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Abstract

In this paper, we introduce the notion of fuzzy soft G-metric space via fuzzy
soft elements. Then, fuzzy soft convergence and fuzzy soft continuity are studied in
fuzzy soft G-metric space, Finally, some fixed points theorems are proved.
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1 Introduction

In daily life, the problems in many fields such as engineering, physics, computer sciences,
economics, social sciences, medical sciences and many other diverse fields deal with uncer-
tain data and that may not be successfully modeled by the classical mathematics. There
are two types of mathematical tools to deal with uncertainties namely fuzzy set theory
introduced by Zadeh [1] and the theory of soft sets initiated by Molodstov [2] which helps
to solve problems in all areas. Fuzzy soft set which is a combination of fuzzy set and soft
set was introduced by Maji et al. [3]. Roy and Maji [4] gave some results on an application
of fuzzy soft sets in decision making problem. Fuzzy soft sets and their applications have
been investigated intensively (see, e.g., [5 6] [7, 8, O, 10, 11, 12, 13]). In [14], Beaula et al.
introduced a definition of the fuzzy soft metric space, also »5], Sayed and Alahmari
introduced the notions of some mappings and proved some fixed point theorems in fuzzy
soft metric spaces.

The concept of G-metric space was introduced by Mustafa and Sims [I6] in order to
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extend and generalize the notion of metric space, a number of authors have studied
and characterized many well-known results in the setting of G-metric space (see, e.g.,
[17, (18, 19, 20, 21, 22, 23, 24], 25]).

Giiler et al. [20] introduced the concept of soft G-metric space according to a soft el-
ement and obtained some of its properties. Then, they defined soft G-convergence and
soft G-continuity. Moreover, they proved existence and uniqueness of fixed points in soft
G-metric spaces. In [27] Giiler and Yildirim introduced the notion of soft G-Cauchy se-
quences and soft G-complete spaces and investigated some properties of such spaces. In
this paper, we introduce the notion of fuzzy soft G-metric space via fuzzy soft elements.
Then, fuzzy soft convergence and fuzzy soft continuity are studied in fuzzy soft G-metric
space, Finally, some fixed points theorems are proved.

2 Preliminaries

In this section we present some basic definitions of fuzzy soft set, fuzzy soft metric space
and soft G-metric space.

Throughout our discussion, X refers to an initial universe, E the set of all parameters for
X, P(X) denotes the power set of X and I = [0, 1].

Definition 2.1 [1] Let X be a nonempty set. A fuzzy set A in X is characterized by a
membership function pa @ X — I whose value pa(x) represents the “degree of member-
ship”of x in A, for every x in X. Let I* denotes the family of all fuzzy sets on X.

A member A in I¥ is contained in a member B of IX, denoted by A < B if and only
if pa(x) < pp(z) for every x € X (see [1]).
Let A, B € I, we have the following properties @1l fuzzy sets (see [1]).

(1) Equality: A = B if and only if ps(z) = ug(x) for all z € X,

(2) Intersection: C'= AA B € I* by uc(x) = min{ua(z),up(z)} for all z € X,
(3) Union: D = AV B € IX by pc(r) = max{pa(z), ug(x)} for all x € X,

(4) Complement: E = A° € I* by up(x) =1 — pa(z) for all x € X.

Definition 2.2 [1]/ The empty fuzzy set, denoted by 0, is the function which maps each
x € X to 0. That is, 0(x) = 0 for all x € X. A universal fuzzy set denoted by 1 is a
function which maps each x € X to 1. That is, 1(x) =1 for allx € X

Definition 2.3 [2] Let A C E. A pair (F, A) is called a soft set over X if F' is a mapping
F:A— P(X).

In other words, a soft set over X is a parameterized family of subsets of the universe X.
For € € A, F(e) may be considered as the set of e-approximate elements of the soft set
(F, A), or as the set of e-approximate elements of the soft set.
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Definition 2.4 [28] A pair (f, A), denoted by fa, is called a fuzzy soft set over X, where
f is a mapping f: A — IX defined by fa(e) = G, where
. [0, ife ¢ A;
Hia = { otherwise, ife € A.

—~—

(X, E') denotes the class of all fuzzy soft sets over (X, F') and is called a fuzzy soft universe

(I3))-

Definition 2.5 [20] A fuzzy soft set fa over X is said to be:
(a) NULL fuzzy soft set, denoted by b, if for all e € A, fale) =0
(b) absolute fuzzy soft set, denoted by E, if for all e € A, fa(e) = 1

Definition 2.6 [30/ The complement of a fuzzy soft set fa, (denoted by f§, where f3
E — I* is a mapping given by u?z = 1= w5, for all e/€E and where I(x) =1 for all
x € X. Clearly (f$)¢ = fa.

