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On Fuzzy Soft G-Metric Spaces

Abstract

In this paper, we introduce the notion of fuzzy soft G-metric space via fuzzy
soft elements. Then, fuzzy soft convergence and fuzzy soft continuity are studied in
fuzzy soft G-metric space, Finally, some fixed points theorems are proved.
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1 Introduction

In daily life, the problems in many fields such as Engineering, physics, computer sciences,
economics, social sciences, medical sciences and many other diverse fields deal with uncer-
tain data and that may not be successfully modeled by the classical mathematics. There
are two types of mathematical tools to deal with uncertainties namely fuzzy set theory
introduced by Zadeh [23] and the theory of soft sets initiated by Molodstov [I§] which
helps to solve problems in all areas. Fuzzy soft set which is a combination of fuzzy set
and soft set was introduced by Maji et al. [I7]. Roy and Maji [21] gave some results on
an application of fuzzy soft sets in decision making problem. Fuzzy soft sets and their
applications have been investigated intensively ( see [I], [19], [3], [, [12], [13], [2], [8],
[9]). In [5] Beaula et. al. were introduced a definition of the fuzzy soft metric space, also
in [22] we introduced a concept of fuzzy Soft contractive mappings in fuzzy soft metric
spaces and studied some fixed point theorems.

Giiler et. al. [I0] introduced the concept of soft G-metric space according to a soft el-
ement and obtained some of its properties. Then, they defined soft G-convergence and
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soft G-continuity. Moreover, they proved existence and uniqueness of fixed points in soft
G-metric spaces. In [II] Giiler and Yildirim introduced the notion of soft G-Cauchy se-
quences and soft G-complete spaces and investigated some properties of such spaces. In
this paper, we introduce the notion of fuzzy soft G-metric space via fuzzy soft elements.
Then, fuzzy soft convergence and fuzzy soft continuity are studied in fuzzy soft G-metric
space, Finally, some fixed points theorems are proved.

2 Preliminaries

In this section we present some basic definitions of fuzzy soft set, fuzzy soft metric space
and soft G-metric space.

Throughout our discussion, X refers to an initial universe, E the set of all parameters for
X, P(X) denotes the power set of X and I = [0, 1].

Definition 2.1 [23] Let X be a nonempty set. A fuzzy set A in X is characterized
by a membership function ps : X — I whose value pa(x) represents the “degree of
membership” of v in A, for every x in X. Let I denotes the family of all fuzzy sets on

X.

A member A in I¥ is contained in a member B of I, denoted by A < B if and only
if pa(x) < pp(z) for every x € X (see [23]).
Let A, B € I*, we have the following fuzzy sets (see [23]).

1) Equality: A = B if and only if ps(z) = pg(x) for all z € X,
2) Intersection: C = AA B € I* by pc(x) = min{pa(z), pp(x)} for all z € X,

(
(
(3) Union: D = AV B € I* by uc(z) = maz{pa(z), pp(x)} for all z € X,
(

4) Complement: E = A° € I by up(z) =1 — pa(z) for all x € X.

Definition 2.2 [25/ The empty fuzzy set, denoted by 0, is the function which maps each
x € X to 0. That is, 0(x) = 0 for all x € X. A universal fuzzy set denoted by 1 is a
function which maps each x € X to 1. That is, 1(x) =1 for allx € X

Definition 2.3 [I8] Let A C E. A pair (F,A) is called a soft set over X if F is a
mapping F: A — P(X).

In other words, a soft set over X is a parameterized family of subsets of the universe X.
For € € A, F(e) may be considered as the set of e-approximate elements of the soft set
(F, A), or as the set of e-approximate elements of the soft set.

Definition 2.4 [15] A pair (f, A), denoted by fa, is called a fuzzy soft set over X, where
fis a mapping f : A — I* defined by fa(e) = uG, where
. _J0 ifed A
iy =

otherwise, ife € A.
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(X, E') denotes the class of all fuzzy soft sets over (X, F') and is called a fuzzy soft universe

(7).

Definition 2.5 [16] A fuzzy soft set fa over X is said to be:
(a) NULL fuzzy soft set, denoted by b, if for all e € A, fa(e) =0.
(b) absolute fuzzy soft set, denoted by E, if for all e € A, fa(e) = 1.

