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A Computational Model for Multi-Level Quadratically Constrained
Quadratic Optimization under Fully Fuzzy Environment

Abstract

Fully fuzzy quadratic programming became emerge naturally in numerous real-world applications.
Therefore, an effective model based on the bound and decomposition method and the separable programming
method is proposed in this paper for solving Fully Fuzzy Multi-Level Quadratically Constrained Quadratic
Programming (FFMLQCQP) problem, where the objective function and the constraints are quadratic, also all the
coefficients and variables of both objective functions and constraints are described fuzzily as fuzzy numbers. The
bound and decomposition method is recommended to decompose the given (FFMLQCQP) problem into series of
crisp Quadratically Constrained Quadratic Programming (QCQP) problems with bounded variable constraints for
each level. Each (QCQP) problem is then solved independently by utilizing the separable programming method,
which replaces the quadratic separable functions with linear functions. At last, the fuzzy optimal solution to the
given (FFMLQCQP) problem is obtained. The effectiveness of the proposed model is illustrated through an

illustrative numerical example.
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1. Introduction

The purpose of this introduction is to furnish a brief description of fundamental concepts, and literature
survey in terms of Fully Fuzzy Multi-Level Quadratically Constrained Quadratic Programming (FFMLQCQP)
problem. Optimization problems arise constantly in a wide range of fields, which create the requirement of
viable methods for solving them. In most real-world circumstances, these optimization problems include a lot of
parameters whose values are allocated by decision makers. However, those values are frequently imprecisely or
ambiguously known to the decision makers. With this observation in mind, it would be more appropriate to
represent these parameters as fuzzy number and dealing with them using the concepts of fuzzy set theory, which

offers the possibility to construct decision models with vague data. [1-3]

A fuzzy number is a convex fuzzy subset of the arrangement of real number in the sense that it does not
allude to one single value but rather to a connected set of possible values. The fuzzy programming problems in
which all the parameters as well as the variables of both objective functions and constraints are represented by
fuzzy numbers are called Fully Fuzzy Programming (FFP) problems. One of most common (FFP) problems is

the model in which all fuzzy parameters are described by triangle numbers. [4, 5]

Multi-Level Programming (MLP) problems have recently progressively appeared in decentralized
management circumstances and have become exceedingly complicated, particularly with the improvement of

economic integration and in the age of big data. Multi-level decision making process is based on two key issues:



Firstly, architecting a multi-level decision model to depict a hierarchical decision making process. For that, the
bi-level and tri-level decision making models have been presented. Secondly, obtaining an optimal solution to
the decision model. For that, multi-level decision-making techniques, which are closely related to the economic
problem of Stackelberg [6] in the field of game theory, have been developed to perceive compromises between
the decision makers in a hierarchical organization and make their individual decisions in sequence for

optimizing their objectives. [7, 8]

In many optimization problems, the objective function is non-linear function, or one or more
constraints have non-linear relationship or both. This kind of problems is known as a Non-Linear Programming
(NLP) problem. Quadratic Programming (QP) problem is one of the essential (NLP) problems of both
theoretical importance and application interests. Quadratically Constrained Quadratic Programming (QCQP)
problem generalizes the (QP) problem in that some or all the terms in the constraints are quadratic,
which include the square of a variable or the product of two variables, instead of linear, in addition to the

quadratic objective function. [9-11]

Kumar et al. in [12] proposed a technique to locate the fuzzy optimal solution of Fully Fuzzy Linear
Programming (FFLP) problems with equality constraints by representing all parameters as triangular fuzzy
numbers. After that, the ranking function [13] was utilized to change the (FFLP) problem into proportional crisp
linear programming problem for solving the problem. Ezzati et al. [14] handled an algorithm to solve the (FFLP)
problem by converting it to a Multi-Objective Linear Programming (MOLP) problem with three objective
functions. At that point, the lexicographic strategy was used to locate a lexicographic optimal solution of
(MOLP) problem. Ren developed in [3] a method to deal with the fully fuzzy bi-level linear programming
problem by applying interval programming method. The membership grade of fuzzy coefficients and variables
was disintegrated into a limited number of alpha-level sets. Then, the fully fuzzy bi-level linear programming
problem was transformed into an interval bi-level linear programming problem for every alpha-level set. The
acquired interval bi-level linear programming problem was converted into two deterministic sub-problems
which related to the lower and upper bounds of its upper level objective function, which can be solved

consecutively.

Emam et al. in [15] tackled a solution for multi-level large scale quadratic programming problem with
stochastic parameters in the objective functions. Taylor's series was solidified with the decomposition algorithm
to transform the quadratic into linear objective function. In [16] Loganathan and Lalitha presented a fuzzy multi-
objective non-linear programming problem. Every one of the coefficients of the non-linear multi-objective
functions and the constraints were fuzzy numbers. Interval arithmetic based on Alpha-cut was utilized to solve
the non-linear programming problem. In [17] Youness et al. proposed an algorithm to comprehend Bi-Level
Multi-Objective Fractional Integer Programming Problem (BLMOFIPP) including fuzzy numbers in the right-
hand side of the constraints. The fuzzy numbers was described by triangle fuzzy membership functions. The
algorithm consolidated the strategy of Taylor series with the Kuhn Tucker conditions to solve Fuzzy

(BLMOFIPP), and then cutting-plane technique was used to get the integer solution.

In the majority of the previously mentioned strategies, the (FFP) problem is firstly transformed into

approximated single crisp programming problem and afterward the acquired crisp problem is solved to locate



the optimal solution of the problem. Therefore, the obtained optimal solution is approximate and not accurate,

which is not reliable solution for the decision maker.

In this paper, we address the (FFMLQCQP) problem, where the objective function and the constraints
are quadratic, also all the coefficients and variables of both objective functions and constraints are expressed as
fuzzy numbers. The outline of this paper is as follows: In section 2 some important preliminaries that are useful
in the given (FFMLQCQP) problem are introduced. Section 3 formulates the given (FFMLQCQP) problem.
Section 4 presents the proposed model for solving the given (FFMLQCQP) problem. A procedure for the
proposed model is suggested in section 5. In section 6, we show the efficiency of the proposed model through an

illustrative numerical example. Finally, section 7 finalizes the paper with its conclusion and future works.

