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STABILITY ANALYSIS OF ZIKA - MALARIA CO-INFECTION MODEL FOR
MALARIA ENDEMIC REGION.
ABSTRACT

In this article, a nonlinear dynamical framework is proposed to contemplate the transmission
flow of Zika - Malaria co- infection and impacts of one on each other in the Malaria endemic
region because of the likenesses in the side effects of the illness. Strength investigation is done
independently on Zika-only model and furthermore on Malaria only model. The disease
equilibria purposes of both sub-models were locally and globally asymptotically stable when
their basic reproduction number is less than one. The endemic equalibria additionally exist and

are locally and comprehensively stable when R, more than one.

The disease free equilibrium of the co-infection demonstrate is likewise locally asymptotically

stable when R, less than one. Be that as it may, the ailment free equilibrium of the co-disease

show is not all inclusive stable. The endemic balance of the co-infection show is all around
stable utilizing Lyapunov technique. Sensitivity examination is completed on every parameter to
decide their impacts on the essential propagation number. Numerical reproduction on the model
recommended that the most ideal approach to control the co- infection of Malaria — Zika is to
enhance the recovery rates of the two illnesses.

KEYWORDS-Coinfection, Reproduction number, local stability, global stability, sensitivity

analysis etc.

1. INTRODUCTION
Zika disease is caused by a virus which is transmitted mostly by female Aedes aegypti mosquito
[1], which is also responsible for the transmission of chikungunya and dengue fever. The disease
was initially discovered in a monkey in the Zika forest of Uganda in 1947[2], however much
attention was not given to it until recently when it started causing harm to expectant mothers in
the Americas. Mothers in this part of the world were producing microcephaly babies (children

with abnormal small head and other neurological disorders ), and this caught the attention of the
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World Health Organization(WHO).The alarming rate of the incidence in Brazil and other parts of
the world forced the world health organization to declare the virus as the international emergence
concerned. The incidence of Zika virus disease is spreading and this is partly due to the fact that
there is neither cure nor vaccine.

Only female aedes aegypti mosquito bites an infected human. It has to bite during the viremic
stage that is in the first several days of infection, when the virus is still circulating in the human’s
blood. The mosquito takes up the virus, stores it in her gut and salivary glands, and then
transmits it when she bites another uninfected human [3]. As part of the mode of transmission,
there has been an evidence that zika virus can be contracted through casual sex with an infected
person according to Centre for Disease and preventive Control (CDC).

In the light of this, it is very important to know the key parameters in the transmission of the
disease and come out with the measures to combat the menace.

In another advancement Malaria is an old sickness that was first concentrated by Ross in the late
1800's [4]. Malaria is a vector borne ailment which is caused by a female Anopheles mosquito.
There are four types of parasites specifically: plasmodium falciparum, plasmodium vivax,

plasmodium ovale and plasmodium malariae contaminate human.

Among the parasites, plasmodium falciparum is considered as savage [5]. Plasmodium
falciparum is known to be the sort of species that is accepted to cause human diseases in Africa
[6]. The disease keeps on being a noteworthy issue in sub-sub-Sahara Africa, Asia, Central and
South America and the Middle East. Right around 40% of the total populace settles in endemic
ranges [7]. The disease is caused by plasmodium parasite and is transmitted between people
through the bite of the female anopheles mosquito. It murders around 700,000 to 2.7million
individuals yearly, 75% of whom are African youngsters [8]. The parasites forms into the
collection of human between 10-18 days, at that point is passed on when the mosquito infuses
salivation while sustaining. In the human body intestinal sickness parasites relocate to the liver,
where they develop and increase. Over the long haul the parasites discover its way in the
circulation system and keep on developing in the red platelets. At this stage the contaminated
people start to indicate side effects like fever, chills, sweating, migraines and other influenza like

conditions. The contamination can now and again create considerably more serious responses
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including kidney disappointment and passing, particularly if not treated for a timeframe
(Mosquito World, 2017).

2. DIFFERENCE BETWEEN ZIKA VIRUS AND MALARIA
Zika infection and Malaria are both mosquito borne sicknesses, and since the ascent of Zika first
in Brazil and now reaching out to different parts of the world, a ton of inquiries are being gotten
some information about the contrasts between Zika infection and Malaria [9] .The real contrasts
is the way we battle the two illnesses since they are spread by two unique sorts of mosquitoes
species to be specific female Anopheles for intestinal sickness and female Aedes aegypti for zika
infection. Female anopheles mosquito bites during the evening and at first light and can give you
the malaria. This can be forestalled by resting in the mosquito bug spray net. Despite what might
be expected, the aedes aegypti mosquito bites amid the day time which makes aversion more
unpredictable to manage. Notwithstanding, to keep away from been bitten by the female aedes
aegypti mosquito having the infection, the therapeutic specialists recommend that utilizing
creepy crawly repellant and defensive attire can likewise help in a way [10]. Since zika infection
can be transmitted through sex there is the requirement for us to go without or always utilize

condom.

Various authors have contributed immersely towards numerous publications on co-infection on
disease modeling: a deterministic mathematical model for hepatitis B and tuberculosis by
Bowong et al[11]. [12] also formulated and analyzed a deterministic model for hepatitis C virus
and HIV/AIDS in 2013 in order to assess their impact on the dynamics of each disease in the
presence of treatment. Mushayabasa et al. designed a mathematical model to explore the co-
infection of gonorrhea and HIV in the presence of antiretroviral therapy and gonorrhea treatment
in 2010.

To the best of my knowledge, this work has not been done by any researcher or been published.
It is in this regard that a mathematical model for the Co-infection Malaria-Zika is proposed to
access the effect of Zika in the Malaria endemic region. This research has become very necessary
for the researcher and the public health officials because the symptoms of both diseases

sometimes confuse the medical practitioners and the victims as well.
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The model in this paper is a system of ordinary nonlinear differential equations and is described,
formulated and analyzed below.

