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Abstract

The Time Domain Finite Element Method (TDFEM) has been used extensively to solve transient
electromagnetic radiation and scattering problems. But in most implementations so far, vector basis
functions have been used to discretize the field variables. In multiphysics simulations that involve
coupling the electromagnetic equations with structural or fluid flow equations, nodal finite elements
can provide a unified data structure for a monolithic coupled formulation. With such multiphysics
simulations in view, in this work we develop a time-stepping strategy to model electromagnetic
radiation and scattering within the nodal finite element framework. Although conservation of energy
is well-known, we show in this work that there are additional quantities that are also conserved in
the absence of loading. We then show that the developed time-stepping strategy (which is closely
related to the trapezoidal rule that is widely used for solving linear hyperbolic problems) mimics
these continuum conservation properties either exactly or to a very good approximation. Thus, the
developed numerical strategy can be said to be ‘unconditionally stable’ (from an energy perspective)
allowing the use of arbitrarily large time-steps. The developed method uses standard elements with
Lagrange interpolation functions and standard Gaussian quadrature. We demonstrate the high
accuracy and robustness of the developed method for solving both interior and exterior domain
radiation problems, and for finding the scattered field from conducting and dielectric bodies.
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1 Introduction

One of the most popular methods for conducting transient electromagnetic analysis is the Finite
Difference Time Domain (FDTD) method introduced by Yee (1966). The most important reasons for
its popularity are its programming simplicity, its minimum bookkeeping complexity, and the simplicity
of its numerical integration algorithm [Taflove (1995)]. The Time Domain Finite Element Method
(TDFEM) [Lee et. al. (1997); Tsai et. al. (2002); Lee (1994); Jiao et. al. (2003, 2002); Qiu et. al. (2007);
Faghihi et. al. (2008); Jiao et. al. (2003); Wong et. al. (1995); Movahhedi et. al. (2007); Chen et. al.
(2009); Rodrigue et. al. (2001); Sekine et. al. (2011); Rieben et. al. (2005); Artzuri (2005)] offers
some advantages over the standard FDTD method, the most obvious one being its ability to deal
with unstructured grids, allowing versatility in modeling complex geometries. There are two different
approaches that are followed within TDFEM. In the first approach [Tsai et. al. (2002); Lee (1994);
Jiao et. al. (2003, 2002); Qiu et. al. (2007); Faghihi et. al. (2008); Jiao et. al. (2003)], one of the field
variables is eliminated from the set of Maxwell equations resulting in a second-order vector wave
equation, which is subsequently used to develop the variational formulation. Thus, either the electric
or magnetic field is the only unknown field-variable that is discretized and solved for. The other field
is obtained through postprocessing. In the other approach [Wong et. al. (1995); Movahhedi et. al.
(2007); Chen et. al. (2009); Rodrigue et. al. (2001); Sekine et. al. (2011); Rieben et. al. (2005)], two
coupled first-order Maxwell equations are simultaneously used to develop the variational formulation.
Mixed set of basis functions are used to discretize and solve for both the electric and magnetic fields
simultaneously. The transient analysis of electromagnetic radiation and scattering in two dimensions
is modelled assuming either z-polarized F field [Cangellaris et. al. (1987); Jiao et. al. (2001)] or z-
polarized H field [Lee et. al. (1990); Monk (1992)].

For the solution of time domain electromagnetic radiation and scattering problems in unbounded
domains, yet another powerful method is the Finite Element Boundary Integral (FEBI) method [Jiao et. al.
(2002); Qiu et. al. (2007); Faghihi et. al. (2008); Jiao et. al. (2003); Wong et. al. (1995); Movahhedi et. al.
(2007); Chen et. al. (2009); Rodrigue et. al. (2001); Sekine et. al. (2011); Rieben et. al. (2005); Artzuri
(2005); Cangellaris et. al. (1987); Jiao et. al. (2001)]. In this method, the infinite solution domain is
divided into interior and exterior regions by an artificial boundary. The boundary integral method
is used to model the exterior field, whereas in the interior domain a finite element method is used.
On the artificial boundary, field continuity is enforced to couple these two representations. For large
scale transient electromagnetic problems, the entire domain is divided in several subdomains, and
subsequently, either the discontinuous Galerkin method [Taube et. al. (2009); Tobon et. al. (2015);
Li et. al. (2014)] or the domain decomposition method [Lou et. al. (2006, 2007); Lu et. al. (2008)] is
used. Subdomains are related to each other by equivalent surface currents.

In most of the TDFEM works [Lee et. al. (1997); Tsai et. al. (2002); Lee (1994); Jiao et. al. (2003,
2002); Qiu et. al. (2007); Faghihi et. al. (2008); Jiao et. al. (2003); Wong et. al. (1995); Movahhedi et. al.
(2007); Chen et. al. (2009); Rodrigue et. al. (2001); Sekine et. al. (2011); Rieben et. al. (2005); Artzuri
(2005)] vector basis functions are used to discretize the field variable. In [Movahhedi et. al. (2007);
Chen et. al. (2009); Sekine et. al. (2011)], edge elements are used to discretize the electric field.
There are relatively few works [Cangellaris et. al. (1987); Lynch et. al. (1990)] within the TDFEM
framework where nodal finite elements are used. In Cangellaris et. al. (1987), two first-order coupled
equations are solved within a two-dimensional nodal framework. In Lynch et. al. (1990), a second-
order equation is solved using integral lumping which allows the use of an explicit time integration
scheme with the time-step size required to be below the limiting value required for stability.