2. Preliminaries

In what follows, some principal definitions and notions related to the fuzzy set theory and the basic

arithmetic operations on fuzzy numbers, which will be used in this paper, are exhibited.
2.1 Basic Definitions [2]

Definition 1. a fuzzy set A in universe of discourse X (A c X) is directly specified by the membership function
px(x) or indirectly by a set of ordered pairs (X, ug(x)), where px(x) represent the value of the "grade of

membership" of x in A, as follows:

VxeX | A= {(X, u;(x))}.
()

Definition 2. A fuzzy set A is convex if any point located between two other points has a membership degree

higher than the minimum membership degree of these two points, as follows:

Vx1,%; €X , A €[01] | pg(Axy + (1 —A)xz) = min(pz(xy), px(x2)).
@3]

Definition 3. A fuzzy set A is said to be normalized if its height (Hgt (A), the maximum membership degree) is

unity, i.e., at least one element of X has a membership degree equal to one, as follows:

vx€eX | px(x) =Hgt (K) =1.
3
Definition 4. A fuzzy number A is a convex fuzzy set which has a normalized and continuous membership

function. The membership function of a fuzzy number A has the following properties:

1. pg(x) is upper semi-continuous.

2. pg(x) = 0 outside of the interval [c, d].

3. There are real numbers a and b, such that c <a < b < d and:
3.1 px(x) is monotone increasing on the interval [c, a].
3.2 pz(x) is monotone decreasing on the interval [b, d].

33 px(x)=1foreachx € [a, b].



Definition 5. A fuzzy set A over X, is called triangular fuzzy number with a unique maximizing point a, left

width a > 0 and right width > 0, if its membership function has the following form:

1—510(;X ifa—a <x<a
Wz (x) = 1 ifx=a .
A 1—% fa<x<a+p J
0 otherwise

“)

2.2 Fuzzy Arithmetic Operations [18]

Let A = (a;,a,,a3) and B = (by, by, b3) are two triangular fuzzy numbers, and k is any real number,

then the arithmetic operations between these two triangular fuzzy numbers are presented as follows:

Definition 6. A and B are said to be equal if and only if a; = b;,a, = b, and a; = b;.
Definition 7. kA = k(a,,a,,a3) = (ka;, ka,, kas), fork > 0.

Definition 8. kA = k(a,,a,,a3) = (kas, ka,, ka;), fork < 0.

Definition9. A @ B = (a;,a,,a3) @ (by, by, bsy) = (a; + by,a, + by, a3 + bs).

Definition 10. K e E = (al, dy, 33) e (bll bz, b3) = (al - b3, d; — bz, dz — bl)'

(a;by,a,b,,a3b3) ifa; =0
Definition 11. A® B = (a;bs,a3by,a3b3) if a; < 0,a3 =0
(a;bs,a,b,, a3by) ifa; <0

3. Fully Fuzzy Multi-Level Quadratically Constrained Quadratic Programming (FFMLQCQP)

Problem

Let Fi: R™ > R, (i=1, 2, ..., n) are the fully fuzzy first level objective function, second level
objective function and n™ level objective function, respectively. % are fuzzy decision variables indicating the
control of each level decision maker. In this manner, the first level decision maker (FLDM) has control over the
variable X;, the second level decision maker (SLDM) has control over the variable X,, and so on. (Cij,Khj)
where (i = 1,2,..,n), =1,2,..,m),(h=1,2,..,0),are fuzzy real numbers, which describing the
coefficients of the linear terms. (Eikj,ﬁhkj) where (i = 1,2,..,n),(k=1,2,..,m),G=1,2,..,m),(h =
1,2,..,0),are fuzzy real matrices, which describing the coefficients of the quadratic terms. G is the

quadratically constraint set where, by, (h = 1,2, ...,0) is a fuzzy vector. Accordingly, the formulation of the

(FFMLQCQP) problem can be considered as follows:

[FLDM]
Max F, (%) =
IR Gy @%@ 5 I I ® Ly ®
i, (5.a)
%
where X, X3,..,%X, solves;
[SLDM]



Max F,(%) =
~ 5 1 B _
221Gy @0 7 Xy ity X @ Loy ®
%, (5.b)
X,
where X3,..,%, solves;

[n™ LDM]
Max F,(%) =
TR G @ %@ 5 Iy T %4 ® Ly ®
%, (5.0)
%,
where X, .4, .., %X, solves;
Subject to:
%€G (=1,2..,m),
(5.d)
Where
(QCQP) G={I" A, Q%D % IO % ®Qug ® §;<b, (h=12.,0),

%20 (G=12.,m).}

Definition 12. If X*€ R™ is a feasible solution of the (FFMLQCQP) problem (5.a) - (5.d); no other feasible
solution X;€ G exists, where (Gj=1,2,..,m), such that F(&*) < Fi(%); so " is the optimal solution for the

(FFMLQCQP) problem.

4. A Proposed Model for Finding the Fuzzy Optimal Solution of (FFMLQCQP) Problem

In what follows, an effective model is proposed for overcoming the intricacy of the (FFMLQCQP)
problem using the bound and decomposition method [19, 20], and afterward locating the fuzzy optimal solution

for the given problem using the separable programming method [21, 22].

4.1 Bound and Decomposition Method

In the proposed model, the bound and decomposition method [19, 20] is used to decompose the

(FFMLQCQP) problem into three crisp (QCQP) problems with bounded variable constraints for each level.

Firstly, all the fuzzy parameters and the fuzzy variables of both objective functions and constraints
for each level (Fi,f(j,ik, Cij,ﬁhj,ﬁik]-,'(jhkj and by,) are represented by the following triangular fuzzy numbers

(Z43, 223, Z3y), (Xj' Yj» tj)r (X1 Yio t), (§11] gizj! §131)' (Y%)j' Y}le' Y}31j)' ((ilkj' Zizkj' (igkj)' ((p}llkj' (p}zlkj' (p?)kj)and(B%)' B BiH
ence, the given (FFMLQCQP) problem can be reformulated as follows:

[i"LDM] where(i=1,2,...,n)

Max (Zli' ZZi: Z3i) (X! Y t)
(xi,yi, )

= Zinll(gili'gizi’gisj) ® (Xj'yj'tj)e9 % Z]nll Z]T=1(Xk' Yk:tk) ® (iilk,-.(izkj,i?kj) ® (Xj,y]',tj),
(6.2)

where (x;,y; t;) solves, (j=i+1,..,m);