Definition 2.6 [20/ The complement of a fuzzy soft set fa, denoted by [}, is defined by
fS: E — I* is a mapping given by “JE”Z =1—p§, where 1(x) =1, for all x € X. Clearly
(f3) = fa.

Definition 2.7 [20] Let fa,gp € (X, E). We say that fa is fuzzy soft subset of gg,
denoted by faCgp, if A C B and p$, < pg, foralle € A, i.e. p$, (v) < pg (x) for all
x € X and for all e € A.

Definition 2.8 [20] Let fa,g95 € (X, E). The union of fa and gp is the fuzzy soft set hc,
where C' = AUB and for all e € C, ho(e) = p = p§, vV p5, . Here we write ho = faUgp.

Definition 2.9 [20] Let fa,g9p € (X, E). The intersection of fa and gp is the fuzzy soft
set do, where C = AN B and for all e € C,dc(e) = pg, = ps, A pg,. Here we write
dc = faNgs.

Definition 2.10 [7]] The fuzzy soft set fa € (X, E) is called a fuzzy soft point if there
evist v € X and e € E such that p$,(v) = a(0 < o < 1) and p$,(y) = 0 for each
y € X —{z}, and this fuzzy soft point is denoted by x& or fe.

Definition 2.11 [74] The fuzzy soft point € is said to be belonging to the fuzzy soft set
(9,A), denoted by x5,E(g, A), if for the element e € A, < pif; ().

Definition 2.12 [5] Let fa be fuzzy soft set over X. The two fuzzy soft points F,, F., €
fa are said to be equal if py, (v) = py,, (x) for allz € X. Thus fe, # fe, if and only

g, (x) # pg,, (x) for all z € X.

Proposition 2.13 [5/ The union of any collection of fuzzy soft points can be considered
as a fuzzy soft set and every fuzzy soft set can be expressed as the union of all fuzzy soft
points.

fa={0pesfe: e € E}

Proposition 2.14 [3] Let fa, f5 be two fuzzy soft sets then faCfp if and only if f.€fa
implies f.€fp and hence f1 = [ if and only if f.€f4 and only if f.€[5.



Definition 2.15 [7] Let R be the set of real numbers and B(R) be the collection of all
non-empty bounded subsets of R and E be taken as a set of parameters, A C E. Then
a mapping f : A — B(R) is called a soft real set. If a soft real set is a singleton soft
set, it will be called a soft real number and denoted by 7, s, t etc. 0 and 1 are the soft real
numbers where 0(e) = 0,1(e) = 1 for all e € E respectively.

The set of all soft real numbers is denoted by R and the set of all non-negative soft real
numbers by R(A)*

The soft real number 7 will denote a particular type of soft real number such that
r(e)=rforalleec E

Definition 2.16 [6/ A (non negative) fuzzy soft real number is a fuzzy set on the set of all
(non negative) soft real numbers R(A), that is, a mapping X : R(A) — [0, 1], associating

with each (non negative) soft real number t, its grade of membership 5\({) satisfying the
following conditions:

(i) X is convez

that is, N(7) = min (\(3), \(7)) for § CTC

(ii) X is normal )
that is, there exists t, € R(A)* such that \(fo) =

(111) g is upper semi continuous provided for all t € R(A) and o € [0, 1]
i) < a, there is a 6 > 0 such that || 5 —1 ||< & implies that A\(5) < o
z ¢, while 7, 5,¢ will be denote in

The fuzzy soft real numbers be denoted by 7, 5 7 et
(e) = p°r that is a fuzzy number for

particular type of fuzzy soft real numbers such tha T
alle e £

Let A C E. The set of all non negative fuzzy soft real numbers be denoted by R(A)*
and the collection of all fuzzy soft points of a fuzzy soft set f4 over X be denoted by
FSC(fa).