In Kole et. al. (2001) a family of unconditionally stable algorithm is presented within the FDTD
framework where the time evolution operator of the EM field is the exponential of a skewsymmetric
matrix. Orthogonal approximation of this operator leads to unconditionally stability. In Chen et. al.
(2008), two energy-conserving methods are proposed within the FDTD framework. For time discretization,
for the coupled set of first order equations, a leapfrog strategy is used [Rodrigue et. al. (2001);
Sekine et. al. (2011); Rieben et. al. (2005)], while in the case of the second-order TDFEM, central
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difference is used [Jiao et. al. (2002); Qiu et. al. (2007); Jiao et. al. (2003)]. In order to suppress
low frequency spurious responses Newmark formulation is modified in Artzuri (2005). Rieben et. al.
(2005) have presented a strategy where energy is conserved in a time-average sense.

It is well known that in linear elastodynamics, the linear and angular momenta, and the total
energy (in an undamped system) are conserved in the absence of body forces and tractions on the
entire boundary. It was shown in Jog et. al. (2015) that the trapezoidal rule mimics these continuum
conservation properties, and is thus, in some sense an ‘optimal’ strategy for linear hyperbolic problems.
Regarding electromagnetic problems, it is well known that the total energy is conserved for interior
domain problems in the absence of any current or charge. In this work, we show (for perhaps the
first time) that, analogous to the linear and angular momenta in linear elastodynamics, there are
additional conservation laws that the electric and magnetic fields obey. Furthermore, we develop a
time-stepping strategy within a nodal finite element framework (that is similar to the trapezoidal rule
in the structural context) that mimics either exactly or to a very close approximation these continuum
conservation properties. Thus, the developed strategy can be said to be unconditionally stable (from
an energy perspective) [Richtmyer et. al. (1967); Khul et. al. (1999)]. In Section 3, we demonstrate
by means of a numerical example also that the solution remains stable even with the use of a very
large time step.

Although the implementation of the trapezoidal rule is relatively straightforward in the case of
structural or acoustic problems, it is not so in the case of electromagnetic problems, where material
discontinuities and sharp corners and edges pose severe problems of convergence to the correct
solution within the context of the nodal finite element method [Lee et. al. (1997)]. To account for
material discontinuities, we use a potential formulation along the same lines as in [Bardi et. al. (1991);
Jog et. al. (2014)].

The outline of the remainder of the article is as follows. In section 2, we derive the conservation
laws (including the energy conservation law) for the electric and magnetic fields followed by the
variational and finite element formulations. The additional considerations that are required to tackle
scattering from conducting and dielectric bodies are also presented. Section 3 presents examples
ranging from radiation in interior and exterior domains to scattering from conducting and dielectric
bodies in order to demonstrate the robustness of the proposed method.

2 Mathematical formulation
We will often use the following vector identity. If @ and b are vectors, then
V.(axb)=(Vxa)-b—a-(VXxDb). (2.1)

The governing equations for transient electromagnetics (in the absence of charge) are given by

oH 1
W"F;VXE—O, (22)
OF .
V. (uH) =0, (2.4)
V. (¢E)=0,. (2.5)

where E and H are the electric and magnetic fields, j is the current density, ¢ and p are the
electric permittivity and magnetic permeability, respectively, €, = ¢/eo and u, = /o are the relative
permittivity and relative permeability, where o and o represent the permittivity and permeability for
vacuum, k = ko./jir€, is the wave number of the medium, ko = w/co is the wave number of vacuum,
w is the frequency of excitation (in the special case of harmonic excitation) and c¢o = 1/, /€00 is the
wave speed in vacuum.
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2.1 Conservation properties of the Maxwell equations

Throughout the following discussion, we assume e and u to be piecewise constant over the domain
2, and the domain itself to be unchanging with respect to time. The surface I" is assumed to be the
union I'.U T}, where E X n is prescribed on I'. and H X n is prescribed on I',. Integrating Eqn. (2.3)
over the domain, we get

i/ eEdQ:—/deJr/andr. (2.6)
dt Jo I?) r

Assume that I' = I',, and that H X n = 0 on [},. Also assume j = 0. Then from Eqn. (2.6) we get
/ eE df2 = constant. (2.7)
2

i.e., in the absence of loading, [, eE df2 is conserved. In a similar fashion, if we integrate Eqn. (2.2)

over the domain, we get

4 quQ:/ExndF. (2.8)
dt /., .

Now, if ' =T, and if E x n = 0 on I, then from Eqgn. (2.8), we get
/ pH df2 = constant. (2.9)
2

Next take the dot product of Egn. (2.3) with the position vector « and integrate over the domain.
Using the vector identity given by Eqn. (2.1), and the fact that V x = = 0, we get

i/e(m-E)dQ:f/w-jdﬁf/(mxH)”ndF
dt Jo Q r
:—/w-de—/(HXn)-wdF.
2 r
Thus, if j = 0 and if H X n = 0 on the entire boundary, we get

/ e(x - E)dSf2 = constant. (2.10)
2

i.e., [, e(z- E)df2is conserved. In a similar fashion, we take the dot product of Eqgn. (2.2) with « and
integrate over the domain. Then we have,

