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Abstract
In this paper we give the structure equations of a complex-contact Riemannian submersion and
show that the fibers of this submersion is a contact metric submanifold of the total space. We
investigate the distributions and obtain a necessary and sufficient conditions for such submersion
to be a totally geodesic map.
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1 Introduction
Immersion and submersion are special tools in differential geometry, they play important roles in
Riemannian geometry and other aspect of the differential geometry. The Riemannian submersions
are of great interest both in mathematics and physics, owing to their applications in the Yang-Mills
theory, Kaluza-Klein theory, supergravity and superstring theories.

The theory of Riemannian submersion was initiated by O’Neil Barrett O’Neill (1966) and Gray
Gray, A. (1967). In B. Watson (1976), the Riemannian submersion were considered between almost
Hermitian manifold by Watson under the name almost Hermitian submersion in which the Riemannian
submersion is an almost complex mapping and as a result the vertical and horizontal distributions are
invariant with respect to the almost complex structure of the total space of the submersion. In fact
almost Hermitian submersion have been actively studied between different kinds of subclasses of
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almost Hermitian manifolds Maria falcitelli, stere Ianus, and Anna Maria Pastore (2004). It has also
been extended to different kinds of subclasses of almost contact manifolds, seeChinea D (1985) for
details. Most of the studies related to Riemannian or almost Hermitian sub-manifolds can be found in
Maria falcitelli, stere Ianus, and Anna Maria Pastore (2004) and Shahid M.H, Al-Solamy F.R, Yun J.B
and Ahmad M (2013). In Bayram Sahin (2012) Sahin constructed Gauss-Weingarten like formulas
and introduced the O’Neill’s type tensor fields for Riemannian maps and obtained new conditions for
Riemannian maps to be totally geodesic in terms of these notions.

On the other hand, Sahin introduced semi-invariant submersions from almost Hermitian manifolds
onto Riemannian manifolds as a generalization of holomorephic submersions and ant-invariant submersions
and study the geometry of such maps, see Bayram Sahin (2012). He (Sahin) went further to introduce
the notion of slant submersion from almost Hermitian manifold onto an arbitrary Riemannian manifold
B. Sahin (2011).almost contact metric submersions constitute a class of Riemannian submersions
whose total space is an almost contact metric manifold. In fact, different kinds of Riemannian
submersions between manifolds endowed with different structures have been studied , examples are
the following; Semi-Riemannian submersion and Lorentzian submersion Maria falcitelli, stere Ianus,
and Anna Maria Pastore (2004), Contact-Complex submersions Ianus S, Ionescu AM, Mazzocco R,
Vilcu GE (2011), quaternionic submersion S. Ianus, R. Mazzocco, G.E. Vilcu (2008) etc.

From all these studies by these different authors, nothing much is done on submersions in which
the total space is an almost Hermitian manifold and the base space is a contact metric manifold. In
this paper we shall call it Complex-Contact Riemannian submersion. We introduce and study the
geometric properties of this type of submersion. This forms the bases of our studies in this paper.
We organize the paper in the following form ;

After the introduction in the first section, we recall the definitions of almost Hermitian and almost
contact metric manifolds and some of their associated notions and identities. We also recall the
definition and fundamental equations of Riemannian submersion, where we introduce the O’Neill or
fundamental tensors and their important properties, all in the second section.

In the third section we introduce the complex-contact Riemannian submersion which is another
form of semi-invariant submersion with some of its important properties. In this section we show that
the fibers of this submersion is a contact metric manifold.

In the last section, we investigate the geodesity of the vertical and the horizontal distributions and
obtain a necessary and sufficient conditions for the distributions to be totally geodesic.

2 Preliminaries

In this section we shall recall several notions and results that will be needed throughout the paper.As
usual, all manifolds and maps involved are assumed to be of class C∞. Furthermore, we denote by
Γ(TM) the space of the sections of the tangent bundle of a differentiable manifold M .

An almost complex manifold is a manifold M with an almost complex structure. The almost
complex structure is a tensor field J of type (1, 1) such that J2 = −I, where I stands for the identity
endomorphism of the tangent bundle Γ(TM). Such a manifold is orientable and has even dimension,
say 2m, m is an integer.