Definition 2.7 [30] Let fa,g9p € (ﬁ) We say that fa is fuzzy soft subset of gg,
denoted by faCgg, if A C B and p$, < pg, for alle € A, i.e. p§, (v) < pg () for all
xr € X and for all e € A.

Definition 2.8 [30] Let fa,g95 € (X, E). The union of fa and gp is the fuzzy soft set hc,
where C'= AUB and for all e € C, ho(e) = = ps, V pg, . Here we write ho = faUgsp.

Definition 2.9 [30] Let fa, 95 € (X, E). The intersection of fa and gp is the fuzzy soft
set do, where C = AN B and for all e € C,dc(e) = pg, = pus, A pg,. Here we write
dc = fangs.

—~——

Definition 2.10 [31] The fuzzy soft set fa € (X, E) is called a fuzzy soft point if there
evist v € X and e € E such that p$,(z) = a(0 < o < 1) and p$,(y) = 0 for each
y € X —{z}, and this fuzzy soft point is denoted by x& or fe.

Definition 2.11 [3]] The fuzzy soft point z€ is said to be belonging to the fuzzy soft set
(9, A), denoted by x5,€(g, A), if for the element e € A,a <y ().

Definition 2.12 [7]] Let fa be fuzzy soft set over X. The two fuzzy soft points F,,, F,, €
fa are said to be equal if py, (v) = py,, (x) for allz € X. Thus fe, # fe, if and only

g, (x) # pg,, (x) for allz € X.

Proposition 2.13 [T}/ The union of any collection of fuzzy soft points can be considered
as a fuzzy soft set and every fuzzy soft set can be expressed as the union of all fuzzy soft
points.

fa={0pes fe e € E}
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Proposition 2.14 [T]] Let fa, f5 be two fuzzy soft sets then f4Cfp if and only if f.€ fa
implies f.€fp and hence fi = fp if and only if f.€fs and only if f.€[f5.

Definition 2.15 [32] Let R be the set of real numbers and B(R) be the collection of all
nonempty bounded subsets of R and E be taken as a set of parameters, A C E. Then a
mapping [ : A — B(R) is called a soft real set. If a soft real set is a singleton soft set,
it will be called a soft real number and denoted by 7,5,t etc. 0 and 1 are the soft real
numbers where 0(e) = 0,1(e) = 1 for all e € E respectively.

The set of all soft real numbers is denoted by R and the set of all nonnegative soft real
numbers by R(A)*

The soft real number 7 will denote a particular type of soft real number such that
7(e) =r for all e € F

Definition 2.16 [353] A (nonnegative) fuzzy soft real number is a fuzzy set on the set of all
(nonnegative) soft real numbers R(A), that is, a mapping X : R(A) = [0,1] , associating

with each (nonnegative) soft real number t, its grade of membership S\(f) satisfying the
following conditions:

(i) X is convez o
that is, AN(t) > min (X(3), \(7)) for § €1 C 7

(1) X is normal )
that is, there exists to € R(A)* such that \(t) = 1§

(111) /i\ is upper semi continuous provided for all t € R(A) and o € [0, 1]

A({#) < a, there is a § > 0 such that || 5 — 1 ||< & implies that \(3) < ol

The fuzzy soft real numbers be denoted by 7, 3, ete, while 7,5, ¢ will be denoted in
particular type of fuzzy soft real numbers such that 7(e) = pr that is a fuzzy number for
all e € H.

Let A C E. The set of all nonnegative fuzzy soft real numbers be denoted by R(A)*
and the collection of all fuzzy soft points of a fuzzy soft set f4 over X be denoted by
FSC(fa)-

Let X be a nonempty set. It is well known that a map d : X? — R" is called a metric
if and only if it satisfies the following:

(a) d(z,y) > 0 and d(x,y) =0 iff z = y, for all z,y € Xj

(b) d(z,y) = d(y, z) for all z,y € Xj

(c) d(x,y) < d(z,z) +d(z,y) for all x,y, z € X

If we replace the set X with the set of all fuzzy soft points of an absolute fuzzy soft set,
and R* with the set of all nonnegative fuzzy soft real numbers, then we get a refinement

of metric space called fuzzy soft metric space [14] as follows:

4
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Definition 2.17 [14/ Let A C E and E be the absolute fuzzy soft set. A mapping d :
FSC(E) x FSC(E) — R(A)* is said to be a fuzzy soft metric on E if d satisfies the
following conditions:

(FSM;y) :Ci(feufez)éﬁfor all feufezéE; ~

(FSMs) : d(fey, fe,) = 0 if and only if fe, = fe, for al fe,, fe, €H§

EFSM3§ (f€17f€2) d(f@2’f€1) fOT a'll f€17f62€E

FSMy) : d(foy, fou) SA(for, foy) + A(fegs fes) for all fe,, fey, fe, €EE.
The fuzzy soft set I with the fuzzy soft metric d is called the fuzzy soft metric space

and is denoted by (E,d).