4 ,u(m-H)d.Q:/(Exn)-ach
dt Jo r
Now, if ' = I, and if E X n = 0on [, then

/ wu(z - H) df2 = constant. (2.11)
2

i.e., [, pu(xz- H)dR is conserved.
Now take the dot product of Egn. (2.3) with E, integrate over the domain and again use Eqn. (2.1)
to get

d €

= f(E-E)dQ:—/E-jd!?—l—/(V><E)~Hd(2—/(E><H)-ndF
dt !’22 22 2 r

:—/QE~de—%/Q%(H~H)+/F(H><n)~[(E><n)Xn]dF. (2.12)
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Thus, in the absence of loading 7, andif E x n =00n . and H X n = 0 on [}, then we get

/ % [e(E - E)+ pn(H - H)] df2 = constant. (2.13)
2

ie., [,3[e(E-E)+ u(H - H)| df2is conserved.
To summarize, in the absence of loading 7, the following quantities are conserved:

D= /Q eE df2, (H x m = 0 on the entire boundary) (2.14a)
B = ; wH df2, (E x n = 0 on the entire boundary) (2.14b)
o= /Q e(x - E)dS2, (H x n = 0 on the entire boundary) (2.14c)
B = /Q w(zx - H)dS2, (E x n = 0 on the entire boundary) (2.14d)
_ 1

=

_/ 5[e(E-E)+u(H«H)] ds?, (Exnmn=0onl.and H xn=0o0nI}), (2.14e)
2

with the field E also satisfying the constraint V- E = 0. Although the conservation of £ in Egn. (2.14e)
is well-known, the conservation of the other quantities in Eqns. (2.14) appears not to have been noted
before.

2.2 Variational and FEM formulations

Our goal is to devise a numerical strategy that mimics the (continuum) conservation properties listed
in Eqgns. (2.14) within the context of the A-iy potential formulation. Let v := 9A/9t and w =
9(V)/ot. In the A-y formulation, we take

E=—-w-—wv, (2.15)

H=1vxa (2.16)

m
Thus, since V4 - n is discontinuous while V¢ X n is continuous at the interface, we get the desired
tangential continuity of the E field at a material interface. We use the gage condition V - A = 0.

Using Egns. (2.15) and (2.16), we see that Eqns. (2.2) and (2.4) are automatically satisfied, while
Egns. (2.3) and (2.5) reduce to

A %Y 1 .
E[W +V(W)]+Vx(;VxA)_g, (2.17)

v. [e(v¢ n A)) —0, (2.18)

where superposed dots indicate time derivatives. Using Eqn. (2.1), the variational formulation is given
by

/QeAa- [82A + 82(V¢)] d(2+/ﬁi(v X As)- (VX A)df?

a2 912
1 . =
+/Q;(V~A5)(V-A)d(2:/QA5~gd(2+ FhAg-HdE (2.19)
/e(V¢5)~ [A+V¢] dQ:/¢5e[(A+v¢)~n] dr, (2.20)
2 r
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where we have added a penalty term in the above variational form, to enforce the gage constaint on
A [Bardi et. al. (1991); Nandy et. al. (2016)]. The quantity H = H x n is prescribed on I7},.

It is well known that the above formulation fails to capture the singular fields in non-convex
domains with sharp corners and edges. Costabel et. al. (2002) suggest a strategy where the penalty
factor associated with the regularization term varies with the distance from the corner or edge,
while Otin (2010, 2013) uses a zero penalty in the layers adjacent to corners and edges. We
modify the latter strategy as in Nandy et. al. (2016), whereby we surround the entire nonconvex
radiator/scatterer by a thin layer of elements with zero penalty, and use a nonzero penalty in the
remaining domain.

2.3 Time-stepping strategy

We propose the following time-stepping strategy over a time interval [t tnt1] With tA := tni1 — ta:

Un + Un+1 A'n+1 - An

_ 7 (2.21)
2 ta

Wn+ Wnt1 _ VPni1 = Vibn (2.22)
2 ta ’ .

/eAg. {”“*1*”" +w”+1”””] d9+/ L(v x 45)- [VXA”VXA”“ g

o ta ta oM 2

+/ l(V.Aé).{V-An+V-An+1} 40

o M 2

I 1/
:/DA(;- (5/_13(ﬂd£) dQ+/FhA5-<§/_1H(E)d£) dr, (2.23)
[ T (A + Vnin) a2+ [ se(An+ Vi) mdr
n I

= / e(Vs) - (A + Vb)) d2 + / Vo€ (Ans1 + Vit -ndl, (2.24)
(9] r

where & = (158) t, + (22) tas1. The loading terms in Eqn. (2.23) have been formulated in a way
consistent with the linear time finite element method as presented in Jog et. al. (2016).

We now prove that the above time-stepping strategy conserves the quantities in Eqn. (2.14) in the
absence of loading. Choose As = ¢, where c is a vector dependent only on time. Then Eqgn. (2.23)
in the absence of loading reduces to

c-/ €[Vnt1 — Vn + Wni1 — wa] d2 =0.
2
Since c is arbitrary, we get

/ €[Vnt1 + Wnt1] dR2 = / €[vn +w,] df2,
0 0

or, alternatively, fQ eE,1df2 = fQ eE,, df2. Thus, the quantity in Eqgn. (2.14a) is conserved.
Next, choose A5 = x. Then, since V x x = 0, Eqn. (2.23) in the absence of loading reduces to

1
/ €T - [Unt1 — Un + Wnt1 — wy] d2 + 3tA/ —V - (Ap+ Any1)d2 =0.
7} o 2p

Although it is possible for [, V - A, 1 df2 to be nonzero, we find that it turns out to be zero in all the
examples, so that [, ex - E,y1d2 = [, ex - E, df2. Thus, the quantity in Eqn. (2.14c) is conserved.