Subject to:
(%) € G (=1,2,..,m),

(6.)
Where

(QCQP) )
G={ Z?L(Yﬁjﬁﬁjd’ﬁj) ® (Xerj'tj)® 2 2?;1 k= 1(Xio Yio ti) ® (‘Pﬁkj,(Pyzlkj;(Pﬁkj) ® (Xj:Yj;tj)

< (B%\r B}ZV BE\) (h = 1, 2, ...,O),
(xy56) =0 G=1,2,..,m). }

Since (X]-,yj,tj) is a triangular fuzzy number, then Xj Sy <t (G =1,2,...,m). The above relation
is called bounded variable constraints. From the definitions of the fuzzy arithmetic operations, which are
presented in sub-section 2.2, the above problem (6.a), (6.b) can be converted into three crisp (QCQP) problems
with bounded variable constraints for each level, called Middle, Upper and Lower Multi-Level (QCQP)
((MMLQCQP), (UMLQCQP) and (LMLQCQP) respectively), as follows:

["LDM] where(i=1,2,...,n)

(MMLQCQP) Problem:

Max Z,;(y) =
Zichy+
1
z Z]n;1 Yke1Yk cizkj Yj» (7.a)
Yi
where y; solves, (j=i+1,..,m);
Subject to:
y] € GM (] = 1,2, ...,m),
(7.b)
Where
1
(QCQP) Gu ={ X2, vh v + 7 2j%1 Xk Yk Ohy; SBE (h=1,2,..,0),
20 (=12..,m).}
(UMLQCQP) Problem:
Max Zs;(t) =
2t §i3j t +
1
7 2j%1 ik te G b (8.2)
g

where t;solves, (j=i+1,..,m);

Subject to:
t€Gy (=12,..,m),
(8.b)
Where
(QCQP) Gy ={ Xyt + ;Z?Q Ttk Qh < B (h=12..,0),
TEieht+ éZjHQ Thoate Gig 4 = Zai'
t=zy; (G=1,2,..,m),
=20 (G=12..,m).}
(LMLQCQP) Problem:



Max Z;(x) =

Zjnél §11j Xj +

1

2 21121 k=1 Xk Zilkj Xj» (9.a)

X
where x;solves, (j=i+1,..,m);

Subject to:
x5 € G, (=12,..,m),
(9.b)
Where
1
(QCQP) G, ={ 2}21\/%11 X+ 5 i1 Zk=1Xk (Pﬁkj Xj = Bn (h=12..,0),

1 *
TRich X+ 7 Zjt1 Xkt Xk Gy X < Zay",
x;<y; (G=12,..,m),
;=20 (=12,..,m).}

4.2 Separable Programming Method

Separable programming method [21, 22] deals with (QCQP) problems in which both the quadratic
objective functions and the quadratic constraints are separable functions. A separable function is a function
where each term includes just a solitary variable. Some quadratic functions are not directly separable, but can be
made separable by appropriate substitutions. Therefore, each quadratic objective function and quadratic
constraint can be expressed as a combination of separable functions with individual variables. After that, each of
these separable functions with individual variables can be approximated as nearly as possible to a linear function

with a larger number of variables. At last, the optimal solution to the (QCQP) problem can be obtained.

Consider the constructed three crisp (QCQP) problems in sub-section 4.1, which are called
(MMLQCQP) (7.a), (7.b), (UMLQCQP) (8.a), (8.b) and (LMLQCQP) (9.a), (9.b) problems. At that point, we
express each quadratic objective function (Z,;(x), Z,;(y) and Z3;(t)) as a combination of separable functions
with individual variables (fij,(Xw), f2iw(Yw) and fs;,(ty)) where (w =1, 2,...,8), and each quadratic
constraint G(x,y,t) as a combination of separable constraints (g%, (Xy), g5, (yy) and g$,,(ty)) where (d =

1,2,..,D).

Assume that (ajy,, a’%, andal,) where (s =0,1,2,..,5S,)be the breaking points of each
separable function (fij(Xw), f2iw(Yw) and fsi, (tw)). Ksw, Vsw and tg,, ) are a new variables, which
representing the increment of each variable Xy, Vw and ty,) in the range
((ail(s—l,w)'ailsw)' (aiz(s—l,w)'aizsw)' (a?(s—l,w)ra%’sw))' (pilsw' pizsw and pissw) is the slope of the line segment
corresponding to  the  separable  functions  (fij,(Xy), foiw(Vw) and f33,(ty)) in  the same

1d

range. (p1d, p24 and p3d) is the slope of the line segment corresponding to the separable constraints (g%, (Xy),

g9, (yw) and g4, (t,)). As a result, the approximated linear forms of the constructed three crisp (QCQP)
problems (MMLQCQP), (UMLQCQP) and (LMLQCQP) problems can be stated as:

["LDM] where(i=1,2,...,n)

(MMLQCQP) Problem:

Max Zy;i(y) =

Yo=1 f2iw(w), (10.a)
Yi
where y; solves, (j=i+1,..,m);



Subject to:

(10.b)
To=1 8hw(yw) < BR (d=1,2,..
yw=0 (w=1,2,..,0).
Where:
w=12,..

fZiw(YW) = 2521 pizsw Ysw

2 _ fZiw(aizsw) - fZiw(aiz(s—l,w)) (S -0,1,2,.

isw — 2 42
Ajsw ~ Ajs-1,w)

Sw
ggw(YW) = 25:1 pg\(/jv Ysw

2d —
sw — 2 _ a2
Ajsw ai(s—l,w)

2 2
0= VYsw = Ajsw — ai(s—l,w)

w=1,2,..
g(zjw(aizsw) - g(zjw(aiz(s—l,w)) (S =0,1,2,..

(s=0,1,2,.

LSw) wW=1,2,..,0) d=12..

w=12..,6).

Yw = Zz:l Ysw
(UMLQCQP) Problem:
Max Zs;(t) =
Z?v:l f3iw(tw);
g
where t;solves, (j=i+1,..,m);
Subject to:
(11.b)
Yo-1 ghw(ty) < Bi (d=1,2, ..,D)
Z?v:l f3iw(tw) = ZZi*!
tw =2V (wWw=12..,0),
ty =20 WwW=12..,60).
Where:
Sw w=12..,0),

faiw(tw) = X2y pigsw tsw

3 _ f3iw(3135w) - f3’>iW(ai3(5_1"N)) (s=0,1,2,.

