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Abstract

In this paper we introduce and study vector—valued bilateral sequence
space {(Z, X, X, P). We investigate the conditions connected with the compar-
ison of the classes in terms of X and p so that a class is contained in or equal
to another class of same kind. We also study topological linear structure of
this space when this space is topolized by a suitable paranorm.



1. INTRODUCTION

By a bilateral sequence we mean a function whose domain is the set Z of all
integers with natural ordering. The utility of bilateral sequences can be found in [1]
and [2]. We will denote a bilateral sequence by the symbol (a,)”_ or a = (a,)”_.As

usual by the convergence of the bilateral series Zak to s written as Zak =5
we shall mean the convergence of the sequence (s,)> to s. Let p = (pk)io and
q= (qk)io be bilateral sequences of strictly positive real numbers and A\ = ()\k)io
and i = (1) be bilateral sequences of non-zero complex numbers.

Our aim in this paper is to investigate results concerning the class £(Z, X, ), p)
defined below as a generalization of the sequence space (X, A, p) (studied by Srivas-
tava and Srivastava [3]) which is itself generalization of well known complex sequence
space £(p), p = (px)?° studied by Maddox [4] and many others, for instance, see [1],

[5], [6] and [7]. We define

£<Z7X7 5‘75) = {f = (‘Tk)iooo RIS X7 ke Z? (ZH)‘kl'kak) < OO} :

Ifp,=1forallk € Zinp= (p,)"_, we shall denote {(Z, X, A, p) by {(Z, X, \)
and if Ay = 1 for all k € Z in A = (\,)"_ then we shall denote ((Z, X, \,p) by
UZ,X,p).

We shall also need

lo(Z,R) = {a = (a,)"_:ay €R, k € Z, sup|ay| < oco}.

e Pk

Hi
M =max(1,supgpy) and shall denote by Z(m, n) the open integer interval defined as

Zim,n)={m+1m+2,....n—2n—1}ifm+1<n-—1and
= ¢, otherwise.
Also we shall denote complement of Z(m,n) by Z\Z(m,n).
Definition 1.1: Let X be a linear space. A mapping g : X — R is called a para-
norm if it satisfies (i) g(0) = 0; (ii) g(z) = g(—=); (iii) g(z +y) < g(z) + g(v);
(iv) if (o) is a sequence of scalars with o, — a and (z,) is a sequence in X with
g(x, —x) — 0 then g(a,x, — azx) — 0 (continuity of scalar multiplication). The

Throughout the paper, for each £k € Z, we shall denote ¢, = and

paranorm is called total if (v) g(z) = 0 implies = = 0 (see [8]).

2. CONTAINMENT



In this section conditions for containment relations of ¢(Z, X, \,p) in terms of
p and \ are investigated.

Lemma 2.1: ((Z, X, \,p) C {(Z, X, ji,p) if and only if
lim inf ¢, >0 and hm inf t, > 0.

k——o0 k—o00

Proof: Suppose khm inf ¢, > 0 and hm inf t, >0and z = (z,)"_ €
_>_

k—oo -

0(Z, X, \,p). Then there exists m > 0 such that m|u, [P~ < |\, [P, for all sufficiently

large values of |k|. Thus m||urze||”* < |[Mexk||"*, for all sufficiently large values of

|k|. Now we easily get thatz € ¢(Z, X, i,p). Hence ((Z, X, \,p) C {(Z, X, [i,D).
Conversely suppose that £(Z, X, \,p) C €(Z,X,[i,p) but hm inf t, =0

—00

and/or khm inf ¢, = 0. Let us take the case when only hm inf ¢, = 0 Now we can
—00

find a sequence of integers (k(n)) such that 1 < k(n) < k:(n + 1), n > 1 for which
1 Ay |5 < |y |75 . We now see that @ = (z,)"_ defined by

)‘1:(11)”_2/%(")2’ if k =k(n),n > 1 and

T —
0, otherwise,

where z € X, and |[|z]| = 1, is in {(Z, X, X, p) but not in ((Z, X, fi,p) as

Z [| \ezk||"F < oo and

k—foo
Prem) 1 =1
- Hik(n) >
Z [z Z M) ) Zn2n 00,
k=—o00 n=1

a contradiction to our assumption.