The energy is not conserved exactly by the above algorithm (due to the presence of the penalty
term), but nevertheless find that energy conservation is satisfied almost perfectly as we show by
means of various numerical examples in Section 3.
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For exterior domain problems, the first-order absorbing boundary condition on the spherical
truncation surface I's is given by

nx(VxE)%—@nx(nx%—?):O. (2.25)

Assuming zero initial conditions, this can be written as
n X (VX A)+ /eun X [n X (w+v)] =0.

If R denotes the radius of I, then n X (n X v) is O(1/R), while n X (n X w) is O(1/R?), and,
hence, can be neglected. For the scaler field 1) we impose following far-field condition:

Vl/wn:—%,

Thus, for unbounded domain-problems, Eqns. (2.23)—(2.24) get modified to

/GA(S' |:’Un+1_'U7L+(V’¢)'n+1—(V’L/})n:| dQ+/ l(VXA(S) |:VXA7L+VXA7L+1:| a0
Q ta ta ol 2

+/Qi(V,A5)((V.A)n +2(V~A)n+1> dQ:/QAé. (%/ij({)dg) an

R PR P SRS

/ E(VQZJ(;) : (An-‘rl - An + V¢n+l - V"/}n) ds? +/ [%’4}6 ('l/fn+1 - wn) — 61/J§ (An+1 — An) . n] dl’ =
2 I

oo

/ 1/)56 (An+1 - An + V¢n+1 - Vl/)n) . ndF, (227)
r

where I" now represents all surfaces barring I'.

Let the fields and their variations in Eqns. (2.26)—(2.27) be interpolated as

A=NA, A; = NA;,

V x A= BA, V X A; = BAs,
V-A=B,A, V-As; = B,As,
¥ =Ny, ¥s = Nyts,

Vi = By, Vs = By,

where A and 4 denote the nodal values of A and ), As and ;5 denote their respective variations



British Journal of Mathematics and Computer Science X(X), XX=XX, 20XX

and
N1 0 0 N2 O 0
N=|0 N 0 0 N2 O ,
0 0 N O 0 N .
r 0 _ ON1 0N 0 _ ON> ON>
Oy 0z dy
B ON1 ~ON1 0N 0 _ON2
B Oz Ox 0z Ox ’
_ON: ONy 0 _ONz  ON: 0
L Oy oz oy ox
B — [ON1 ON1 ON1 ON2 ONa> ONa
P oz Oy 0z ox dy 0z ’
Ny=[M N2 Ny ..],
roN: ON> ON3 T
ox ox ox
B, — ON1 ONa ONj3
v dy oy oy
ON1  ON2 ONs
L 0z 0z 0z J
Using the arbitrariness of the variations, we get
Kaa KAw] -An+1:| {fA]
. = , 2.28
{KwA Kyp] (1,10 fy 220

where, with nmar denoting the skew-symmetric matrix whose axial vector is n,

2 1 1 1
Kaa= / {—eNTN +—BTB+ fB,TBp] o+ / [ ENT e N dI,
I7) 2p 2p re taV p

tA
K4y :/ %NTBI/, s,
2 tA

KwA:/ eBiNdQ—/eNﬁnTNdr—/ eNyn" Ndr,
2 r

oo

KWZ/ ¢BLB, d()—/ eNIn"B, dF+/ <NTNar,
22 r I'o R

fA:/FNT(%
).

fw:/ eBi(An+v¢n)dQ—/ eNﬁnT(AnJrvzpn)der/ eNT [%_
17} r I'oo

2¢
Zon
t

moa)ars [ w7 [(5 [ s0se) + s

[BT(V x A,) +BL(V- An)] o) +/ i\/ENTnmamﬂatAn dr,
FOO

2¢

2e
7V n T n
+ 7 Yo + v

nTAn] dr.

2.4 Axisymmetric formulation

An axisymmetric formulation in a cylindrical coordinate system (r, 0, z) can be given if the excitation
and geometry in a radiation problem are axisymmetric. Let the excitation and geometry be such that
E, = E. = 0and Ey = Fy(r,z). Corresponding to this, we have Hy = 0, and H, and H. are
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functions of » and z. Under these assumptions, V x E has the following simple expression in the

r—0—z system:
vxE=_L0, o (Eo O\, (2.29)
0z r ar
Since the only nonzero component of E is tangential to the mesh in the r-z plane (in the out-
of-plane direction), there is no discontinuity in the normal component of E at the surface of an
inhomogeneity. Hence, there is no need to work with potentials, and we can work directly with E
even for inhomogeneous domains. Furthermore, since V - E = 0 we do not even need to include the
regularization term. Hence, the only equation that we need to consider is
0’E 1 03
— +V —V X E — =0.
€ e + V X (M X )

ot
The variational form can be written as

2
/eEé.aEdQ—F/l(VXE5)~(VXE)dQ+/ i(E5><n)-(a—E><'n,> dlI’' =
7] o o CH ot

o2 ~
dj OH

| Es-PDao-| E; - Zar (2.30)
/Q * ot T

where H = H x n is prescribed on T, and on I'., we have the radiation condition given by (2.25).
We propose the following time-stepping strategy for Eqgn. (2.30):