Pisw = 3 3
Aisw ~ Ai(s—1,w)

ggw(tw) = ZSW 3

d
s=1 Psw tsw

3d _

sw 3 _ .3
Ajsw ai(s—l,w)
3 3

0<tsy < Aisw ~ Ajs—1,w)

S
tw = 252’1 tsw

Sw
s=1 YSW

YWZZ

(LMLQCQP) Problem:

Max Z;;(x) =
Z?v:l fliw(xw):

xl
where x; solves,

Subject to:
(12.b)
st=1 gcljw(xw) < 8}11

Yoot FiwGw) < Zoi',

w=12,..

(J=i+1,..,m);

d

ggw(aist) B ggW(ais(S_l'w)) (s=012,.

(s=0,1,2,.
w=1,2,..
w=1,2,..

=172,..

,6)

LSw) (w=1,2,

,D)

,D) (h=12..,0),
Fe)F
Sw) (W=1,2,..,0),
,0) (d=1,2, ..,D),

Sy) (W=1,2,..,6),

(h=12..,0),

W Sw) W=1,2,..,0),

=1,2,..,D),

W Sw) W=1,2,..,0),
,0),
,0).

(h=1,2,..,0),

.0 [d=1,2,..

(11.a)

(12.a)



Xw <Vw (wW=12,..,0),
Xy =0 (w=12..,0).

Where:
Friw(Xw) = To¥) Plsw Xow w=12,..6),
1 1
ilsw _ fllw(a:il\;vi _ ilill(vsv_(j‘]/\(;—lw)) (s=012,.., Sw) w=1,2,..,0),
ggw(xw)d= Yo pgslle Xsw w=12..,0 (d=12..,D),
1 1
d ng(a:%v:v)v — i;:_(:x—m) (s=012.,S,) W=12..,08) (d=12..,D),
0 < Xgw < Alsw — Als—1.w) (s=012..,S,) w=12..,0),
Xy = 2o Xow w=12..,0),
Yw = Zz:l Ysw w=12..,86).

We can conclude that, if the previously mentioned approximated linear forms of the constructed

three crisp (QCQP) problems are solvable, then the given (FFMLQCQP) problem is solvable and the fuzzy

optimal solution to the given problem can be obtained.

5. A Procedure for Finding the Fuzzy Optimal Solution of (FFMLQCQP) Problem

summarized

Step 1.
Step 2.
Step 3.
Step 4.

Step S.

Step 6.

Step 7.

Step 8.

Step 9.

The solution procedure of the proposed model for solving the given (FFMLQCQP) problem can be

in the following steps:

Formulate the (FFMLQCQP) programming problem (Problem (5.a) - (5.d)), go to Step 2.
Set i=1, which indicating the i" level decision maker (i"" LDM).

If the i LDM obtains the optimal solution then go to Step 20, otherwise go to Step 4.
Formulate the i LDM programming problem, then go to Step 5.

All the fuzzy parameters and variables of both objective functions and constraints for i LDM are

represented by the triangular fuzzy numbers, as problem (6.a), (6.b).

Based on the fuzzy arithmetic operations and the bound and decomposition method [19, 20], the
fully fuzzy (QCQP) problem for i" LDM is decomposed into three crisp (QCQP) problems for i
LDM, called Middle (7.a), (7.b), Upper (8.a), (8.b) and Lower (9.a), (9.b) i Level (QCQP)
problems, then go to Step 7.

Formulate the Middle i Level (QCQP) problem (Problem (7.a), (7.b)), then go to Step 8.

Convert the non-separable quadratic objective functions and quadratic constraints into separable

forms using appropriate arithmetic substitutions.

Express the quadratic objective function and each quadratic constraint as a combination of separable

functions with individual variables.



Step 10.  Define the breaking points of each separable function estimated from the bounded variable
constraints, and the increment of each individual variable based on the breaking points, which

introducing new variables.
Step 11.  Compute the slope of the line segment corresponding to each separable function.

Step 12.  Each of these separable functions is approximated to a linear function with a combination of larger

number of variables, as illustrated in problems (10.a) - (10.c), (11.a) - (11.c) and (12.a) - (12.c).

Step 13.  Solve the resulting linear programming problem for obtaining the individual optimal solution of the

decomposed i™ Level (QCQP) problem, then go to Step 14.

Step 14.  If the individual optimal solution of the Upper i Level (QCQP) problem is obtained, then go to
Step 17, otherwise go to Step 15.

Step 15.  All variables in the objective function and constraints of the Upper i Level (QCQP) problem must

satisfy the bounded variable constraints, as problem (8.a), (8.b).
Step 16.  Formulate the Upper i" Level (QCQP) problem, then go to Step 8.

Step 17.  If the individual optimal solution of the Lower i™ Level (QCQP) problem is obtained, then go to
Step 3, otherwise go to Step 18.

Step 18.  All variables in the objective function and constraints of the Lower i Level (QCQP) problem must

satisfy the bounded variable constraints, as problem (9.a), (9.b).
Step 19.  Formulate the Lower i Level (QCQP) problem, then go to Step 8.
Step 20.  If i=n, then go to Step 23, otherwise go to step 21.
Step 21.  Seti=i+1, then go to Step 22.

Step 22.  The i" LDM defines his/her problem in point of view of the (i-1)" LDMs (upper level decision
makers) by setting the controlled variables of the (i-1)™ LDMs to the i™ LDM constraints, then goto
Step 3.

Step 23.  The fuzzy optimal solution of the (FFMLQCQP) programming problem is obtained, go to Step 24.

Step 24.  Stop.

6. Numerical Example

In this section, the proficiency of the proposed model is illustrated through the following illustrative

numerical example for solving the given (FFMLQCQP) problem.

[FLDM]
3 8,12,17) (2,6,7 %
Max F,(%) = ((7,10,15) ® %, ® (2,4,6) ® %, ® (3,59) @ % ® (X1,%,) ® (((1 13)) (1(24))) ® (2))

where %,,%; solves;

-10-



[SLDM]
Max F,(%)
= ((458) @ %,® (12,16,19) @ %,® (7,9,11) ® %3 ® (%5, %3) ® (

X2

s o)) @),

where X; solves;
[TLDM]
Max F;(%)
=((7814)®% @ (499 ® %X, ® (13,18,20) @ X3 (X1,%3) ® <

X3

(1,2,6) (0,1,3) X,
(3,4,4) (9,10,14)) ® <>~<3))'

Subject to:
(QCQP) (1,36)®%, 6 (57,10) ® %, & (2,59) @ X; ® X3 < (35,60,85),
(210,12)® %, B (235 ® %, ® (6611) ® %; < (10,18,39),

G4 ®% ® (%,%,) ® <(5,6,7) (0,2,4)) ® (f(l

<
012) (1,33) iz) < (40,70,115),
%1, % %5 = 0.