Definition 2.18 [26] Let X be a nonempty set and E be the nonempty set of parameters.
A mapping G : SE(X )x SE(X X) x SE(X) = R(A)* is said to be a soft generalized metric
or soft G-metric on X if G satisfies the following conditions:

(Gl):G(a: 7,2)=0if & ==&

(Gy) : 0<G(&, %,9) for all Z, jESE(X) with & 7 U5

(Gg) Cj(:z:,:c,f/)é N(x y,2) for all 2,9, 2ESE(X) with § # Z;
(G4) q(‘%vg?g)? G(J? z y) G(yvz .I) ety

(Gs) : G(z,7,2)<G(%,a,a) + G(a, 7, 2 Z) for all T,7, 2,a€SE(X X).

The soft set f( with a soft G-metric G on Xis said to be a soft G-metric space and is
denoted by (X,G, E).

3 Fuzzy soft G-metric spaces

Definition 3.1 Let E be a nonempty set of parameters, A C E and E be the absolute
fuzzy soft. A mapping G : FSC(E) x FSC(E) x FSC(E) — R(A)* is said to be a fuzzy
soft generalized metric or fuzzy soft G-metric on E if G satisfies the following conditions:
(FSCSI) (f817f627f€3)_0 fo€1 fez fes;

(FSGy) : 0<G (fuy, fers fog) for all fo,, fe, €FSC(E) with fo, # fofs

(FSQS) (feufep f62)<G(f61>feza fes) for all fers fers fe, €EFSC(E) with fe, # fef
EFSQ4) (f617f627f€3)_ <f617f€37f62)_ <f627f637fe1)_'--:

FSG5) : G(fers fers fos) SG(fers for fo) + G(fer fer, fes) for all fe,, fey, fog, LEFSC(E).
The fuzzy soft set E with a fuzzy soft G-metric G on E is said to be a fuzzy soft
G-metric space and is denoted by (E,G).

Example 3.2 Let E be a nonempty set of parameters and E be absolute fuzzy soft set.
We define G : FSC(E) x FSC(E) x FSC(E) — R(A)* by

5 Q? iff€1:f€2:f€3;

G(f€17f627fe3) = { L, iff@l = fez # f€3 or f61 7& f62 = feg or fez i f61 = feg;'

3 i fu # fer  fen )
forall fo,, fe,, fes €FSC(E). Then G satisfies all the fuzzy soft G-metric avioms (F.SG1)—
(FSG5):

Definition 3.3 A fuzzy soft G-metric space (E, é) is symmetric if it satisfies the follow-
ing condition:

(FSG) : G(fers fens fes) = G(fers fors fez) for all fo,, f,EFSC(E).

5
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Remark 3.4 It is obvious that the fuzzy soft G-metric space defined in Ezample 5.2
satisfies the condition (FSGg) and so it is symmetric.

Proposition 3.5 Let (Eg é) be a fuzzy soft G-metric spacel Then the following hold for
all fel,fez,feg,feéFSC(E):
( ) [fG(felvfewfeg) 07 then f61:f62:f€3'

( ) Cf( 617f€2’f63)s~ ( 617f617f62>+G<f€17fe1afe3)

( ) Q( 617f627f82>§é ( e27f81’f61)

( ) CJ(f€17f62af€3)§~ (f 17feafe3) +G(f€7fe2’f€3)

(6) Cz( 617f327f63)§§[G(f617f627f8)+G(f817f67f83) +G<f€af617f€3)]'
(f) Gfers fers Je) SGfers fer fo) + G ey fer fo) + G (fegs foo £o)).