An almost Hermitian manifold (M,J, g) is an almost complex manifold (M,J) with a J−invariant
Riemannian metric g. The J−invariance of g means that

g(X,Y ) = g(JX, JY ), (2.1)

for any sections X,Y ∈ Γ(TM). The Kahler form of the almost Hermitian manifold (M,J, g) is the
differential form of bidegree (1, 1) defined by Ω(X,Y ) = g(X, JY ) for any vectors X,Y ∈ Γ(TM).
For more details on almost Hermitian manifolds, see Maria falcitelli, stere Ianus, and Anna Maria
Pastore (2004).
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We dente by ∇ the Levi-Civita connection on M , we have the following formulas for the covariant
derivative, the exterior differentiation and the codifferential of Ω,

(∇XΩ)(Y,Z) = g(Y, (∇XJ)Z)

3dΩ(X,Y, Z) = σ(∇XΩ)(Y,Z)

(∇XΩ)(Y,Z) = (∇XΩ)(JY, JZ)

(δΩ)(X) =

m∑
i=1

((∇EiΩ)(Ei, X) + (∇JEiΩ)(JEi, X)). (2.2)

Where σ denote the cyclic sum overX,Y, Z and {E1, ..., Em, JE1, ..., JEm} is a local orthonormal
J-frame. , Let M be a differentiable manifold of odd dimension (2m+ 1). An almost contact structure
on M is a triple (ϕ, ξ, η) where ξ is a characteristic vector field, η is a 1-form such that η(ξ) = 1, and
ϕ is a tensor field of type (1, 1) satisfying ϕ2 = −I + η ⊕ ξ

where I is the identity transformation. If M is equipped with a Riemannian metric g such that

g(ϕX,ϕY ) = g(X,Y )− η(X)η(Y ), (2.3)

then (g, ϕ, ξ, η) is called an almost contact metric structure. Therefore, the quintuple (M2m+1, g, ϕ, ξ, η)
is an almost contact metric manifold. As in the case of almost Hermitian manifolds, any almost contact
metric manifold admits a fundamental 2-form, Φ defined by Φ(Z,X) = g(Z,ϕX). Further more,
η(Z) = g(Z, ξ), for any X,Z ∈ Γ(TM). see D.E. Blair (2002) for details.

As in the case of almost Hermitian manifolds, we recall some of the important identities.

(∇DΦ)(E,G) = g(E, (∇Dϕ)G) = −g((∇Dϕ)E,G)

(∇Dη)E = g(E,∇Dξ) = (∇DΦ)(ξ, ϕE). (2.4)

Example 2.1. Consider the even dimensional manifold <6 . Such that <6 = {(xi, yi)}, x, y ∈ <,
i = 1, 2, 3, g =

∑3
i=1[(dxi)

2 + (dyi)
2]. If we define J ∂

∂xi
= ∂

∂yi
and J ∂

∂yi
= − ∂

∂xi
for i = 1, 2, 3. Then

(<6, g, J) is an almost Hermitian manifold.

Example 2.2. Consider the odd dimensional manifold<5 with cartesian coordinates (x1, x2, x3, x4, x5),
Riemannian metric g, metric g, ϕ is a type (1, 1) tensor field, η is a one form and ξ is the characteristic
vector field. If we define η = dx5, ξ = ∂

∂x5
and ϕ ∂

∂x1
= ∂

∂x2
, ϕ ∂

∂x2
= − ∂

∂x1
, ϕ ∂

∂x3
= ∂

∂x4
,

ϕ ∂
∂x4

= − ∂
∂x3

, ϕ ∂
∂x5

= 0, then from a straigh foward calculation, (<5, g, ϕ, η, ξ) is an almost contact
metric manifold.

Definition 2.1. T.M Tshikunguila (2013) An almost contact metric manifold (M, g, ϕ, ξ, η) is a;

(i) Kenmotsu (KN-structure) if and only if (∇Xϕ)Y = g(ϕX, Y )ξ − η(Y )ϕX.

(ii) nearly-k-cosymplectic if (∇Xϕ)X = 0 and (∇Xξ = 0.