Vn + Un+1 — En+1 - -E'n.7 (231a)
2 ta
n — Un 1 En En
/eE(y(u)dQﬁ-/f(VXE&)'{Vx VX “}dﬂ—&—
fe) ta QM 2
n - n "n. - 'n Hn - Hn
/ L (B xn)- (MXn> dF:—/ E;- (M> dQ—/ Es- (L> dr.
r., CH ta o ta I, ta
(2.31b)
We discretize the different terms as
Eo = NE,, H=NH,
V x E = BE,, E xn=nNE,,

with similar interpolations for the variations, where
N=[N N ..],

Al = [nz —nr] ,
_ [Ny 0 N2 0
N = ,
L0 N1 0 N2 ... (2.32)
i OV, _ON2
B— 0z 0z
N n ONi Nz  ON2
L 7 or T or

For points on the axis » = 0, instead of the B matrix in Egn. (2.32), we use the following matrix [Nandy et. al.
(2016)]

_ONi 0N
B 0z 0z . (2.33)
28]\71 26]\72
or or
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After substituting the above discretizations into Eqns. (2.31) and eliminating ©,,+1, we get

KaXiE9n+1 = Faxi>

Ko = %/ ev-NTNdv-derl/ fBTde-deri/ L NTNds,
A Ja 2o H ia Jr, cp

faxi:_/ NT (M) drdz—/ NT (M) d5+%/ erNT By dr dz
) ta I, ta ta Jo

1 2
L v x B drds + 7/ L NTE,, ds + 7/ erNTv, dr dz,
2 )1 ia Jp, cp ta Jo

where ds = v/dr? + dz2. After solving for Es, ., ,, we can obtain H,,1 using

_ta

Hn+1 - Hn
2p

(VX E,+V X Eni1).

2.5 Scattering from conducting and dielectric bodies

Consider an incident wave Ejn; that impinges on a conducting or dielectric body. The total field is
given by the sum of the incident and the scattered field, i.e., E = Egsat + Einc. In place of E, the
scattered field Escat should satisfy Eqn. (2.25) on I's, i.€., 0N [':

nx(VxE)—l—\/@nx<nx%):—unx%+@nx(nx%). (2.34)
Hence, for scattering from conducting and dielectric bodies, f , in Eqn. (2.28) should be replaced by
f 4 given by

- 1! 1!
.fA = fA */F {NTnmat (5 ) Hinc(f)dg) + \/ENTnmatng:at (5 ) Einc(ﬂd£>} dF7

oo

where £ = (155) tn + (£5) tnya.
For scattering from conducting bodies, in addition to satisfying the Maxwell equations, on the
conducting surface we have to satisfy
Exn=0. (2.35)

We enforce this constraint using a Lagrange multiplier technique.
2.22 2.24 Thus, for scattering from conducting bodies, Eqn. (2.28) gets

modified to
Kaa Kay 3 [0 [ NTE"Nxdedn| [An] [Fa—3 [0 5 NTETNAAwdédn
) 1I{¢A Ky 0 Yt . Fo
i ., J-, NXtNdédn 0 0 Ant1 S NTtN A, dtdn

(2.36)
where t is a 2 x 3 matrix containing along its rows two linearly independent vectors ¢, and ¢, that are
both perpendicular to the (unnormalized) normal n, (£,7) are natural coordinates that parameterize
the surface of the element, and

ﬁ/—ajxaj
T o¢ T on’
Ny = Ny 0 N2 0

0 M 0 No

10
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Note that the surface Jacobian in Eqn. (2.36) gets canceled and hence does not appear in the
expressions. Since the Lagrange multiplier technique cannot handle abrupt changes in slope of
the continuum (e.g., edges of a cube), the entire A vector along edges with a discontinuous normal
n is set to zero, and the corresponding Lagrange multipliers are also suppressed.

For scattering from dielectric bodies, the material discontinuity leads to a discontinuity in E - n
although E x n is continuous at the dielectric interface. This physical requirement is automatically
taken care of by the assumed A — ¢ form of E as in Egn. (2.15).

3 Numerical examples

In all the examples, we take ¢ = 3 x 10/, /e, m/s.

3.1 Electromagnetic radiation inside a cube with conducting walls

Consider a cube of side-length = with conducting walls. The following solution (which is the transient
counterpart of the harmonic problem described in Jog et. al. (2014)) exactly satisfies the governing
equations and boundary conditions:

E. = 2cos(z) sin(y) sin(z) [cos(wt) — sin(wt)],
E, = sin(z) cos(y) sin(z) [sin(wt) — cos(wt)],
E. = sin(z) sin(y) cos(z) [sin(wt) — cos(wt)],
H, =0, (3.1)

H, = T cos(z) sin(y) cos(z) [cos(wt) + sin(wt)] ,
H, = #% cos(z) cos(y) sin(z) [cos(wt) + sin(wt)] .

2= cos(z) sin(y) sin(z) [sin(wt) + cos(wt)],

1 sin(z) cos(y) sin(z) [cos(wt) + sin(wt)],

Y
w

> o> 2

- % sin(z) sin(y) cos(z) [cos(wt) + sin(wt)] ,

<
Il

0,
J. = (M) sin(z) sin(y) cos(z) [cos(wt) + sin(wt)] .
Hw

The problem is solved with w = 3 x 10® rad/s, applying j throughout the domain, and with initial A
consistent with that in the solution given by Egns. (3.1) and (3.2). We model the domain witha 4 x4 x4
mesh of 27 node hexahedral elements. The time-step ¢a is chosen to be 10~? sec and the time of
simulation to be 4 x 10~ sec. Figure 1 shows the almost perfect match between the analytical (A) and
FEM (F) time responses for the electric field components at two points (z,y,2) = (7/4,7/8,3m/4)
and (3w /4, /4, m/8).