1. [FLDM]

Assume )’21 = (Xl,yl,tl), )’22 = (Xz,yZ,tz), )’23 = (X3,Y3,t3), Fl = (le, 221, 231). Therefore, the

Fully Fuzzy (QCQP) problem of the FLDM is reformulated as follows:

Max (Z11,221,231)(%y,t) = ((7,10,15) ® (X1, ¥1,t1) ® (2,4,6)Q (X2, ¥2,t2) © (3,5,9) ® (X3,¥3,t3) ®

X1, Y1t
(8,12,17) (2,6,7) (X1, y1,t1)
X1, Y1, 1), (X2, Y2, t ®< )@( )
(( Y1 1) ( 2, Y2 2)) (1’1'3) (1’2’4) (Xz’y2't2) )
where X,,X3,¥2,¥3,t,,t; solves;
Subject to:

(QCQP) (11316) ® (Xlr Y1't1)® (517110) ® (Xz, yZ:tZ) @ (215r9) ® (X3' Y3, t3) ® (XSl Y3't3) <
(35,60,85),

(210,12)® (x1,y1,t1) ® (2,3,5) ® (X2,¥2,t2) ® (6,6,11) @ (x3,y5,t3) <(10,18,39),

5' ) ’ ) ) )
(B34,7) ® (x1,y1,t1) ® (X1, ¥, 1), (X2,¥2, 1)) ® <((0’16'27)) ((3’23‘43))) (((:;1’}}:21‘ :21)))
< (40,70,115),

X1,X2,X3, Y1, Y2, Y3, t1, ta, t3 = 0.

From the fuzzy arithmetic operations, which are presented in sub-section 2.2, and based on the
bound and decomposition method [19, 20], the Fully Fuzzy (QCQP) problem of the FLDM reduces to the
following three crisp (QCQP) problems, called Lower, Middle and Upper Level (QCQP) ((LLQCQP),
(MLQCQP) and (ULQCQP) respectively) problems of the FLDM, as follows:

(LLQCQP)  Max Z;;(x) = (8%% + 3x,X, + 7X; + X5 + 2%, + 3xX3)
X1

(MLQCQP)  Max Zy,(y) = (12yf + 7y1y, + 10y; + 2y + 4y, + 5y3)
Y1

(ULQCQP)  Max Zz(t) = (17t + 10t,t, + 15t + 4t3 + 6t, + 9t3)
t
' where X,,X3,¥,,V3,t,, t; solves;

Subject to:

(QCQP) X1 + 5%, + 2x5 < 35,
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2X1 + 2X2 + 6X3 < 10,
5% + 3x; + x5 < 40,

3y; + 7y, + 5y% < 60,
10y, + 3y, + 6y; < 18,
6y: + 3y1y, + 4y; + 3y; < 70,

6t; + 10t, + 9t2 < 85,
12t; + 5t, + 11t5 < 39,
7t2 + 6t,t, + 7t; + 3t3 < 115,

X1,X2,X3, Y1, Y2, Y3, ty, to, t3 = 0.

1.1. The (MLQCQP) problem of the FLDM

Max Zpq(y) = (12yf + 7y1y, + 10y; + 2y3 + 4y, + 5y3)

Y1
where y,,y; solves;
Subject to:
(QCQP) 3y, + 7y, + 5y3 < 60,

10y, + 3y, + 6y; < 18,
6y; + 3y1y, + 4y + 3y5 < 70,
V1, ¥2,¥3 = 0.

Now, the separable programming method [21, 22] is applied on the (MLQCQP) problem of the
FLDM to obtain the individual optimal solution. First, we need to convert the y,y, term (which is non-separable

function with two variables) into separable form by using the following arithmetic substitution:

el )

.. . + -
Assume two new decision variables m,, m,, where: m; = }’12_}’2 , m, = %
: = (m2 — m2 ith the two additional constraints: =y, +>y, — m; = 0 2y -1y, —
L Y1y, = (mf —mj), wi e two additional constraints: Y1ty —my = , Y1 —3Y2
mz = 0.

So, the (MLQCQP) problem of the FLDM is rewritten as follows:

Max Z,,(y) = (12y? + 7m? — 7m2 + 10y, + 2y2 + 4y, + 5y53)

Y1
where y,,y; solves;
Subject to:
(QCQP) 3y, + 7y, + 5y3 < 60,

10y; + 3y, + 6y; < 18,
6y? 4+ 3m? — 3m3 + 4y, + 3y? < 70,
1

1

EY1 ‘*‘EYZ - m =0,
1 1

EY1 _EYZ —m, =0,
V1,¥2,¥3 = 0.

The separable functions with individual variables of this (MLQCQP) problem for the FLDM are:

f1(y1) = 12}’% + 10y, , f,(y2) = 2}’5 + 4y, , f3(y3) = 5y3 ) fa(my) =
7m? f;(m,) = —7m3.
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g1'(y1) = 3y1 :1 g2 (y1) = 10y, , 81> (y1) = 6y7 + 4y, ) g1* (1)

— 5 _1
= EY1 , g:°(y1) = §Y1-

82" (y2) = 7y, ’ g22(y2) = 3y, , g2 (y2) = 3y3 ) 824 (v2)
= %YZ ) g2°(y2) = _EYZ-

gs'(y3) =5y5 . 83%(y3) = 6ys.

gs'(my) =3m{ g4?(my) = —my.

gs'(my) = —3m3 gs>(my) = —my,.

The ranges of the variables y,, y,,y3, m;, m, (estimated from the constraints) are:

0<y, £342 , 0<y, <483 , 0<y; <347 , 0<m,
<4.125 ) —2415<m, <1.71.