The paper has been organized as follows, Section 3 deals with the description of the model,
Section deals with the analysis of Zika model only, Malaria only, Co-infection Malaria - Zika
model Section 4 discusses the sensitivity analysis, Section 5 presents numerical simulation and

section 7 is the conclusion.

3.0 MODEL FORMULATION AND DESCRIPTION

The model which is about to be described is similar to that of Okosun and Smith [13].

This new model subdivides human population into six compartments namely: susceptible

humanss, , infectious malaria only I, infectious zika only I, , both malaria and zika infectious

., .recovered from malaria only R, and recovered from zika only R, and the female mosquito

mz

population is also partition into three compartments, that is, susceptible female mosquitoes S, ,
infectious female Anopheles mosquito |, and infectious female aedes aegypti mosquito |, .
People are recruited into the human population through the rate IT, and exit through per capital

natural death rate u;, in the six human compartments or through malaria induce death rate ()
in I, compartment. When an individual in the S; compartment gets bitten by a mosquito in I,
compartment and malaria infection occurs, then that person moves to I, compartment and
moves to I, compartment when bitten by a mosquito in I, compartment and zika infection
occurs. An individual in I,,, compartment either moves to R,,, compartment after recovered from
only malaria infection or moves to I,,,, compartment when bitten by mosquito in I, compartment
and zika infection occurs. Also, an infectious zika person (1I,) moves to I,,, compartment
when bitten by mosquito in I, compartment and malaria infection occurs or to R, compartment
when the zika infection subsides and becomes a zika carrier (mild zika infection). Those in
R,,, compartment moves to S, compartment for reinfection after they have lost their immunity to
malaria and individuals in R, compartment moves to S, compartment after they have become

zika free.

The mosquitoes in S; compartment moves to I, compartment when they bit humans in I, or

I,,, compartment and to I, compartment when they bit humans in I, or I,,, compartment.



123 Mosquitoes in either I, or I, compartment remain in the infectious state for life or kill by
124  natural or insecticides. Mosquitoes are recruited into the mosquito population through the rate
125  TII,, and exit through per capital natural death rate ( y,,, ) in the three mosquito compartments.
126  Total population of humans and mosquitoes are

Ny =S, 1, 1,1, F R R, e ()
127  and

N =S5 1, A | e (2)
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Figure 1.1: Zika —Malaria co-Infection flow chart
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Table 1. State Variables for model 3

State Description
Variables

S, Number of susceptible individuals

Individuals who are infected with malaria

|
| Individuals who are infected with zika virus
| Individuals who are infected with both malaria and zika virus co-infection

R, Individuals who recover from Malaria only
R, Individuals who recover from Zika only
S, Number of susceptible mosquitoes
1, Number of female Anopheles mosquitoes
I, Number of female aedes aegypti mosquitoes

" Total human population
N, Total mosquito population
Table 2. Parameters for model 3

Description

Parameter
o, The probability of female aedes aegypti mosquito getting infected with zika virus
B, Probability of female Anopheles mosquito getting infected with malaria parasite
B Probability of human getting infected with malaria
o, Probability of human getting infected by zika virus
T, Recovery rate for zika virus only.
7, Recovery rate of malaria only
Ly Natural death rate for human
U Natural death rate for mosquitoes
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n Malaria induced death rate

Human beings are recruited into their population

Mosquitoes are recruited at the rate

Putting all the assumptions together, the co-infection model for Malaria-Zika is given as (3)

below:

ds,
F:Hh+¢Rm+aRz_/uhsh_ﬂlsh_/’izsh
dl,

dt :ﬂlsh_ﬂ’zlm_(:uh+77+1-2)|m+rllmz
di,

E:’lzsh_ﬂllz_(ﬂh"'ﬁ)lz+72|mz

dl,,

dt :/’izlm+//ll|z_(/uh+rl+z-2)lmz

dR,

it =0l —(P+ )Ry 3)
dR,

o =7l,—(u, +a)R,

ds,

dt :Hm_:umsm_ﬁlsm_ﬁzsm

dl,

dt :ﬁlsm_/umlv

i,

dt :ﬂzsm_/umla

With the force of infection

O-zla _ﬂv(lm-"—lmz) _O-a(lz+|mz)
Nh,p’l— N Py = e (4)

BN,
A= B

In this area, we present the basic results concerning the model (3).The following theorem

portrays the region within which the model will be examined in the subsequent sections.

Theorem 1. If the initial state variables are non-negative i.e.

(Sh (0)=0,1,(0)=0,1,(0)>0,1,,(0)>0,R,(0)>0,R,(0)>0,S,(0)>0,1,(0)>0,1,(0) > 0,)
then they remain so i.e.
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(S, (t)=0,1,(t)=0,1,(t)20,1,,(t)=20,R, (t)20,R, (1)=0,S, ()= 0,1

1 v

(t)=0,1,(t)=0,)for

all future times. Moreover

limsup N, (t) < I, and limsup N, (t) < M, . Again, if N, (0) < iand [Nm (0)< Hmj then
o Hy o Hr Hy Hp

N, (t) <1 and [Nm(t)snm].

Hi Hn
More importantly, the region Q =€, xQ, with

h' m?2 %z Tmzr " 'm

Q =4(S.,1_,1,1 RRZERE
"{( ) Hn

I1
Nh:Sh+Im+IZ+ImZ+RZ+RZ£—“} and

m, | . o L
N,=S,+I,+I,< m} is positively invariant
Hy

Q. ={(Sm,lv,la)e R?

The theorem 1 above indicates that the model (3) is biologically and epidemiologically well

posed in the region and thus, the dynamics of the model can be sufficiently studied inQ. [14]

3.1 Zika only model is given by equation (5) below

diznh_i_aRz_luhSh_izsh
dt
dl,
at :ﬂ-zsh_(ﬂh"‘ﬂ)lz
aR, =10, = (U + )R, e (5).
dt
ds
=TI —u S -pS
dt m :um m ﬂz m
dl
& =83S_ —ul
dt ﬂz m :um a

With the force of infection

ol ol
= R AN B, = — B e 6
A N, b N, (6)

3.1.1 Disease free equilibrium (DFE) of Zika only: Disease free equilibrium (DFE) is the

steady state solution where there is no infection or disease in the population. The disease free is



162  obtained when the infectious state variables are set to zero. For example in Zika,
163 I,=R,=1,=0.