(g) IG(fe1af€27f63> _G(f617f62af6)|< max{G(fmfe:’,’f%) (f€37feaf€)}'
(h) ‘G(felafegafes) _G(f617f€27f€>’<G(f€1’f€7f€3)

(2) ’G( epfezafeg) _Ci( 627f637f63)’< ma/x{G<f617f637f€3) (fegafepfel)}'
( ) ‘G(f617f627f82) - (f627f617f61>|< max{G(f€27fel7fel> (f€17f627f62>}'
Proof. (a) Case 1: Let all of the fuzzy soft elements be distinct. Then, we have

0<S G (fors fors for ) SG(fers fens fey) from (FSGy) and (FSGs), respectively.
Case 2: Let two of the fuzzy soft elements be equal and the remaining one be distinct.
Thus, we have G(fe,, fe,: fes)>0 by (FSG4) and (FISG2). From the two cases, we obtain

G(fel7f€27f€3) 7é 0

(b) We have G(fey, fers fes) + G(fers fery fos) = G(fens fors fer) + G(fers fers fe)=
(f627f617f63) = (f617f627f63> from (FSG4) and (FSG5>

(¢) By using (b), we have G(fe,, ey, foo)SG (fers fors fun) + G(fers fors fon) =
Qé(feza f617 f61> from (FSG4)

(d) Case 1: Let f., # fe,. Then, we have G(fel, feas fe3)§é
G(fer fers fes) + G(fes feys fey) from (FSGs), (FSGy) and (F
obtain G(feufeza fes)<G(fe1v fes fes) + G(fev fess fes) Dy (F'S
Ca'se 2 Let fel fe3 a'nd fe2 # fe -
Thus we get G(fey, fegs fes) = G(fer, fers fes)SG(fers fons f)SG(fers fers fo) TG (fer, for fer)
= G(fe,fez,fel) + G(fel,fe,fel) from (FSG4) and (FSGg)
Case 3: Let f., = f., and f., = fe.
It is obvious.

( e f67f61)+G(f67f827f63)
SGl), respectively. So, we
Gla).

(d) By (d) and (FSG), we have 3G(fo,, oy, fos)S2G(Fors fons £2) + 2G(fors for fo) +
§~(f€7f€27f63) ThuS
(f617f327f63) [ (f617f627fe) ( 617fe;f63)+é(f€7f627f€3)]'

() By (FSGs) and (b), we obtain 3G (fur, ferr fua) 3G furs fur f2) + 3G fuas fur J) +
3G (feus foo fo). Hence, Gl fous frar Je) G fers for £) + Clfeas for £2) + Gfugs fos fo):

6
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(f) We have G(fepfezafes)Né (fegafe7fe) + G(f@?f@l?f@Q) from (FSG5) Then
G(fers feas fes) = Gfes fers Fea)SC(fegs fer fo) Smaz{G(fug, fer [e)s G(fer oy fes)}-

In a similar way, we get

Az {G(fey, for £o)s G(fer fegs Fe)YSC(fes fegs o) S = [Gfers fons fey) = Gfes fers fe)]-

Thus, we obtain

(G (fers fear fer) = G(fers fean JE max{G(fer fes fo), G Sy for fo)}-
(h) The proof is clear, by (d) and (FSG,).
(1) It is obvious, by (F.SG5) and (FSGY).

(5) It follows from (c) and (FSGY). u

Proposition 3.6 Let (E, é) be a fuzzy soft G-metric space; then the following are equiv-
alent.
(a) (E G) is symmetric.
( ) (f€17f627f€2)<G(f€1)f627f8) folr all f817f627f€EFSC( )
(c) (fep fess f63)<G(f617 Jess fe) + G(fe3> fess fe), for all fe,, fes, fess fes feEFSC( )
Proof. (a) = (b) : Since (F,G) is symmetric, we have G(f.,, foy: for) = G(fors for, fes)-
Case 1: Let fu, # fo. We have G(fe,, fuy, fes)SG(fer fear fe) by (FSGs).
Case 2: Let f, = fe. It is clear by gFSég). )
(b) = (C) : We obtain G(f617 f€27 f63)§~q<f627f627 fe1) + G(f627 fewfes)

SG(fela fezvfe) + é(fesa f627 fé>
by using Proposition 3.5(b) and the hypothesis.

(¢) = (a) : By hypothesis and (FSG4) we have

(fe:[?f627f62)<G(f617f627f51) + G(f627f€27f€3) - (fel7f82’fel) = é(f@l?fEl’f@Q)'
In a similar way, we get G (fey, for, for ) <G (fers fons fou)- u

Proposition 3.7 For any fuzzy soft metric d on E we can construct a fuzzy soft G-metric
by the following mappings G and G, .