Let k; be the breaking points of the separable functions, where:

ki =4 for y; , k, =5 for y, , k; =4 for y; , k,=5 for m; , kg
=5 for m,.
Based on the equations, which are illustrated in problem (10.c), the slopes of the line segment
corresponding to the defined separable functions are computed. The complete resulting linear programming

problem with a larger number of variables then becomes:

Max Z,,(y) = (22y41 + 46y,1 + 70y31 +87.04 y41 + 7y14 + 21y,4 + 35y34 + 49y,4 + 56.875 yz,
+ 30.91 Y15 + 21yZ5 + 7Y35 - 7Y45 - 18.97 ySs + 6ylz + 10yZ2 + 14‘Y32 + 1SY42
+ 21.66 y5; + 5y13 + 5Y23 + 5¥33 + 5¥43)

Subject to:

3y11 + 3Y21 + 3Y31 + 3Va1 + 7Y12 + 7Y22 + 7Y32 + 7Yaz + 7Ysz + 5¥13 + 15y,3 + 25y33 + 32.35y,u3 <
60,

10y;1 + 10y,1 + 10y3; + 10y, + 3y12 + 3y22 + 3y3z + 3Vaz + 3Ys2 + 613 + 6Y,3 + 6y33 + 6Y43
<18,

10y, + 22y, + 34y3, +42.52y,41 + 3y14 + 9y24 + 15y34 + 21y, + 24.375y5, + 13.246 y;5 + 9,5
+ 3y35 — 3y45 — 8.13 ys5 + 3yy, + 9y,, + 15y3, + 21y,, + 26.49y5, < 70,
1 1 1 1 1 1

1 1 1

EY11 + EYZ1 + EYS1 +EY41 + EY12 + EYZZ +EY32 + §Y42 + EYSZ — Yia — Y24 — Y34 — Yaa — Y54 = 0,

1 1 1 1 1 1 1 1 1
§Y11 + EYZ1 + EYS1 +§Y41 - EY12 - EYZZ _§y32 - EY42 - EYSZ — Y15 — Y25 — Y35 — Yas — ¥s5 = 0,

via =0, k=1,234,

Ve =20, k=1,2345,

Vik =20, k=1,234,

Ve =0, k=1,2,345,

Vks can be positive or negative.

The optimal solution for the resulting linear programming problem is:

(Y11, Y21, Y31, Va1, Y12 Y220 Y320 Yazs Y52, Y13, Y23, Y33, Ya3) = (0,0,0, 1.141357, 0,0,0,0,0, 1.097738, 0,0,0).

This optimal solution can translate to:
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Y1 = Y11 + V21 + Y31 + Vs = 1.141357.

Y2 =Y12 + Y22 V32 + Yaz + Y52 = 0.
Y3 = Y13 + Y23 + V33 + Yaz = 1.097738.

Hence, the individual optimal solution to the (MLQCQP) problem of the FLDM is:
(y1,¥2,¥3) = (1.141357, 0, 1.097738) , and Z,1 = 32.5346.

1.2. The (ULQCQP) problem of the FLDM with the satisfied bounded variable constraints

Max Zs,(t) = (17t? + 10t t, + 15t; + 4t + 6t, + 9t3)

151
where t,,t; solves;
Subject to:
(QCQP) 6t; + 10t, + 9t3 < 85,

12t + 5t, + 11t; < 39,
7t2 + 6t,t, + 7t; + 3t3 < 115,

17t2 + 10t,t, + 15t; + 4t3 + 6t, + 9t; > 32.5346,
t; = 1.141357,
t; = 1.097738,
ty,ty,t; = 0.
Repeat the same action as the (MLQCQP) problem by applying the separable programming method
on the (ULQCQP) problem of the FLDM. The (ULQCQP) problem after converting the non-separable function

t, t, into separable form is as follows:

Max Zz(t) = (17t + 10m? — 10m3 + 15t; + 4t3 + 6t, + 9t3)

t
where t,,t; solves;
Subject to:
(QCQP) 6t; + 10t, + 9t3 < 85,

12t, + 5t, + 11t; < 39,

7t2 + 6m? — 6m3 + 7t; + 3t3 < 115,

17t? + 10m? — 10m3 + 15t + 4t% + 6t, + 9t; > 32.5346,
1 1

Etl +§t2 - m; =0,

1 1

Etl —Etz — m, =0,
t; > 1.141357,

t; = 1.097738,

ty,tyt; = 0.
The ranges of the variables t,, t,, t3, m;, m, (estimated from the constraints) are:

1141357 <t, <406 , 0<t, <62 , 1097738<t; <31 , 0571<m, <513 , —253
<m, < 2.03.

The slopes of the line segment corresponding to the separable functions are computed based on the
equations, which are illustrated in problem (11.c). Hence, the individual optimal solution to the (ULQCQP)
problem of the FLDM is:
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(ty, s t3) = (2.052032, 0, 1.306874) , and  Zj, = 114.1265.

1.3. The (LLQCQP) problem of the FLDM with the satisfied bounded variable constraints

Max Z;;(x) = (8x% + 3x;X, + 7%, + X2 + 2%, + 3%3)

X1
where x,,X; solves;
Subject to:
(QCQP) X, + 5%, + 2x2 < 35,

2X1 + 2X2 + 6X3 < 10,

5% + 3x; + x5 < 40,

8x% + 3x;X, + 7X; + X3 + 2x, + 3x3 < 32.5346,
X, < 1.141357,

x3 < 1.097738,

X1,X2,X3 = 0.

Repeat the same action as the (MLQCQP) and the (ULQCQP) problems by applying the separable
programming method on the (LLQCQP) problem of the FLDM. The problem after converting the non-separable

function x4 X, into separable form is as follows:

Max Zq;(x) = (8% + 3m? — 3m3 + 7x; + x% + 2x, + 3%3)
X
' where x,,x; solves;
Subject to:
(QCQP) X1 + 5x, + 2x% < 35,
2X1 + 2X2 + 6X3 < 10,
5% + 3x; + x5 < 40,
8x% 4+ 3m? — 3m3 + 7x; + x5 + 2x, + 3x3 < 32.5346,
1
Exl +§X2 - m1 = 0,
1 1
Exl _EXZ - mz = 0,
X, < 1.141357,

X, <0,
X3 < 1.097738,
Xq1,X2,X3 = 0.

The ranges of the variables x4, X, X3, m{, m, (estimated from the constraints) are:

0<x, <1.141357 , x,<0 , 0<x3<1.097738 , 0<m; <0571 , 0<m,
< 0.571.