164  The (DFE) of Zika only model (5) is given as

165 EZV:(S;,IZ,R;,S;,I;):(H“,O,O,Hm,Oj .................................. @)
luh :um

166  3.1.2 Basic reproduction number for Zika only

167  Using the next generation matrix method the basic reproduction number can be defined as the
168  average number of secondary infectious cases produced by single infective individual in a
169  population where everyone is susceptible. Applying the next generation matrix method of

170  [15]the basic reproduction number of the Zika only model is the spectral radius of the matrix

171 FV,*. Where F, and V, are the transmission and transition matrices respectively given by

O O-th
+ 0
172 F, = | and Vv, = (4 +7)
o, 0 M,
Hm

173 The basic reproduction number of Zika only is denoted by (R, ) and is given as

I IT
174 R, = zaaaz—"““ ............................................................................ ®)
Hon My (ﬂm + 71)

175  3.1.3 Local Stability of Disease Free Equilibrium Point for Zika virus
176  Theorem2:
177  The disease free equilibrium point is locally asymptotically stable if R,, < 1 and unstable if

178 Ry > 1.

— 1, 0 a 0 o,
0 —(m+1) 0 0 o,
0 7 —(p,+a) 0 0
179 J(E,)= o _Calluh 0 L [ 9)
l_Ih:um "
o Gt 0 u
thum

180
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The diagonal entries —z, , —z, and —(, + «), are the three eigenvalues of the Jacobian matrix

[16]. Therefore excluding their columns and corresponding rows leads to

_(,Uh + 1'1) o,
J (EZV ) e o220 1 (10)
— — THy
thum

The eigenvalues of the Jacobian (10) is the characteristic equation of |J - M| =0

—(p, +7,+ 2) o

z

O-anmluh :O
—anlh (g, 4 A
thum ( )
= A% (ty + sty +7) A+t (y +7) [ 1= RE = 0 (11)

If R,, <1, then all the coefficients of equation (11) are positive. Therefore using Routh-Hurwitz

criterion, it can be easily proved that all the roots of the characteristic polynomial (11) have
negative real parts. Hence the disease free equilibrium of Zika only model is locally

asymptotically stable R,, <1,

3.1.4 Global stability of disease free equilibrium of Zika Virus

Theorem 3: The DFE( E,, ) of system of equation (5) is globally asymptotically stable if R, <1

and unstable if R,, >1

Proof: We start the proof by dividing (5) into two sub-models, that is, the infectious class and un-

infectious class which are denoted as y and y respectively. The variables y and y are defined

as, y=(1,,1,)and y =(S,,R,,S,,) respectively. Therefore the model (5) can be written as

hr ¥z %m

z—f= R(2.7)
Gy | [r—————————————— 12)
o =S (x7)

The two valued functions R( %,y) (dimension 2) and S(z,y) (dimension 3) are given by
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A1 I
R(Z,y):{ 2z Sh—(,uh+rl)lz,o-a £ Sm—,umlaj

N N
" " S SR 13)
al, !,
S(xz.7)=|11, +aR, — S, _N_Sh’Tllz —(a+u)Ry 1, = 41,8, =S, N
h h
Where T is transpose. Now consider the reduced system: C;—Jt/ =5(7.0)
ds
d_th =11, +aR, — 4,5,
d(iz =70 = (M + )R, freeieeeesee (14)
ds
=235 —u.l
dt ﬂz m :um a
. v o o I, IO, . . S .
Y =(Si.R.S0)=| =0, is a globally asymptotically stable equilibrium point for the
luh Ium
dy

reduced system E:S(;{,O).To see this, solve the second equation in (14) to obtain

R, (t)=R, (0)e ", it turns to zero as t — oo.In the same way, the last equation in equation

(14) gives S, (t):rIm +{Sm (O)—%}e"mt which turns to 1 as t — cofinally, the first
Hn Hp, H,

equation of (14) gives
I1 I1 I1 . . L
S, (t)=—L—1—"+ {Sh (0)- —h} e — —" ast — oo, This asymptotic dynamics is
Hhn Hn Hn Hin
independent of initial conditions in Q. Hence the convergence of the solution (14) is global inQ.

Clearly R(y,y) satisfies the following two conditions given as H, in [17] namely

1)R(x,0)=0and

2)R(;(,;/):A;(—R(;(,;/),F{(;(,;/)ZO on € where

-(#+7) o,
A=D,R(7".0)=| a5, and
iy
Nh
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R(x.7)= 81(1,7) i ‘%{1?}

R.(xz.7) Gal{l—N—ﬂ

Since the terms in |f{(;g,7)are nonnegative and the conditions H, given in [17] also satisfied,

we can conclude that the disease free equilibrium of zika model only is globally stable.
3.1.5 Existence of endemic equilibrium point of Zika only model: endemic equilibrium point
is the steady state solution where the disease (Zika virus) is present in the population. Therefore

the endemic equilibrium point of the Zika virus only model is given by

m?’ a

e A < S OO (15)
Where

 Nyo, o T Ty (4 + @) = REN, 22 (4, + @) Tz, + TG ik arr, (RE =1) (4, + @)

5
h 2

o0, LI, p (s, +a)2 (RZZv —1)+Gaazl_lh,uh,umNh (tty +cx)— R2 12y’
o (RE 1) (44 + ) T, p1 4,

Y o0 Ly (uy + @) = R T
R? _ (RZZV —1)(,uh +a) i,

Y o0 (4, +05)2 —RYPT, (4 4 @)t T
O'aGZl_Iﬁ1 (,uh +a)— RZZVHhHm,u;rZa —(RZZV —1)(,uh +a)o-aHhHm,um,u;

g™ —

m

(,Uh + a)(aadznh (ﬂh + 0‘) - RzzvﬂmﬂhTza)
| = O'a,Uh,UmHhHm (Rzzv _1)(1“h + a)
Y o,0 M py (y + @) = R e

Theorem 4:
There exists a unique endemic equilibrium point for Zika only model (5) when R,, >1..