(a) gs(d)<fel7 f€27 f€3) = %I:d<fellf€2) + d(fo’ feS) + dgf@l’ f€3)]'
(0) Gra(d)(fers feas fes) = maai{d(fe,, fer), d(fer, fes)s A(fers fes)}-
Proof. (a) Since d is a fuzzy soft metric, the proofs of (FSG4), (FSG,), and (FSG.)
are obvious. The proof of (F'SG5) follows from (FS My). )
(FSG3) Case 1: Let fo, # fo,, and fo, # fo,. Since Go(d)(fer, for, fe) = 0, the assertion
is clear.
| Case 2: Let fo, = fuy, fey # fon a0d foy # foy. Then,
Gs(d)(fel’f€17f€2): ( )(feufegaf%)
Case 3: Let fo, # fesy fes # fey, and fo, # fe,. From (FSM,), we have

2(fur for) SA(fors for) + A(fers fog) + A(frg, frn)- Then



Gold)(fr, fon, fo) = 20(fors fo) ELA s for) + A fur, fi) + A fs o)
( )(f€1’f627f€3)‘

(a) The proofs of (FSG4), (FSG,), and (FSGy) are obvious.
(FSG ) Let f€2 # f€3~

GS( V(fers fers fen) = d( fer, f62)<max{d(feufez)+d<f61>fes)+d(fezafes)}

~ G (~>(fe17f627fe3)
(FSG5) Case 1: (d)(felafewf%) - d(fenfez) 5
FI"OHI (FSG4) we have d(f€17f62)<d(fe1afe) +d(fe7f62) - ( )(fepfeafe) +d(f67f62)§

( )(feufeafe)"‘G ( )(f€7f627f€3)

The other cases can be proved in a similar way.

Proposition 3.8 For any fuzzy soft G-metric G on E, we can construct a fuzzy soft Jé
on E defined by

dé(f617f62> = é(f617f627f62> —"_ é(fel7fel7f62)
Proof. The proofs of (F.SM;), (F'SMj3), and (F'SM;) are obviously follows from
(FSG, )and(FSGg) (F'SG4) and (F'SG5), respectively.

(F'SMy) Let dg (f€17f62>_0 Assumefe1 # fe,- Since G(feufezafez)+G(fe1afe17fez):
we would have G(fe,, fey, fe,)<0 by Proposition 3.5(c). This contradicts to (F'SGs).
Thus, f., = fe,- The converse is clear. ]

Proposition 3.9 Let d be a fuzzy soft metric on E. Then the following hold.

(a) dg, ) (fer: fea) = 5d(for, foa)-

(0) dém(cz)(feu fes) = 2d(fey fer)-

Proof. The proofs follows from the definition of J@, G and G,. [ |

Proposition 3.10 Let é be a fuzzy soft G-metric G on HiThen the following hold.
(@) G(fers fers fos) SGd@) (fors fers Fo) S2G(fors fers frs)-

() G(for: fers fe) SGunlde) (fers fors Fes)SBG (fers fens fes)-

Proof. (a) By Proposition 3.5(b), we have

é(feu f627 fes)ééwé(feu fez) + Cié(feza f63> + jé(fel7 fegg]-
On the other hand, By Proposition 3.5(c) and (F'SG3), we obtain

Hdo o foa) + dgFers £e2) + A Fers TV ZIC Fe Fer S
(b) By Proposition 3.5(b), we obtain

(fel,fEQ,f63)<G (JQ)( w1s fes fes). Also, from Proposition 3.5(c) and (F.SG3), we get
m(de)(fer, fer, Fes) <3G fer, for, fer): -

Qz ()
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Definition 3.11 Let (E G) be a fuzzy soft G-metric space and T be a fuzzy soft real num-
ber and € € (0,1). A fuzzy soft open G-ball centered at the fuzzy soft element fGEFSC'( %)

and radius t is a_collection of all fuzzy soft elements g. of f. such that G(fe,ge,ge)<t
It is denoted by B(fe,t €) where B(fe,t €) = {g.EFSC(E)|G(fo, ge, ge) <t} with 1%, (s) —
e (5)] < ¢ ~
The fuzzy soft closed G-ball is denoted by B[fe,t &) = {g.EFSC(E)|G(fe) ger ge)< }
with |1} () — i ()] <

Example 3.12 Consider the fuzzy soft G-metric space (E, G’) given in FExample 3.2.

We have
= FSC(E),
(fe,1,€) { (i

S
ST N

IN V

for any feéFSC(E)

Proposition 3.13 Let (E,G) be a fuzzy soft G-metric space. For feéFSC(E) and > 0,
the following hold:

( ) [fG ( )<f67f617f62><r then f617f626B<f67t 6) ~ B ~ ~

(b) If f.,EB(f.,t,€), then there exists a 550 such that B(f.,,5,¢)CB(f.,1,¢).