Similar proof can be given for the other cases. This completes the proof.
Lemma 2.2: ((Z, X, fi,p) C {(Z, X, \,p) if and only if

kll)r_noo sup t, < oo and kh_)rgo sup t, < oo.
Proof: Sufficiency of the condition can easily be proved on the lines of above
Lemma 2.1. For the necessity let us suppose that ¢(Z, X, ii,p) C ¢(Z, X, \,p) but

khm sup t, = oo and/or hm sup t, = oo. We take the case when only hm supt, =
e

00.Then there exits a sequence of integers (k(n)) such that, 1 < k(n ) < k:(n +1),
n > 1 for which [Aggy ["*00 > 1|y . Let for z € X with ||z|| = 1 and define

T =(x,)"_ by



vy — u;(z)n_Q/W")z, if k=k(n),n>1and
0, otherwise.

We easily see that 7 = (xk)io is in ¢(Z, X, [,p) but Z ¢ {(Z, X, \,p) as

> s = Z A |

k=—o00 =1 Fi(n)

- L
n=1

a contradiction to our assumption that ¢(Z, X, i, p) C {(Z, X, \, D).
Similarily the other cases can be disposed of. This completes the proof.

When Lemmas 2.1 and 2.2 are combined, we get:
Theorem 2.3: ((Z, X, \,p) = {(Z, X, i, p) if and only if
0 < lim inf ¢, < lim sup f; < oo and
k——o0 k——o0

0 < lim inf £, < lim sup t; < oo.
k—o0 k—o0

Corollary 2.4: (i) {(Z, X, \,p) C {(Z, X, p) if and only if
lim inf [Ag|Px > 0 and lim inf |Ag|Px > 0.
k——oco k—o0
(ii) ¢(z, X,p) C U(Z, X, A, p) if and only if
lim sup [Ax|Px < oo and lim sup [A\g|PF < o00.
B k——o0 k—o0
(iii) ¢(Z, X, \,p) = ¢(Z, X, p) if and only if
0 < lim inf |A\g[P» < lim sup|Ag|P* < oo and
k——o00 k——o00
0 < lim inf [Ag[Px < lim sup [AgPx < oo.
k—o0 k—o0

Proof: Proof easily follows from Lemma 2.1, Lemma 2.2 and Theorem 2.3.

Lemma 2.5: If p; < g for all but finitely many k& € Z then
UZ, X, \,p) CUZ, X, )\ q).
Proof: Let p, < g for all but finitely many k£ € Z. If z = (xk)io €
U(Z, X, \,p) then clearly T € ((Z, X, \, q) because ||\pzy|| < 1 for all large values of

|k| and so || Agzk||® < || Axzk]|P*, for all large values of |k|. This completes the proof.

Theorem 2.6: If
(i) lim inf ¢, >0 and lim inf ¢, > 0, and
k——o0 k—o00
(ii) pr < g, for all but finitely many &k € Z, then
UZ,X,\,p) CUZ, X, i, q).



Proof: Proof easily follows from Lemmas 2.1 and 2.5.
2. PARANORMED SPACE STRUCTURE OF /((Z, X, \,p)

As usual for the sequence spaces, here also the linear space structure of
((Z,X, )\, p) over the field C of complex numbers is concerned, vector operations
will be taken co-ordinatewise i.e., Z + 4§ = (xp + yi)

©_and a7 = (ax)” . Fur-
ther we note that p = (pk)(io € l«(Z,R) is a necessary and sufficient condition
for the linearity of ¢(Z, X, \,p). Therefore throughout the section we shall take
p=p,) . €lx(ZR).

We define

- 1M
(3.1) Q55(7) = (Z ||)\k$k||pk>

for 7€ ((Z, X, ), p) where M = max(1, sup,p).

We recall the following definition (see [2]):
Definition 3.1: Let E(X) be the linear space of normed space X —valued
bilateral sequences Z = (z,)”_ and z € X. We define
(1) d,(x)=(...,0,2,0,...), where x is at nth place, n € Z.
(ii) E(X) equipped with the linear topology T is said to be a GK —space if the map
P :E(X)— X,P () =x,, is continuous for each n € Z.
A GK —space is called
(iii) a GAD—space if ®(X) is dense in E(X), where
O(X)={z= (wk)io cx, € X,k €Zandx, =0, for all but finitely many k},
(iv) a GAK —space if for each T = (z,)”_ in E(X),s,(Z) — Z as n — oo with
respect to 7, where s (z) = (...,0,z_,...
(v) a GFK—space if (E(X),7T) is complete linear metric space,
(vi) a GC—space if R, : X — E(X), R, (z) =9, (x) is continuous for each n € Z.
Where GK — space, GAK — space, GF'K— space and GC'— space are gener-

VT Xy, Ty, 0000,

) nl

alized versions defined for vector valued bilateral sequences corresponding to K—
space, AK — space, F'K — space and C'— space which are defined for scalar sequences
(see Wilansky [8] and Kamthan and Gupta [9]).