3.1.6 Global Stability of Endemic Equilibrium of Zika only model:

Theorem 5:
If R, >1 then the unique endemic equilibrium E of model (5) is globally stable in the

interior of Q2.



228

229

230

231

232

233

234

235

236

237

Proof :

This can be determined by constructing Logarithmic Lyapunov function L(t) such that

S,<S,,1,<I;,R,<R;,S, <Srand I, <I; and L(t) isgivenas

z! z z'Ym — a— "a

1 S 1 |
L(t)=———S/S,-S =S,/ In=" |+—————| Il -1, 1 In=
() (/Uh"";tz)(h h h hnS;J_F(ﬂh_’_ﬂz)[zz z zn|;j+

L (RZ*RZ “R —R'In Rij+;£8r’;8m _s -s7 |nS—TJ+i[|;|a T Inl—ij ....... (17)
(luh +a) Rz (luh +ﬂ2) Sm luh

we take the derivative of L(t) with respect to the state variables which is given as

a1 [s*—l—ij= 1 [s;sh—sh —1}
ds, (ﬂh"'ﬁz) " Sh (ﬂh +Az) Sh
a1 (I*—l—ij: 1 (|;|1—|Z—1j

di, (u,+7)° ) (u,+7) I,

de 1 (R*—l—ij: 1 (R;‘RZ—RZ—lj
dR, (g, +a)\ ° R, ) (u+a) R,

da _ 1 [S* _1_iJ: 1 (s;sm—sm—1J
ds,, (/Uh +ﬁ2) ; S (/Uh +ﬁ2) S

a 1 |*_1_i 1 —I:Ia_la_l
dla :uh ) Ia /uh Ia

We then find the product of the derivative of L(t) with respect to the state variables. Thus

d_L_idi_’_idlZ_’_idRz_kidsm_kﬁdla
dt oS, dt o, dt R dt &S, dt ol dt
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dL 1 (ss, -8, -1
E:(ﬂhw)[ s, j[_(”“”?)sd

. [lz‘lﬁ'z—lj[-(yhm)'z]

(;uh+z-1) z
1 (R;RZ -R, -1

e A

(/Jh+0.’) z
1 SnSn =Sy —1r AN A
+(ﬂh+ﬁz)( S, j[ (ﬂh+ﬂ2)sm]+ﬂh[ I, j[ tole]
dL . . . . .
:Ez—(shsh—Sh—1)—(IZIZ—IZ—1)—(RZRZ—RZ—1)—(SmSm—Sm—1)—(Iala—la—l)
dL

:E:_S;Sh +S, +1-11,+1,+1-R'R, +R, +1-S;S, +S, +1- 11, +1, +1

:,‘:'j—'t'=1+1+1+1+1+sh (1-87)+1,(1=1;)+R, (1-R;)+S, (1-5; ) +1,(1-1;)

:%:5+Sh(l—3ff)+Iz(l—|:)+Rz(l_R;)+Sm(l_S:‘)+Ia(l_lz)go

Theorem 6

If a function is positive definite on the entire state space, and has the additional property that

V (x)| = o as x| —> o, and if its derivative V is negative definite on the entire state space ,then

the equilibrium point at the origin is globally asymptotically stable.

Since V <0 and by the LaSalle’s Extension (LaSalle’s, 1976), therefore it implies that the

endemic equilibrium is globally asymptotically stable in the invariant feasible region.

3.2 Malaria only model is given by equation (18) below
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ds,,

=11, + ¢R, — 14,5, — 4,5,

dt
dl,,
at :%Sh_(ﬂh"'n"'fz)lm
dR,
Tzrzlm—(¢+,uh)Rm ..................................................................... (18)
ds
™ =TI, — .S, —AS
dt m /’lm m ﬂl m
dl
Y =[S —ul
dt ﬂl m :um \%
Byl B
="V and =1y m
A=t e A=
The (DFE) of the Malaria only model is given as
= :(S;,I;,R;,S;,I;):[Hh,O,O,Hm,OJ .................................. 19)
Hn Hi

Again, using the next generation matrix method as applied in zika only model, the basic

reproduction number of the malaria only model is the spectral radius of the matrix F,V_*. Where

F, and V, are the transmission and transition matrices respectively given by

0
A (tty +n+7,) O
F=|8I1_u andV =
v: - m/th O 0 /—lm
thum

The basic reproduction number of malaria only is denoted by R, is given as

R, = BBt et (20)
iy (# +11+7,)

3.2.1 Local Stability of Disease Free Equilibrium Point for Malaria only

Theorem?7: The disease free equilibrium point of Malaria only_is locally asymptotically stable

if M,, < 1landunstableif R, > 1.
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~Hy 0 ¢ 0 B
0 —(#+n+7,) 0 0 A
0 7, —(u,+¢) O 0
J(En)= 0 B u, 0 T (21
I, 4y, "
0 Bty 0 0 -u,
I,

matrix[16]. Therefore excluding their columns and corresponding rows leads to

_(ﬂh +77"'72) B
ﬂva:uh
l_Ih/um

I(En) =

The eigenvalues of the Jacobian (22) is the characteristic equation of |J - /1I| =0

_(ﬂh+77+72+ﬂ') yis

ﬂvnm/uh =0
1 —(y, +4
thum ( )
/”Lz+(,uh+77+,um+rz)ﬂ+,um(,uh+77+72)[1—RmaJ:0 ................................ (23)

If R, <1 then all the coefficients of equation (23) are positive. Therefore using Routh-Hurwitz
criterion, it can be easily prove that all the roots of the characteristic polynomial (23) have
negative real parts. Hence the disease free equilibrium of Malaria only model is locally

asymptotically stable R, <1,

3.2.2 Global stability on DFE Malaria only(E,, ) : Here in this section, we try to prove the global

stability of the disease free equilibrium.