Since E X n = 0 on the entire boundary, the quantities B and 3 should be conserved as per
Egns. (2.9) and (2.11). Figure 2 shows that the proposed time-stepping strategy exactly mimics these

2 0 ) con(a)snfy) sin(z) [cos(a) + st

3— euw ) sin(z) cos(y) sin(z) [cos(wt) + sin(wt)],

11
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08 | | | | | | | 08 | | | | | | |
0 0.5 1 1.5 2 25 3 35 4 0 0.5 1 15 2 25 3 35 4
time x107° time x10°

@) (z,y,2) = (7/4,7/8,37/4) (b) (z,y,2) = (3m/4,7/4,7/8)

Figure 1: Time variation of the electric field for the cube with conducting walls
example.

conservation properties. Furthermore, after 4 x 1078 sec, we set j to zero, i.e., after this time there
is no external loading, and hence, as per Eqn. (2.13), £ should be conserved. Figure 2 shows that
our numerical strategy conserves E after 4 x 10~% sec, thus mimicking the continuum requirement.

3.2 Radiation problem inside a cube with prescribed H on the boundary

This problem is based on Ma (2006). The analytical solution is given by

E, = sin(wt — kz), E, = sin(wt — kx), E. = sin(wt — ky),
H, = uiw sin(wt — ky), H, = M% sin(wt — kz), H. = u% sin(wt — k),
k2 k2 ]C2
Je = (MTJ — we) cos(wt — kz), Jy = (M—w — we) cos(wt — kzx), J. = (MTU — we) cos(wt — ky),
A _ 1 (wt — k2) A *lcos(wt—ka:) A *lcos(wt—k)
I—wcosw z), v s === Y),
¥ =0.

The problem is modelled with w = 2, kK = 3, u = 30/8 and € = 0.2. A cube of dimension 2 is modelled
with a mesh of 6 x 6 x 6 elements of 27 node brick elements. The time-step is taken as 0.1 sec.

Figure 3 shows the almost perfect match between our FEM results (F) and the analytical solution (A).
The result is shown upto 10 sec at two different points of the domain. After 10 sec H X n is set to
zero and after 15 sec j is set to zero. From Fig. 4, we see that after 15 sec, D and « are conserved
exactly in accordance with Eqns. (2.14a) and (2.14c), while (due to the presence of the penalty term)
conservation of £ as per Eqn. (2.14e) is satisfied approximately. In order to demonstrate the stability
of the algorithm, we use a time step that is twenty times that used previously, namely, 2 s, and

12
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oo o
N\Q@\QUJ\EJ\

3
time

Figure 2: Conservation of various quantities in the cube with conducting walls

example.

(a) (‘rv Y, Z) = (1/27 7/67 3/2)

(b) (w» Y, Z) = (1/37 1/27 1/6)

Figure 3: Time variation of the electric field for the cube with boundary-prescribed
H problem.
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Figure 4: Conservation of different quantities for the cube with prescribed H X n
example.
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Figure 5: Bounded nature of the solution and conservation of various quantities
with a very large time step for the cube with boundary-prescribed H problem.
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also run the simulation for a much larger period, namely 100 s. Figure 5 shows the conservation
of different quantities and the bounded nature of the solution. This is a numerical verification of the
unconditionally stable nature of the proposed algorithm.

3.3 An axisymmetric radiation problem

An axisymmetric analytical solution to the transient Maxwell equations on an unbounded domain
expressed in terms of spherical coordinates r-6-¢ is

E,=FEy=0,
Ey = PV (cos 0) [jn (kr) cos(wt) + yn (kr) sin(wt)],
Hy =0,
Hyo=—" (P;” (cos ) cos @ — PV, (cose)) [ (kr) sin(wt) — yn (kr) cos(wt)],  (3.3)

pwr sin €

(1)
Hy = m{[wrynH (kr) — c(n 4+ 1)yn (kr)] cos(wt)
pwre

— [wrins1 (kr) — c(n + 1)jn (k)] sin((,ut)}7

where n is any integer, j,, and y,, denote the spherical Bessel functions of the first and second kind,
and P{"™ denote the associated Legendre polynomials. In the limit as 6 tends to 0 or 7, we have
E¢ = Hy =0 and

lim H, = % i (k) sin(wt) — yn (kr) cos(wt)]
eli—I}}r H, = % [Jn (kr) sin(wt) — yn (kr) cos(wt)] .

