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Abstract 
 

In this  paper,  we introduce  the  notion  of fuzzy soft G-metric  space  via fuzzy 
soft elements.  Then,  fuzzy soft convergence and fuzzy soft continuity are studied  in 
fuzzy soft G-metric  space, Finally,  some fixed points  theorems  are proved. 
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1  Introduction 
 
In daily life, the problems in many fields such as engineering, physics, computer  sciences, 
economics, social sciences, medical sciences and many other diverse fields deal with uncer- 
tain  data  and that  may not be successfully modeled by the classical mathematics. There 
are two types of mathematical tools to deal with uncertainties namely fuzzy set theory 
introduced  by Zadeh [1] and the theory of soft sets initiated  by Molodstov [2] which helps 
to solve problems in all areas.  Fuzzy soft set which is a combination  of fuzzy set and soft 
set was introduced  by Maji et al. [3]. Roy and Maji [4] gave some results on an application 
of fuzzy soft sets in decision making problem.  Fuzzy soft sets and their applications  have 
been investigated  intensively ( see, e.g., [5, 6, 7, 8, 9, 10, 11, 12, 13]). In [14], Beaula et 
al.  introduced  a definition of the fuzzy soft metric space, also in [15], Sayed and Ahmad 
introduced  a concept of fuzzy Soft contractive  mappings  in fuzzy soft metric  spaces and 
studied  some fixed point theorems. 
The  concept  of G-metric  space  was introduced  by  Mustafa  and  Sims [16] in order  to 
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extend  and  generalize  the  notion  of metric  space,  a  number  of authors  have  studied 
and  characterized  many  well-known results  in the  setting  of G-metric  space (see, e.g., 
[17, 18, 19, 20, 21, 22, 23, 24, 25]). 
Güler  et al.  [26] introduced  the  concept  of soft G-metric  space according  to a soft el- 
ement  and obtained  some of its properties.   Then,  they  defined soft G-convergence and 
soft G-continuity. Moreover, they proved existence and uniqueness of fixed points in soft 
G-metric  spaces.  In [27] Güler and Yildirim introduced  the notion of soft G-Cauchy  se- 
quences and soft G-complete spaces and investigated  some properties  of such spaces.  In 
this paper,  we introduce  the notion of fuzzy soft G-metric  space via fuzzy soft elements. 
Then,  fuzzy soft convergence and fuzzy soft continuity  are studied  in fuzzy soft G-metric 
space, Finally, some fixed points theorems  are proved. 

 
 

2  Preliminaries 
 
In this section we present some basic definitions of fuzzy soft set, fuzzy soft metric space 
and soft G-metric  space. 
Throughout our discussion, X refers to an initial universe, E the set of all parameters for 
X , P (X ) denotes the power set of X and I = [0, 1]. 

 
 
Definition 2.1  [1] Let X  be a nonempty  set.  A fuzzy set A in X  is characterized  by a 
membership function  µA  : X  → I whose value µA (x)  represents  the “degree of member- 
ship”of x in A, for every x in X . Let I X   denotes the family of all fuzzy sets on X . 

 
A member A in I X   is contained  in a member B of I X , denoted  by A ≤  B if and only 

if µA (x) ≤  µB (x) for every x ∈  X (see [1]). 
Let A, B ∈  I X , we have the following properties  fuzzy sets (see [1]). 

(1)  Equality:  A = B if and only if µA (x) = µB (x) for all x ∈  X , 

(2)  Intersection:  C = A ∧  B ∈  I X   by µC (x) = min{µA (x), µB (x)} for all x ∈  X 

, (3)  Union: D = A ∨  B ∈  I X   by µC (x) = max{µA (x), µB (x)} for all x ∈  X , 

(4)  Complement:  E = Ac ∈  I X   by µE (x) = 1 ­  µA (x) for all x ∈  X . 

 
Definition 2.2  [1] The empty fuzzy set,  denoted by 0̃,  is the function  which maps each 
x ∈  X  to 0.  That  is, 0(x)  = 0 for all x ∈  X .  A universal  fuzzy set denoted by 1̃  is a 
function which maps each x ∈  X  to 1. That  is, 1(x) = 1 for all x ∈  X . 

 

Definition 2.3  [2] Let A ⊆  E.  A pair (F, A) is called a soft set over X if F is a mapping 

F : A → P (X ). 
 

 
In other words, a soft set over X is a parameterized family of subsets of the universe X . 
For    ∈  A, F ( ) may be considered as the set of  -approximate  elements of the  soft set 
(F, A), or as the set of  -approximate  elements of the soft set. 
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Definition 2.4  [28] A pair (f, A), denoted by fA , is called a fuzzy soft set over X , where 
f is a mapping f : A → I X   defined by fA (e) = µe

 where 
 

fA  
= 

   
0̃, if e ∈/ A; 
otherwise,   if e ∈  A. 

 

(̂X, E) denotes the class of all fuzzy soft sets over (X, E) and is called a fuzzy soft universe 
([3]). 

 
Definition 2.5  [29] A fuzzy soft set fA over X  is said to be: 

(a)  NULL fuzzy soft set, denoted by φ̃, if for all e ∈  A, fA (e) = ̃0. 

(b)  absolute fuzzy soft set, denoted by Ẽ , if for all e ∈  A, fA (e) = ̃1. 
 

Definition 2.6  [30] The complement of a fuzzy soft set fA , denoted by f c , is defined by 
fA : E → I X c    = ̃1 ­  µfA   

where 1(x) = 1, for all x ∈  X . Clearly 
(f c )c

 = fA . 
 

Definition 2.7  [30] Let  fA , gB   ∈  (̂X, E).   We say that  fA  is fuzzy soft subset of gB , 
denoted by fA 

˜ gB , if A ⊆  B  and µe ≤  µe for all e ∈  A, i.e.  µe (x) ≤  µe (x)  for all ⊆  
x ∈  X  and for all e ∈  
A. 

fA  gB fA  gB 

 

Definition 2.8  [30] Let fA , gB  ∈  (̂X, E).  The union of fA and gB  is the fuzzy soft set hC , 
where C = A ∪  B and for all e ∈  C, hC (e) = µe

 
e  e 
fA  gB . Here we write hC  = fA ∪̃ gB . 

 

Definition 2.9  [30] Let fA , gB  ∈  (̂X, E).  The intersection of fA and gB  is the fuzzy soft 
set dC , where C  = A ∩  B  and  for all e ∈  C, dC (e) = µe

 
e  e 
fA  gB .  Here we write 

dC  = fA ∩̃ gB . 
 

Definition 2.10  [31] The fuzzy soft set fA ∈  (̂X, E)  is called a fuzzy soft point if there 
exist x  ∈  X  and  e ∈  E  such that  µe

 (x)  = α(0  < α  ≤  1) and  µe
 (y)  = 0 for each 

y ∈  X ­  {x}, and this fuzzy soft point is denoted by xe
 or fe . 