(ii) nearly-k-Sasakian if (∇Xϕ)X = g(X,X)ξ − η(X)X and (∇Xξ = −ϕX,

for any vector fields X,Y ∈M.

Definition 2.2. Barrett O’Neill (1966) Let (M, gm) and (N, gn) be Riemannian manifolds. A Riemannian
submersion π : M → N is a mapping of (M, gm) onto (N, gn satisfying the following;

(i) Each derivative map π∗ of π is onto.

(ii) π∗ preserves the lengths of the horizontal vectors,

where π∗ is the differential map of π.
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Let π : (M, gm) → (N, gn) be a Riemannian submersion, then for each b ∈ N , π−1(b) is a sub-
manifold of M of dimM −dimN . The sub-manifolds π−1(b) are called fibers, and a vector field on M
is called a vertical vector if it is always tangent to the fibers, and the vector field is called a horizontal
vector if it is always orthogonal to the fibers. Throughout this paper we shall denote the projections of
the tangent spaces of M onto the subspaces of vertical and horizontal vectors by V, H respectively.

A Riemannian submersion π : (M, gm) → (N, gn) determines (1, 2)−tensor fields T and A on
M . As in Barrett O’Neill (1966) they are called the fundamental tensors defined for arbitrary vector
fields E,F ∈ Γ(TM) by

TEF = H∇VEVF + V∇VEHF. (2.5)

AEF = H∇HEVF + V∇HEHF. (2.6)

where ∇ is the covariant derivative of M with the following properties;

(i) At each point, TE is a skew symmetric linear operator on the tangent space of M ,

(ii) T is vertical , that is , TE = TVE

(iii) For vertical vector fields V and W , T has the symmetric property TVW = TWV.

(iv) At each point, AE is a skew symmetric linear operator on the tangent space of M.

(v) A is horizontal, that is , AE = AHE .

(vi) For horizontal vector fields X and Y , A has the alternation property AXY = −AYX.

If a horizontal vector field (a section in the horizontal distribution) is π related (projectable) to a
vector field on the base manifold N , one calls it basic vector. It follows from the definition of the
Riemannian submersion that

gm(X,Y ) = gn(X∗Y∗) ◦ π (2.7)

if X and Y are basic vector fields, π−related to X∗, Y∗ ∈ Γ(TN), respectively.That is every vector
field X∗ on N has a unique horizontal lift X to M and X is basic. Thus X 
 X∗ is a one to one
correspondence between the horizontal vectors on M and vector fields on N . This correspondence
preserves brackets, inner products and covariant derivatives. Let ∇ and ∇∗ be the Levi-Civita
connections of the Riemannian metrics on M and N respectively, then we have the following Barrett
O’Neill (1966)

(i) gm(X,Y ) = gn(X∗, Y∗) ◦ π.

(ii) H[X,Y ] = [X∗, Y∗] ◦ π.

(iii) H∇XY = ∇∗X∗Y∗ ◦ π.

We want to summarize the relation of T and A to the various covariant derivatives as follows

Proposition 2.1. Barrett O’Neill (1966).If X and Y are horizontal vector fields,and V and W are
vertical vector fields. Then

(i) ∇VW = TVW + V∇VW.

(ii) ∇VX = TVX +H∇VX.

(iii) ∇XV = AXV + V∇XV.

(iv) ∇XY = AXY +H∇XY.
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and if X is a basic vector field , then H∇VX = AXV .
We know that TE and AE are, at each point skew-symmetric linear operators, it follows that

(∇FT )E and (∇FA)E are also skew-symmetric and linear.
Here we recall the notion of the second fundamental form of a map between Riemannian manifolds.

Let (M, gm) and (N, gn) be Riemannian manifolds and that π : (M, gm) −→ (N, gn) is a smooth map
between them. Then the differential π∗ can be viewed as a section of the bundleHom(TM, π−1TN) −→
M, where π−1TN is the pullback bundle which has fibers (π−1TN)u = Tπ(u)N, u ∈ M . The
Hom(TM, π1TN) has a connection ∇′ induced from the Levi-Civita connection ∇ of M and the
pullback connection. We define the second fundamental form of π by the equation

(∇′π∗)(X,Y ) = ∇πXπ∗Y − π∗(∇XY ) (2.8)

for X,Y ∈ Γ(TM), where ∇π is the pullback connection. It is known that the second fundamental
form is symmetric.