The fuzzy soft metric using fuzzy soft points is defined as follows:

Definition 2.17 [5] Let A C E and E be the absolute fuzzy soft set. A mapping d :
FSC(E) x FSC(E) — R(A)* is said to be a fuzzy soft metric on E if d satisfies the
following conditions:

(FSMl) : (fe17fe2)é fOT all f€17f62éE~a

(FSMy) : d(fer, fos) = 0 if and only if fo, = fe, for al fo,, f,€F,

(FSMB) (f617f62)~:~d(f627f61) fOT‘ all felafezeE

(F'SMy) : d(feys fes)Sd(feys fer) + d(feza fes) for all f617f€27 feseE

The fuzzy soft set E with the fuzzy soft metric d is called the fuzzy soft metric space

and is denoted by (E ).



Definition 2.18 [10] Let X be a nonempty set and E be the nonempty set of parameters.
A mapping G : SE(X )X SE(X X) x SE(X) = R(A)* is said to be a soft generalized metric
or soft G-metric 075 X if G satisfies the following conditions:

(Gh):G(1,5,2) =0 if T =5 = 2.
(Go) : 0<G(&,%,9) for all &, §ESE(X) with & # .
(G:g) : @(f,i,gj)é ~£:ﬁ ,2) for all 2,9,2€SE(X) with § # Z.
(Q4) : G(j g7 2) ~:~G(~v 27@) G(y7 z $)
(Gs) : G(7,5,2)2G(3,3,0) + G(a, 5, 2) for all 7,7, %, ESB(X).
The soft set X with a soft G-metric G on Xis said to be a soft G-metric space and is

C}z

denoted by (X, G, E).

3 Fuzzy Soft G-metric spaces

Definition 3.1 Let E be a non empty set of parameters, A C E and E be the absolute

fuzzy soft. A mapping G - FSC(E) x FSC(E) x FSC(E) — R(A)* is said to be a fuszzy

soft generalized metric or fuzzy soft G-metric on E if G satisfies the following conditions:

(FSGl) (.f617f€27f63)_0 foel_f@ f63

(FSQQ) 0<G(f617f627f63) fOT’ all fenfezeFSC( ) with fel 7& f62

(FSQ3) (fewfeu f€2)<G<f617f€27 feg) fOT’ CL” f617f€27 fegEFSC< ) with fez % f€3'

(FSCS4) (f817f627f63)_ <f817f637f62)_ <f€27f637f61)_”"

(FSG5) (fem f627 f€3)<G<f€17 fea fe) + G(fEa f627 fe3) fO’I” all feu feg: fe3) feEFSC< )
The fuzzy oft set E with a fuzzy soft G-metric G on E is said to be a fuzzy soft

G-metric space and is denoted by (E,G).

Example 3.2 Let E be a nonempty set of parameters and E be absolute fuzzy soft set.
We define G : FSC(E) x FSC(E) x FSC(E) — R(A)* by

~ Qa iffa - fe2 = fe3;

G(f617f627f63) - { ]-7 iffel = fez 7é f€3 or fel 7é f€2 = f63 or fez 7& fel = fes'

2’~ iffm #Lfez%f%' N
forall fo,, fey, fes €FSC(E). Then G satisfies all the fuzzy soft G-metric axioms (FSGy)—
(FSGs)

Definition 3.3 A fuzzy soft G-metric space (E, G‘) 1s symmetric if it satisfies the follow-
ing condition:

(FSGES) : é(feufezafez) = é<f317f617f32) Jor all fel7f62éFSC(E)'

Remark 3.4 It is obvious that the fuzzy soft G-metric space defined in Ezample 3.2
satisfies the condition (FSGg) and so it is symmetric.

Proposition 3.5 Let (E’ é) be a fuzzy soft G-metric space the following hold for all
fers feas fess [LEFSC(E):

( ) {fG(fe1>fewfe~)~_ O then fe, = fez = fes-

(b) G(f617f627f€3)§G(f617f€17f82> + G(f€17f617f63)'



( ) G~( 617f627f62>§~2 ( 627f617f61)

( )G<fel7f€27fe3)§~ (f 17f67f63)+G(f67f627f63)

(e) q( 617f€27f€3)§~§|:G(f617f€27f6)+G<f€17f67f63)+G<f87f€17f83>]'
(f) G(fers fezs Jes ) SG(fers fes Je) + G(fens fer fe) + G(fess fes fe)]-

(9) |G(fe1afez7fes> - G(fenfezafe>|§ Znax{G(fe,fesafes) G(fess fes fe) }-
Eh)||C~§(fel7f€27feS>_g(fel’er’fe>|§~G(fel7.fe’fe3)'

!

