሻ,                                                                                                                                                 ሺ6.bሻ 
       

     Where          

 

(QCQP)   

            G ൌ ሼ    ∑ ൫γ୦୨
ଵ , γ୦୨

ଶ , γ୦୨
ଷ ൯୫

୨ୀଵ ⊗ ൫x୨, y୨, t୨൯⨁ 
ଵ

ଶ
 ∑  ∑ ሺx୩, y୩, t୩ሻ

୫
୩ୀଵ

୫
୨ୀଵ ⊗ ൫φ୦୩୨

ଵ , φ୦୩୨
ଶ , φ୦୩୨

ଷ ൯ ⊗ ൫x୨, y୨, t୨൯ 

                                                      ൑ ሺβ୦
ଵ, β୦

ଶ, β୦
ଷሻ              ሺh ൌ 1, 2, … , oሻ, 

 

           ൫x୨, y୨, t୨൯ ൒ 0  ሺj ൌ 1, 2, … ,mሻ.  ሽ                                                                              
 

Since ൫x୨, y୨, t୨൯ is a triangular fuzzy number, then x୨ ൑ y୨ ൑ t୨ ሺj ൌ 1, 2,… ,mሻ. The above relation 

is called bounded variable constraints. From the definitions of the fuzzy arithmetic operations, which are 

presented in sub-section 2.2, the above problem (6.a), (6.b) can be converted into three crisp (QCQP) problems 

with bounded variable constraints for each level, called Middle, Upper and Lower Multi-Level (QCQP) 

((MMLQCQP), (UMLQCQP) and (LMLQCQP) respectively), as follows: 

[ith LDM]      where (i = 1, 2, …, n) 
 
 

(MMLQCQP) Problem: 
 

Max   Zଶ୧ሺyሻ ൌ ∑ ς୧୨
ଶ୫

୨ୀଵ  y୨ ൅ 
ଵ

ଶ
 ∑  ∑ y୩

୫
୩ୀଵ

୫
୨ୀଵ  ζ୧୩୨

ଶ  y୨,                                                                                              ሺ7. aሻ  
 ܑܡ    

 

ܒ ሺ     ,ܛ܍ܞܔܗܛ ܒܡ  ܍ܚ܍ܐܟ ൌ ܑ ൅ ૚,…   ;ሻܕ,
 

Subject to:  
 

          y୨ ∈  G୑       ሺj ൌ 1, 2, … ,mሻ,                                                                                 ሾ                                                                                                                    ሺ7.bሻ 
 

     Where          

(QCQP)              G୑  ൌ ሼ   ∑ γ୦୨
ଶ୫

୨ୀଵ  y୨ ൅ 
ଵ

ଶ
 ∑  ∑ y୩

୫
୩ୀଵ

୫
୨ୀଵ  φ୦୩୨

ଶ  y୨ ൑ β୦
ଶ     ሺh ൌ 1, 2, … , oሻ, 

                       y୨ ൒ 0     ሺj ൌ 1, 2, … ,mሻ.  ሽ                                                                              
 

(UMLQCQP) Problem: 
 

Max   Zଷ୧ሺtሻ ൌ ∑ ς୧୨
ଷ୫

୨ୀଵ  t୨ ൅  
ଵ

ଶ
 ∑  ∑ t୩

୫
୩ୀଵ

୫
୨ୀଵ  ζ୧୩୨

ଷ   t୨,                                                                                                ሺ8. aሻ  
 ܑܜ

ܒ ሺ     ,ܛ܍ܞܔܗܛ ܒܜ  ܍ܚ܍ܐܟ ൌ ܑ ൅ ૚,…   ;ሻܕ,
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Subject to:  
          t୨ ∈  G୙       ሺj ൌ 1, 2, … ,mሻ,                                                                                                                                                                                   ሺ8.bሻ 

 

     Where          

(QCQP)              G୙  ൌ ሼ     ∑ γ୦୨
ଷ୫

୨ୀଵ  t୨ ൅  
ଵ

ଶ
 ∑  ∑ t୩

୫
୩ୀଵ

୫
୨ୀଵ  φ୦୩୨

ଷ  t୨ ൑ β୦
ଷ     ሺh ൌ 1, 2, … , oሻ, 

∑ ς୧୨
ଷ୫

୨ୀଵ  t୨ ൅  
ଵ

ଶ
 ∑  ∑ t୩

୫
୩ୀଵ

୫
୨ୀଵ  ζ୧୩୨

ଷ   t୨ ൒ Zଶ୧
∗,  

t୨ ൒ y୨     ሺj ൌ 1, 2, … ,mሻ, 
t୨ ൒ 0      ሺj ൌ 1, 2, … ,mሻ.  ሽ 

 
(LMLQCQP) Problem: 
 

Max   Zଵ୧ሺxሻ ൌ ∑ ς୧୨
ଵ୫

୨ୀଵ  x୨ ൅ 
ଵ

ଶ
 ∑  ∑ x୩

୫
୩ୀଵ

୫
୨ୀଵ  ζ୧୩୨

ଵ   x୨,                                                                                             ሺ9. aሻ  
 ܑܠ

ܒ ሺ     ,ܛ܍ܞܔܗܛ ܒܠ  ܍ܚ܍ܐܟ ൌ ܑ ൅ ૚,…   ;ሻܕ,
 

Subject to:  
 

          x୨ ∈  G୐       ሺj ൌ 1, 2, … ,mሻ,                                                                                                                                               ሺ9.bሻ 
 

     Where          

(QCQP)              G୐  ൌ ሼ     ∑ γ୦୨
ଵ୫

୨ୀଵ  x୨ ൅ 
ଵ

ଶ
 ∑  ∑ x୩

୫
୩ୀଵ

୫
୨ୀଵ  φ୦୩୨

ଵ  x୨ ൑ β୦
ଵ     ሺh ൌ 1, 2, … , oሻ, 

∑ ς୧୨
ଵ୫

୨ୀଵ  x୨ ൅ 
ଵ

ଶ
 ∑  ∑ x୩

୫
୩ୀଵ

୫
୨ୀଵ  ζ୧୩୨

ଵ   x୨ ൑ Zଶ୧
∗,  

x୨ ൑ y୨     ሺj ൌ 1, 2, … ,mሻ, 
x୨ ൒ 0      ሺj ൌ 1, 2, … ,mሻ.  ሽ                                       
                          

4.2 Separable Programming Method 

Separable programming method [25, 26] deals with (QCQP) problems in which both the quadratic objective 

functions and the quadratic constraints are separable functions. A separable function is a function where each 

term includes just a single variable. Some quadratic functions are not directly separable but can be made 

detachable by appropriate substitutions. Therefore, each quadratic objective function and quadratic constraint 

can be expressed as a combination of separable tasks with individual variables. After that, each of these 

separable functions with individual variables can be approximated as nearly as possible to a linear function with 

a more substantial number of variables. At last, the optimal solution to the (QCQP) problem can be obtained. 

Consider the constructed three crisp (QCQP) problems in sub-section 4.1, which are called 

(MMLQCQP) (7.a), (7.b), (UMLQCQP) (8.a), (8.b) and (LMLQCQP) (9.a), (9.b) problems. At that point, each 

quadratic objective function ሺZଵ୧ሺxሻ, Zଶ୧ሺyሻ and Zଷ୧ሺtሻሻ is expressed as a combination of separable functions 

with individual variables ሺfଵ୧୵ሺx୵ሻ, fଶ୧୵ሺy୵ሻ and fଷ୧୵ሺt୵ሻሻ where ሺw ൌ 1, 2, … , θሻ, and each quadratic 

constraint Gሺx, y, tሻ as a combination of separable constraints ሺgଵ୵
ୢ ሺx୵ሻ, gଶ୵

ୢ ሺy୵ሻ and gଷ୵
ୢ ሺt୵ሻሻ where ሺd ൌ

1, 2, … , Dሻ. 