Proof. (a) It obviously follows from (F SGg)

(b) Let fe, € BN(fe,t €). Assume that feQGB(fel,s €). Then, we have

G(fe: fear Jea)SG(fes fers fer) + G(f617f627f62)<G(f87f€17f81) +5 by (FSGs)

Say § =t — G(f., f.,, f.,). Thus, we get G(fe,fez,fez)<t Hence f€2€B(fe,t €). [ |
Proposition 3.14 Let (E,G) be a fuzzy soft G-metric space. For f.,EFSC(E) and 15> 0,
we have

B(fuu 1. OCBy (fuo 1 OEB(fun: 1.8,

Proof. It obviously follows from Proposition 3.5(c). u

4 Fuzzy soft G-convergence

Definition 4.1 Let (E é) be a fuzzy soft G-metric space and {f.,} a sequence of fuzzy
soft elements in E. The sequence {fe,} is said to be fuzzy soft G-convergent to f. in

E if for every é0, chosen arbitrary, there exists a natural number N = N (€) such that
0<SG(fep s fon, fo)<E whenever n > N i.en > N = {fen}eB(fe,t €). We denote this by
fen, = fe as n— 00 or Limy,_oo{fe,} = fe.



Proposition 4.2 Let (E, é) be a fuzzy soft G-metric space, for sequence {f., } in E and
a fuzzy soft element f., then the following are equivalent:

(a) {fe,} is fuzzy soft G-convergent to f..

(b) JG(fe f.) = 0 asn — .

(¢) G(fens fens fo) = 0 as n — co.

(d) G(fens fes fo) — 0 as n — oo.

(€) G(fer fors fo) = 0 as n,m — oco.

Proof. (a) = (b) follows from Proposition 3.4. The other implications can be proved
by using Propositions 3.5 and 3.7. [ ]

Definition 4.3 Let (E é) be a fuzzy soft G-metric space and {f.,} be sequence of fuzzy
soft elements in E. Then the sequence {fen } is said to be fuzzy soft G-Cauchy if for every
e0, there exist 6>0 and a positive integer N = N(€) such that G(fer s for, fe,)<€ for all
n,m,l > N; that is G(f.,, fe,, fo) = 0 as n,m,l — oco.

Definition 4.4 A fuzzy soft G-metric space (E, C~¥) is said to be fuzzy soft G-complete if
every fuzzy soft G-Cauchy sequence in (E,G) is fuzzy soft G-convergent in (E,G).

Proposition 4.5 Let (E,G) be a fuzzy soft G-metric space and {f., } be sequence of fuzzy
soft elements in E. Then the following are equivalent:

(1) The sequence {fe.} is fuzzy soft G-Cauchy sequence.

(2) For every €0, there exist a natural number N such that G(f.,, fe. . fo, )<€ for all
n,m>N .

(3) The sequence {f., } is a Cauchy sequence in the fuzzy soft metric space (E, ~(~;).
Proof. (1) = (2) It is obvious by axiom (FSGs).

(2) < (3) It is clear by the definition of dg.

(2) = (1) If we set f. = f., then it is obvious by axiom (F'SG5). n

Corollary 4.6 Every fuzzy soft G-convergent sequence in any fuzzy soft G-metric space
(E,G) is fuzzy soft G-Cauchy sequence.

Proposition 4.7 A fuzzy soft G-metric space (E, G) is fuzzy soft G-complete if and only
if (E,dg) is a complete fuzzy soft metric space.
Proof. It follows from Propositions 4.5 and 3.8. [ ]

Definition 4.8 Let (E,Q), (L% é) be two fuzzy soft G-metric spaces. Then a function

T:F — E is fuzzy soft G-continuous at a fuzzy soft element feeFSC( ) if and only if
for every ¢>0, there exists >0 such that f.,, fe, EFSC(E) and G(f., f.,, f62)<5 implies

that G(T fo, Tf.,, T f.,)<¢.
A function T is a fuzzy soft G-continuous if and only if it is fuzzy soft G-continuous
at all fuzzy soft elements f.€ FSC(E)

10
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Proposition 4.9 Let (E,G), (E, G) be two fuzzy soft G-metric spaces. Then a function

T:E — FEis fuzzy soft G-continuous at a fuzzy soft element feéFSC(E) if and only
if it is a fuzzy soft G-sequentially continuous at a fuzzy soft element f.€FSC(FE), i.e.
whenever { fe, } is fuzzy soft G-convergent to fo, {T fe,} is fuzzy soft G-convergent to T fe.