VNG (fers fezs fes) — Q( e2s Jeas fes)|< max{Cz(fmv Jegs fes), Q(feav fers fer)}
( ) ‘G(fel7 f62> ff:z) - (f627 f617 fel)|S maI{G(fezv f61> f€1)’ G(fep f€27 f@)}-
Proof. (a) Case 1: Let all of the fuzzy soft elements be distinct. Then, we have
0SG (fers fors for ) SG(fers fon, fos) from (FSGs) and (FSGs), respectively.
Case 2: Let two of the fuzzy soft elements be equal and the remaining one be distinct.
Thus, we have G(fe,, fey, fes)>0 by (FSG4) and (FSG5). From the two cases, we obtain

G(fors fors foy) # 0.

(b) We have G(feufemf@) + G(fe1vfe17fe3) - (fGQJ felafq) + é(f617f€1’f63)é
(fezafemfes) - (fepfez?fes,) from (FSG4) and (FSGS)

3 (c) By using (b), we haj/e é(feufezvfez)éé(feufeuf@) + é(feufeuf@) =
2G(foy, fors foy) from (FSGY).

(d) Case 1: Let fe, # fey- Then, we have G(fe,, fer, fo) SG(fer for fer)+G(fer fens fey) <
(feyfelafes) + G(fe,fez,feg) from (FSG5) (FSG,) and (FSGs), respectively. So, we

obtain G(fep feza f€3)<G(f617 fea feg) + G(fe> f627 feg) by (FSG4)
Case 2: Let fo, = fey and fe, # fe. . .
Thus we get G(fela feza fes) = G(fer, fers f63)<G(fe17 Jess fe)SG(felv fers f)FG(fer, fer fer)
= G(fe, Jess fer) + G(fel, fes fey) from (FSG4) and (FSGg)
Case 3: Let f., = f., and f., = fe.
It is obvious.

(d) By (d) and (FSGy), we have 3G(fu,, forr fus) S2G(furs feus fo) + 2G(furs fur fun) +
2G(fer fes» fes)- Thus,

C(fors fers Fos) S2IG (s fors fo) + Cfers for fog) + C(fer fons fos)]-

(f) By (FSG5) and (b), we obtain 3G(fo,, fuus Ju) 3G (frs for fo) + 3G(funs fur £2) +
3G'(J6637 f€7 fe) Hence7 G(f317 f827 fe3)éG(fel7 fGJ fe) + G(f€27 f67 f3> + G(f€37 fe7 f€>

(f) We have G(fepf@,feg)i (fegs for o) + G(fe, fer, fe,) from (FSGi). Then,
C(fers fers fey) = G fes fers Jes)SG(fegs fer o) Smaw{G(fey, fo o), G(fes fos fey)}-

In a similar way, we get

Az {G(feys for £o)s G(fer fes fe)YSG(fes fegs o) S = [Gfers fons fey) = Gfes fors fer)]-

Thus, we obtain



G (fers fear fes) = G(fers fean JIS max{G(Fe, fes, fey), Gl s, for 1)}
(h) The proof is clear, by (d) and (FSGYy).
(i) It is obvious, by (F.SG5) and (FSGY).

(j) It follows from (c) and (F.SGy). u

Proposition 3.6 Let (E, é) be a fuzzy soft G-metric space; then the following are equiv-
alent.
(a) (E G) is symmetric.
(0) (f€17 f627f62)<G(f617 fers o), fOT all fey, fer, fEFSC(E )
(c) (f617 fess fe3><G(feu fess fe) + G(fesv fess fe), for all fe,, fes, fess fes feEFSC< )
Proof. (a)= (b) : Since (E,G) is symmetric, we have G(fe,, fey fes) = G(fers fors feo)-
Case 1: Let f., # fo. We have G(fe,, fes, for)SG(fer, fon, fo) by (FSGs).
Case 2: Let f, = fe. It is clear by gFSég). )
(b) = (C) : We obtain G(f617 f€27 fe3)§~q<f827f627 fel) + G(few fezvfes)

SG(fela f627f€) + G(fegu feg7 fé)
by using Propsition 3.5(b)and the hypothesis.