Assume that ሺa୧ୱ୵
ଵ ,  a୧ୱ୵

ଶ  and a୧ୱ୵
ଷ ሻ where ሺs ൌ 0, 1, 2, … , S୵ሻ be the breaking points of each 

separable function ሺfଵ୧୵ሺx୵ሻ, fଶ୧୵ሺy୵ሻ and fଷ୧୵ሺt୵ሻሻ. ሺxୱ୵,  yୱ୵ and tୱ୵ሻ are a new variables, which 

representing the increment of each variable ሺx୵, y୵ and t୵ሻin the range 

ሺ൫a୧ሺୱିଵ,୵ሻ
ଵ , a୧ୱ୵

ଵ ൯, ൫a୧ሺୱିଵ,୵ሻ
ଶ , a୧ୱ୵

ଶ ൯, ൫a୧ሺୱିଵ,୵ሻ
ଷ , a୧ୱ୵

ଷ ൯ሻ. ሺρ୧ୱ୵
ଵ ,  ρ୧ୱ୵

ଶ  and ρ୧ୱ୵
ଷ ሻ is the slope of the line segment 

corresponding to the separable functions (fଵ୧୵ሺx୵ሻ, fଶ୧୵ሺy୵ሻ and fଷ୧୵ሺt୵ሻሻ in the same 

range. ሺρୱ୵
ଵୢ ,  ρୱ୵

ଶୢ  and ρୱ୵
ଷୢ ሻ Is the slope of the line segment corresponding to the separable constraints ሺgଵ୵

ୢ ሺx୵ሻ,

gଶ୵
ୢ ሺy୵ሻ and gଷ୵

ୢ ሺt୵ሻሻ. As a result, the approximated linear forms of the constructed three crisp (QCQP) 

problems (MMLQCQP), (UMLQCQP) and (LMLQCQP) problems can be stated as: 



-8- 

[ith LDM]      where (i = 1, 2, …, n) 
 
 

(MMLQCQP) Problem: 
 

Max   Zଶ୧ሺyሻ ൌ ∑  fଶ୧୵ሺy୵ሻ
஘
୵ୀଵ ,                                                                                                                                ሺ10. aሻ  

 ܑܡ
ܒ ሺ     ,ܛ܍ܞܔܗܛ ܒܡ  ܍ܚ܍ܐܟ ൌ ܑ ൅ ૚,…   ;ሻܕ,

 

Subject to:                                                                                                                                               ሺ10.bሻ 
        

                 ∑   gଶ୵
ୢ ሺy୵ሻ

஘
୵ୀଵ ൑ β୦

ଶ                      ሺd ൌ 1, 2, … , Dሻ        ሺh ൌ 1, 2, … , oሻ,    
 

                 y୵ ൒ 0     ሺw ൌ 1, 2, … , θሻ.                                        
 

Where: 
 

fଶ୧୵ሺy୵ሻ ൌ ∑   ρ୧ୱ୵
ଶ  yୱ୵ 

ୗ౭
ୱୀଵ                        ሺw ൌ 1, 2, … , θሻ,      

 

ρ୧ୱ୵
ଶ ൌ

୤మ౟౭൫ୟ౟౩౭
మ ൯ି୤మ౟౭ቀୟ౟ሺ౩షభ,౭ሻ

మ ቁ

ୟ౟౩౭
మ ିୟ౟ሺ౩షభ,౭ሻ

మ                   ሺs ൌ 0, 1, 2, … , S୵ሻ    ሺw ൌ 1, 2, … , θሻ, 
 

gଶ୵
ୢ ሺy୵ሻ ൌ ∑   ρୱ୵

ଶୢ  yୱ୵                         ሺw ൌ 1, 2, … , θሻ         ሺd ൌ 1, 2, … , Dሻ,
ୗ౭
ୱୀଵ       

 

ρୱ୵
ଶୢ ൌ

gଶ୵
ୢ ሺa୧ୱ୵

ଶ ሻ െ gଶ୵
ୢ ൫a୧ሺୱିଵ,୵ሻ

ଶ ൯

a୧ୱ୵
ଶ െ a୧ሺୱିଵ,୵ሻ

ଶ          ሺs ൌ 0, 1, 2, … , S୵ሻ    ሺw ൌ 1, 2, … , θሻ    ሺd ൌ 1, 2, … , Dሻ,    

0 ൑ yୱ୵ ൑ a୧ୱ୵
ଶ െ a୧ሺୱିଵ,୵ሻ

ଶ                         ሺs ൌ 0, 1, 2,… , S୵ሻ    ሺw ൌ 1, 2, … , θሻ,           
 

y୵ ൌ ∑  yୱ୵ 
ୗ౭
ୱୀଵ                                             ሺw ൌ 1, 2, … , θሻ. 

 

(UMLQCQP) Problem: 
 

Max   Zଷ୧ሺtሻ ൌ ∑  fଷ୧୵ሺt୵ሻ
஘
୵ୀଵ ,                                                                                                                                 ሺ11. aሻ  

 ܑܜ
ܒ ሺ     ,ܛ܍ܞܔܗܛ ܒܜ  ܍ܚ܍ܐܟ ൌ ܑ ൅ ૚,…   ;ሻܕ,

 
Subject to:                                                                                                                                                                ሺ11.bሻ 

        

                    ∑   gଷ୵
ୢ ሺt୵ሻ

஘
୵ୀଵ ൑ β୦

ଷ                      ሺd ൌ 1, 2, … , Dሻ        ሺh ൌ 1, 2, … , oሻ,    
 

∑   fଷ୧୵ሺt୵ሻ
஘
୵ୀଵ ൒ Zଶ୧

∗,   
 

t୵ ൒ y୵    ሺw ൌ 1, 2, … , θሻ, 
 

t୵ ൒ 0       ሺw ൌ 1, 2, … , θሻ.                                      
 

Where: 
fଷ୧୵ሺt୵ሻ ൌ ∑   ρ୧ୱ୵

ଷ  tୱ୵ 
ୗ౭
ୱୀଵ                          ሺw ൌ 1, 2, … , θሻ,      

 

ρ୧ୱ୵
ଷ ൌ

୤య౟౭൫ୟ౟౩౭
య ൯ି୤య౟౭ቀୟ౟ሺ౩షభ,౭ሻ

య ቁ

ୟ౟౩౭
య ିୟ౟ሺ౩షభ,౭ሻ

య                    ሺs ൌ 0, 1, 2, … , S୵ሻ    ሺw ൌ 1, 2, … , θሻ, 
 

gଷ୵
ୢ ሺt୵ሻ ൌ ∑   ρୱ୵

ଷୢ  tୱ୵                           ሺw ൌ 1, 2, … , θሻ         ሺd ൌ 1, 2, … , Dሻ,
ୗ౭
ୱୀଵ     

 

ρୱ୵
ଷୢ ൌ

gଷ୵
ୢ ሺa୧ୱ୵

ଷ ሻ െ gଷ୵
ୢ ൫a୧ሺୱିଵ,୵ሻ

ଷ ൯

a୧ୱ୵
ଷ െ a୧ሺୱିଵ,୵ሻ

ଷ           ሺs ൌ 0, 1, 2, … , S୵ሻ    ሺw ൌ 1, 2, … , θሻ   ሺd ൌ 1, 2, … , Dሻ,    

0 ൑ tୱ୵ ൑ a୧ୱ୵
ଷ െ a୧ሺୱିଵ,୵ሻ

ଷ                          ሺs ൌ  0, 1, 2, … , S୵ሻ    ሺw ൌ 1, 2, … , θሻ,           

t୵ ൌ ∑  tୱ୵ 
ୗ౭
ୱୀଵ                                               ሺw ൌ 1, 2,… , θሻ, 

 

y୵ ൌ ∑  yୱ୵ 
ୗ౭
ୱୀଵ                                              ሺw ൌ 1, 2, … , θሻ. 