3 Complex-Contact Riemannian Submersion
In this section we attempt to consider a Riemannian submersion π from an almost Hermitian manifold
(M, g, J, ) to an almost contact metric manifold (M ′, g′, ξ′, ϕ′, η′) such that the projection map commutes
with the fundamental tensors.

Let π : (M, g, J, )→ (M ′, g′, ξ′, ϕ′, η′) be a Riemannian submersion , such that π∗ ◦ J = ϕ ◦ π∗ .
Let ξ denote the horizontal lift of ξ′. Then we have that

π∗Jξ = ϕπ∗ξ = ϕξ′ = 0 and −ξ′ = π∗(J
2ξ) = ϕ(π∗Jξ) = 0.

This contradict our assumption . This prompted the idea of Blair, B. Sahin on the concept of
semi-invariance Riemannian submertion. (See Blair, D.E, Ludden, G. Yano K (1976), Bayram Sahin
(2012) for more details). We now have the following definitions.

Definition 3.1. Maria falcitelli, stere Ianus, and Anna Maria Pastore (2004) Let (M, g, J) and (M ′, g′, ξ′, ϕ, η′)
be an almost-Hermitian and an almost-Contact metric manifolds respectively. A Riemannian submersion
π∗ : M →M ′ is called a complex-contact Riemannian submersion if there exists a 1− form η on M
such that π∗ ◦ J = ϕ ◦ π∗ − η ⊗ ξ′.

Example 3.1. The projection

π : M4 ×<2n+1 ×< −→M4 ×<

is a complex-contact Riemannian submersion from an almost Hermitian manifold to an almost contact
metric manifold.

Since the dimension of the fiber is dimM − dimM ′ implies that the dimension of the fiber in this
type of submersion is odd. Let ξ be the horizontal lift of ξ′, then we can see that

π∗(Jξ) = (π∗J)ξ) = ϕ ◦ π∗ξ − η(ξ)ξ′,

and
ϕ ◦ π∗ξ − η(ξ)ξ′ = 0− g(ξ, Jξ)ξ′ = 0

if Jξ is vertical vector field and η is its dual 1− form. The following proposition was proved;

Proposition 3.1. Maria falcitelli, stere Ianus, and Anna Maria Pastore (2004)Let π : M → M ′ be a
complex-contact Riemannian submersion. Then the following hold;

(i) J(V (TM)) ⊂ V (TM)⊕ span{ξ}.
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(ii) J(H(TM)) ⊂ H(TM)⊕ span{Jξ}.

(iii) If X is the basic vector field on M , π related to the vector field X ′ on M ′ , then JX−g(X, ξ)Jξ
is the basic vector field π related to ϕ′X ′.

(iv) For any vertical vector field V we write JV = ϕ̂V − η̂(V )ξ, where ϕ̂ is an endomorphism on
the vertical distribution and η̂ is a 1− form restricted to the vertical vectors V (TM).

Theorem 3.2. Let π : M → M ′ be a complex-contact Riemannian submersion. Then the fiber
(M̂, ϕ̂, η̂, Jξ) is a contact metric sub manifold of M with the restriction of g as an associated metric.

Proof. Since we have that JV = ϕ̂V − η̂(V )ξ, means that ϕ̂V = JV + η̂(V )ξ for any V ∈
mathcalV TM , and so we have the following;

(i) ϕ̂(Jξ) = J(Jξ) + η̂(Jξ)ξ = −ξ + g(Jξ, Jξ)ξ = 0.

(ii) η̂(Jξ) = g(Jξ, Jξ) = 1.

(iii) ϕ̂2(V ) = ϕ̂(ϕ̂(V )) = ϕ̂(JV )+η̂(V )ϕ̂(ξ) = J(JV )+η̂(JV )ξ+η̂(V )(Jξ+η̂(ξ)ξ) = −V +η̂(V )Jξ.