Proof. Necessity: Assume that 7' is a fuzzy soft G-continuous. Given f, — f., we wish
to show that T'f, — T fe.

Let €>0. By hypothesis, there exists a >0 such that f.,, f.,€ FSC(E) and

Gfor forr £02) 28 = G(Tf., Tf.,, Tf.,) e

Since f, — f. corresponds to 0>0 where §(\) = 0y there exists a natural number N such
that

n > N = é(fevfenafen)ig = é(fff?fen’fen)()\) < 6)"

Hence, we have

n>N = GTf,Tf. Tf )2 = G(Tf,Tf. . TL. )N < e

This implies that T'f,, — T'f..
Sufficiency: This can be clearly proved assuming that 7" is not fuzzy soft G-continuous at
a fuzzy soft element f,. [ |

Theorem 4.10 Let (E,G) be a fuzzy soft G-complete and T : (E,

) — (E,G) be a
mapping that satisfies the following condition for all fe,, fe,, fe, €FSC(E),

ll

é(fel ) Tfe1a Tf€1>
CG(fogy Tfess T foy)

G(Tfuy, Tfey, T o)< (Feas T fegs Tfur)+

+0G
- (4.1)
+d (f617f627f63)'

where 0<a + b+ ¢+ d<1.
Then T has a unique fived point, say f., and T is a fuzzy soft G-continuous at f..
Pro@ Let f.,€F SC(E) be an arbitrary fuzzy soft element and define the sequence
{fennen by fe, =T"(fe,). From (4.1), we get

G(fers fenins Fonsn) GG (forys fens fen) +0G(fers fonirs fensn) +

Eé(ferw f8n+17 fen+1) + Jé(fenfu fen7 fen)'
Then

G(fors Forins Forit )@+ Q)G (for s fons for) F 04 OG (fons Fonirs Fonin):

Thus we have

A = _atd A
G(fena fen+1a f€n+1)§ii(g+E)G(f€n717fen’ f@n)'
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C(fers fersns Foni)SKG(ferys fons for)- (4.2)

Hence we have the following inequalities:

C(ferss fors For ) SKG(fer sy fenss fons)s

G(fen s Fenss Fen ) SKG (fon s Fon s Fon )
(4.3)

Combining (4:2) and (4:3) we obtain

G(fors Forirs Fori)S(B)' G (fens fors fer)- (4.4)

For all m,n € N such that n < m, we have 3
G (fens Jems Jen) SGFens Jewins Jenin)s Gllenins Jenins Jenya) + oo - Glfer s fes Jern)
S(g’i) + (R)" 4 (R)" G feos fers fer)
S (&) —k (femfeu fe1)
by (FS:C%) and (4.4). )
Thus G(fe,, fe,., fe,) = 0 as m,n — oo. o
So { fe, } is a fuzzy soft G-Cauchy sequence. Since (E, () is a fuzzy soft G-complete, there
exists g.€FSC(FE) such that {f,} fuzzy soft G-convergence to g..
Assume that T'g. # ge, i.e., Tge(Ao) # ge(Xo) for some Ay € E. Then by (4.1) we have

C(fens TGes T9e)<AC(fer s, fens Fon)HDC(ge, Tge, Te)+2C (g, Tge, Tge) +dG (fer 15 e ge)-

Thus

G(fens T9er T9ge) <G (fer_ys fens fen) + (b+ EVG(ge, Tge, Tge) + AG(fe,_y» Ges Ge)-
By taking the limlt as n — oo, we get

G(ge: Tge, Tge) < (b + O)G(ge, Tge, Tge )l

Since {f.,} — g.. This is a contradiction. Hence T'g. = ge.

Let us prove uniqueness. Suppose there exists a fuzzy soft element h, such that g, # h,
and Th, = h.. Then by (4.1), we get

G(ger hes he) = G(Tge, The, The)<aG (ge, Tge, Tge) + (b+ &)G(he, The, The) +
7 (Ges ey he)

(967 h67 h )

Q.“ Q‘

Thus we find that g.=h..
Let us prove that T is fuzzy soft G-continuous at g.. Let {g., } be a sequence of fuzzy
soft elements in £ such that {g., } — g.. Then by (4.1) we have

G(9e, Tgen> T e, ) <G (g, Tge, Tge) + (b+ &G (Gen> Ten> Ter) + AG(ger Gers Ger)
= (b+20)G(Ger, TGer, Tge,) + AG(ge, Gers e )-

12
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Also, by FSG5, we have

G(Gers Ters TGen ) <G (Ger» Ger Ge) + G (Ges Ters Ter)- (4.6)

Then we combine (4:5) and (4:6); to get

G(9e, T9er, Tger ) (b + &G (ger, Ger 9e) + (0 + DG (ger TGers TGe,) + AG (g Ger s Ge,).