 

(LMLQCQP) Problem: 
 

Max   Zଵ୧ሺxሻ ൌ ∑  fଵ୧୵ሺx୵ሻ
஘
୵ୀଵ ,                                                                                                                                ሺ12. aሻ  

 ܑܠ
ܒ ሺ     ,ܛ܍ܞܔܗܛ ܒܠ  ܍ܚ܍ܐܟ ൌ ܑ ൅ ૚,…   ;ሻܕ,

 

Subject to:                                                                                                                                                  ሺ12.bሻ 
        

                   ∑   gଵ୵
ୢ ሺx୵ሻ

஘
୵ୀଵ ൑ β୦

ଵ                      ሺd ൌ 1, 2, … , Dሻ         ሺh ൌ 1, 2, … , oሻ,    
 

∑   fଵ୧୵ሺx୵ሻ
஘
୵ୀଵ ൑ Zଶ୧

∗,   
 

x୵ ൑ y୵    ሺw ൌ 1, 2, … , θሻ, 
x୵ ൒ 0       ሺw ൌ 1, 2, … , θሻ.                                      

ሺ
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Where: 
fଵ୧୵ሺx୵ሻ ൌ ∑   ρ୧ୱ୵

ଵ  xୱ୵ 
ୗ౭
ୱୀଵ                         ሺw ൌ 1, 2, … , θሻ,      

 

ρ୧ୱ୵
ଵ ൌ

୤భ౟౭൫ୟ౟౩౭
భ ൯ି୤భ౟౭ቀୟ౟ሺ౩షభ,౭ሻ

భ ቁ

ୟ౟౩౭
భ ିୟ౟ሺ౩షభ,౭ሻ

భ                    ሺs ൌ  0, 1, 2,… , S୵ሻ   ሺw ൌ 1, 2, … , θሻ, 
 

gଵ୵
ୢ ሺx୵ሻ ൌ ∑   ρୱ୵

ଵୢ  xୱ୵                          ሺw ൌ 1, 2,… , θሻ          ሺd ൌ 1, 2, … , Dሻ,
ୗ౭
ୱୀଵ     

 

ρୱ୵
ଵୢ ൌ

gଵ୵
ୢ ሺa୧ୱ୵

ଵ ሻ െ gଵ୵
ୢ ൫a୧ሺୱିଵ,୵ሻ

ଵ ൯

a୧ୱ୵
ଵ െ a୧ሺୱିଵ,୵ሻ

ଵ           ሺs ൌ  0, 1, 2, … , S୵ሻ    ሺw ൌ 1, 2, … , θሻ   ሺd ൌ 1, 2, … , Dሻ,    

0 ൑ xୱ୵ ൑ a୧ୱ୵
ଵ െ a୧ሺୱିଵ,୵ሻ

ଵ                         ሺs ൌ  0, 1, 2, … , S୵ሻ    ሺw ൌ 1, 2, … , θሻ,           

x୵ ൌ ∑  xୱ୵ 
ୗ౭
ୱୀଵ                                             ሺw ൌ 1, 2, … , θሻ, 

y୵ ൌ ∑  yୱ୵ 
ୗ౭
ୱୀଵ                                             ሺw ൌ 1, 2, … , θሻ. 

 

 

Accordingly, if the previously mentioned approximated linear forms of the constructed three crisp 

(QCQP) problems are solvable, then the given (FFMLQCQP) problem is solvable, and the fuzzy optimal 

solution to the given problem can be obtained. 

 

5. A Procedure for Finding the  Fuzzy Optimal Solution of (FFMLQCQP) Problem 

The solution procedure of the proposed model for solving the given (FFMLQCQP) problem can be summarised 

in the following steps:  

Step 1. Formulate the (FFMLQCQP) problem (Problem (5.a) - (5.d)). 

Step 2. Set i=1, which indicating the ith level decision maker (with LDM). 

Step 3. Formulate the ith LDM programming problem. 

Step 4. If the ith LDM obtains the optimal solution then go to Step 20, otherwise, go to Step 5. 

Step 5. All the fuzzy parameters and variables of both objective functions and constraints for ith LDM are 

represented by the triangular fuzzy numbers, as problem (6.a), (6.b). 

Step 6. Based on the fuzzy arithmetic operations and the bound and decomposition method [23, 24], the 

fully fuzzy (QCQP) problem for ith LDM is decomposed into three crisps (QCQP) difficulties for ith 

LDM, called Middle (7.a), (7.b), Upper (8.a), (8.b) and Lower (9.a), (9.b) with Level (QCQP) 

problems. 

Step 7. Formulate the Middle ith Level (QCQP) problem (Problem (7.a), (7.b)). 

Step 8. Convert the non-separable quadratic objective functions and quadratic constraints into separable 

forms using appropriate arithmetic substitutions. 

Step 9. Express the quadratic objective function and each quadratic constraint as a combination of separable 

tasks with individual variables. 

Step 10. Define the breaking points of each separable function estimated from the bounded variable 

constraints, and the increment of each variable based on the breaking points, which introducing new 

variables. 

Step 11. Compute the slope of the line segment corresponding to each separable function. 
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Step 12. Each of these separable functions is approximated to a linear function with a combination of larger 

number of variables, as illustrated in problems (10.a) - (10.c), (11.a) - (11.c) and (12.a) - (12.c). 

Step 13. Solve the resulting linear programming problem for obtaining the individual optimal solution of the 

decomposed with Level (QCQP) problem. 

Step 14. If the individual optimal solution of the Upper with Level (QCQP) problem is obtained, then go to 

Step 17, otherwise go to Step 15. 

Step 15. All variables in the objective function and constraints of the Upper with Level (QCQP) problem 

must satisfy the bounded variable constraints, a problem (8.a), (8.b). 

Step 16. Formulate the Upper with Level (QCQP) problem, then go to Step 8. 

Step 17. If the individual optimal solution of the Lower ith Level (QCQP) problem is obtained, then go to 

Step 4, otherwise go to Step 18. 

Step 18. All variables in the objective function and constraints of the Lower ith Level (QCQP) problem must 

satisfy the bounded variable constraints, as problem (9.a), (9.b). 

Step 19. Formulate the Lower ith Level (QCQP) problem, then go to Step 8. 

Step 20. If i=n, then go to Step 23, otherwise go to step 21. 

Step 21. Set i=i+1. 

Step 22. The ith LDM defines his/her problem in point of view of the (i-1)th LDMs (upper-level decision 

makers) by setting the controlled variables of the (i-1)th LDMs to the ith LDM constraints, then go to 

Step 4. 

Step 23. The fuzzy optimal solution of the (FFMLQCQP) problsem is obtained. 

Step 24. Stop. 

 

Figure (1) illustrates a flowchart to describe the procedure of the proposed model for solving the 

proposed (FFMLQCQP) problem.  

 



 

Fig 1: A flowchart for the proposed procedure 
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6. Numerical Example 

In this section, the proficiency of the proposed model is illustrated through the following illustrative numerical 

example for solving the given (FFMLQCQP) problem. 