(iv) g(ϕ̂U, ϕ̂V ) = g(JU + η̂(U)ξ, JV + η̂(V )ξ) = g(U, V ) + g(JU, η̂(V )ξ) + g(η̂(U)ξ, JV ) +
g(η̂(U)ξ, η̂(V )ξ) = g(U, V )− η̂(U)η̂(V ),

this completes the proof

Furthermore, VTM is invariant with respect to ϕ̂.

Theorem 3.3. Let π : (M,J, g) → (M ′, g′, ξ′, ϕ′, η′) be a complex-contact Riemannian submersion.
Then the following hold;

(i) (∇′X′Φ)(Y ′, Z′) ◦ π = g(Y, (∇XJ)Z)− g(Z, ξ)g(Y,∇XJξ).

(ii) (∇JξΩ)(X,Y ) = g(X,∇JY Jξ)− g(Y, ξ)g(X,∇JξJξ) + g(JX,∇Y Jξ) + g(X, ξ)g(∇JξJξ, Y ).

(iii) (∇JξΩ)(Jξ,X) = −g(∇JξJξ, JX) + g(∇ξJξ,X),

where ξ is the horizontal lift of ξ′, X,Y, Z are basic vector fields, π−related to X ′, Y ′, Z′ respectively.

Proof.

(∇′X′Φ)(Y ′, Z′) ◦ π
= g′(Y ′, (∇′X′ϕ′)Z′) ◦ π
= g′(Y ′,∇′X′(ϕ′Z′)) + g′(ϕ′Y ′, (∇′X′Z′)) ◦ π. (3.1)

From proposition 3.1, one has

= g(Y,∇X(JZ − g(Z, ξ)Jξ)) + g((JY − g(Y, ξ)Jξ),∇XZ)

= g(Y, (∇XJZ)− g(Y, g(Z, ξ)∇XJξ) + g(JY,∇XZ)− g(g(Y, ξ)Jξ,∇XZ)), (3.2)

so from equations 2.2, one has

g(Y, (∇XJZ)− g(Y, g(Z, ξ)∇XJξ) + g(JY,∇XZ)− g(g(Y, ξ)Jξ,∇XZ))

= (∇XΩ)(Y,Z)− g(Z, ξ)g(Y,∇XJξ) + g(Y, ξ)g(∇XJξ, Z). (3.3)
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Similarly,

(∇JξΩ)(X,Y ) = g(X, (∇JξJ)Y ) = g(X,∇JξJY )− g(X, J∇JξY )

= g(X,∇JξJY )− g(X,∇Jξg(Y, ξ)Jξ) + g(JX,∇JξY )

= g(X,∇JξJY )− g(Y, ξ)g(X,∇JξJξ) + g(JX,∇JξY )− g(g(X, ξ)Jξ,∇JξY )

= g(X,∇JY Jξ) + g(JX,∇Y Jξ) + g(X, ξ)g(∇JξJξ, Y ). (3.4)

also

(∇JξΩ)(Jξ,X) = g(Jξ, (∇JξJ)X)

= g(Jξ,∇JξJX)− g(Jξ, J∇JξX)

= g(Jξ,∇JξJX)− g(ξ,∇JξX)

= −g(∇JξJξ, JX) + g(∇ξJξ,X), (3.5)

where X,Y, Z are basic vector fields on M π related to the vector field X ′, Y ′, Z′ respectively on
M ′.

Theorem 3.4. Let π be a complex-contact Riemnnian submersion from an almost Hermitian manifold
(M, g, J) to an almost contact metric manifold (M ′, g′, ξ′, η′), then

(∇XJ)Y − g(Y,∇Xξ)Jξ − g(Y, ξ)∇XJξ = g(JX, Y )ξ − g(Y, ξ)(JX − g(X, ξ)Jξ).

if (M ′, g′, ξ′, η′) is a Kenmotsu manifold, where X,Y are basic vector fields on M π related to the
vector fields X ′, Y ′, respectively on M ′ and ξ is the horizontal lift of ξ′.

Proof.

(∇′X′ϕ′)Y ′ = ∇′X′ϕ′Y ′ − ϕ′∇′X′Y ′

= ∇XJY −∇Xg(Y, ξ)Jξ − J∇XY + g(∇XY, ξ)Jξ
= (∇XJ)Y −Xg(Y, ξ)Jξ − g(Y, ξ)∇XJξ + g(∇XY, ξ)Jξ
= (∇XJ)Y − g(∇XY, ξ)Jξ − g(Y,∇Xξ)Jξ − g(Y, ξ)∇XJξ + g(∇XY, ξ)Jξ
= (∇XJ)Y − g(Y,∇Xξ)Jξ − g(Y, ξ)∇XJξ.