 

Definition 2.11  [31] The fuzzy soft point xe
 is said to be belonging to the fuzzy soft set 

(g, A), denoted by xe ∈ (g, A), if for the element e ∈  A,α ≤  µe
 

(x).
 

α ̃
  

gA 

 

Definition 2.12  [14] Let fA be fuzzy soft set over X . The two fuzzy soft points Fe1 , Fe2  ∈  
fA  are  said to be equal if µfe (x)  = µfe (x)  for all x ∈  X .  Thus  fe1  = fe2  if and  only 
µfe (x) = µfe (x) for all x ∈  X . 

 

Proposition 2.13  [14] The union of any collection of fuzzy soft points can be considered 
as a fuzzy soft set and every fuzzy soft set can be expressed as the union of all fuzzy soft 
points. 

fA = {∪̃ fe ∈̃  fA 
fe : e ∈  
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⊆Proposition 2.14  [14] Let fA , fB be two fuzzy soft sets then fA 
˜ fB if and only if fe ∈̃ fA 

implies fe ∈̃ fB  and hence fA = fB  if and only if fe ∈̃ fA and only if fe ∈̃ fB 

. 
 
Definition 2.15  [32] Let R be the set of real numbers and B(R)  be the collection of all 
nonempty bounded subsets of R and E  be taken as a set of parameters, A ⊆  E.  Then a 
mapping f : A → B(R)  is called a soft real set.  If a soft real set is a singleton soft set, 
it will be called a soft real  number  and  denoted  by r̃, s̃, t̃ etc.   0̃  and  1̃  are  the soft real 
numbers where 0(e) = 0, 1(e) = 1 for all e ∈  E  respectively. 

 
The set of all soft real numbers  is denoted  by R and the set of all nonnegative  soft real 
numbers by R(A)∗  

The  soft real number  r̄  will denote  a particular type  of soft real number  such that 
r̄ (e) = r for all e ∈  E 

 

Definition 2.16  [33] A (nonnegative)  fuzzy soft real number is a fuzzy set on the set of all 

(nonnegative)  soft real numbers R(A),  that is, a mapping λ̃ : R(A)  → [0, 1] , associating 
with each (nonnegative)  soft real  number 
following conditions: 

t̃,  its  grade  of membership λ̃(t̃)  satisfying  the 

 

(i) 

(ii) 

(iii) 

 

λ̃  is convex 

that is, λ̃(t̃) ≥  min (λ̃(s̃), λ̃(r̃)) for s̃ ⊆  t̃  ⊆  r̃  
 

λ̃  is normal 

that is, there exists t̃0  ∈  R(A)∗   such that λ̃(t̃0) = 1. 

λ̃  is upper semi continuous  provided for all t̃  ∈  R(A)  and α ∈  [0, 1] 

λ̃(t̃) < α, there is a δ > 0 such that k s̃ ­  t̃  k≤  δ implies that λ̃(s̃) < α 
 

The  fuzzy soft real numbers  be denoted  by r̃, s̃, t̃ etc, while r̄, s̄, t̄  will be denoted  in 
particular type of fuzzy soft real numbers such that  r̄ (e) = µe r̄  that  is a fuzzy number for 
all e ∈  E 

Let A ⊆  E.  The set of all nonnegative  fuzzy soft real numbers  be denoted  by R(A)∗
 

and  the  collection of all fuzzy soft points  of a fuzzy soft set fA  over X  be denoted  by 
F SC (fA ). 

Let X be a nonempty  set.  It is well known that  a map d : X 2  → R+ is called a metric 
if it satisfies the following: 

(a) d(x, y) ≥  0 and d(x, y) = 0 iff x = y, for all x, y ∈  X 
 

(b) d(x, y) = d(y, x) for all x, y ∈  X 
 

(c) d(x, y) ≤  d(x, z) + d(z, y) for all x, y, z ∈  X 

 
If we replace the set X with the set of all fuzzy soft points of an absolute fuzzy soft set, 

and R+ with the set of all nonnegative  fuzzy soft real numbers,  then we get a refinement 
of metric space called fuzzy soft metric space [14] as follows: 
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Definition 2.17  [14] Let A ⊆  E  and  Ẽ 
 

be the absolute fuzzy soft set.   A mapping d̃  : 
F SC (Ẽ ) × F SC (Ẽ ) → R(A)∗   is said  to be a fuzzy soft metric  on Ẽ 
following conditions: 
(F SM1 ) : d̃(fe1 , fe2 ) ̃  ̃0 for all fe1 , fe2 ∈̃ Ẽ , 
(F SM2 ) : d̃(fe1 , fe2 ) = ̃0 if and only if fe1  = fe2  for al fe1 , fe2 ∈̃ Ẽ , 
(F SM3 ) : d̃(fe1 , fe2 ) = d̃(fe2 , fe1 ) for all fe1 , fe2 ∈̃ Ẽ , 
(F SM4 ) : d̃(fe1 , fe3 ) ̃  d(fe1 , fe2 ) + d(fe2 , fe3 ) for all fe1 , fe2 , fe3 ∈̃ Ẽ . 

if d̃  satisfies the 

The fuzzy soft set Ẽ 
and is denoted by (Ẽ , d̃). 

with the fuzzy soft metric  d̃  is called the fuzzy soft metric  space 

 
Definition 2.18  [26] Let X be a nonempty set and E be the nonempty set of parameters. 
A mapping G̃ : SE(X̃ ) × SE(X̃ ) × SE(X̃ ) → R(A)∗   is said to be a soft generalized metric 
or soft G-metric  on X̃ if G̃  satisfies the following conditions: 
(G̃1 ) : G̃(x̃, ỹ, z̃) = ̃0 if x̃ = ỹ = z̃. 
(G̃2 ) : <̃ G̃(x̃, x̃, ỹ) for all x̃, ỹ∈̃ SE(X̃ ) with x̃ = ỹ. 
(G̃3 ) : G̃(x̃, x̃, ỹ) ̃  G̃(x̃, ỹ, z̃) for all x̃, ỹ, z̃∈̃ SE(X̃ ) with ỹ = z̃. 
(G̃4 ) : G̃(x̃, ỹ, z̃) = G̃(x̃, z̃, ỹ) = G̃(ỹ, z̃, x̃) = .... 
(G̃5 ) : G̃(x̃, ỹ, z̃) ̃  G̃(x̃, ã, ã) + G̃(ã, ỹ, z̃) for all x̃, ỹ, z̃, ã∈̃ SE(X̃ ). 

The soft set X̃ with a soft G-metric  G̃  on X̃ is said to be a soft G-metric  space and is 
denoted by (X̃ , G̃, Ẽ ). 