[FLDM]  

Max   F෨ଵሺx෤ሻ ൌ ሺ ሺ7,10,15ሻ ⨂ x෤ଵ ⨁ ሺ2,4,6ሻ ⨂ x෤ଶ ⨁ ሺ3,5,9ሻ ⨂ x෤ଷ ⨁  ሺx෤ଵ, x෤ଶሻ ⨂ ൬
ሺ8,12,17ሻ    ሺ2,6,7ሻ
ሺ1,1,3ሻ    ሺ1,2,4ሻ

൰ ⨂ ൬
x෤ଵ
x෤ଶ
൰ሻ, 

   x෤ଵ                   
where   x෤ଶ, x෤ଷ   solves;  

 
[SLDM] 
Max   F෨ଶሺx෤ሻ

ൌ ሺ ሺ4,5,8ሻ ⨂ x෤ଵ⨁ ሺ12,16,19ሻ ⨂ x෤ଶ⨁ ሺ7,9,11ሻ ⨂ x෤ଷ ⨁  ሺx෤ଶ, x෤ଷሻ ⨂ ൬
 ሺ8,9,11ሻ    ሺ0,4,5ሻ
ሺ0,2,3ሻ    ሺ0,0,0ሻ

൰ ⨂ ൬
x෤ଶ
x෤ଷ
൰ሻ , 

   x෤ଶ                   
where   x෤ଷ   solves;  

 
[TLDM] 
Max   F෨ଷሺx෤ሻ

ൌ ሺ ሺ7,8,14ሻ ⨂ x෤ଵ ⨁ ሺ4,9,9ሻ ⨂ x෤ଶ ⨁ ሺ13,18,20ሻ ⨂ x෤ଷ⨁  ሺx෤ଵ, x෤ଷሻ ⨂ ൬
ሺ1,2,6ሻ    ሺ0,1,3ሻ
ሺ3,4,4ሻ    ሺ9,10,14ሻ

൰ ⨂ ൬
x෤ଵ
x෤ଷ
൰ሻ, 

    x෤ଷ                   

 
Subject to:    
 
(QCQP)       ሺ1,3,6ሻ ⨂ x෤ଵ ⨁ ሺ5,7,10ሻ ⨂ x෤ଶ ⨁ ሺ2,5,9ሻ ⨂ x෤ଷ ⨂ x෤ଷ ൑ ሺ35,60,85ሻ, 

 
ሺ2,10,12ሻ⨂ x෤ଵ ⨁ ሺ2,3,5ሻ ⨂ x෤ଶ ⨁ ሺ6,6,11ሻ ⨂ x෤ଷ  ൑ ሺ10,18,39ሻ , 
 

ሺ3,4,7ሻ ⨂ x෤ଵ  ⨁ ሺx෤ଵ, x෤ଶሻ ⨂ ൬
ሺ5,6,7ሻ    ሺ0,2,4ሻ
ሺ0,1,2ሻ    ሺ1 ,3,3ሻ

൰ ⨂ ൬
x෤ଵ
x෤ଶ
൰   ൑ ሺ40,70,115ሻ, 

 
x෤ଵ, x෤ଶ, x෤ଷ  ൒ 0. 

 

1. [FLDM]  
Assume x෤ଵ  ൌ ሺxଵ, yଵ, tଵሻ, x෤ଶ ൌ ሺxଶ, yଶ, tଶሻ, x෤ଷ  ൌ ሺxଷ, yଷ, tଷሻ, F෨ଵ ൌ ሺZଵଵ, Zଶଵ, Zଷଵሻ. Therefore, the 

Fully Fuzzy (QCQP) problem of the FLDM is reformulated as follows: 
 

Max   ሺZଵଵ, Zଶଵ, Zଷଵሻሺx, y, tሻ ൌ ሺሺ7,10,15ሻ ⨂ ሺxଵ, yଵ, tଵሻ ⨁ ሺ2,4,6ሻ⨂ ሺxଶ, yଶ, tଶሻ ⨁ ሺ3,5,9ሻ ⨂ ሺxଷ, yଷ, tଷሻ ⨁ 
 xଵ, yଵ, tଵ                   

                                                       ሺሺxଵ, yଵ, tଵሻ, ሺxଶ, yଶ, tଶሻሻ ⨂ ൬
ሺ8,12,17ሻ    ሺ2,6,7ሻ
ሺ1,1,3ሻ    ሺ1,2,4ሻ

൰ ⨂ ൬
 ሺxଵ, yଵ, tଵሻ
ሺxଶ, yଶ, tଶሻ

൰ሻ, 

where  xଶ, xଷ, yଶ, yଷ, tଶ, tଷ   solves;  
 

Subject to:    
 

(QCQP)    ሺ1,3,6ሻ ⨂ ሺxଵ, yଵ, tଵሻ⨁ ሺ5,7,10ሻ ⨂ ሺxଶ, yଶ, tଶሻ ⨁ ሺ2,5,9ሻ ⨂  ሺxଷ, yଷ, tଷሻ ⨂  ሺxଷ, yଷ, tଷሻ ൑ ሺ35,60,85ሻ, 
 

ሺ2,10,12ሻ⨂ ሺxଵ, yଵ, tଵሻ ⨁ ሺ2,3,5ሻ ⨂ ሺxଶ, yଶ, tଶሻ ⨁ ሺ6,6,11ሻ ⨂  ሺxଷ, yଷ, tଷሻ  ൑ ሺ10,18,39ሻ , 
 

ሺ3,4,7ሻ ⨂ ሺxଵ, yଵ, tଵሻ  ⨁ ሺሺxଵ, yଵ, tଵሻ, ሺxଶ, yଶ, tଶሻሻ ⨂ ൬
ሺ5,6,7ሻ    ሺ0,2,4ሻ
ሺ0,1,2ሻ    ሺ1 ,3,3ሻ

൰ ⨂ ൬
 ሺxଵ, yଵ, tଵሻ
ሺxଶ, yଶ, tଶሻ

൰   

൑ ሺ40,70,115ሻ, 
 

xଵ, xଶ, xଷ, yଵ, yଶ, yଷ, tଵ, tଶ, tଷ  ൒ 0. 
 

From the fuzzy arithmetic operations, which are presented in subsection 2.2, and based on the 

bound and decomposition method [23, 24], the Fully Fuzzy (QCQP) problem of the FLDM reduces to the 
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following three crisp (QCQP) problems, called Lower, Middle and Upper Level (QCQP) ((LLQCQP), 

(MLQCQP) and (ULQCQP) respectively) problems of the FLDM, as follows: 

 

(LLQCQP)       Max   Zଵଵሺxሻ ൌ ሺ8xଵ
ଶ ൅ 3xଵxଶ ൅ 7xଵ ൅ xଶ

ଶ ൅ 2xଶ ൅ 3xଷሻ 
                                        xଵ                   
 

(MLQCQP)      Max   Zଶଵሺyሻ ൌ ሺ12yଵ
ଶ ൅ 7yଵyଶ ൅ 10yଵ ൅ 2yଶ

ଶ ൅ 4yଶ ൅ 5yଷሻ  
                                        yଵ                 
 

(ULQCQP)        Max   Zଷଵሺtሻ ൌ ሺ17tଵ
ଶ ൅ 10tଵtଶ ൅ 15tଵ ൅ 4tଶ

ଶ ൅ 6tଶ ൅ 9tଷሻ 
                                        tଵ                   

where  xଶ, xଷ, yଶ, yଷ, tଶ, tଷ   solves;  

Subject to:    
 

(QCQP)                 xଵ ൅ 5xଶ ൅ 2xଷ
ଶ ൑ 35, 

2xଵ ൅ 2xଶ ൅ 6xଷ ൑ 10, 
5xଵ

ଶ ൅ 3xଵ ൅ xଶ
ଶ ൑ 40, 

 

3yଵ ൅ 7yଶ ൅ 5yଷ
ଶ ൑ 60, 

10yଵ ൅ 3yଶ ൅ 6yଷ ൑ 18, 
6yଵ

ଶ ൅ 3yଵyଶ ൅ 4yଵ ൅ 3yଶ
ଶ ൑ 70, 

 

6tଵ ൅ 10tଶ ൅ 9tଷ
ଶ ൑ 85, 

12tଵ ൅ 5tଶ ൅ 11tଷ ൑ 39, 
7tଵ

ଶ ൅ 6tଵtଶ ൅ 7tଵ ൅ 3tଶ
ଶ ൑ 115, 

 

xଵ, xଶ, xଷ, yଵ, yଶ, yଷ, tଵ, tଶ, tଷ  ൒ 0. 
 