The domain that we choose for our simulation is a hollow sphere of inner and outer radii a and
R (see Figure 6), respectively. We have used a mesh of n, x ng = 1 x 6 elements for the FEM
discretization. We prescribe an absorbing boundary condition on the boundary at R.., and prescribe
H on the inner boundary as per Eqgns. (3.3). We have used n = 1, pu» = 1, . = 1, ka = 10 and
kR~ = 10.5. Figure 7 shows the almost perfect match obtained between the analytical (A) and FEM
(F) solutions at two points.
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Figure 7: Time variation of electric field at Point 1 with (r,0) = (10.25,45°), and
Point 2 with (r,0) = (10.25, 165°) in the axisymmetric radiation problem.
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3.4 Transverse Magnetic (TM) solution of the Maxwell equations

A transverse magnetic (along r) solution of the Maxwell equations, which is derived from the harmonic
solution given in Nandy et. al. (2016), is given by

wn(n+1)

E,. = po sin(me) P\™ (cos 0) [jn (kr) sin(wt) — yn (kr) cos(wt)] (3.4a)
Ep = tits [ta cos(wt) — t5 sin(wt)], (3.4b)
Ey = —t3 [ta cos(wt) — t5 sin(wt)] , (3.4c)
H, =0, (3.4d)
Hy = wrljg [4n (kr) cos(wt) + yn (kr) sin(wt)], (3.4e)
¢
Hy = %}72 [jn (kr) cos(wt) + yn (kr) sin(wt)], (3.4f)
n(n+1) . (m) . )
Ar = e sin(me@) P, (cos 0) [jn (kr) cos(wt) + yn (kr) sin(wt)], (3.49)
T
Ag = it [t5 cos(wt) + t4 sin(wt)], (3.4h)
w
Ay = ] [t5 cos(wt) + t4 sin(wt)], (3.4i)
w
P =0, (3.4))
where m and n are any integers, and
_ sin(me)
YT Trsing
ta = (n+ 1) cos OPS™ (cos ) + (m — n — 1)PT(LT{ (cos ),
m cos(meg)P\™ (cos 6)
t3 - B I
rsin 6
ts = c(n + )yn (kr) — wryns1 (kr),
ts = c(n + 1)jn (k1) — wrjns1 (k7).
We have the following limiting values for m =n = 1:
Eplg—o = [te cos(wt) — t7 sin(wt)] wsin @, Eglo—o0 = [te cos(wt) — t7 sin(wt)] w cos @,
Hglo—o = [ts cos(wt) + to sin(wt)] t1o cos @, Hylo—o = — [ts cos(wt) + to sin(wt)] t10 sin ¢,

Aplo—o = — [te sin(wt) + t7 cos(wt)] sin ¢,
Eglo—sr = —Eslo—o0,
Aglo—sr = —Aglo—o,

Hglo—r = Holo—o0,
where
2
o= (kr) —y2 (kr),
-
ts = kr cos(kr) — sin(kr),

tio = ———5-
10 uck2r?

Aplo—o = — [te sin(wt) + t7 cos(wt)] cos @,
Eplosr = Eglo—o,

Aglo—r = Aplo—o,

Hplo—sr = —Hglo—0,

2 . .
tr = g1 (kr) = j2 (kr),
tg = krsin(kr) + cos(kr),

We again choose the domain to be a hollow sphere with inner radius a and outer radius R... We
enforce the absorbing boundary condition at the outer radius, while at the inner radius we prescribe
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time x10° time
(@) kr = 6.25, 0 = 15°, ¢ = 120° (b) kr = 13.75, 6 = 105°, ¢ = 165°

Figure 8: Time variation of the electric field for the transverse magnetic field
problem.

the magnetic field H as per Eqgn. (3.4). We choose ka = 5, kR = 15, ur = 1, ¢, = 1, m = 1 and
n = 1 for our simulations. The domain is modelled with a 4 x 6 x 12 (in the r-0-¢ directions) mesh of
27-node brick elements. Fig. 8 shows the results upto 2x 10~® sec obtained using ta = 2x107'% sec.
We again see an almost perfect correspondence between the analytical (A) and FEM (F) solutions
for both the near- and far-field points.

3.5 Scattering from an empty box

Consider a wave incident on an empty box with u» = 1,¢. = 1 [Jiao et. al. (2003)]. The incident wave
is given by

o = 2t — o — k- (r — o) e} exp |- L0 =k Tg’" —ro)/e}| g (3.5)

where the parameters to, 7o and 7 define a temporal reference point, a spatial reference point and the
pulse shape, respectively. The domain is the empty box with dimensions (in meters) of 1.0 x0.5x0.75.
An H field consistent with Ej,. is applied on the entire boundary of the domain. The values of the
parameters are chosen to be the same as in Jiao et. al. (2003), namely, k=9, E=2%¢ =1,
wr =1, 0 = 0.5, yo = 0.5, z0 = 0.375, to = 25.99 ns and 7 = 5.25 ns. The domain is modelled with a
4 x 2 x 3 (along the z, y and z directions) mesh of 27-node brick elements, and the time-step is taken
as 1 ns. The time variation of the E field upto 5 x 10~® sec obtained using the proposed method
(F) is plotted along with the analytical results (A) for two points with coordinates (z,y, z) given by
(0.17,0.4,0.16) and (0.8,0.1,0.6) in Fig. 9. Again, the good correspondence between the proposed
method and the analytical solution is evident.
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_5 | | | | |

Figure 9: Time variation of the electric field at Points 1 (0.17,0.4,0.16) and 2
(0.8,0.1,0.6) in the scattering from an empty box problem.
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Figure 10: Time variation of 9E, /0t at (0.33, —1.03, —0.45) for the scattering from a
conducting sphere example.

3.6 Scattering from a conducting sphere

An incident wave of the form (3.5) impinges on a conducting sphere of radius 0.8 m with pulse
parameters givenby k = 2, E = &, to = 25.99ns, ro = —1.22 mand 7 = 5.25 ns [Jiao et. al. (2002)].
The computational domain is truncated at R = 3.8 m, and modelled with a 8 x 8 x 10 (r-6-¢) mesh
of 27-node brick and 18-node wedge elements. The total number of nodes in the domain is 4794.
The time step is taken to be 5 x 107! sec. For the time variation of 9E,. /9t at (0.33, —1.03, —0.45),
the almost perfect match between the result by Jiao et. al. (2002), and
our conserving strategy is evident from Fig. 10.