(3.6)

g′(ϕ′X ′, Y ′)ξ′ − η′(Y ′)ϕ′X ′ = g′(ϕ′X ′, Y ′)ξ′ − g′(Y ′, ξ′)ϕ′X ′

= g(JX − g(X, ξ)Jξ, Y )ξ − g(Y, ξ)(JX − g(X, ξ)Jξ)

= g(JX, Y )ξ − g(X, ξ)g(Jξ, Y )ξ − g(Y, ξ)JX + g(Y, ξ)g(X, ξ)Jξ

= g(JX, Y )ξ − g(Y, ξ)JX + g(Y, ξ)g(X, ξ)Jξ. (3.7)

From (2.1)

(∇XJ)Y − g(Y,∇Xξ)Jξ − g(Y, ξ)∇XJξ = g(JX, Y )ξ − g(Y, ξ)(JX − g(X, ξ)Jξ),

the result is complete.

Corollary 3.5. Let π be a complex-contact Riemnnian submersion from an almost Hermitian manifold
(M, g, J) to an almost contact metric manifold (M ′, g′, ξ′, η′), then

(∇XJ)X = g(X, ξ)∇XJξ

if (M ′, g′, ξ′, η′) is a nearly-K-cosymplectic manifold, where X,Y are basic vector fields on M π
related to the vector fields X ′, Y ′, respectively on M ′ and ξ is the horizontal lift of ξ′.
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Proof. From (2.1), the definition of Kenmotsu manifold, and from the proof of theorem (3.4) we
replace Y with X and obtain

(∇XJ)X − g(X, ξ)∇XJξ = o

and the result follows.

Theorem 3.6. Let π be a complex-contact Riemnnian submersion from an almost Hermitian manifold
(M, g, J) to an almost contact metric manifold (M ′, g′, ξ′, η′), then

(∇XJ)X − g(X, ξ)∇XJξ = g(X,X)ξ − g(X, ξ)X

and
∇Xξ = JX − g(X, ξ)Jξ

if (M ′, g′, ξ′, η′) is a nearly-K-Sasakian manifold, where X is a basic vector fields on M π related to
the vector fields X ′ on M ′ and ξ is the horizontal lift of ξ′.

Proof. From definition (2.1) and corollary (3.5)

(∇′X′ϕ′)X ′ = (∇XJ)X − g(X, ξ)∇XJξ. (3.8)

g′(X ′, X ′)ξ′ − η′(X ′)X ′ = g′(X ′, X ′)ξ′ − g′(X ′, ξ′)X ′

= g(X,X)ξ − g(X, ξ)X, (3.9)

this implies
(∇XJ)X − g(X, ξ)∇XJξ = g(X,X)ξ − g(X, ξ)X

and

∇Xξ = ∇′X′ξ′ = −ϕX ′

= JX − g(X, ξ)Jξ. (3.10)

This completes the proof.

4 geodesic conditions of the distributions.

Let π be a complex-contact Riemnnian submersion from a Kahler manifold (M, g, J) onto an almost
contact metric manifold (M ′, g′, ξ′, η′). Then we know from proposition (3.1), that JV ⊂ VTM ⊕
span{ξ}, JX ⊂ HTM ⊕ span{Jξ} for any V ∈ VTM and X ∈∈ HTM. Thus, we shall henceforth
write

JV = φV + ωV

JX = BX + CX (4.1)

where φV ∈ VTM , ωV ∈ span{ξ}, BX ∈ HTM and CX ∈ span{Jξ}.

Definition 4.1. An almost Hermitian manifold M is called Kahler manifold if (∇XJ)Y = 0, for all
X,Y ∈ Γ(TM), where ∇ is the Levi-Civita connection in M.