1.1. The (MLQCQP) problem of the FLDM  

Max  Zଶଵሺyሻ ൌ ሺ12yଵ
ଶ ൅ 7yଵyଶ ൅ 10yଵ ൅ 2yଶ

ଶ ൅ 4yଶ ൅ 5yଷሻ  
   yଵ    

where  yଶ, yଷ   solves;  
 

Subject to:    
 

(QCQP)                3yଵ ൅ 7yଶ ൅ 5yଷ
ଶ ൑ 60, 

10yଵ ൅ 3yଶ ൅ 6yଷ ൑ 18, 
6yଵ

ଶ ൅ 3yଵyଶ ൅ 4yଵ ൅ 3yଶ
ଶ ൑ 70, 

yଵ, yଶ, yଷ  ൒ 0. 
 

Now, the separable programming method [25, 26] is applied on the (MLQCQP) problem of the 

FLDM to obtain the individual optimal solution. First, the yଵyଶ term (which is the non-separable function with 

two variables) is needed to convert into separable form by using the following arithmetic substitution: 

yଵyଶ ൌ ቈ  ൬
yଵ ൅ yଶ

2
൰
ଶ

െ ቀ
yଵ െ yଶ

2
ቁ
ଶ

቉. 

 

Assume two new decision variables  mଵ,  mଶ, where:            mଵ ൌ
୷భା୷మ

ଶ
            ,        mଶ ൌ

୷భି୷మ

ଶ
.       

∴   yଵyଶ ൌ ሺmଵ
ଶ െ mଶ

ଶሻ, with the two additional constraints:  ଵ
ଶ
ଵݕ ൅

ଵ

ଶ
ଶݕ െ mଵ ൌ 0   ,    

ଵ

ଶ
ଵݕ െ

ଵ

ଶ
ଶݕ െ mଶ ൌ 0.     

So, the (MLQCQP) problem of the FLDM is rewritten as follows: 

Max  Zଶଵሺyሻ ൌ ሺ12yଵ
ଶ ൅ 7mଵ

ଶ െ 7mଶ
ଶ ൅ 10yଵ ൅ 2yଶ

ଶ ൅ 4yଶ ൅ 5yଷሻ  
   yଵ       

where  yଶ, yଷ   solves;          
 

Subject to:    
 

(QCQP)                3yଵ ൅ 7yଶ ൅ 5yଷ
ଶ ൑ 60, 

10yଵ ൅ 3yଶ ൅ 6yଷ ൑ 18, 
6yଵ

ଶ ൅ 3mଵ
ଶ െ 3mଶ

ଶ ൅ 4yଵ ൅ 3yଶ
ଶ ൑ 70, 
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1

2
yଵ ൅

1

2
yଶ െ mଵ ൌ 0, 

 

1

2
yଵ െ

1

2
yଶ െ mଶ ൌ 0, 

yଵ, yଶ, yଷ  ൒ 0. 
 

The separable functions with individual variables of this (MLQCQP) problem for the FLDM are: 

fଵሺyଵሻ ൌ 12yଵ
ଶ ൅ 10yଵ   ,    fଶሺyଶሻ ൌ 2yଶ

ଶ ൅ 4yଶ    ,    fଷሺyଷሻ ൌ  5yଷ       ,      fସሺmଵሻ ൌ 7mଵ
ଶ       ,    fହሺmଶሻ ൌ െ7mଶ

ଶ. 
 

gଵ
ଵሺyଵሻ ൌ 3yଵ    ,     gଵ

ଶሺyଵሻ ൌ 10yଵ      ,     gଵ
ଷሺyଵሻ ൌ 6yଵ

ଶ ൅ 4yଵ     ,      gଵ
ସሺyଵሻ ൌ

1

2
yଵ       ,         gଵ

ହሺyଵሻ ൌ
1

2
yଵ. 

 

gଶ
ଵሺyଶሻ ൌ 7yଶ    ,      gଶ

ଶሺyଶሻ ൌ 3yଶ       ,    gଶ
ଷሺyଶሻ ൌ 3yଶ

ଶ                  ,      gଶ
ସሺyଶሻ ൌ

1

2
yଶ      ,      gଶ

ହሺyଶሻ ൌ െ
1

2
yଶ. 

 

gଷ
ଵሺyଷሻ ൌ 5yଷ

ଶ          ,         gଷ
ଶሺyଷሻ ൌ  6yଷ.            

 

gସ
ଵሺmଵሻ ൌ 3mଵ

ଶ       ,         gସ
ଶሺmଵሻ ൌ െ mଵ.                  

 

gହ
ଵሺmଶሻ ൌ െ3mଶ

ଶ    ,          gହ
ଶሺmଶሻ ൌ െ mଶ.                

 
The ranges of the variables ܡ૚, ,૛ܡ  :૛  (estimated from the constraints) areܕ,૚ܕ,૜ܡ

0 ൑ yଵ ൑ 3.42      ,      0 ൑ yଶ ൑ 4.83     ,      0 ൑ yଷ ൑ 3.47      ,      0 ൑ mଵ ൑ 4.125      ,     െ 2.415 ൑ mଶ ൑ 1.71. 

 

Let ܑܓ be the breaking points of the separable functions, where: 

kଵ ൌ 4   for   yଵ      ,     kଶ ൌ 5    for   yଶ        ,      kଷ ൌ 4   for   yଷ     ,     kସ ൌ 5   for   mଵ       ,       kହ ൌ 5   for   mଶ. 

 

Based on the equations, which are illustrated in problem (10.c), the slopes of the line segment 

corresponding to the defined separable functions are computed. The complete resulting linear programming 

problem with a larger number of variables then becomes: 
 

Max  Zଶଵሺyሻ ൌ ሺ22yଵଵ ൅ 46yଶଵ ൅ 70yଷଵ ൅ 87.04 yସଵ ൅ 7yଵସ ൅ 21yଶସ ൅ 35yଷସ ൅ 49yସସ ൅ 56.875 yହସ
൅ 30.91 yଵହ ൅ 21yଶହ ൅ 7yଷହ െ 7yସହ െ 18.97 yହହ ൅ 6yଵଶ ൅ 10yଶଶ ൅ 14yଷଶ ൅ 18yସଶ
൅ 21.66 yହଶ ൅ 5yଵଷ ൅ 5yଶଷ ൅ 5yଷଷ ൅ 5yସଷሻ  

 
 

Subject to:  
 

3yଵଵ ൅ 3yଶଵ ൅ 3yଷଵ ൅ 3yସଵ ൅ 7yଵଶ ൅ 7yଶଶ ൅ 7yଷଶ ൅ 7yସଶ ൅ 7yହଶ ൅ 5yଵଷ ൅ 15yଶଷ ൅ 25yଷଷ ൅ 32.35 yସଷ ൑ 60, 
 

10yଵଵ ൅ 10yଶଵ ൅ 10yଷଵ ൅ 10yସଵ ൅ 3yଵଶ ൅ 3yଶଶ ൅ 3yଷଶ ൅ 3yସଶ ൅ 3yହଶ ൅ 6yଵଷ ൅ 6yଶଷ ൅ 6yଷଷ ൅ 6yସଷ ൑ 18, 
 

10yଵଵ ൅ 22yଶଵ ൅ 34yଷଵ ൅ 42.52 yସଵ ൅ 3yଵସ ൅ 9yଶସ ൅ 15yଷସ ൅ 21yସସ ൅ 24.375 yହସ ൅ 13.246 yଵହ ൅ 9yଶହ
൅ 3yଷହ െ 3yସହ െ 8.13 yହହ   ൅ 3yଵଶ ൅ 9yଶଶ ൅ 15yଷଶ ൅ 21yସଶ ൅ 26.49 yହଶ ൑ 70, 