 
 

3  Fuzzy soft  G-metric spaces 

Definition 3.1  Let E  be a nonempty  set of parameters, A ⊆  E  and  Ẽ 

 
 
 
be the absolute 

fuzzy soft. A mapping G̃ : F SC (Ẽ ) × F SC (Ẽ ) × F SC (Ẽ ) → R(A)∗   is said to be a fuzzy 
soft generalized metric or fuzzy soft G-metric  on Ẽ  if G̃  satisfies the following conditions: 
(F SG̃1 ) : G̃(fe1 , fe2 , fe3 ) = ̃0 if fe1  = fe2  = fe3 . 
(F SG̃2) : <̃ G̃(fe1 , fe2 , fe3 ) for all fe1 , fe2 ∈̃ F SC (Ẽ ) with fe1  = fe2 . 
(F SG̃3) : G̃(fe1 , fe1 , fe2 ) ̃  G̃(fe1 , fe2 , fe3 ) for all fe1 , fe2 , fe3 ∈̃ F SC (Ẽ ) with fe2  = fe3 . 
(F SG̃4) : G̃(fe1 , fe2 , fe3 ) = G̃(fe1 , fe3 , fe2 ) = G̃(fe2 , fe3 , fe1 ) = .... 
(F SG̃5) : G̃(fe1 , fe2 , fe3 ) ̃  G̃(fe1 , fe , fe ) + G̃(fe , fe2 , fe3 ) for all fe1 , fe2 , fe3 , fe ∈̃ F SC (Ẽ ). 

The  fuzzy soft set  Ẽ with a  fuzzy soft G-metric  G̃ on Ẽ is said  to be a  fuzzy soft 
G-metric  space and is denoted by (Ẽ , G̃). 

Example 3.2  Let E  be a nonempty  set of parameters and Ẽ 
We define G̃ : F SC (Ẽ ) × F SC (Ẽ ) × F SC (Ẽ ) → R(A)∗   by 

 
 
be absolute fuzzy soft set. 

� 
0̃,   if fe � 1 = fe2 = fe3 ; 

G̃(fe1 , fe2 , fe3 ) = 1̃,   if fe1  = fe2  = fe3  or fe1  = fe2  = fe3  or fe2  = fe1  = fe3 . � 
2̃,   if fe1 = fe2 = fe3 . 

for all fe1 , fe2 , fe3 ∈̃ F SC (Ẽ ).  Then G̃ satisfies all the fuzzy soft G-metric axioms (F SG̃1)­  
(F SG̃5) 

Definition 3.3  A fuzzy soft G-metric  space (Ẽ , G̃) is symmetric if it satisfies the follow- 
ing condition: 
(F SG̃6) : G̃(fe1 , fe2 , fe2 ) = G̃(fe1 , fe1 , fe2 ) for all fe1 , fe2 ∈̃ F SC (Ẽ ). 
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Remark 3.4  It  is  obvious that  the  fuzzy soft  G-metric  space  defined in  Example  3.2 
satisfies the condition  (F SG̃6) and so it is symmetric. 

 

Proposition 3.5  Let  (Ẽ , G̃) be a  fuzzy soft G-metric  space  the  following hold for  all 
fe1 , fe2 , fe3 , fe ∈̃ F SC (Ẽ ): 
(a)  If G̃(fe1 , fe2 , fe3 ) = ̃0, then fe1  = fe2  = fe3 . 
(b) G̃(fe1 , fe2 , fe3 ) ̃  G̃(fe1 , fe1 , fe2 ) + G̃(fe1 , fe1 , fe3 ). 

(c) G̃(fe1 , fe2 , fe2 ) ̃  ̃2 G̃(fe2 , fe1 , fe1 ). 
(d) G̃(fe1 , fe2 , fe3 ) ̃  G̃(fe1 , fe , fe3 ) + G̃(fe , fe2 , fe3 ). 

2̃
 

(e) G̃(fe1 , fe2 , fe3 ) ̃  [G̃(fe1 , fe2 , fe ) + G̃(fe1 , fe , fe3 ) + G̃(fe , fe1 , fe3 )]. 
(f ) G̃(fe1 , fe2 , fe3 ) ̃  G̃(fe1 , fe , fe ) + G̃(fe2 , fe , fe ) + G̃(fe3 , fe , fe )]. 
(g) |G̃(fe1 , fe2 , fe3 ) ­  G̃(fe1 , fe2 , fe )| ̃  max{G̃(fe , fe3 , fe3 ), G̃(fe3 , fe , fe )}. 
(h) |G̃(fe1 , fe2 , fe3 ) ­  G̃(fe1 , fe2 , fe )| ̃  G̃(fe1 , fe , fe3 ). 
(i) |G̃(fe1 , fe2 , fe3 ) ­  G̃(fe2 , fe3 , fe3 )| ̃  

(j) |G̃(fe1 , fe2 , fe2 ) ­  G̃(fe2 , fe1 , fe1 )| ̃  
max{G̃(fe1 , fe3 , fe3 ), G̃(fe3 , fe1 , fe1 )}. 
max{G̃(fe2 , fe1 , fe1 ), G̃(fe1 , fe2 , fe2 )}. 

Proof.  (a)  Case  1:  Let  all  of the  fuzzy soft  elements  be distinct.  Then,  we have 
0̃ ̃  ˜ ˜ ˜ ˜ ˜ 
≤ G(fe1 , fe1 , fe2 )≤ G(fe1 , fe2 , fe3 ) from (F SG2 ) and (F SG3 ), respectively. 

Case 2: Let two of the fuzzy soft elements be equal and the remaining one be distinct. 
Thus, we have G̃(fe1 , fe2 , fe3 )>̃ ̃0 by (F SG̃4) and (F SG̃2 ). From the two cases, we obtain 
G̃(fe1 , fe2 , fe3 ) = 0. 

 

(b) We have G̃(fe1 , fe1 , fe2 ) + G̃(fe1 , fe1 , fe3 ) = G̃(fe2 , fe1 , fe1 ) + G̃(fe1 , fe1 , fe3 ) ̃
 

 

G̃(fe2 

 

, fe1 

 

, fe3 

 

) = G̃(fe1 

 

, fe2 

 

, fe3 

 

) from (F SG̃ 
 

4) and (F SG̃ 
≥  

5). 
 

(c) By using (b), we have G̃(fe1 , fe2 , fe2 ) ̃  G̃(fe1 , fe1 , fe2 ) + G̃(fe1 , fe1 , fe2 ) = 

G̃(fe , fe , fe ) from (F SG̃4 ). 2  1  1 

 

(d) Case 1: Let fe1  = fe3 . Then, we have G̃(fe1 , fe2 , fe3 ) ̃  G̃(fe , fe , fe1 )+G̃(fe , fe2 , fe3 ) ̃
 

 

G̃(fe , fe1
 

 

, fe3 

 

) + G̃(fe , fe2
 

 

, fe3 

 

) from (F SG̃ 
 

5), (F SG̃4 ) 
≤  

and  (F SG̃ 
≤  

3),  respectively.   So, we 
obtain  G̃(fe1 , fe2 , fe3 ) ̃  G̃(fe1 , fe , fe3 ) + G̃(fe , fe2 , fe3 ) by (F SG̃4). 