Theorem 8:
The DFE(E,, )of system of equation (18) is globally asymptotically stable if R, <1 and
unstable if R, >1

Proof :

The model (3) is now written as

| Field Code Changed

. { Field Code Changed

B { Field Code Changed

{ Field Code Changed

{ Field Code Changed

L { Field Code Changed
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293

aw _ o (v.w) | Field Code Changed
- d‘i; ..................................................................... (24)

L _rvw)

dt

Where W =(I_,1,)and V =(S,,R,,S,)

h? " m~m

The two valued functions E(V,W) (dimension 2) and F (V,W) (dimension 3) are given by

;
E(V'W):{%Sh _(77+/uh +TZ)Im’%Sm _/umle
" " SR (25)
_ _ _ ﬂhlm _ _ _
F(V’W)_ l_[h+¢Rm /uhsh N Sh'z-zlm (¢+:uh)Rm'Hm :umsm Smﬂl
h
Where T is transpose. The reduced form of the system: (L—\t/ =F(V,0)
Fiel h

di 1, +gR - S, ( Field Code Changed

dt

drR,

o ht :z'zlm—(,u|1 +¢)Rm ................................................... (26)
ds
T =4S |
dt igl m Il'lm v

V©=(S;.R:.S;) ={£,O,Hmj is a globally asymptotically stable equilibrium point for the
,uh :um

reduced system (L—\t/ = F(V,0). Therefore, R, (t) =R, (0)e " ; it tumns to zero as t —» oo. In

S, (1) = O, i{Rm (O)e'(‘“"’)‘} LI {Sh (0)- 5} et - 0 a5t 5 o0, Hence the
My Hy Hy Hiy Hi
convergence of the solution (26) is global in Q. Clearly E(V,W ) satisfies the following two
conditions given as H, in [17] namely

1)E(V,0)=0 and

2)E(V,W)=AW - E (V,W),E (V,.W)=>0 on Q where
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297

298
299
300
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302

303

304

305

306

_(77+/1t +Tz) B,
A=D,E(V',0)=| 85, an

Sh
R vw ] ﬂ“'{l‘w_h}

= ) i

Since the terms in E (V,W ) are nonnegative and the conditions H, given in [17] also satisfied,

we can conclude that the disease free equilibrium of malaria is globally asymptotically stable.

We denote the endemic equilibrium point for malaria model only by E. and is given by

e

m?!* "'m?*¥m?v

e (P (27)

To evaluate E; , we solve the model (18) by equating it to zero and solve for the state variables.

e

5 = No B BTN, (6 + 14, )z —REN, T2 g7, 122 (§+ ) + Npar, 21T (RE, —1) (¢ + a4, )
B BT (64 1) (R =1)+ BBt i Ny (@ + 14,) = R TT, 17,914 N,

. (RZ, —1) (¢ + 24, ) TT2 122

" BB (64 1)~ REITL 47,0

, (R, =1)(¢+ w4y ) 7,201,

" BT (P 1)~ R (§+ 11,) 0

BBy (64 ) = RETL T, 2y = (RE, =1)(6+ 44,) BTt

) BBty (6+ 1) = RE 2L, (64 1) 7,6

. Bt T, (R = 1) (4 4, )

T BBttt ($+ 1ty )= Reg i T, 27,6

*x

| Field Code Changed

{ Field Code Changed

. [ Field Code Changed

[ Field Code Changed

“[ Field Code Changed

Theorem9:
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314

315

316

317

318

319

320

321

322

There exists a unique endemic equilibrium point for Malaria only model (18 when R, >1..

3.2.3 Global Stability of Endemic Equilibrium of Malaria model only.
Theorem 10

If R,, >1 then the unique endemic equilibrium E;

stable in the interior of Q .

Proof

This can be determined by constructing Logarithmic Lyapunov function L(t) such that

S, <S;. 1<l

L(t)

(/Uh +ﬂ1)

1

1
(ﬂh

m?

re R

R<R;,S<S;and I <I;and L(t) is given as

*
Im_lm

* +— Im
Sy ) (y+n+1,)

(R;Rm_Rm-+q|n5§J+-_—1——(s;sm—sm—s;
Rm (/uh +¢)

S

In——

3

m

*InIT

m

m

1
4+ —

Hi,

}
B

.
=1, -1 In-x

v

we take the derivative of L(t) with respect to the state variables which is given as

daL 1

dSh _(:uh+ﬂ'1)
daL 1

dl _(,uh+77+z'2)
i 1

dr, (,uh+
d_L 1

ds,, (ﬂh+ﬁ1

da_
dl

v

We then find the derivative of L(t) with respect to the state variables. Thus

dL _
dt

L(.v
Hy

oL dS,
68 dt

_1-=

1

\2

[
R _1__L

é) R
1

S

(*_

ot
Sh (:uh +4

1

[sgsh—sh—lj
s,

‘1‘1}(

'S, -5, -1

,Uh

ifa

6L dl,

6I

dt

8L dr,,
6R dt

e
2

oL ds,
+_
os, dt

S

m

oL dl,
+_
ol, dt

[me—|m—1J
ﬂh+77+72) [

ey
),

|

:)

of Malaria only model (19) is globally



d_L: : ( j /uh+ﬂ’1

223 dt ('Ljf-'—ﬂi
ety { j (2 7+22)1
1 R.R,-R,
324 +(#h+¢)( 3 ][ (1 +4)R, ]

1 S'S —-S_ -1 (000, -1,-1
325 +(ﬂh+ﬂ){ e j[_(/uh+ﬂ1)sm]+7h[%)[_:uhlv]

\

dL . . . . .
:a?(shsh—sh—1)—(|m|m—|m—1)—(RmRm—Rm—1)—(smsm—sm—1)—(|V|V—|V -1)
326 :(:jlt' -S.S, +S, +1-1.1 +1,+1-R:R +R +1-S'S +S +1-1"1,+1, +1

dL . . . . .
=g ~LHlrllels s, W(1=87)+ 1, (1=15)+ R, (1-Ry )+, (1-8; )+ 1, (1-17) <0