The slopes of the line segment corresponding to the separable functions are computed based on the

equations, which are illustrated in problem (12.c). Hence, the individual optimal solution to the (LLQCQP)

problem of the FLDM is:
(x1,%5,X%3) = (1.141357, 0, 1.097738) , and Z;; = 21.7043.
Therefore, the optimal solution of the FLDM is obtained as:

%! = (1.141357, 1.141357, 2.052032), %5 = (0, 0, 0), X%
= (1.097738, 1.097738, 1.306874).

2. [SLDM]
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The SLDM defines his/her problem in view of the FLDM by setting
&) = (1.141357, 1.141357, 2.052032) to the SLDM constraints. Assume%; = (X1, y;,t;), %, =
(X2, V2, t2), %5 = (X3,¥3,t3), Fy = (Z12,Z25,Z35). Therefore, the Fully Fuzzy (QCQP) problem of the SLDM

is rewritten as follows:

MaX (Z12l ZZZ! Z32)(X, y1 t) = ((415'8) ® (Xll Y1lt1) ®(12116'19)® (X2; y21t2)® (719'11)® (X3, YSrt3) @

X2, Y2ty
(8,9,11) (0,4,5) (X2,¥2,t2)
(%2, Y2, t2), (X3,¥3,t3)) ® ( 0,23) (0,0,0) ) ® ((X;,y:,t;)))'

where X3,y3,t; solves;
Subject to:
(QCQP) (11316) ® (Xlr }llrtl)ea (517'10) ® (er YZrtZ) @ (21519) ® (X3; Y3;t3) ® (Xg, YSrt3) =
(35,60,85),
(2,10,12)® (Xll YIrtl) @ (21315) ® (XZIyZItZ) @ (616111) ® (X3,Y3,t3) =< (10118'39) ’

(34,7 ® (x1,y1,t1) ® (X, ¥y, t), (X2, ¥2,12)) ® <((g"16:27)) ((g"é’;))) (((::21";,21::21)))

< (40,70,115),
(x1,y1,t,) = (1.141357, 1.141357, 2.052032),

X1,X2,X3,Y1, Y2, Y3, ty, ta, t3 = 0.

The Fully Fuzzy (QCQP) problem of the SLDM reduces to the following three crisp (QCQP)
problems, called (LLQCQP), (MLQCQP) and (ULQCQP) problems of the SLDM, as follows:

(LLQCQP) Max Z;,(x) = (8x3 + 12x, + 7x5 + 4.565428)
X2

(MLQCQP) Max Z,,(y) = (9y2 + 6y,y5 + 16y, + 9y5 + 5.706785)
V2

(ULQCQP) Max Zs3,(t) = (11t3 + 8t,t; + 19t, + 11t; + 16.416256)
t
’ where x3,y3,t; solves;

Subject to:

(QCQP) 5%, + 2x5 < 33.85643,
2x, + 6x3 < 7.717286,
x3 < 30.06245,
7y, + 5y3 < 56.575929,
3y, + 6y; < 6.58643,
3y3 + 3.424071y, < 57.6184,

10t, + 9t < 72.687808,
5t, + 11t < 14.375616,
3t +12.312192t, < 71.1599287,

X2,X3,Y2, Y3, t2,t3 2 0.
The SLDM repeats the same procedure as the FLDM by applying the separable programming
method on the (LLQCQP), (MLQCQP) and (ULQCQP) problems of the SLDM with the satisfied bounded

variable constraints till obtaining the optimal solution of the SLDM, as follows:

%5 = (2.1954759, 2.1954764, 2.8751236) , &5 =(0, 0, 0).

3. [TLDM]
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The TLDM defines his/her problem in view of the FLDM and the SLDM by setting (%)) =
(1.141357, 1.141357, 2.052032) , (%5) = (2.1954759, 2.1954764, 2.8751236) to the TLDM

constraints. Assume %, = (X, V1, t1), % = (X3, V2, 12), %5 = (X3,¥3,t3), F3 = (Z13,Z23,%Z33), as follows:

Max (Zy3,Z73,Z33)(x,y,1) = ((7,8,14) ® xuyt) ©(499)® (X2,¥2,t2) @ (13,18,20) ® (%3,¥3,t3)D

X3, Y3 T3
(1,2,6) (0,1,3) (X1, ¥1,t1)
((Xl' Y1't1)' (X3' Y3't3)) ® <(3’4'4) (9’10‘14)) ® ((X:,y;,t;)))'

Subject to:

(QCQP) (1,3,6) ® (Xlr ylltl)ea (517110) ® (XZl YZrtZ) @ (215'9) ® (X3; Y3, tS) ® (XSl YSrt3) <
(35,60,85),

(2110'12)® (Xll YIrtl) @ (21315) ® (XZIythZ) @ (616'11) ® (X3;y3;t3) < (10118'39) 4

(5,6,7) (0;2,4)) ® ((Xl’Y1’t1))

(314!7) ® (X1F Y1;t1) @ ((Xl' Y1't1)! (XZ' YZ'tZ)) ® <(O 1 2) (1 3 3) (XZ Y tZ)

< (40,70,115),
(x4, 1, t) = (1.141357, 1.141357, 2.052032),
(Xp, Vo, t,) = (2.1954759, 2.1954764, 2.8751236),

X1,X2,X3, Y1, Y2, Y3, b, ta, t3 2 0.

The Fully Fuzzy (QCQP) problem of the TLDM reduces to the following three crisp (QCQP)
problems, called (LLQCQP), (MLQCQP) and (ULQCQP) problems of the TLDM, as follows:

(LLQCQP)  Max Z;5(x) = (9x% + 16.424071 x5 + 18.0741)

X3

(MLQCQP) Max Z,5(y) = (1Oy32, + 23.706785 y3; + 31.4955)
Y3

(ULQCQP)  Max Zs5(t) = (14t% 4+ 34.364224 t; + 79.86956)
t3
Subject to:

(QCQP) 2x% < 22.88126,
6x;3 < 3.32633,

5y2 < 41.2076,
6y; < 0.0001,

9t2 < 43.93657,
11t; < 1,

X3,¥3,t3 = 0.

The TLDM repeats the same procedure as the FLDM and the SLDM by applying the separable
programming method on the (LLQCQP), (MLQCQP) and (ULQCQP) problems of the TLDM with the satisfied

bounded variable constraints till obtaining the optimal solution of the TLDM, as follows:

%1 = (0.00001666667, 0.00001666667 , 0.09090909).