Case 2: Let fe1  = fe3  and fe2 = fe . 
Thus we get G̃(fe1 , fe2 , fe3 ) = G̃(fe1 , fe1 , fe3 ) ̃  G̃(fe1 , fe2 , fe ) ̃  G̃(fe1 , fe2 , fe )+G̃(fe1 , fe , fe1 )

 ≤  ≤  
= G̃(fe , fe2 , fe1 ) + G̃(fe1 , fe , fe1 ) from (F SG̃4) and (F SG̃3). 

Case 3: Let fe1  = fe3  and fe2 = fe . 
It is obvious. 

 

(d) By (d) and (F SG̃4 ), we have
 

G̃(fe , fe , fe ) ̃
 

G̃(fe , fe , fe ) +
 

G̃(fe , fe , fe ) +
 

 

G̃(fe , fe , fe ). Thus, 
1  2  3    ≤  1  2  1  3 

2  3 

2̃
 

G̃(fe1 , fe2 , fe3 ) ̃  [G̃(fe1 , fe2 , fe ) + G̃(fe1 , fe , fe3 ) + G̃(fe , fe2 , fe3 )]. 
 

(f ) By (F SG̃5) and (b), we obtain
 

G̃(fe , fe , fe ) ̃
 

G̃(fe , fe , fe ) +
 

G̃(fe , fe , fe ) +
 

1  2  3    ≤  1  2 

G̃(fe , fe , fe ). Hence, G̃(fe , fe , fe ) ̃  G̃(fe , fe , fe ) + G̃(fe , fe , fe ) + G̃(fe , fe , fe ).
 

3  1  2  3    ≤  1  2  3 
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(f ) We have G̃(fe1 , fe2 , fe3 ) ̃  G̃(fe3 , fe , fe ) + G̃(fe , fe1 , fe2 ) from (F SG̃5 ). Then,
 

 

G̃(f
  

, f , f  ) 
 

G(f , f 
≤  

, f )  (f 

 

, f , f ) ̃  max
  

G(f 
 

, f , f ), G̃(f , f
  

, f )  . ≤ G  ≤  { ̃  
e3  e  e e  e3 e3    } 

 
In a similar way, we get 

­ max{G̃(fe3 , fe , fe ), G̃(fe , fe3 , fe3 )} ̃  G̃(fe , fe3 , fe3 ) ̃  ­  [G̃(fe1 , fe2 , fe3 ) ­  G̃(fe , fe1 , fe2 )].
 ≤  ≤  

Thus,  we obtain 
|G̃(fe1 , fe2 , fe3 ) ­  G̃(fe1 , fe2 , fe )| ̃  max{G̃(fe , fe3 , fe3 ), G̃(fe3 , fe , fe )}. 

 

(h) The proof is clear, by (d) and (F SG̃4). 

(i) It is obvious, by (F SG̃5 ) and (F SG̃4). 

(j) It follows from (c) and (F SG̃4). 
 
Proposition 3.6  Let (Ẽ , G̃) be a fuzzy soft G-metric  space; then the following are equiv- 
alent. 
(a)  (Ẽ , G̃) is symmetric. 
(b) G̃(fe1 , fe2 , fe2 ) ̃  G̃(fe1 , fe2 , fe ), for all fe1 , fe2 , fe ∈̃ F SC (Ẽ ). 
(c) G̃(fe1 , fe2 , fe3 ) ̃  G̃(fe1 , fe2 , fe ) + G̃(fe3 , fe2 , fé), for all fe1 , fe2 , fe3 , fe , fé∈̃ F SC (Ẽ ). 
Proof.  (a) ⇒ (b) : Since (Ẽ , G̃) is symmetric,  we have G̃(fe1 , fe2 , fe2 ) = G̃(fe1 , fe1 , fe2 ). 

Case 1: Let fe1 = fe . We have G̃(fe1 , fe2 , fe2 ) ̃  G̃(fe1 , fe2 , fe ) by (F SG̃3). 
Case 2: Let fe1 = fe . It is clear by (F SG̃3). 

(b) ⇒ (c) : We obtain  G̃(fe1 , fe2 , fe3 ) ̃  G̃(fe2 , fe2 , fe1 ) + G̃(fe2 , fe2 , fe3 ) 
˜ ˜ ˜ 
≤ G(fe1 , fe2 , fe ) + G(fe3 , fe2 , fé) 

by using Proposition  3.5(b) and the hypothesis. 
(c) ⇒ (a) : By hypothesis  and (F SG̃4), we have 
G̃(fe1 , fe2 , fe2 ) ̃  G̃(fe1 , fe2 , fe1 ) + G̃(fe2 , fe2 , fe3 ) = G̃(fe1 , fe2 , fe1 ) = G̃(fe1 , fe1 , fe2 ). 

In a similar way, we get G̃(fe2 , fe1 , fe1 ) ̃  G̃(fe1 , fe2 , fe2 ). 
 
 
Proposition 3.7  For any fuzzy soft metric d̃  on Ẽ we can construct  a fuzzy soft G-metric 
by the following mappings G̃s  and G̃m . 

(a)  G̃s (d̃)(fe  , fe , fe ) = 1̃ [d̃(fe  , fe ) + d̃(fe  , fe ) + d̃(fe  , fe  )]. 
(b) G̃m (d̃)(fe1 , fe2 , fe3 ) = max{d̃(fe1 , fe2 ), d̃(fe2 , fe3 ), d̃(fe1 , fe3 )}. 
Proof.  (a)  Since d̃  is a fuzzy soft metric,  the proofs of (F SG̃1), (F SG̃2), and (F SG̃4) 
are obvious.  The proof of (F SG̃5) follows from (F SM4 ). 
(F SG̃3 ) Case 1: Let fe2  = fe3 , and fe1  = fe2 . Since G̃s (d̃)(fe1 , fe1 , fe2 ) = 0, the assertion 
is clear. 

Case 2: Let fe1  = fe3 , fe3  = fe2  and fe1  = fe2 . Then, 
G̃s (d̃)(fe1 , fe1 , fe2 ) = G̃s (d̃)(fe1 , fe2 , fe3 ). 

Case 3: Let fe1  = fe3 , fe3  = fe2 , and fe1  = fe2 . From (F SM4 ), we have 
d̃(fe  , fe ) ̃  d(fe  , fe ) + d̃(fe  , fe ) + d̃(fe  , fe ). Then

 
1  2    ≤  ̃  

1  2  1  3  3  2 
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≤

≤

G

≤

G

 

2̃  1̃
 

G̃s (d̃)(fe1 , fe1 , fe2 ) = 3 d̃(fe1 , fe2 ) ̃  
3 [d̃(fe1 , fe2 ) + d̃(fe1 , fe3 ) + d̃(fe3 , fe2 )] 

= G̃s (d̃)(fe1 , fe2 , fe3 ). 
 