1

2
yଵଵ ൅

1

2
yଶଵ ൅

1

2
yଷଵ ൅

1

2
yସଵ ൅

1

2
yଵଶ ൅

1

2
yଶଶ ൅

1

2
yଷଶ ൅

1

2
yସଶ ൅

1

2
yହଶ െ yଵସ െ yଶସ െ yଷସ െ yସସ െ yହସ ൌ 0, 

1

2
yଵଵ ൅

1

2
yଶଵ ൅

1

2
yଷଵ ൅

1

2
yସଵ െ

1

2
yଵଶ െ

1

2
yଶଶ െ

1

2
yଷଶ െ

1

2
yସଶ െ

1

2
yହଶ െ yଵହ െ yଶହ െ yଷହ െ yସହ െ yହହ ൌ 0, 

y୩ଵ  ൒ 0 ,    k ൌ 1,2,3,4, 

y୩ଶ  ൒ 0 ,    k ൌ 1,2,3,4,5, 

y୩ଷ  ൒ 0 ,    k ൌ 1,2,3,4, 

y୩ସ  ൒ 0 ,    k ൌ 1,2,3,4,5, 

y୩ହ   can be positive or negative. 
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The optimal solution for the resulting linear programming problem is: 

ሺyଵଵ, yଶଵ, yଷଵ, yସଵ, yଵଶ, yଶଶ, yଷଶ, yସଶ, yହଶ, yଵଷ, yଶଷ, yଷଷ, yସଷሻ ൌ ሺ0, 0,0,   1.141357,   0,0,0,0,0,   1.097738,   0,0,0ሻ. 

This optimal solution can translate to: 

yଵ ൌ yଵଵ ൅ yଶଵ ൅ yଷଵ ൅ yସଵ ൌ 1.141357. 

yଶ ൌ yଵଶ ൅ yଶଶ ൅ yଷଶ ൅ yସଶ ൅ yହଶ ൌ 0. 

yଷ ൌ yଵଷ ൅ yଶଷ ൅ yଷଷ ൅ yସଷ ൌ 1.097738. 

 

Hence, the individual optimal solution to the (MLQCQP) problem of the FLDM is: 

ሺyଵ, yଶ, yଷሻ ൌ   ሺ1.141357,   0,   1.097738ሻ               ,             and       Zଶଵ ൌ 32.5346. 
 

1.2. The (ULQCQP) problem of the FLDM with the satisfied bounded variable constraints 

Max  Zଷଵሺtሻ ൌ ሺ17tଵ
ଶ ൅ 10tଵtଶ ൅ 15tଵ ൅ 4tଶ

ଶ ൅ 6tଶ ൅ 9tଷሻ 
   tଵ                   

where  tଶ, tଷ   solves;  
 

Subject to:    
 

(QCQP)                6tଵ ൅ 10tଶ ൅ 9tଷ
ଶ ൑ 85, 

12tଵ ൅ 5tଶ ൅ 11tଷ ൑ 39, 
7tଵ

ଶ ൅ 6tଵtଶ ൅ 7tଵ ൅ 3tଶ
ଶ ൑ 115, 

 

17tଵ
ଶ ൅ 10tଵtଶ ൅ 15tଵ ൅ 4tଶ

ଶ ൅ 6tଶ ൅ 9tଷ ൒ 32.5346, 
tଵ ൒ 1.141357, 
tଷ  ൒ 1.097738, 
tଵ, tଶ, tଷ  ൒ 0. 
 

Repeat the same action as the (MLQCQP) problem by applying the separable programming method 

on the (ULQCQP) problem of the FLDM. The (ULQCQP) problem after converting the non-separable function 

tଵtଶ into separable form is as follows: 

Max  Zଷଵሺtሻ ൌ ሺ17tଵ
ଶ ൅ 10mଵ

ଶ െ 10mଶ
ଶ ൅ 15tଵ ൅ 4tଶ

ଶ ൅ 6tଶ ൅ 9tଷሻ 
  tଵ          

where  tଶ, tଷ   solves;        
 

Subject to:    
 

(QCQP)                6tଵ ൅ 10tଶ ൅ 9tଷ
ଶ ൑ 85, 

12tଵ ൅ 5tଶ ൅ 11tଷ ൑ 39, 
7tଵ

ଶ ൅ 6mଵ
ଶ െ 6mଶ

ଶ ൅ 7tଵ ൅ 3tଶ
ଶ ൑ 115, 

 

17tଵ
ଶ ൅ 10mଵ

ଶ െ 10mଶ
ଶ ൅ 15tଵ ൅ 4tଶ

ଶ ൅ 6tଶ ൅ 9tଷ ൒ 32.5346, 
1

2
tଵ ൅

1

2
tଶ െ mଵ ൌ 0, 

1

2
tଵ െ

1

2
tଶ െ mଶ ൌ 0, 

tଵ ൒ 1.141357, 
tଷ  ൒ 1.097738, 
 

tଵ, tଶ, tଷ  ൒ 0. 
 

The ranges of the variables ܜ૚, ,૛ܜ  :૛  (estimated from the constraints) areܕ,૚ܕ,૜ܜ

1.141357 ൑ tଵ ൑ 4.06     ,    0 ൑ tଶ ൑ 6.2     ,      1.097738 ൑ tଷ ൑ 3.1    ,     0.571 ൑ mଵ ൑ 5.13    , 

െ2.53 ൑ mଶ ൑ 2.03. 
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The slopes of the line segment corresponding to the separable functions are computed based on the 

equations, which are illustrated in problem (11.c). Hence, the individual optimal solution to the (ULQCQP) 

problem of the FLDM is: 

ሺtଵ, tଶ, tଷሻ ൌ   ሺ2.052032,   0,   1.306874ሻ               ,               and       Zଷଵ ൌ 114.1265. 
 
 

1.3. The (LLQCQP) problem of the FLDM with the satisfied bounded variable constraints 

Max   Zଵଵሺxሻ ൌ ሺ8xଵ
ଶ ൅ 3xଵxଶ ൅ 7xଵ ൅ xଶ

ଶ ൅ 2xଶ ൅ 3xଷሻ 
   xଵ                   

where  xଶ, xଷ   solves;  
 

Subject to:    
 

(QCQP)                 xଵ ൅ 5xଶ ൅ 2xଷ
ଶ ൑ 35, 

2xଵ ൅ 2xଶ ൅ 6xଷ ൑ 10, 
5xଵ

ଶ ൅ 3xଵ ൅ xଶ
ଶ ൑ 40, 

 

8xଵ
ଶ ൅ 3xଵxଶ ൅ 7xଵ ൅ xଶ

ଶ ൅ 2xଶ ൅ 3xଷ ൑ 32.5346, 
xଵ ൑ 1.141357, 
xଷ ൑ 1.097738, 
xଵ, xଶ, xଷ ൒ 0. 
 

Repeat the same action as the (MLQCQP) and the (ULQCQP) problems by applying the separable 

programming method on the (LLQCQP) problem of the FLDM. The problem after converting the non-separable 

function xଵxଶ into separable form is as follows: 

Max   Zଵଵሺxሻ ൌ ሺ8xଵ
ଶ ൅ 3mଵ

ଶ െ 3mଶ
ଶ ൅ 7xଵ ൅ xଶ

ଶ ൅ 2xଶ ൅ 3xଷሻ 
  xଵ                   

where  xଶ, xଷ   solves;  

Subject to:    
(QCQP)                 xଵ ൅ 5xଶ ൅ 2xଷ

ଶ ൑ 35, 
2xଵ ൅ 2xଶ ൅ 6xଷ ൑ 10, 
5xଵ

ଶ ൅ 3xଵ ൅ xଶ
ଶ ൑ 40, 

 

8xଵ
ଶ ൅ 3mଵ

ଶ െ 3mଶ
ଶ ൅ 7xଵ ൅ xଶ

ଶ ൅ 2xଶ ൅ 3xଷ ൑ 32.5346, 
1

2
xଵ ൅

1

2
xଶ െ mଵ ൌ 0, 

1

2
xଵ െ

1

2
xଶ െ mଶ ൌ 0, 

xଵ ൑ 1.141357, 
xଶ ൑ 0, 
xଷ ൑ 1.097738, 
xଵ, xଶ, xଷ  ൒ 0. 