327  Therefore the endemic equilibrium of malaria only model is globally asymptotically stable by
328  theorem 6.

329

330 3.3 Stability of the Disease Free Equilibrium of Co-Infection Model (Zika -Malaria):

331  Disease free equilibrium (DFE) state of the co-infection model is given as

332 E!

mz

{ ~—"0,0,0,0,0 moo) ................. (30)
7

h m

333 The basic reproduction number (R,,) of co-infection model is given by

I1 I1
334 Rmz = max ﬂhﬁv m:uh =, O-ao-z m:uh >
(/Uh +77+TZ)Hh/um (/uh +Tl)Hh/um

335  Representing

336 R — ﬂhﬂvnmluh and R = O-ao-znm:uh
h (,Uh +77+Tz)nh:u; “ (:Uh +Tl)nh/uri

337

338  Theorem 11
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The disease free equilibrium point is locally asymptotically stable if R, < 1( R,. <landR,, < 1)

and unstable if R, >1.

Proof

The Jacobian matrix of the system (3) at the disease free equilibrium is given by

~ 0 0 0 y a 0 -4 -o,
0 —(my+n+17,) 0 7, 0 0 0 B, 0
0 0 —(uy +1) 7, 0 0 0 0 o,
0 0 0 ~(ty +7,+7,) 0 0 0 0 O
0 7, 0 0 ~(, +9) 0 0 0 0
0 0 0 0 —(y, +a 0 0 0
- . Tﬁ : - (44 + @) .(32)
+
O _ﬂv mAn _ Ol in b _ ﬂv Oy mAn 0 O —u, O 0
1_Ih:um 1_Ih:um 1_Ih:um
I1 I1
O ﬂv m/uh 0 ﬂv m/uh 0 O 0 —#m 0
1_Ih:um 1_Ih:um
O O O-aHm:uh Uanm:uh O O 0 O _,Um
1_Ih:um l_Ihtum

Since -, ,—pty,—(ty +#) and —(u, + ) are diagonal entries, then they form the first four

eigenvalues of the Jacobian matrix[18]. This leads to

-A 0 A A O
0 -A A 0 A
J=|0 0 -A O O oot e (33)
A0 A -A 0
0 AiO AJ.O 0 _As
where
A=p+n+7, A =1, A=0 A =pu+1,A=7,A =0, A =1, +7,+7,,
_ﬁvnm:uh _ _O-aHm:uh
AB - 1_Ih:um ’Ag _ﬂm’Am - 1_Ih:um

Using elementary row transformation on (33), we have [19]
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364

365
366

367
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369

A0 A A 0
0 -A A 0 A
J={ 0 0 -A 0 0 o (34)
0 0 0 AAA-AAA 0
0 0 0 A A~ AAA
Hence
—(A, +2) 0 A, A, 0
0 (A +2) A, 0 A,
hp-2l=0=| o 0 —(A, +2) 0 0
0 0 0 (AAA, —AAA, +1) 0
0 0 0 0 (A AA, —AA A, +2)

= (A +2) (A +2) (A, +2)(AAA —AAA, + 1) (AAA, -AAA, +1)=0
= (A +2)=0,(A, +2)=0,(A, + 1) = 0,(A,AA, ~AAA, +1)=0

or (A;AA, —AAA, +1)=0

A+4=0=>4 =—(u,+n+1,)

A+dy=0= 0 =—(u, +1,)

A+2=0= 4 =—(u,+7,+7,)

(AAA = AAA)+ A =02 = (i +7+7,) (1, +71+7,) (L-RE)

(AAA = AAA)+I =02 & = (i, +7,+7,) thy (1 +7,) (1-R2) ]

Finally, since all the eigenvalues of the Jacobian matrix of equation (34) are negative or have
negative real parts when R, <1 (R, <landR,, <1), therefore the disease free equilibrium point
is locally asymptotically stable when R, <1.We now consider the global stability of disease free
equilibrium.

Theorem 12

The DFE(EmZ )of system of equation is globally asymptotically stable if R , <1 and unstable if

R, >1

Proof:
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The model (3) is now written as :

dA _

AB
5t = #(AB)
dB _

A B
o =7 (AB)
Where A=(1,,1,,1

mz v' a)

and B =(

S,.R.\R,,S,).

h1 'm0

The two valued functions as y (A, B) and y( A B) are defined as

| |
ﬂ,slvsth\la
xAB)=| | [)’Ih
—2 ]+
Nh Nh
I, +aR, +g¢R_— 1 S
}/(A,B)* h z ¢ m :uh

where T is the transpose . The reduced form of the system: i—? =

ds

J:Hh—"—aRz +¢Rm_/uh

dt
dR,
dt
dR,
dt
ds,
dt

S, (t) =11, R, (0 (o)t R, (0 (et L —h |:Sh 0 _&}} it &
(t)=T1, +¢{R, (0)e “*"} +a (R, (0)e }ﬂ{#h+ (0) el

=7,l, (¢+,Uh)

=7l,—(u, +a)R,

:H ,um m ﬂl

(SRRs

the reduced form of the system (j:i_? =y

- ol, — (s +a)RZ,H

Sh _ﬂlsh _ﬂ"ZSh

h_j'ls

Imi(luh+77+r2)lm+rllmz'

z_(ﬂh+Tl+T2)|mz’

:um m ﬂl

= B:S,

H,

=4S, (¢+,uh)

ol, I,
N, Shi/ﬁlh sz(,uh+z'1)lz+rzlmz,
Bl + 1) AUEL)
—S —u | ,———S —u_l
Nh m ﬂm \' Nh m /’lm A | [oesessssssnnrsnnnnanns (36)

ﬂZm

7(0,B) is given as (37)