(a) The proofs of (F SG̃1), (F SG̃2), and (F SG̃4) are obvious. 
(F SG̃3 ) Let fe2  = fe3 . 
G̃s (d̃)(fe1 , fe1 , fe2 ) = d̃(fe1 , fe2 ) ̃  max{d̃(fe1 , fe2 ) + d̃(fe1 , fe3 ) + d̃(fe2 , fe3 )} 

= G̃m (d̃)(fe1 , fe2 , fe3 ). 
(F SG̃5 ) Case 1: G̃m (d̃)(fe1 , fe2 , fe3 ) = d̃(fe1 , fe2 ). 

From (F SG̃4 ), we have d̃(fe1 , fe2 ) ̃  d(fe1 , fe ) + d(fe , fe2 ) = Gm (d)(fe1 , fe , fe ) + d(fe , fe2 )≤  
G̃m (d̃)(fe1 , fe , fe ) + G̃m (d̃)(fe , fe2 , fe3 ). 
The other cases can be proved in a similar way. 

 

 

Proposition 3.8  For  any fuzzy soft G-metric  G̃  on Ẽ , we can construct  a fuzzy soft d̃ ˜ 

on Ẽ  defined by  
 

d̃ ˜ ˜ ˜
 

G (fe1 , fe2 ) = G(fe1 , fe2 , fe2 ) + G(fe1 , fe1 , fe2 ) 
Proof.  The proofs of (F SM1), (F SM3), and (F SM4) are obviously follows from 
(F SG̃1 )and(F SG̃2 ), (F SG̃4) and (F SG̃5), respectively. 
(F SM2) Let d̃ ˜ (fe , fe ) = 0. Assume fe

 = fe . Since G̃(fe , fe , fe )+G̃(fe , fe , fe ) = 0, G  1  2 1  2  1  2  2 1  1  2 

we would have G̃(fe1 , fe2 , fe2 ) ̃  ̃0 by Proposition  3.5(c).  This contradicts to (F SG̃2). 
Thus,  fe1  = fe2 . The converse is clear. 

 
Proposition 3.9  Let d̃  be a fuzzy soft metric  on Ẽ ; then the following hold. 

4̃
 

(a)  d̃ ˜
 

˜ (fe1 , fe2 ) =
 d̃(fe1 , fe2 ).

 
Gs (d)  3 

˜
 

(b) d̃ ˜
 

˜ (fe1 , fe2 ) = 2d̃(fe1 , fe2 ).
 

Gm (d) 

Proof.  The proofs follows from the definition of d̃ ˜ , G̃m and G̃s . 
 
Proposition 3.10  Let G̃  be a fuzzy soft G-metric  G̃  on Ẽ ; then the following hold. 

˜
 

(a)  G̃(fe1 , fe2 , fe3 ) ̃  G̃s (d̃ ˜ )(fe1 , fe2 , fe3 ) ̃
 G̃(fe1 , fe2 , fe3 ).

 ≤  G  ≤  
˜
 

(b) G̃(fe1 , fe2 , fe3 ) ̃  G̃m (d̃ ˜ )(fe1 , fe2 , fe3 ) ̃
 G̃(fe1 , fe2 , fe3 ).

 ≤  G  ≤  
Proof.  (a) By Proposition  3.5(b), we have 

1̃
 

G̃(fe1 , fe2 , fe3 ) ̃
 [d̃ ˜ (fe1 , fe2 ) + d̃ ˜ (fe2 , fe3 ) + d̃ ˜ (fe1 , fe3 )].

 ≤  3  G  G  G 

On the other hand,  By Proposition  3.5(c) and (F SG̃3), we obtain 
1̃  ˜

 

3 
[d̃ ˜ (fe , fe ) + d̃ ˜ (fe , fe ) + d̃ ˜ (fe , fe )] ̃  G̃(fe , fe , fe  )

 
G  1  2 G  2  3 G  1  3      ≤  1  2  3 

 
(b) By Proposition  3.5(b), we obtain 

G̃(fe1 , fe2 , fe3 ) ̃  G̃m (d̃ ˜ )(fe1 , fe2 , fe3 ). Also, from Proposition  3.5(c) and  (F SG̃3),  we get ≤  G 

G̃m (d̃ ˜ )(fe , fe , fe ) ̃  G̃(fe , fe , fe  ).
 

G  1  2  3    ≤  1  2  3 
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fe

≤
µa

 

≤

≥

 
Definition 3.11  Let (Ẽ , G̃) be a fuzzy soft G-metric  space and t̃ be a fuzzy soft real num- 
ber and  ̃  ∈  (0, 1).  A fuzzy soft open G̃-ball centered at the fuzzy soft element fe ∈̃ F SC (Ẽ ) 

and radius  t̃ is a collection of all fuzzy soft elements ge  of fe such that G̃(fe , ge , ge )<̃ t̃. 

It is denoted by B̃ (fe , t̃,  ̃) where B̃ (fe , t̃,  ̃) = {ge ∈̃ F SC (Ẽ )|G̃(fe , ge , ge )<̃ t̃} with |µa  (s) ­  
ge 

(s)| < .̃ 

The fuzzy soft closed G̃-ball  is denoted by B̃ [fe , t̃,  ̃]  = {ge ∈̃ F SC (Ẽ )|G̃(fe , ge , ge ) ̃  t̃} 
with |µa  (s) ­  µa (s)| ≤  .̃ fe ge 

 

Example 3.12  Consider  the fuzzy soft G-metric  space (Ẽ , G̃) given in Example 3.2. 
We have 

 
 
 
 
 

for any fe ∈̃ F SC (Ẽ ) 

 
B̃ (fe , t̃,  ̃) = 

( 
F SC (Ẽ ), 

{fe }, 

 

t̃  > ̃1; 

t̃  ≤  ̃1. 

 

Proposition 3.13  Let (Ẽ , G̃) be a fuzzy soft G-metric space.  For fe ∈̃ F SC (Ẽ ) and t̃  > ̃0, 
the following hold: 

˜ ˜
 

(a)  If G̃s (d̃)(fe , fe1 , fe2 )<̃ r̃, then fe1 , fe2 ∈̃ B(fe , t, )̃. 
˜ ˜ ˜ ̃  ̃

 
˜ ˜ ˜ ˜ ˜ ˜

 
(b) If fe1 ∈̃ B(fe , t, )̃, then there exists a s̃>0 such that B(fe1 , s̃,  ́)⊆ B(fe , t, )̃. 
Proof.  (a) It obviously follows from (F SG̃3). 