(¢) = (a) : By hypothesis and (FSG4) we have

G fers fers es)SG(fers fens fer) + G fers fons foz) = G fers feus fer) = G(fers fers fon).
In a similar way, we get G (fey, fors for ) <G (fors fons fou)- u

Proposition 3.7 For any fuzzy soft metric d on E we can construct a fuzzy soft G-metric
by the following mappings G and G, .

(@) Cu(d) ey, feas fos) = §[AFer, o) + Afers o)+ fers )]

(b) Gm(d)<fel7 feza f63) = max{d(fep f€2)7 d(f(iz? fe3>7 d(fep feg)}'

Proof. (a) Since d is a fuzzy soft metric, the proofs of (FSG4), (FSG,), and (FSGY)
are obvious. The proof of (F'SG5) follows from (FS My).

(FSG3) Case 1: Let fo, # fo,, and fo, # fo,. Since G4(d)(fer, for, fe) = 0, the assertion
is clear.

~ Case 2: Let fe, = fes, fes # feo and fe; # fe,. Then,

Gs(d)(fers fers fes) = Gs(d)(fers feas fes)-

. Case 3: Let f., # fe3,f63 F fess anii fey # fey- From (FSM,), we have

Qd(feu fe2)<d<fen fezz + d(fer f63) + d(fes, fe,). Then

G.(d 273

(d )(fel,feuf@) = d(felafeg)_g[ U(fers Jea) + d(fers feo) + d(feg feo)]
( )(f61’f627f63)‘

(a) The proofs of (FSGY), (FSGs), and (FSG,) are obvious.
(FSG ) Let fe, # fes~
Gs(d)(fel7fel’ f€2) = ( 617f62)<mal‘{d(f€17 f62> + d(f€17f63) + d(feQ’ f63)}

G ( )(fel’f627fed)



(FSG5) Case 1: é (~)<f817f62af63) - N(fenfez) 5
From (FSGy), we have d(fe,, for)<d(fey, fo) +d(fe, fer) = Gun(d)(fers fes fo) +d(fe, fer) <
( )(f617f67f6)+G ( )(f€7f627f63)

The other cases can be proved in a similar way.

Proposition 3.8 For any fuzzy soft G-metric G on E, we can construct a fuzzy soft JG
on E defined by

£é<f€17f€2> = ~(f617f€27f62) + é(f€17f€17f62)
Proof. The proofs of (F'SM;), (F'SMj3), and (F'SM,) are obviously follows from
(FSGy )and(FSGg) (FSG4) and (FSGs), respectively.

(FSMQ) Let dG(f€17 f€2> - O Assume f61 # f€2 SIHCG G(f617 f€27 f€2)+G<f€17 f€17 fez) = 6
we would have G(fe,, fey, fe,) <0 by Proposition 3.5(c). This contradicts to (F'SG5).
Thus, f., = fe,- The converse is clear. ]

Proposition 3.9 Let d be a fuzzy soft metric on E; then the following hold.

(a) JGS(J)(fenfez) = %d(femfez)'

(0) dém(d)(fela fez) = 2d(fey, fes)-

Proof. The proofs follows from the definition of J@, G and G,. (]

Proposition 3.10 Let é be a fuzzy soft G-metric G on E; then the following hold.
( ) (f617f627f63)<G ( )(f61’f€27fe3)<20(f617f627f63)

( ) (f€17f€27f63)<G ( )(fel’f627fe3)<3G(f617f627f63)

Proof. (a) By PI‘OpOSlthH 3.5(b), we have

(f€17 f627 f63) [dG(fEN fez) + dG(f€27 f63> + dG(f617 feg)]
On the other hand, By Proposition 3.5(c) and (FSGs3), we obtain

Lo fors for) + i (Fons For) + dgFers )| Z3C s fs o)
(b) By Proposition 3.5(b), we obtain