,Hmj is globally asymptotically stable equilibrium point for

(0,B). Therefore,

I,
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as t — c. Hence the convergence of the solution (37) is global in Q .Therefore ;((A, B) must

satisfy the following two conditions given as H, in [17] namely

1.(0,B)=0 and

2. 7(AB)=TA- y(AB), y(AB)200n Q

T=D,z(0B")=
Atl =1,=1,=
T=D,x(0,B")=

And

+n+ +UZla 0
_ I o428
Hy T 17, N,
|
0 —(—ﬂ’; Lty T
h
O-zla ﬁhlv
N, Ny,
A, 0
N,
0 o,S,,
Ny,
) = Ia :0
—(,uh +77+z'2) 0 7,
0 —(,uh +rl) T,
0 0 —(,uh +z’1+z'2)
ﬂ\/sm 0 ﬂ\/sm
Ny, Ny,
0 O-asm O-asm
N, N,

21 i
|
. A
Nj,
—(py +7,+7,) bl
Nj,
pS, .
N,
O-asm O
N,
s 0
0 o
0 O
0 O
0 O




392

393

394

395

396
397
398

399

400

401

402

403

404

405

406

407

R ﬂhlv[l_;: +ﬂ‘2|m
Zl(A’B) S
A ZZ(A,B) A’Zla 1*N7h +ﬂ1|2
2(AB)=| ;. (AB)|=| (Al +4l,)
;(A4(A,B) ﬂV(IL_FImZ)[l_;mj
%(AB)) | (1,+1,,) LS
o=l

Since ;53(A, B) < 0and does not completely satisfy the two conditions stated in equation (38),

the disease free equilibrium may not globally asymptotically stable.
3.3.1 Existence of endemic equilibrium point of the Coinfection Malaria and Zika virus

Obtaining an explicit expression from Endemic equilibrium point of the co-infection model
(Malaria and Zika virus) is not forthcoming due to the complex nature of the equations involved.

Therefore we assume that the endemic equilibrium may exist as

E* :(s*" LD Ry R, ST I) Let’s now determine the global stability of the

mz h ' "m»»%z » "Tmz? " 'm m?1iv ' la
endemic equilibrium as follows
Theorem 13

If R, >1 then the unique endemic equilibrium E_, of System (3) is globally stable in the

interior of Q..
Proof

This can be determined by constructing Logarithmic Lyapunov function L(t) such that

S, <SS Iy 1< 1<1» RSRYR<R’,S<S» 1<l and,1 <1 and L(t) is given

m? - ‘mz?

as
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1 S 1 |
L(ty)=———— | S’S, —=S —S*In—2n - = Il -1 -1"In2
® (umﬂl%)( " “”s;]+(uh+n+rz+ﬂz)£” " “"”I:;]

1 « ar | 1 . . |
= Izlz_lz_lzln i t— Imzlmz_lmz_lmz In%
(/uh+ﬂl+z-1) I; (/uh+71+12) I
—t [R;Rm-Rm-R;ln Rm]+ L (RZ*RZ—RZ—RZ*In RiJ
(¢+/uh) R (:uh +a) Rz

L [s;;sm—sm-s;n ln:—T}i(IJIV—IV—IJln :1J+i[|;|a—|a-|;|n'3] .......... (39)

(lum+i81+ﬁ2) m m v Hn

*
m

we take the derivative of L(t) with respect to the state variables which is given as

dL _ 1 (S*—l—i}: 1 [s;sh—sh—lJ
ds, (:uh+21+22) " Sh (ﬂh+/11+/12) Sh

dL 1 [ . 1} 1 (mm |m—1]
—_— - = |} -1-=|=
dlm (/’lh+/12+‘[2+77) Im (luh+ﬂ“2+7'-2+77) Im

dL 1 [ . 1) 1 (I;‘IZ—IZ—lj

TP S (Y I

dlz (luh+ﬂl+z-1) Iz (ﬂh+ﬂl+z-1) Iz

dL 1 * 1 1 Ir:zlmz_lmz_l
= Imz —l—— =

dl,, (,uh+‘rl+rz){ Imzj (,uh+‘rl+rz)[ [ J

dL 1 ( . 1} 1 [R;Rm—Rm—lj

L S S -

dRm (luh +¢) Rm (luh +¢) Rz

dL 1 L1 1 (RR-R -1

— = R -1-—|=

dR, (4, +a) R, ) (u+a) R,

dL 1 ( . 1] 1 (s;sm—sm—lj

— == |s-1-—|=

dSm (/uh +ﬂl +ﬂz) Sm (/uh +ﬂ1 +ﬂ2) Sm

d_L:i[.;_l_iJ:i(Mj

d,  u, L) u, I,

da _1 |*_1_i 21 —Izla_la_l
d, o, Y L), Ly
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We then find the derivative of L(t) with respect to the state variables. Thus

dL_oLds, oLdl, oldl, o dl, o dR,
Gt oS, dt ol dt au Tt ol dt | oR, dt

dL
E :uh+/11+/12 { J (,uh+/11+ﬂ'2)sh:|

-1, -1
+(,uh+/12+12+77( ] (/Ih+iz+72+77)|m]

e e ‘1j[ (1451,

(,Uh +A4+T

1 -1 -1
+ (mz mz mz J[_(#h+z’1+‘[2)lmz:|

(/uh+71+1-2) Imz

L1 )[R;Rméjan—lj[_(#h+¢)]

(/lh+¢
1 (RR-R -1
rar e BOSE
1 5, -5, -1
+(ﬂh+ﬂl+ﬂz)( E J[_(”“+ﬂl+ﬂ2)]