˜ ˜ ˜ ˜ ˜
 

(b) Let fe1 ∈̃ B(fe , t, )̃. Assume that  fe2 ∈̃ B(fe1 , s̃,  ́). Then,  we have 
G̃(fe , fe2 , fe2 ) ̃  G̃(fe , fe1 , fe1 ) + G̃(fe1 , fe2 , fe2 )<̃ G̃(fe , fe1 , fe1 ) + s̃ by (F SG̃5). 
Say s̃ = t̃  ­  G̃(fe , fe , fe ). Thus,  we get G̃(fe , fe , fe )<̃ t̃.  Hence fe ∈̃ B̃ (fe , t̃,  ̃). 1  1  2  2  2 

 
 

˜ ˜
 

Proposition 3.14  Let (Ẽ , G̃) be a fuzzy soft G-metric  space.  For fe0 ∈̃ F SC (Ẽ ) and t>̃ 0, 
we have 

 

t̃ ˜
  

˜ ˜ ˜ ˜ 

B̃ (fe , , ̃ ) ̃  B̃ ̃  (fe , t, )̃⊆ B̃ (fe , t, )̃. 
0     3 ⊆  dG̃ 0  0

 

Proof.  It obviously follows from Proposition  3.5(c). 
 
 
 

4  Fuzzy soft  G-convergence 

Definition 4.1  Let (Ẽ , G̃) be a fuzzy soft G-metric  space and {fen } a sequence of fuzzy 
soft elements  in Ẽ .   The  sequence {fen } is said  to be fuzzy soft G-convergent  to fe  in 
Ẽ  if for every  ˜˜ ̃0,  chosen arbitrary, there  exists a natural  number N = N ( ̃) such that 

0̃ ̃  ˜
 

˜ ˜ ˜
 

≤ G(fen , fen , fe )<̃  ̃  whenever n ≥  N  i.e n ≥  N  ⇒ {fen }∈ B(fe , t, )̃. We denote this 
by 

fen   → fe as n → ∞ or Limn→∞{fen } = fe . 
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G

≥

≥

G

G

G

≥

Proposition 4.2  Let (Ẽ , G̃) be a fuzzy soft G-metric  space, for sequence {fen } in Ẽ  and 

a fuzzy soft element fe , then the following are equivalent: 
(a)  {fen } is fuzzy soft G-convergent  to fe . 
(b) d̃ ˜ (fen , fe ) → ̃0 as n → ∞. 
(c) G̃( fen , fen , fe ) → ̃0 as n → ∞. 
(d) G̃(fen , fe , fe ) → ̃0 as n → ∞. 
(e) G̃(fen , fem , fe ) → ̃0 as n, m → ∞. 
Proof.  (a) ⇒ (b) follows from Proposition  3.4.  The other  implications  can be proved 
by using Proposition  3.5 and 3.7. 

 
 
Definition 4.3  Let (Ẽ , G̃) be a fuzzy soft G-metric  space and {fen } be sequence of fuzzy 
soft elements in Ẽ . Then the sequence {fen } is said to be fuzzy soft G-Cauchy if for every 
 ̃ ˜ ̃0, there exist δ̃>̃ ̃0 and a positive integer  N = N ( ̃) such that G̃(fen , fem , fel )<̃  ̃  for all 
n, m, l ≥  N ; that is G̃(fen , fem , fel ) → ̃0 as n, m, l → ∞. 

 
Definition 4.4  A fuzzy soft G-metric  space (Ẽ , G̃) is said to be fuzzy soft G-complete if 
every fuzzy soft G-Cauchy sequence in (Ẽ , G̃) is fuzzy soft G-convergent  in (Ẽ , G̃). 

 

Proposition 4.5  Let (Ẽ , G̃) be a fuzzy soft G-metric space and {fen } be sequence of fuzzy 

soft elements in Ẽ . Then the following are equivalent: 
(1) The sequence {fen } is fuzzy soft G-Cauchy sequence. 
(2) For  every 
n, m ≥  N  . 

 ̃ ˜ ̃0,  there  exist a natural  number  N  such that G̃(fen , fem , fem )<̃  ̃  for all 

(3) The sequence {fen } is a Cauchy sequence in the fuzzy soft metric  space (Ẽ , d̃ ˜ ). 
Proof.  (1) ⇒ (2) It is obvious by axiom (F SG̃3 ). 
(2) ⇔ (3) It is clear by the definition of d̃ ˜ . 
(2) ⇒ (1) If we set fe = fem , then  it is obvious by axiom (F SG̃5 ). 

 

 
Corollary 4.6  Every fuzzy soft G-convergent  sequence in any fuzzy soft G-metric  space 
(Ẽ , G̃) is fuzzy soft G-Cauchy sequence. 

 
Proposition 4.7  A fuzzy soft G-metric  space (Ẽ , G̃) is fuzzy soft G-complete if and only 
if (Ẽ , d̃ ˜ ) is a complete fuzzy soft metric  space. 

Proof.  It follows from Proposition  4.5 and 3.8. 
 

 

Definition 4.8  Let (Ẽ , G̃), (É̃ , Ǵ̃ 
 

) be two fuzzy soft G-metric  spaces.   Then  a function 

T : Ẽ → É̃ is fuzzy soft G-continuous  at a fuzzy soft element fe ∈̃ F SC (Ẽ ) if and only if 
for every  ˜>̃ ̃0,  there  exists δ̃  ̃  ̃0  such that  fe1 , fe2 ∈̃ F SC (Ẽ ) and G̃(fe , fe1 , fe2 )<̃ δ̃  implies 
that

 
(T fe , T fe , T fe )<̃  ̃.

 
G  1  2 

A function T is a fuzzy soft G-continuous  if and only if it is fuzzy soft G-continuous 
at all fuzzy soft elements fe ∈̃ F SC (Ẽ ) 
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≥

1  2 1 2

≤ ¯

≤

≤
¯

−

−

−

Proposition 4.9  Let (Ẽ , G̃), (É̃ , Ǵ̃ 
 

) be two fuzzy soft G-metric  spaces.  Then a function 

T : Ẽ  → Ẽ is fuzzy soft G-continuous  at  a fuzzy soft element  fe ∈̃ F SC (Ẽ ) if and  only 
if it is a fuzzy soft G-sequentially  continuous  at  a fuzzy soft element fe ∈̃ F SC (Ẽ ),  i.e. 
whenever {fen } is fuzzy soft G-convergent to fe , {T fen } is fuzzy soft G-convergent to T fe . 
Proof.  Necessity: Assume that  T is a fuzzy soft G-continuous.  Given fn → fe , we wish 
to show that T fn → T fe . 

 

Let  ̃ >̃ 0. By hypothesis,  there exists a δ̃  ̃  ̃0 such that  fe1 , fe2 ∈̃ F SC (Ẽ ) and 

G̃(fe , fe , fe )<̃ δ̃  =⇒ Ǵ̃(T fe , T fe , T fe )<̃  ̃. 

Since fn → fe corresponds to δ̃>̃ ̃0 where δ̃(λ) = δλ there exists a natural number N such 

that 

n ≥  N =⇒ G̃(fe , fen , fen )<̃ δ̃  =⇒ G̃(fe , fen , fen )(λ) < δλ . 