 

The ranges of the variables ܠ૚, ,૛ܠ  :૛  (estimated from the constraints) areܕ,૚ܕ,૜ܠ

0 ൑ xଵ ൑ 1.141357    ,       xଶ ൑ 0       ,      0 ൑ xଷ ൑ 1.097738      ,       0 ൑ mଵ ൑ 0.571      ,       0 ൑ mଶ ൑ 0.571. 

 

The slopes of the line segment corresponding to the separable functions are computed based on the 

equations, which are illustrated in problem (12.c). Hence, the individual optimal solution to the (LLQCQP) 

problem of the FLDM is: 

ሺxଵ, xଶ, xଷሻ ൌ   ሺ1.141357,   0,   1.097738ሻ               ,               and       Zଵଵ ൌ 21.7043. 
 
Therefore, the optimal solution of the FLDM is obtained as: 

෤૚ܠ
۴ ൌ ሺ૚. ૚૝૚૜૞ૠ,   ૚. ૚૝૚૜૞ૠ,   ૛. ૙૞૛૙૜૛ሻ , 

෤૛ܠ  
۴ ൌ ሺ૙,   ૙,   ૙ሻ    ,   ܠ෤૜

۴ ൌ ሺ૚. ૙ૢૠૠ૜ૡ,   ૚. ૙ૢૠૠ૜ૡ ,   ૚. ૜૙૟ૡૠ૝ሻ. 



-17- 

2. [SLDM]  
 

The SLDM defines his/her problem in view of the FLDM by setting 

ሺx෤ଵ
୊ሻ ൌ   ሺ1.141357,   1.141357,   2.052032ሻ to the SLDM constraints. Assume x෤ଵ  ൌ ሺxଵ, yଵ, tଵሻ , x෤ଶ ൌ

ሺxଶ, yଶ, tଶሻ, x෤ଷ  ൌ ሺxଷ, yଷ, tଷሻ , F෨ଶ ൌ ሺZଵଶ, Zଶଶ, Zଷଶሻ. Therefore, the Fully Fuzzy (QCQP) problem of the SLDM 

is rewritten as follows: 
 

Max   ሺZଵଶ, Zଶଶ, Zଷଶሻሺx, y, tሻ ൌ ሺሺ4,5,8ሻ ⨂ ሺxଵ, yଵ, tଵሻ  ⨁ሺ12,16,19ሻ⨂ ሺxଶ, yଶ, tଶሻ⨁ ሺ7,9,11ሻ⨂ ሺxଷ, yଷ, tଷሻ ⨁ 
 xଶ, yଶ, tଶ 

                                                       ሺሺxଶ, yଶ, tଶሻ, ሺxଷ, yଷ, tଷሻሻ ⨂ ൬
 ሺ8,9,11ሻ    ሺ0,4,5ሻ
ሺ0,2,3ሻ    ሺ0,0,0ሻ

൰ ⨂ ൬
 ሺxଶ, yଶ, tଶሻ
ሺxଷ, yଷ, tଷሻ

൰ሻ,                                                      

where  xଷ, yଷ, tଷ   solves;  
 

Subject to:    
 

(QCQP)    ሺ1,3,6ሻ ⨂ ሺxଵ, yଵ, tଵሻ⨁ ሺ5,7,10ሻ ⨂ ሺxଶ, yଶ, tଶሻ ⨁ ሺ2,5,9ሻ ⨂  ሺxଷ, yଷ, tଷሻ ⨂  ሺxଷ, yଷ, tଷሻ ൑ ሺ35,60,85ሻ, 
 

ሺ2,10,12ሻ⨂ ሺxଵ, yଵ, tଵሻ ⨁ ሺ2,3,5ሻ ⨂ ሺxଶ, yଶ, tଶሻ ⨁ ሺ6,6,11ሻ ⨂  ሺxଷ, yଷ, tଷሻ  ൑ ሺ10,18,39ሻ , 
 

ሺ3,4,7ሻ ⨂ ሺxଵ, yଵ, tଵሻ  ⨁ ሺሺxଵ, yଵ, tଵሻ, ሺxଶ, yଶ, tଶሻሻ ⨂ ൬
ሺ5,6,7ሻ    ሺ0,2,4ሻ
ሺ0,1,2ሻ    ሺ1 ,3,3ሻ

൰ ⨂ ൬
 ሺxଵ, yଵ, tଵሻ
ሺxଶ, yଶ, tଶሻ

൰   

൑ ሺ40,70,115ሻ, 
ሺxଵ, yଵ, tଵሻ ൌ   ሺ1.141357,   1.141357,   2.052032ሻ, 
 

xଵ, xଶ, xଷ, yଵ, yଶ, yଷ, tଵ, tଶ, tଷ  ൒ 0. 
 

The Fully Fuzzy (QCQP) problem of the SLDM reduces to the following three crisp (QCQP) 

problems, called (LLQCQP), (MLQCQP) and (ULQCQP) problems of the SLDM, as follows: 

 
(LLQCQP)       Max   Zଵଶሺxሻ ൌ ሺ8xଶ

ଶ ൅ 12xଶ ൅ 7xଷ ൅ 4.565428ሻ 
                   ଶݔ                                       
 

(MLQCQP)      Max  Zଶଶሺyሻ ൌ ሺ9yଶ
ଶ ൅ 6yଶyଷ ൅ 16yଶ ൅ 9yଷ ൅ 5.706785ሻ  

                 ଶݕ                                       
 

(ULQCQP)       Max  Zଷଶሺtሻ ൌ ሺ11tଶ
ଶ ൅ 8tଶtଷ ൅ 19tଶ ൅ 11tଷ ൅ 16.416256ሻ 

                   ଶݐ                                       
where  xଷ, yଷ, tଷ   solves;  

Subject to:    
 

(QCQP)                 5xଶ ൅ 2xଷ
ଶ ൑ 33.85643, 

2xଶ ൅ 6xଷ ൑ 7.717286, 
xଶ
ଶ ൑ 30.06245, 
7yଶ ൅ 5yଷ

ଶ ൑ 56.575929, 
3yଶ ൅ 6yଷ ൑ 6.58643, 
3yଶ

ଶ ൅ 3.424071 yଶ ൑ 57.6184, 
 

10tଶ ൅ 9tଷ
ଶ ൑ 72.687808, 

5tଶ ൅ 11tଷ ൑ 14.375616, 
3tଶ

ଶ ൅ 12.312192tଶ ൑ 71.1599287, 
 

xଶ, xଷ, yଶ, yଷ, tଶ, tଷ  ൒ 0. 
 