Finally, the fuzzy optimal solution for the given (FFMLQCQP) problem is obtained as follows:

%f = (1.141357, 1.141357, 2.052032)
X5 = (2.1954759, 2.1954764, 2.8751236) ,
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X; = (0.00001666667, 0.00001666667, 0.09090909).
Where:

F; = (35.139647, 63.0088983, 212.4974032) , F,
= (69.472171, 84.215827, 165.0642962),

F; = (18.07437, 31.49589, 83.10928).

7. Conclusions and Future Work

An effort has been made in this paper for finding the fuzzy optimal solution of (FFMLQCQP)
problem in which the objective function and the constraints were quadratic, and all the coefficients and decision
variables were fuzzy numbers. To solve this problem, we first decomposed the (FFMLQCQP) problem into
series of crisp (QCQP) problems with bounded variable constraints. For each (QCQP) problem, the problem was
solved by utilizing the separable programming method, which replaced the quadratic separable functions with
linear functions. At last, the fuzzy optimal solution to the given (FFMLQCQP) problem was obtained. The
proposed model combined the techniques of bound and decomposition and separable programming without
ignore any part of solution area. Thus the proposed model is very useful in the real world problems where the

product is uncertain.

This paper is an attempt to establish essential results which hopefully will help others to answer
some of inquiries in the area of (FFMLQCQP) problem. The future scope of the mentioned idea is that this
model can be extended to fully fuzzy multi objective multi-level quadratic or fractional programming. Further
the model can be also extended to fully fuzzy fully rough multi-level quadratic or fractional programming.
Application of the proposed method to the real world decision making situations will be required in the near

future.
REFERENCES

[1] R. E. Bellman and L. A. Zadeh, "Decision Making in a Fuzzy Enviroment", Management Science, 17 (4)
(1970) 141-164.

[2] R. Fuller, "Fuzzy Reasoning and Fuzzy Optimization", Turku Centre for Computer Science, (1998).

[3] A. Ren, "A Novel Method for Solving the Fully Fuzzy Bilevel Linear Programming Problem", Hindawi
Publishing Corporation, Mathematical Problems in Engineering, 2015 (2) (2015) 1-11.

[4] S. H. Nasseri, E. Behmanesh, F. Taleshian, M. Abdolalipoor and N. A. Taghi-Nezhad, "Fully Fuzzy
Linear Programming with Inequality Constraints", International Journal of Industrial Mathematics, 5 (4)

(2013) 309-316.

[5] K. Dhurai and Karpagam, "A New Pivotal Operation on Triangular Fuzzy Number for Solving Fully
Fuzzy Linear Programming Problems", International Journal of Applied Mathematical Sciences, 1 (9)

(2016) 41-46.

[6] H. V. Stackelberg, "The Theory of Market Economy", Oxford University Press, Oxford (1952).

-18-



(71

(8]

[91

(10]

(11

[12]

(13]

(14]

[15]

(16]

(17]

(18]

[19]

(20]

L. N. Vicente and P. H. Calamai, "Bilevel and Multilevel Programming: A Bibliography Review",
Journal of Global Optimization, 5 (1994) 291-306.

J. Lu, J. Han, Y. Hu and G. Zhang, "Multilevel Decision-Making: A survey", Information Sciences,
Elsevier, 346 (2016) 463-487.

D. P. Baron, "Quadratic Programming with Quadratic Constraints”, Naval Research Logistics

Quarterly, 19 (2) (1972) 253-260.

C. Lu, S. Fang, Q. Jin, Z. Wang and W. Xing, "KKT Solution and Conic Relaxation for Solving
Quadratically Constrained Quadratic Programming Problems", Society for Industrial and Applied
Mathematics, 21 (4) (2011) 1475-1490.

S. Bose, D. F. Gayme and K. M. Chandy, "Quadratically Constrained Quadratic Programs on Acyclic
Graphs with Application to Power Flow", IEEE Transactions on Control of Network Systems, 2 (3)
(2015) 278-287.

A. Kumar, J. Kaur and P. Singh, "A New Method for Solving Fully Fuzzy Linear Programming
Problems", Applied Mathematical Modelling, Elsevier, 35 (2011) 817-823.

T. Allahviranloo, F. H. Lotfi, M. K. Kiasary, N. A. Kiani and L. Alizadeh, "Solving Fully Fuzzy Linear
Programming Problem by the Ranking Function", Applied Mathematical Sciences, 2 (1) (2008) 19-32.

R. Ezzati, E. Khorram and R. Enayati, "A New Algorithm to Solve Fully Fuzzy Linear Programming
Problems Using the MOLP Problem", Applied Mathematical Modeling, Elsevier, 39 (12) (2015) 3183-
3193.

O. E. Emam, S. A. Kholeif and S. M. Azzam, "A Decomposition Algorithm for Solving Stochastic
Multi-Level Large Scale Quadratic Programming Problem", Applied Mathematics & Information
Sciences, 9 (4) (2015) 1817-1822.

C. Loganathan and M. Lalitha, "Solution of Fuzzy Multi-Objective Nonlinear Programming Problem
Using Interval Arithmetic Based Alpha-Cut", International Journal of Statistics and Applied
Mathematics, 1 (3) (2016) 21-25.

E. A. Youness, O. E. Emam and M. S. Hafez, "Fuzzy Bi-Level Multi-Objective Fractional Integer
Programming", Applied Mathematics & Information Sciences, 8 (6) (2014) 2857-2863.

A. Kaufmann and M. M. Gupta, "Introduction to Fuzzy Arithmetic Theory and Applications", Van
Nostrand Reinhold, New York, (1985).

M. Jayalakshmi and P. Pandian, "A New Method for Finding an Optimal Fuzzy Solution for Fully Fuzzy
Linear Programming Problems", International Journal of Engineering Research and Applications, 2 (4)

(2012) 247-254.

N. Safaei, "A New Method for Solving Fully Fuzzy Linear Fractional Programming with A Triangular
Fuzzy Numbers", Applied Mathematics and Computational Intelligence, 3 (1) (2014) 273-281.

-19-



[21]  S. Sen and B. B. Pal, "A Piecewise Linear Approximation Method to Solve Fuzzy Separable Quadratic
Programming Problem", International Journal of Advanced Computer Research, 3 (8) (2013) 229-234.

[22] P. A. Jensen and J. F. Bard, "Operations Research Models and Methods - Nonlinear Programming
Methods. S1-Separable Programming", John Wiley Inc., (2003)

-20-