(fel,fBQ,f63)<G (dQ)(fel,fBQ,feg). Also, from Proposition 3.5(c) and (FSég), we get
( )(f617f627f€3)é§) <f€17f€27f€3)' n

C}z ()

Definition 3.11 Let (E G) be a fuzzy soft G-metric space and T be a fuzzy soft real num-
ber and € € (0,1). A fuzzy soft open G-ball centered at the fuzzy soft element fEEFSC( D)

and radius t is a collection of all fuzzy soft elements g, of f. such that G(fe,ge,ge)<t
It is denoted by B(fe,t €) where B(fe,t &) = {9 EFSC(E)|G(fe, ge, ge) <t} with |1, (s) —
pg, (s)| <€
Hg.

The fuzzy soft closed G-ball is denoted by é[fe,t &l = {g.EFSC(E)|G(f., ge, ge) <t}
with |p§, (s) — pg, (s)] < €.



Example 3.12 Consider the fuzzy soft G-metric space (E, é) given in Fxample 3.2.

We have
= FSC(E),
Uet,8) { A

ooft
Sha Sk

IN V
=

for any f.EFSC(E)

Proposition 3.13 Let (E,G) be a fuzzy soft G-metric space. For f.€FSC(E) and > 0,
the following hold: . )

(a) If Go(d)(fe, fers fe) <7, then foi, fe,€B(fe,1,8). L

(b) If f.,EB(f.,t,€), then there exists a 5>0 such that B(f.,,5,¢)CB(f.,1,é).

Proof. (a) It obviously follows from (F SG3)

(b) Let fe,€ Bgfe,t €). Assume that feQEB(fel,g €). Then, we have

G(fE) fezlfe )~§ (f€7 f617 fel) + G(f€17 f627 f62)<G(f67 f€17 fel) + S by (FSG5)

Say 5 =1 — G(fe, fors fo). Thus, we get G(fe, fo, fe,)<t. Hence fo,EB(f.,1,¢). =
Proposition 3.14 Let (E,G) be a fuzzy soft G-metric space. For f.,EFSC(E) and gﬁ(),
we have

B(feoa 3 g)éédé(feoa tNa g)éé(feoa t~, )
Proof. It obviously follows from Proposition 3.5(c). n

4 Fuzzy soft G-convergence

Definition 4.1 Let (E,G) be a fuzzy soft G-metric space and {f.,} a sequence of fuzzy
soft elements in E. The sequence {fe.} is said to be fuzzy soft G-convergent to f. in

E if for every é>0, chosen arbitrary, there exists a natural number N = N(€) such that
0<G(fers fon, fo)<E whenever n > N i.en > N = {fen}EB(fe,t,e). We denote this by
fe, = fe asn — 00 or Limy, oo fe,} = fe-

Proposition 4.2 Let (E, C?) be a fuzzy soft G-metric space, for sequence {f., } in E and
a fuzzy soft element f., then the following are equivalent:

(a) {fe.} is fuzzy soft G-convergent to fe.

(b) da(fen,s fo) = 0 as n — o0.

(c) (fen,fen,fe) — 0 as n — oo.

(d) G(fen, fe> fe) — 0 as n — co.

(€) G(fers fors fo) = 0 as n,m — oco.

Proof. (a) = (b) follows from Proposition 3.4. The other implications can be proved
by using Proposition 3.5 and 3.7. [ ]



Definition 4.3 Let (E é) be a fuzzy soft G-metric space and {f.,} be sequence of fuzzy
soft elements in E. Then the sequence {fen } is said to be fuzzy soft G-Cauchy if for every
e0, there exist 6>0 and a positive integer N = N(€) such that G(for s for, fe,)<€ for all
n,m,l > N; that is G(fen,fem,fel) — 0 asn,m,l — oco.

Definition 4.4 A fuzzy soft G-metric space (E, C:’) is said to be fuzzy soft G-complete if
every fuzzy soft G-Cauchy sequence in (E,G) is fuzzy soft G-convergent in (E,G).