Hence, we have 
 

n ≥  N =⇒ Ǵ̃ 
 
(T fe , T fen 

 
, T fen 

 

)<̃  ̃ =⇒ Ǵ̃ 
 
(T fe , T fen 

 
, T fen 

 
)(λ) <  λ . 

This implies that  T fen   → T fe . 

Sufficiency: This can be clearly proved assuming that  T is not fuzzy soft G-continuous  at 
a fuzzy soft element fe . 

 
 
Theorem 4.10  Let  (Ẽ , G̃) be a  fuzzy soft G-complete  and  T  : (Ẽ , G̃) → (Ẽ , G̃) be a 
mapping that satisfies the following condition  for all fe1 , fe2 , fe3 ∈̃ F SC (Ẽ ), 

 

≤ ¯ ¯ ̃
 

G̃(T fe1 , T fe2 , T fe3 ) ̃  āG̃(fe1 , T fe1 , T fe1 ) + bG(fe2 , T fe2 , T fe2 )+ 

c̄G̃(fe3 , T fe3 , T fe3 ) + d̄G̃(fe1 , fe2 , fe3 ). 

 
(4.1) 

where 0̃ ̃  ā + ̄b + c̄ + d̄<̃ 1.
 

≤ ¯ ¯ ˜ 
Then T has a unique fixed point,  say fe , and T is a fuzzy soft G-continuous  at fe . 
Proof.  Let fe0 ∈̃ F SC (Ẽ ) be an arbitrary fuzzy soft element  and  define the  sequence 

n
 

{fen }n∈ N  by fen   = T (fe0 ). From (4.10), we get 
 

¯ ̃
 

G̃(fen , fen+1 , fen+1 ) ̃  āG̃(fen 1 , fen , fen ) + bG(fen 

¯ ̃
 

, fe  n+1 , fe n+1 )+  
(4.2) 

 

 
 
Then 

c̄G̃(fen , fen+1 , fen+1 ) + dG(fen 1 , fen , fen ). 

 

¯ ˜ ¯ ˜
 

G̃(fen , fen+1 , fen+1 ) ̃  (ā + d)G(fen 1 , fen , fen ) + (b + c̄)G(fen , fe  n+1 , fe  n+1 ).  (4.3) 
 

Thus we have  

ā + d̄  
G̃(fen , fen+1 , fen+1 ) ̃    G̃(fen

 

1̃ ­  (b + c̄)  
−

 

 
 

1 , fen , fen ).  (4.4) 
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≤
≤

≤

≤

≤ ¯

≤ ¯

≤

−

−

−

−

−

−

Let k̄ =    ā+d̄     
. 

1̃­ (b̄+c̄) 

Since 0̃ ̃  ā + ̄b + c̄<̃ 1, 0≤ k̄<̃ 1. So we get
 

≤ ¯ ¯ ˜ ˜ ̃  ˜ 
 

¯ ˜
 

G̃(fen , fen+1 , fen+1 ) ̃  kG(fen 1 , fen , fen ).  (4.5) 
 

Hence we have the following inequalities: 

¯ ˜
 

G̃(fen 1 , fen , fen ) ̃  kG(fe 

¯ ˜
 

 
n−2 , fe  n−1 , fe n−1 ), 

G̃(fen 2 , fe  n−1 , fe  n−1 ) ̃  kG(fe 

. 

. 

. 

 
n−3 , fe  n−2 , fe n−2 ), 

 

 
(4.6) 

 

Combining (4.5)and  (4.6)we obtain 
 

 
 
¯ n ˜

 
G̃(fen , fen+1 , fen+1 ) ̃  (k) G(fe0 , fe1 , fe1 ).  (4.7) 

For all m, n ∈  N such that  n < m, we have 

G̃(fen , fem , fem ) ̃  G̃(fen , fen+1 , fen+1 ), G̃(fen+1 , fen+2 , fen+2 ) + .... + G̃(fem 

≤ ((k̄)n + (k̄)n+1 + ... + (k̄)m­ 1)G(fe  , fe , fe  )
 

 

 
 

1 , fem 

 

 
 
, fem ) 

˜ ¯ ¯ ¯ ˜ 
0  1  1 

˜  (k̄)n
 ≤  ̃

1 ­  k̄ 
 

by (F SG̃5) and (4.7). 

 

G̃(fe0 , fe1 , fe1 ), 
 
 
 
(4.8) 

Thus G̃(fen , fem , fem ) → ̃0 as m, n → ∞. 
So {fen } is a fuzzy soft G-Cauchy sequence. Since (Ẽ , G̃) is a fuzzy soft G-complete, there 
exists ge ∈̃ F SC (Ẽ ) such that {fen } fuzzy soft G-convergence to ge . 

Assume that  T ge = ge , i.e., T ge (λ0) = ge (λ0) for some λ0  ∈  E.  Then by (4.1) we have 

¯ ̃  ˜ ¯ ̃
 

G̃(fen , T ge , T ge ) ̃  āG̃(fen 1 , fen , fen )+bG(ge , T ge , T ge )+c̄G(ge , T ge , T ge )+dG(fe  n−1 , ge , ge ). 
(4.9) 

Thus  
 
¯ ˜ ¯ ̃

 
G̃(fen , T ge , T ge ) ̃  āG̃(fen 1 , fen , fen ) + (b + c̄)G(ge , T ge , T ge ) + dG(fe  n−1 , ge , ge ).  (4.10) 

By taking  the limlt as n → ∞, we get 

G̃(ge , T ge , T ge ) ̃  (b̄ + c̄)G̃(ge , T ge , T ge )  (4.11) 

since {fen } → ge . This is a contradiction. Hence T ge = ge . 
Let us prove uniqueness.  Suppose there  exists a fuzzy element he  such that  ge  = he 

and T he  = he . Then by (4.1), we get 

G̃(ge , he , he ) = G̃(T ge , T he , T he ) ̃  āG̃(ge , T ge , T ge ) + (b̄ + c̄)G̃(he , T he , T he ) +
 

≤ ¯ ¯ 

d̄G̃(ge , he , he ) 

= d̄G̃(ge , he , he ). 

 
 
 
 
 
(4.12) 
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≤

≤

≤  
¯

Thus we find that  ge ­  he . 
Let us prove that  T is fuzzy soft G-continuous  at ge . Let {gen } be a sequence of fuzzy 

soft elements in Ẽ  such that  {gen } → ge . Then by (4.1) we have 
 

≤ ¯ ¯ ˜ ¯ ̃
 

G̃(ge , T gen , T gen ) ̃  āG̃(ge , T ge , T ge ) + (b + c̄)G(gen , T gen , T gen ) + dG(ge , gen , gen ) 
¯
 

 
(4.13) 

¯ ˜ ¯ ̃  
= (b + c̄)G(gen , T gen , T gen ) + dG(ge , gen , gen ). 