The SLDM repeats the same procedure as the FLDM by applying the separable programming 

method on the (LLQCQP), (MLQCQP) and (ULQCQP) problems of the SLDM with the satisfied bounded 

variable constraints till obtaining the optimal solution of the SLDM, as follows:  
 

෤૛ܠ
܁ ൌ ሺ૛. ૚ૢ૞૝ૠ૞ૢ,   ૛. ૚ૢ૞૝ૠ૟૝,   ૛. ૡૠ૞૚૛૜૟ሻ      ,      ܠ෤૜

܁ ൌ ሺ૙,   ૙ ,   ૙ሻ.  
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3. [TLDM]  

The TLDM defines his/her problem in view of the FLDM and the SLDM by setting                  

ሺx෤ଵ
୊ሻ ൌ   ሺ1.141357,   1.141357,   2.052032ሻ  , ሺx෤ଶ

ୗሻ ൌ   ሺ2.1954759,   2.1954764,   2.8751236ሻ to the TLDM 

constraints. Assume  x෤ଵ  ൌ ሺxଵ, yଵ, tଵሻ , x෤ଶ ൌ ሺxଶ, yଶ, tଶሻ, x෤ଷ  ൌ ሺxଷ, yଷ, tଷሻ , F෨ଷ ൌ ሺZଵଷ, Zଶଷ, Zଷଷሻ, as follows: 

 
Max   ሺZଵଷ, Zଶଷ, Zଷଷሻሺx, y, tሻ ൌ ሺሺ7,8,14ሻ ⨂ ሺxଵ, yଵ, tଵሻ ⨁ ሺ4,9,9ሻ⨂ ሺxଶ, yଶ, tଶሻ ⨁ ሺ13,18,20ሻ ⨂ ሺxଷ, yଷ, tଷሻ⨁ 
xଷ, yଷ, tଷ 

                                                       ሺሺxଵ, yଵ, tଵሻ, ሺxଷ, yଷ, tଷሻሻ ⨂ ൬
ሺ1,2,6ሻ    ሺ0,1,3ሻ
ሺ3,4,4ሻ    ሺ9,10,14ሻ

൰ ⨂ ൬
ሺxଵ, yଵ, tଵሻ
ሺxଷ, yଷ, tଷሻ

൰ሻ,      

Subject to:       

(QCQP)    ሺ1,3,6ሻ ⨂ ሺxଵ, yଵ, tଵሻ⨁ ሺ5,7,10ሻ ⨂ ሺxଶ, yଶ, tଶሻ ⨁ ሺ2,5,9ሻ ⨂  ሺxଷ, yଷ, tଷሻ ⨂  ሺxଷ, yଷ, tଷሻ ൑ ሺ35,60,85ሻ, 
 

ሺ2,10,12ሻ⨂ ሺxଵ, yଵ, tଵሻ ⨁ ሺ2,3,5ሻ  ⨂ ሺxଶ, yଶ, tଶሻ ⨁ ሺ6,6,11ሻ ⨂  ሺxଷ, yଷ, tଷሻ  ൑ ሺ10,18,39ሻ , 
 

ሺ3,4,7ሻ ⨂ ሺxଵ, yଵ, tଵሻ  ⨁ ሺሺxଵ, yଵ, tଵሻ, ሺxଶ, yଶ, tଶሻሻ ⨂ ൬
ሺ5,6,7ሻ    ሺ0,2,4ሻ
ሺ0,1,2ሻ    ሺ1 ,3,3ሻ

൰ ⨂ ൬
 ሺxଵ, yଵ, tଵሻ
ሺxଶ, yଶ, tଶሻ

൰   

൑ ሺ40,70,115ሻ, 
 

ሺxଵ, yଵ, tଵሻ ൌ   ሺ1.141357,   1.141357,   2.052032ሻ, 
 

ሺxଶ, yଶ, tଶሻ ൌ   ሺ2.1954759,   2.1954764,   2.8751236ሻ, 
 

xଵ, xଶ, xଷ, yଵ, yଶ, yଷ, tଵ, tଶ, tଷ  ൒ 0. 
 

The Fully Fuzzy (QCQP) problem of the TLDM reduces to the following three crisp (QCQP) 

problems, called (LLQCQP), (MLQCQP) and (ULQCQP) problems of the TLDM, as follows: 

(LLQCQP)       Max   Zଵଷሺxሻ ൌ ሺ9xଷ
ଶ ൅ 16.424071 xଷ ൅ 18.0741ሻ 

 xଷ                   
 

(MLQCQP)      Max  Zଶଷሺyሻ ൌ ሺ10yଷ
ଶ ൅ 23.706785 yଷ ൅ 31.4955ሻ  

  yଷ                 
 

(ULQCQP)       Max  Zଷଷሺtሻ ൌ ሺ14tଷ
ଶ ൅ 34.364224 tଷ ൅ 79.86956ሻ 

tଷ                   
 

Subject to:    
 

(QCQP)                 2xଷ
ଶ ൑ 22.88126, 

6xଷ ൑ 3.32633, 
 

5yଷ
ଶ ൑ 41.2076, 

6yଷ ൑ 0.0001, 
 

9tଷ
ଶ ൑ 43.93657, 

11tଷ ൑ 1, 
 

xଷ, yଷ, tଷ  ൒ 0. 

 
The TLDM repeats the same procedure as the FLDM and the SLDM by applying the separable 

programming method on the (LLQCQP), (MLQCQP) and (ULQCQP) problems of the TLDM with the satisfied 

bounded variable constraints till obtaining the optimal solution of the TLDM, as follows: 

෤૜ܠ 
܂ ൌ ሺ૙. ૙૙૙૙૚૟૟૟૟૟ૠ,   ૙. ૙૙૙૙૚૟૟૟૟૟ૠ ,   ૙. ૙ૢ૙ૢ૙ૢ૙ૢሻ.  

Finally, the fuzzy optimal solution for the given (FFMLQCQP) problem is obtained as follows: 

෤૚ܠ
۴ ൌ ሺ૚. ૚૝૚૜૞ૠ,   ૚. ૚૝૚૜૞ૠ,   ૛. ૙૞૛૙૜૛ሻ       , 

෤૛ܠ  
܁ ൌ ሺ૛. ૚ૢ૞૝ૠ૞ૢ,   ૛. ૚ૢ૞૝ૠ૟૝,   ૛. ૡૠ૞૚૛૜૟ሻ  , 

෤૜ܠ 
܂ ൌ ሺ૙. ૙૙૙૙૚૟૟૟૟૟ૠ,   ૙. ૙૙૙૙૚૟૟૟૟૟ૠ ,   ૙. ૙ૢ૙ૢ૙ૢ૙ૢሻ. 
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Where: 

۴෨૚ ൌ ሺ૜૞. ૚૜ૢ૟૝ૠ,   ૟૜. ૙૙ૡૡૢૡ૜,   ૛૚૛. ૝ૢૠ૝૙૜૛ሻ          ,         

۴෨૛ ൌ ሺ૟ૢ. ૝ૠ૛૚ૠ૚,   ૡ૝. ૛૚૞ૡ૛ૠ ,   ૚૟૞. ૙૟૝૛ૢ૟૛ሻ    , 

۴෨૜ ൌ ሺ૚ૡ. ૙ૠ૝૜ૠ,   ૜૚. ૝ૢ૞ૡૢ ,   ૡ૜. ૚૙ૢ૛ૡሻ. 
 

7. Conclusions and Future Work 

An effort has been made in this paper for finding the fuzzy optimal solution of (FFMLQCQP) problem in which 

the objective function and the constraints were quadratic, and all the coefficients and decision variables were 

fuzzy numbers. To solve this problem, the (FFMLQCQP) problem was decomposed into series of crisp (QCQP) 

issues with bounded variable constraints. For each (QCQP) problem, the problem was solved by utilising the 

separable programming method, which replaced the separable quadratic functions with linear functions. At last, 

the fuzzy optimal solution to the given (FFMLQCQP) problem was obtained. The proposed model combined the 

techniques of bound and decomposition and separable programming without ignoring any part of solution area. 

Thus the proposed model is instrumental in the real world problems where the product is uncertain. 

This paper is an attempt to establish necessary results which hopefully will help others to answer 

some of the inquiries in the area of (FFMLQCQP) problem. The future scope of the mentioned idea is that this 

model can be extended to entirely fuzzy multi-objective multi-level quadratic or fractional programming. 

Further, the model can also be extended to entirely fuzzy entirely rough multi-level quadratic or fractional 

programming. Application of the proposed method to the real world decision making situations will be required 

shortly. 
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