11, -1,-1)
+Z[ IV J[ ;um]
1 (00,1, -1
+Z( Ia j[ /um]

oL dR,
+_—

oR, dt

oL ds,
+_—

0s, dt

oL dl,
+_
o, dt

6L dl,
dt
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dL

:E}(s;sh =S, =1)=(Inl, =1, =)= (11, =1, =1) = (1,1, = 1, ~1)=(R;R, —R, -1}
~(R'R, =R, -1)=(S;8, =S, -1)=(1;1, =1, =1) (11, =1, -1}
dL

mz " mz

=g = oS S byl 1= L L by gy, +1-ROR, 4R, +1-RIR, +R, 41
=SS, +S, 1=, + 1, +1-171, +1, +1
dL * * * *
vt SR RE SRR R RS EE R (L=87) 1, (1= 1)+ L (L= 1)) + 1, (1= 1)
+R, (1=Ry )+ R, (1-R; ) +S, (1-8; )+ 1, (1-17)+1,(1-17)
:z—'t‘ngr Sy (1=S)+ 1, (1=17)+ 1y (1= 15, )+ 1, (1-1) + R, (1-Ry ) +R, (1-R;)

+S, (1-8;)+1, (1-1;)+1,(1-1;) <0
Hence, using theorem 6, the endemic equilibrium of co-infection model is globally

asymptotically stable. We now move on to sensitivity analysis
4.0 Sensitivity Analysis of the Co-Infection Model Parameters:
We now perform sensitivity analysis on the parameters of the model to determine which parameter

will increase or decrease the basic reproduction number (R,) when it is increased by a small

margin. It is computed using the normalized forward sensitivity index. In terms of differentiable

expression, it is defined as follows

R , , ,
=250 B where 7, is the parameter under consideration
o, R,

Positive sensitivity index means, an increase in that parameter will lead to corresponding
increase in the basic reproduction number(R, ). However, negative sensitivity index means an

increase in negative parameter will lead to a decrease in (RO).Using the parameters in table 3

below, we compute the sensitivity indices for the parameters in the model(3) and the result is

stated in table 4 below.
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Table 3. Description of variables and parameters of Malaria and Zika

parameter | interpretation values source
o, The probability of female aedes | 0.406 Assumed
aegypti mosquito getting
infected with zika virus
B, Probability of female 0.09 Blayneh et al.(2007)
Anopheles mosquito getting
infected with malaria parasite
B, Probability of human getting 0.034 Assumed
infected with malaria
o, Probability of human getting 0.45 Assumed
infected by zika virus
7, Recovery rate for zika virus 0.0181 Assumed
only.
7, Recovery rate of malariaonly | 0.00136 Assumed
n Natural death rate for human 0.00004 Yang(2000)
Ly Natural death rate for 0.067 Assumed
mosquitoes
n Malaria induced death rate 0.05 Assumed
IT, Human beings are recruited 800 Assumed
into their population
I1, Mosquitoes are recruited at the | 1000 Blayneh et al.(2007)
rate
¢ Progression from R, to S, 0.000137 Assumed
a Progression from R, to S, 0.0055 Assumed
Table 4. Sensitivity indices of model parametersto R, and R,,
Ria Parameter Sensitivity R, Parameter Sensitivity
values index values index
7, 0.00136 -0.0126 ya 0.067 -0.8343
I, 800 -0.4521 7, 0.0181 -0.4497
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A 0.00004 0.4816 I, 800 -0.4836
Ly, 0.067 -0.3089 L 0.00004 0.4822
Jis 0.034 0.4893 o, 0.406 0.4866
U 0.05 -0.4315 I, 1000 0.6281
B, 0.09 0.4816 o, 0.45 0.4851
I, 1000 0.4839

From the table, the most positive sensitivity index for malaria is £, and most negative isz, . Also,
the most positive sensitivity index for zika is I1, and most negative isz,. Now, 10% and 15%
increase in S, andI1 parameters respectively will cause an increase in R, ,andR,, by 5% and
7% respectively.

5.0 Numerical simulation

Using the following initial values,

S, (0)=19900, I, (0) =1500, I, (0) = 140, |

' izm

S, (0)=30000,1, (0) = 33400, 1, (0) = 6200

(0)=170,R,, (0) =100,R, (0) = 20,

and values in table 3 above, the numerical solution of the model 3 is given below in figure 1 and

2 respectively.
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Figure 2; the plot represents the numerical solution of the model with respect to time.

The figure 1 represents the initial behavior of the model. As time increases from 2008 the
susceptible human drops while those of infectious zika, infectious malaria and recovered zika
increases and malaria infectious increases to its peak at 2011 and start to drop gradually.

However, the recovered malaria trajectory remains low throughout the period.
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Figure 3; represents the graph of increasing the most negative sensitive index value in malaria only

model.

As the most negative value( , ) of the sensitivity index in malaria only model increases, the

recovery rate of malaria increases while the malaria infection and the co-infection trajectories are
decreasing. However, the other trajectories did not show any improvement, from the model we
can say that improving the recovery rate of malaria only may improve the malaria and the co-

infection situation but not zika.
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Figure 4 illustrates the plot of increasing the most negative parameter in zika only model.

Increasing the recovery rate of zika only, did show an improvement in the trajectories of
infectious zika, recovered zika and co-infection. However, there is little improvement in the
trajectory of susceptible humans. Surprisingly, malaria infection increased and the recovery

remain the same.
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Figure 5 illustrates the plot of increasing the most negative values of both sub-models.

Improving the recovery rates in both sub-models exhibit great improvement in all the trajectories
except recovered zika which looks almost the same as it was at the beginning of the epidemic.
From the four (4) figures above, the best strategy to control the Malaria- Zika co-infection is to

improve upon the recovery rates of both infections simultaneously.
CONCLUSION

In this article, we formulated the co-infection model to describe the transmission dynamics of
both Malaria and Zika virus diseases in Malaria endemic region. Stability analysis has been
performed on the model. Sensitivity analysis on the basic reproduction number indicated that
improving the recovery rate of both diseases can reduce the value of the basic reproduction
number considerably. Numerical simulations on the model also confirmed that improving the
recovery rates of both diseases simultaneously is the best to control or eliminate the diseases.

The article is part of on-going thesis, therefore will end here and communicate any future

findings to the research community and policy makers in subsequent articles.
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