Proposition 4.5 Let (E,G) be a fuzzy soft G-metric space and {f., } be sequence of fuzzy
soft elements in E. Then the following are equivalent:

(1) The sequence {fe.} is fuzzy soft G-Cauchy sequence.

(2) For every €0, there exist a natural number N such that G(f.,, fe. . fo, )<€E for all
n,m>N .

(3) The sequence {f.,} is a Cauchy sequence in the fuzzy soft metric space (E,dg).
Proof. (1) = (2) It is obvious by axiom (FSGs).

(2) < (3) It is clear by the definition of d.

(2) = (1) If we set f. = f., then it is obvious by axiom (F'SG5). u

Corollary 4.6 Every fuzzy soft G-convergent sequence in any fuzzy soft G-metric apace
(E,G) is fuzzy soft G-Cauchy sequence.

Proposition 4.7 A fuzzy soft G-metric space (E, G) is fuzzy soft G-complete if and only
if (E,dg) is a complete fuzzy soft metric space.
Proof. It follows from Proposition 4.5 and 3.8. [ ]

Definition 4.8 Let (E,Q), (E é) be two fuzzy soft G-metric spaces. Then a function

T:FE — E is fuzzy soft G-continuous at a fuzzy soft element fEEFSC( ) if and only if
for every ¢>0, there exists 6>0 such that f.,, fe, EFSC(E) and G(f., f.,, f62)<(5 implies

that G(T fo, Tf.,, T f.,)<¢.
A function T is a fuzzy soft G-continuous if and only if it is fuzzy soft G-continuous
at all fuzzy soft elements f.€ FSC(F)

Proposition 4.9 Let (B, @), (E, Q) be two fuzzy soft G-metric spaces. Then a function

T:E — Eis fuzzy soft G-continuous at a fuzzy soft element feéFSC(E) if and only
if it is a fuzzy soft G-sequentially continuous at a fuzzy soft element f.€FSC(FE), i.e.
whenever { f., } is fuzzy soft G-convergent to f., {T fe,} is fuzzy soft G-convergent to T f,.

Proof. Necessity: Assume that T is a fuzzy soft G-continuous. Given f,, — f., we wish
to show that T'f,, — T'fe..

Let €>0. By hypothesis, there exists a 0>0 such that f.,, f.,EFSC(E) and
G(fer fors fer) <6 = QT fo, T fey T o) <E

10



Since f,, — f. corresponds to 6>0 where & () = 0, there exists a natural number N such
that

n >N = G(fe, for, fer) <0 == G(for fors forJ(A) < 6.

Hence, we have
n> N = G(Tf,Tf. Tf )2 = G(Tf,Tf. . TL. )N < e

This implies that T'f,, — T'f..
Sufficiency: This can be clearly proved assuming that 7" is not fuzzy soft G-continuous at
a fuzzy soft element f,. [ ]

Theorem 4.10 Let (E,G) be a fuzzy soft G-complete and T - (E,CNJ)~ — (E,G) be a
mapping that satisfies the following condition for all fe,, fe,, fe, €FSC(E),

C(T for, T fory T fey)S0G (for, T fer, Tfey) +0G(for, Ty Tfey) +€G(fuy, Tfeys They). (41)

where 0<a + b4 el
Then T has a unique fived point, say f., and T is a fuzzy soft G-continuous at f..

Proof. Let f, €F SC(E) be an arbitrary fuzzy soft element and define the sequence
{fe, tnen by fe, = T"(fe,). From (4.10), we get

C(fer Fenprs Jonis)ZGG(fenys fens fen) F VG (fers Ferins Ferpn)+ 4
CG(fors forins Fonin) FAG(for vy fors for)-
Then
C(fer fensss Foni) 2@+ A)G(fer_ys fens fon) + 0 DG (fur, fenias fenrn)- (4.3)
Thus we have _
-~ a+d -
enrJentirJentl Sf_G en—1rJenrJen/: 44
G(fers fenirs fenss) (b+é)(f fens fen) (4.4)
at+d
Let k = 4D i
Since 0<a + b + é<1,0<k<1. So we get
C(fen Fenprs Fenst)SKG(fer s Fens fen). (4.5)
Hence we have the following inequalities:
G(fen s> Fens £or)SRG (e s fen i Fen s
G(fen727f€n71’fen—1)él% (fe'n, d’fen 27f€n 2)7
(4.6)