 

Also, by F SG̃5 , we have 

G̃(gen , T gen , T gen ) ̃  G̃(gen , ge , ge ) + G̃(ge , T gen , T gen )  (4.14) 

Then we combine (4.13) and (4.14), to get 
 

¯ ˜ ¯ ˜ ¯ ̃
 

G̃(ge , T gen , T gen ) ̃  (b + c̄)G(gen , ge , ge ) + (b + c̄)G(ge , T gen , T gen ) + dG(ge , gen , gen ). 
 

Thus  
 

b̄ + c̄  
G̃(ge , T gen , T gen ) ̃    G̃(gen , ge , ge ) + 

1̃ ­  (b + c̄) 

 
 

d̄  

1̃ ­  (b̄ + c̄) 

 
 
 

G̃(ge , gen , gen ).  (4.15) 

By taking  the limit as n → ∞, we obtain 
G̃(ge , T gen , T gen ) → ̃0 since {gen } → ge . So {T gen } → T ge = ge , from Proposition  4.2. 
Hence T is fuzzy soft G-continuous  at ge  by Proposition  4.9. 

 

Corollary 4.11  Let (Ẽ , G̃) be a fuzzy soft G-complete metric  space and  T : (Ẽ , G̃) → 
(Ẽ , G̃) be a mapping that satisfies the following condition  for all fe1 , fe2 , fe3 ∈̃ F SC (Ẽ ), 

 

≤ ¯ ¯ ̃  ˜
 

G̃(T fe1 , T fe2 , T fe3 ) ̃  āG̃(fe1 , T fe1 , T fe1 )+bG(fe2 , T fe2 , T fe2 )+c̄G(fe3 , T fe3 , T fe3 ).  (4.16) 
 

where <̃ ā + ̄b + c̄<̃ ̃1. 
Then T has a unique fixed point,  say ge , and T is a fuzzy soft G-continuous  at ge . 

Proof.  If we take d̄  = ̃0 in Theorem  4.10, it is obvious. 
 

The following theorem is proved analogue of Theorem  2 in [34]. 
 
Theorem 4.12  Let  (Ẽ , G̃) be a  complete  fuzzy soft G-metric  space,  and  suppose T  : 
(Ẽ , G̃) → (Ẽ , G̃) satisfies for all fei   ∈  F SC (Ẽ ) for i = 1, 2, 3, the following 

 

G(T 2fe , T 2fe , T 2 fe ) ̃  āG̃(fe  , fe , fe ) + ̄bG̃(T fe , T fe , T fe )  (4.17)
 

 

 
 
where 

1  2  3    ≤ ¯  
1  2  3 

 
1  2  3 

≤ ā, ̄b<̃ (1̃ ) and 0≤ 3ā + ̄b<̃ 1.
 

0̃ ̃  ̄  
4 ˜ ̃  ¯ ˜ 

Then,  T has a unique fixed point for some unique fe ∈̃ F SC (Ẽ ) (i.e.  T fe = fe ), and T is 
fuzzy soft G-continuous  at fe . 
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˜ ̄

˜ ̄

−

−
2 2

−

−

−

−

−

2

 

Proof.  Let fen   = T fen 

 

1   and fe 
 
n+1 

 

= T fen 

 

= T 2 

 

fen−1 

 

. Now observe that 
 

G̃(fen+1 , fen+2 , fen+3 ) = G̃(T 

˜ ̄
 

 
2fe

 
 

n  1 , T 
 
fen , T 

 
fen+1 ) 

¯ ̃
 

≤ āG̃(fen 1 , fen , fe  n+1 ) + bG(T fe 

¯ ̃
 

 
n−1 , T fen , T fe n+1 ) 

= āG̃(fen 1 , fen , fe  n+1 ) + bG(fen , fe  n+1 , fe n+2 ) 

≤ āG̃(fen 

¯ ̃
 

1 , fe 
 
n+3 , fe 

 
n+3 ) + āG̃(fe 

 
n+3 , fen , fe n+1 ) 

+bG(fen , fen+1 , fen+2 ) 

≤ āG̃(fen 1 , fe 
 
n+3 , fe 

 
n+3 ) + āG̃(fe 

¯ ̃
 

 
n+3 , fe 

 
n+2 , fe n+2 ) 

+āG̃(fen+2 , fen , fen+1 ) + bG(fen , fen+1 , fen+2 ) 

˜ ̃ ¯
 

¯ ¯  ˜
 

≤ 2āG̃(fen 

 
From (4.18), we deduce that 

1 , fe  n+3 , fe  n+3 ) + (ā + b)G(fen , fe  n+1 , fe n+2 ). 
 

 
(4.18) 

 

G̃(fen+1 , fen+2 , fen+3 ) ̃  ˜ 
n

  
n+1 

 
n+2 

 

where γ̄ =  ā+b̄  <̃ 1, and by induction, 
1̃­ 2̃ā 

≤ γ̄G(fe 
 
 
 
 

n̄
 

, fe , fe ),  (4.19) 

G̃(fen+1 , fen+2 , fen+3 ) ̃
 ˜ 

1  2  3 ≤ γ  G(fe  , fe , fe ).  (4.20) 
 

Consequently, the sequence {fen } is fuzzy soft G-Cauchy.  By the fuzzy soft G-completeness 
of (Ẽ , G̃), there exists fe such that  limn→∞fen   = fe . By the fuzzy soft G-continuity of T , 
we have 
fe =limn→∞fen+1 =limn→∞T (fen ) = T (limn→∞fen ) = T (fe ). 

For  uniqueness,  suppose fè, fè  are  two  distinct  fixed points  of T  different  from the 
fixed point fe , then 

 

G̃(fè, fè, fe ) = G̃(T
  
fè, T

  
2fè, T

  
2fe ) ̃  āG̃(f`, fè, fe ) + ̄bG̃(T f`, T fè, T fe )

 
≤ ¯ 

è è  

≤ (ā + ̄b)G̃(fè, fè, fe )
 

 
(4.21) 

˜ ¯ 
 

˜
 

<̃ ( 
1 
)G̃(f , f , f )

 
2 è è  e

 
 

Clearly, the above inequality  (4.21) implies that  G̃(fè, fè, fe ) = 0̃ hence fè  = fè  = fe and 
so, T has a unique fixed point. 

 
 
 
 
 
 
 

5  Conclusion 
 

It is well known that  if X is a nonempty  set and G : X 3  → R+ satisfies Definition 3 [16], 



16
 

then  G is called a G-metric  and (X, G) is called a G-metric  space.  If we replace the set 
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X with the set of all fuzzy soft points of an absolute  fuzzy soft set, and R+ with the set 
of all nonnegative  fuzzy soft real numbers,  then  we get a refinement of G-metric  space 
called fuzzy soft G-metric  space, which appears  as a new concept  is introduced  in this 
paper.   Then,  fuzzy soft convergence and fuzzy soft continuity  are studied  in fuzzy soft 
G-metric space, Finally, some fixed points theorems are proved.  In the future, we will try 
to improve the search performance further  for some types of mappings. 
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