Theorem 3.2: Let X be a normed space and consider £(Z, X, \, p) with Qx -
(i) (UZ,X, )\ D), Q5;) is a total paranormed G'K —space,
(i) (UZ,X,\D),Q5,) is a GAD—, GAK— and GC—space,
(iii)  if X is seperable then so is (/(Z, X, \, D), Q) and



(iv) if X is a Banach space then (/(Z, X, \,p), @5 ) is a GF K —space.

Proof: Throughout the theorem Q5 ; will be denoted by @
(i) We prove here continuity of scalar multiplication only and other conditions for ¢
to be a total paranorm can be proved very easily. To prove the continuity of scalar
multiplication, it is sufficient to show:
(a) Q™) —=0and o, - a imply Q(a,z™) — 0, and
(b) a,—0 imply Q(a,Z)— 0 for each T € ((Z, X, \,p)

1/M
Let Q(z (ZH)\M |pk> — 0 and o, > v as n — 0.

Further suppose that for some L > 0 |a,| < L, for all n > 1.

1M
Then (™) = <Z||/\kan n)||pk>

1/M
=<2]%mmwﬂwﬂ
= i
(}jkumﬁm%>
- o 1/M
= sup(L7/M) (j£j|rxkx2”upk>

< A(L)Q(z™)
where A(L) = maz(1,L). This implies that Q(c,,z™) — 0 as n — oco. This
proves (a).

Now let Z € ¢(Z, X, \,p) then for € > 0 there exists K such that

M
S e < (5)

keZ\Z(—K,K)
Further if o,, — 0 we can find N such that for n > N and |a,| < 1

M
> laal el < (5) and fan| < 1.

keZ(~K,K)

IN

Thus, for all n > N we get

1/M 1/M

Qanz) < | D [lan el + Do Pl

keZ(—K,K) kEZ\Z(~ K ,K)



<st+5=c¢
and hence (b) follows.
Further each k € Z, the continuity of Py : £(Z, X, \, p) — X where P,(Z) = x3,
follows from
Pu(@) = [l < M 7H(Q(E)) M7
Thus ¢(Z, X, A\, p) is a GK —space which proves (i).
(ii) Let Z = (73) € £(Z, X, \,p) and € > 0. Then there exists K such that

1/M
> <e
k€Z\Z(-K,K)
We now easily see that
1/M
QI — sx_1(z)) = > Pkl <e
k€Z\Z(-K,K)

This shows that ®(X) is dense in £(Z, X, \, p) as well as s,(Z) — T as n — oo.
Hence ((Z, X, \,p) is a GAD—space and also a GAK —space.

Now let Ry : X — €(Z,X,\,p), where Ri(z) = 0x(z), k € Z. Clearly
continuity of Ry, k € Z follows from

Q(Ri(x)) = Qo () < [N [P/ ||| [P/,

Hence ((Z, X, \,p) is a GC—space.
(iii) If D is a countable dense subset of X then ®(D) will be a countable dense
subset of £(Z, X, \, p).
(iv) If X is a Banach space then we show that ¢(Z, X, A, p) is complete with respect
to the metric induced by Q.

Let (2) be a Cauchy sequence in ¢(Z, X, \,p). Then for € > 0 there exists
N such that

- 1/M
(3.2) (Z ||>\k:r:,(cn) — )\kx,(cm)Hp’“) <e€, foralln,m>N,
and so for each k Eiz

sz(ﬁn) - l‘;(gm)H < |Ae|reM/Pe < |Ap|"te,  for all m,m > N.

This shows that for each k € Z, (23,™)._, is a Cauchy sequence in X. Since X is
complete therefore 27 — 2, € X as n — oo. Let T = (z;,) € X. Since (z™) is a
Cauchy sequence therefore it will be bounded with respect to ). Suppose



o 1/M
Q) = (z ||Akx;zupk) <L
for some L > 0 and each n ; 1. Now for any ¢t > 1, we have

1/M

t /M o]
(Z \\Akx;"’up’“> ) (Z \MW'&")”%) =
—t —00
and so taking n — oo then t — oo we get

oo 1/M
(Z rmxkupk) <L

This shows that 7 € £(Z, X, \,p). Now it remains to show that Q(z™ — z) — 0 as
n — 0o. By (3.2), for each fixed ¢ we have
t

D e = A < M.
—t

Thus if in this inequality we take m — oo first and then t — co we easily get

- 1M
Mozt — Npag| [Pr <, for each n > N
k

and so Q(z™ — z) — 0 as n — oo i.e., 2™ — T with respect to Q.
This proves the completeness of ¢(Z,X,\,p). Moreover {(Z,X,\,p) is a
G F K —space because ((Z, X, \, p) is complete as well as a G K —space.
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