3.7 Scattering from a dielectric sphere

Consider a Neumann pulse as given in Egn. (3.5) incident on a dielectric sphere of radius 0.5 m
having 1 = 1 and ¢, = 6.0 [Jiao et. al. (2003)]. The parameters in the Neumann pulse are chosen to
be E=&, k=2, to=259ns, ro = —1.32 and 7 = 5.25 ns. The computational domain is truncated
at R = 2 m and is modeled with 10 node tetrahedral elements. In order to show that our strategy
converges with respect to mesh refinement, we use two meshes. The coarse and fine meshes used
have 10696 elements/14798 nodes and 24342 elements/33832 nodes, respectively. The respective
time-steps used for the coarse and the fine meshes are 0.5 ns and 0.2 ns. The plot of the time
variation of E - t at (—0.04, —0.07, —0.72) with ¢ = 0.96& + 0.26y + 0.13% and at (0.05, 0.05, —0.96)
with t = —0.89& —0.08y+0.442 is depicted in Fig. 11 which again shows the excellent match between
the coarse and fine mesh results, and the by Jiao et. al. (2003).
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Figure 11: Time variation of E -t for the scattering from a dielectric sphere example.
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3.8 Scattering from a coated dielectric sphere

An incident Neumann pulse with the same parameters as in the previous example impinges on a
conducting sphere of radius 0.3 m with a coating of dielectric material having thickness of 0.2 m, and
ur =1and e, = 8 [Jiao et. al. (2003)]. The computational domain is again taken to be a sphere with
Roc = 2 m. A coarse mesh with 13313 nodes/9414 elements and 0.5 ns time-step and a fine mesh
with 32243 nodes/22849 elements and 0.25 ns time-step are used to conduct the analysis. The time
variation of E, at (0.077,0.076, —0.85) and E -t at (0.02, —0.088, —0.76) with t = 0.942+0.32g+0.12
is shown in Fig. 12. Once again the extremely good match between our coarse and fine mesh results,
and the by Jiao et. al. (2003) is evident from the figure.

3.9 Scattering from a conducting L shape domain

An incident Neumann pulse as given by Eqn. (3.5) with parameters E = cos(135°)& + sin(135°)3,
k = cos(225°)& + sin(225°)9, to = 25.9 ns, 7o = 0.6& + 1.49 and 7 = 5.25 ns impinges on an
L-shaped domain as shown in Fig. 13. The computational domain is a sphere of radius R.. = 2.5 m.
The problem is modeled with 10-node tetrahedral elements. The center point of the left-bottom edge
of the L-shape is chosen as the origin of the domain. Coarse and fine meshes with 16419 and 35947
nodes, and time-steps of 0.5 ns and 0.2 ns, respectively. are used to model this problem. Fig. 14
shows the variation of E, at (0.55,0.89, 0.25) for both the coarse and fine meshes. The convergence
of the result with respect to mesh and time refinement is evident.

3.10 Scattering from a set of conducting spheres
An incident pulse as as given by Eqn. (3.6) with parameters E = &, k = 2, to = 13.66 ns, 7o = 0,

f =500x10% and 7 = 2.6 ns impinges on a set of three conducting spheres of radius 0.1 with centers
at (0.2,0,0), (—0.1,0.173,0) and (—0.1,—0.173,0) [Taube et. al. (2009)].

{t—to—k Tgr —ro)/c}? E. (3.6)

Eic = cos [27Tf{t —to—Fk- (r— 1“0)/0}] exp |:—

The computational domain is chosen to be a sphere with radius R, = 0.6. Coarse and fine meshes
with 20335 and 30091 nodes, respectively are used for conducting the analysis. The time-step is
chosen to be 0.2 ns. Fig. 15 shows the convergence of the result with mesh refinement and the
good match of the converged result with that obtained by Taube et. al. (2009)

4 Conclusion

Just as linear and angular momentum and total energy are conserved in the absence of loading and
dissipation in structural mechanics problems, we have derived a set of parameters that are conserved
in the absence of electromagnetic loading (see Eqgns. (2.14)). Next, using a potential formulation
under a nodal finite element framework, we have formulated a time-stepping strategy that mimics
these continuum conservation properties. The strategy has been formulated for both electromagnetic
radiation and scattering problems for interior and exterior domain problems. It is, in general, difficult
to model sharp edges and corners within the context of nodal finite elements. We have shown how
the strategy can be suitably modified in the presence of sharp edges and corners so that singularities
can be captured. Numerous problems involving both radiation and scattering from conducting bodies
and dielectrics and bodies with sharp corners and edges such as an L-shaped domain have been
solved, and the solutions compared against either analytical solutions or numerical solutions obtained
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Figure 12: Time variation of the electric field for the scattering from a coated
dielectric sphere example.
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Figure 13: Geometry of the L shape domain.
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Figure 14: The variation of E, with time at (0.55,0.89,0.25) for the conducting L-
shaped domain problem.
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Figure 15: Scattered FE,. at origin for the set of conducting spheres.

using other strategies in the literature in order to demonstrate the robustness and efficiency of the
proposed strategy.
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