11



Combining (4.5)and (4.6)we obtain
G(feur Feurir Feur ) ZR)"G fegs fors fer): (4.7)

For all m,n € N such that n < m, we have

é(fen7fem’fem)éé(_ en7f6n+17fen+1) ~(f€n+17fen+27fen+2> +é(fem717femufem)
B+ () ()G (feo,fel,fel)
l?:)

(f607fel7fel)

(4.8)
by (FSG5) and (4.7).
Thus G(fen,fem,fem) — 0 as m,n — oo.
So {f..} is a fuzzy soft G-Cauchy sequence. Since (E,G) is a fuzzy soft G-complete, there
exists g.€FSC(E) such that {f. } fuzzy soft G-convergence to ge.
Assume that T'g. # ge, i.e., Tge(Xo) # ge(Ao) for some \g € E. Then by (4.1) we have

G(fors T9e, Tg) GG (for s fers For)H0G(ges Te, Tge)+EC(ger Tge, Tge)+dG(fer_ .y, Ges ge)-
(4.9)
Thus

é(fena Ty, Tge)éaé(fenfm fem fen) + (lz) + E)é(ge, Ty, Tge) + j 3 (fenq y Je, ge)- (4-10)

By taking the limlt as n — oo, we get

G(ge, Tge, Tge) (b + &G (ge, Tge, Tge) (4.11)

since {fe,} — g.. This is a contradiction. Hence T'g. = ge.
Let us prove uniqueness. Suppose there exists a fuzzy element h. such that g. # he
and The = h.. Then by (4.1), we get

G (e, hes he) = G(Tge, The, The) <G (ge, T, Tge) + (b + &)G(he, The, The) +
(g he, he)
(Ge» ey he).

i

=]

(4.12)
Thus we find that g. — he..

Let us prove that 7" is fuzzy soft G-continuous at ge. Let {ge, } be a sequence of fuzzy
soft elements in £ such that {g., } — g.. Then by (4.1) we have

G (ge, Tge, Tge) + (b + &G (ger, Ters Te,) + AG(Ge, Gors Ger)
(6 ) (gen7 Tgerﬂ Tgen) + J (967 g€n7 gen)

Also, by FSG5, we have

é(Qena Tge,,, Tgen)éé(g€n7 Ges ge) + é(gm Tge,:T9e,) (4.14)
Then we combine (4.13) and (4.14), to get

é 67T67T€ é
(9e: T9e,, T'ge,) (4.13)
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G(9er TGen> TGe, )< (b+ &G (Gen> Ger o) + (b + G (ger Ter, Te,) + AC(ges Ger s Ger)
Thus

S

+

G(ge, T e, Tge, ) < ==
(9e, Tge,» Tge,) G

- d -
G(genageage) + TG<ge>gen>gen) (415)

)

By taking the limit as n — oo, we obtain
G(9e, T'9e,,, T'ge, ) — 0 since {ge, } = ge- So {Tge,} = T'ge = ge, from Proposition 4.2.
Hence T is fuzzy soft G-continuous at g. by Proposition 4.9. |

—+ | o
ol

Corollary 4.11 Let (E,G) be a fuzzy soft G-complete metric space and T - (E,Q) —
(E, Q) be a mapping that satisfies the following condition for all fe,, fe,, fes €FSC(E),

G(Tfers T fey, Tfer)SAG (for, Tfors Tfer)HOG (fegy T foys T fey)HEG (fegs T fugs Tfey)- (4.16)

where 0<a@ + b+ 2<1.
Then T has a unique fized point, say g., and T is a fuzzy soft G-continuous at ge.

Proof. If we take d = 0 in Theorem 4.10, it is obvious. [ ]

5 Conclusion

In this paper, we present the notion of fuzzy soft G-fuzzy soft metric space. Then, fuzzy
soft convergence and fuzzy soft continuity are studied in fuzzy soft G-metric space, Finally,
some fixed points theorems are proved. In the future, we will try to improve the search
performance further for some types of mappings.
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