Thus ) . _
G(Qea Tge,, Tgen>§ i_b(%_iaG(gen, Je; ge) + %G(ge, e gen)

By taking the limit as n — oo, we obtain

G(ge; Tge,, Tge,) — 0 since {ge,} = ge. So {T'ge,} = T'ge = ge, from Proposition 4.2.

Hence T is fuzzy soft G-continuous at g. by Proposition 4.9. [ ]

Corollary 4.11 Let (E,G) be a fuzzy soft G-complete metric space and T (E,Q) —
(E, G) be a mapping that satisfies the following condition for all fe,, fe,, Je,€EFSC(E),

(Tf617Tf627Tf63)<aG(fe17Tfe17Tfe1) +0G(fey. T fey. Tfey) + CG(fuy, T foy, T f ol
where 0<a + b+ ¢<1.
Then T has a unique fized point, say g., and T is a fuzzy soft G-continuous at ge.

Proof. If we take d = 0 in Theorem 4.10, it is obvious. [ ]

Theorem 4. @L (E é) be a complete fuzzy soft G-metric space, and suppose T' :
(E,G) — (E G) satisfies for all f., € FSC(E) fori=1,2,3, the following

G(T? foy, T2 foy, T? £oy) SGG (for s fens fos) + VG(T fur, T fey, Tfes),

where N

0<a, l:)i(}l) and 0<3a + b=1.
Then, T? has a unique fized point for some unique f.EFSC(E) (i.e. T>f. = f.), and T?
18 fuzzy soft G-continuous at f..

Proof. Let f,, =Tf., , and f. ., =Tf., =T?f.. ,. Now observe that

G fersrs fensar fensa) = G(T% for ), T2 fer T2 frs)
GG (far s fons forir) ¥ 0G(Tfor T fer Tfe )

GC(for s fons Fonss) F0G(fers Forirs Fensa)
QG (fer 1s fenrsr Fonys) + QG (forigs fens Fernis)
AOG (funs fonsns Fenss)
ZGC(for s Forvas Fonea) 4 @G (farins Forins Forra)

+8G(fepar fens Fenir) T DG (fers Fenirs Fonsa)
3G furs fona fenss) T @+ DG (fer foriss fori):

A

(4.7)
From (4.7), we deduce that

13
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é(fen+1 ) f€n+2 77f€n+3 ) éﬁ/é(fen I f€n+1 I fen+2 )7

where § = 22 27 and by induction,

i-%a

G(fenss Fonsas Fonrs) ST G (fers fes fes)-
Consequently, the sequence {f.,} is fuzzy soft G-Cauchy. By the fuzzy soft G-

completeness of (E,G), there exists f. such that lim, ,.fe, = fe. By the fuzzy soft
G-continuity of T2 at f., that is, T is also fuzzy soft G-continuous at f, and we have
fezlimn%oofen+2:1imn—>ooT2(fen) - T2 (hmn—mofen) - Tz(fe)'

For uniqueness, Suppose there exists a fuzzy soft element g, such that f. # g. and
Tge = ge, then

G(fer Ge, 90) = G(T*fo, T?ge, T?ge)

IAC A
=1l
+ X

es Jes ge) =+ zé(Tfea Tge, Tge)
)G(feageage) (48)

S

<(

DN | —
()

)

(fer Ges 9e)-

Clearly, the above inequality (4.8) implies that G (fey ger ge) = 0; hence f. = g, and so, T
has a unique fixed point. [ |

5 Conclusion

It is well known that if X is a nonempty set and G : X® — R satisfies Definition 3 [16],
then G is called a G-metric and (X, G) is called a G-metric space. If we replace the set
X with the set of all fuzzy soft points of an absolute fuzzy soft set, and R* with the set
of all nonnegative fuzzy soft real numbers, then we get a refinement of G-metric space
called fuzzy soft G-metric space, which appears as a new concept is introduced in this
paper. Then, fuzzy soft convergence and fuzzy soft continuity are studied in fuzzy soft
G-metric space, Finally, some fixed points theorems are proved. In the future, we will try
to improve the search performance further for some types of mappings.
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