We recall that a differentiable map π between Riemannian manifolds (M, gm) and (N, gn) is
called a totally geodesic map if (∇π∗)(X,Y ) = 0 for all X,Y ∈ Γ(TM).
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Proposition 4.1. Let π be a complex-contact Riemnnian submersion from a Kahler manifold (M, g, J)
onto an almost contact metric manifold (N, gn) then π is a totally geodesic map if and only if

BTUφV +BH∇UωV = 0

ωV∇UφV + ωTUωV = 0.

Proof. Since π is a Riemannian submersion we have that (∇′π∗)(X,Y ) = 0 for all X,Y ∈ HTM.

Now let U, V ∈ V then from equation (2.8) we get

(∇′π∗)(U, V ) = −π∗∇UV = π∗J∇UJV.

Using proposition 4.1, equations 2.1 and definition 4.1 one has

(∇′π∗)(U, V ) = π∗[J∇UJV ]

= π∗[J(∇UφV ) + J(∇UωV )]

= π∗[J(TUφV ) + J(V∇UφV ) + J(TUωV ) + J(H∇UωV )]

= π∗[BTUφV + CTUφV + φ(V∇UφV + ωV∇UφV
+ φTUωV + ωTUωV +B(H∇UωV + CH∇UωV ]

= π∗[BTUφV +BH∇UωV + ωV∇UφV + ωTUωV

+ φV∇UφV + φTUωV + CTUφV + CH∇UωV ]

= π∗[BTUφV +BH∇UωV + ωV∇UφV + ωTUωV ]. (4.2)

Since π is a linear isometry between HTM and (TN), then π is a totally geodesic map if and only if

BTUφV +BH∇UωV + ωV∇UφV + ωTUωV = 0.

This implies that BTUφV +BH∇UωV = 0,

ωV∇UφV + ωTUωV = 0 and the proof is complete.

Proposition 4.2. Let π be a complex-contact Riemnnian submersion from a Kahler manifold (M, g, J)
onto an almost contact metric manifold (M ′, g′, ξ′, η′) then the distribution HTM defines a totally
geodesic foliation if and only if φ[AXBY + V∇XCY ] = 0 and C[H∇XBY + AXCY ] = 0. for all
X,Y ∈ HTM.

Proof. Let X,Y ∈ HTM. Then from definition 4.1 we have that ∇XY = −J∇XJY . From equation
4.1 one obtains

∇XY = −J∇XJY
= −J [∇XBY +∇XCY ]

= −J [AXBY +H∇XBY +AXCY + V∇XCY ]

= −φAXBY − ωAXBY −BH∇XBY − CH∇XBY
−BAXCY − CAXCY − φV∇XCY − ωV∇XCY
= −φAXBY − φV∇XCY − CH∇XBY − CAXCY
− ωAXBY − ωV∇XCY −BH∇XBY −BAXCY. (4.3)

This means that ∇XY ∈ H if

−φAXBY − φV∇XCY − CH∇XBY − CAXCY = 0,

that is if φ[AXBY + V∇XCY ] = 0 and C[H∇XBY +AXCY ] = 0. and the result follows.
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Proposition 4.3. Let π be a complex-contact Riemnnian submersion from a Kahler manifold (M, g, J)
onto an almost contact metric manifold (M ′, g′, ξ′, η′) then the distribution VTM defines a totally
geodesic foliation if and only if B[TUφV +H∇UωV ] = 0 and ω[V∇UφV − TUωV ] = 0.

Proof. Let U, V ∈ VTM. Then from definition 4.1 we have that ∇UV = −J∇UJV . From equation
4.1 one obtains

∇UV = −J∇UJV
= −J [∇UφV +∇UωV ]

= −J [TUφV + V∇UφV + TUωV +H∇UωV ]

= −BTUφV − CTUφV − φV∇UφV − ωV∇UφV
− φTUωV − ωTUωV −BH∇UωV − CH∇UωV
= −BTUφV −BH∇UωV − ωV∇UφV − ωTUωV
− CTUφV − CH∇UωV − φV∇UφV − φTUωV. (4.4)

This means that ∇UV ∈ V if

−BTUφV −BH∇UωV − ωV∇UφV − ωTUωV = 0

that is if BTUφV +BH∇UωV = 0 and ωV∇UφV − ωTUωV = 0.
and the result is obtain.
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