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Bi-Level Multi-Objective Large Scale Integer Quadratic
Programming Problem with Symmetric Trapezoidal

Fuzzy Numbers in the Objective Functions
Abstract

In our day to day activities modeling and solving of an optimization problem is one of the
most important aspect. In this paper focuses on the solution of a Bi-Level Multi-Objective
Large Scale Integer Quadratic Programming (BLMOLSIQP) problem where there are all
decision parameters in the objective functions are symmetric trapezoidal fuzzy numbers, and
has block angular structure of the constraints. The suggested algorithm based on α-level sets
of fuzzy numbers, weighted sum method, Taylor’s series, decomposition algorithm and
branch and bound method is to find a compromised solution for the problem under
consideration. Then, the proposed algorithm is compared to Frank and Wolfe algorithm to
demonstrate its effectiveness. In addition, the theoretical results are illustrated with the help
of a numerical example.
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1. Introduction

The concept of Fuzzy linear programming problems has an essential in fuzzy modeling
which can formulate uncertainty in actual environment. Afterwards many authors [1, 2, 3, 4,
5] considered various types of the fuzzy linear programming and propose several approaches
for solving these problems.

Bi-level mathematical programming (BLMP) is defined as mathematical programming that
solves decentralized planning problems with two decision makers (DMs) in two levels or
hierarchical organization. The basic concept of BLMP is that the upper-level decision maker
(ULDM) (the leader) sets his goals and/or decisions and then asks each subordinate level of
the organization for their optima which are calculated in isolation; the lower-level decision
maker (LLDM) (the follower) decisions are then submitted and modified by the ULDM with
the consideration of the overall benefit of the organization; the process is continued until a
satisfactory solution is reached [6, 7].

Optimization problems which have a large number of variables and a large number of
constraints are called Large-Scale Programming Problems (LSPP). Large-scale systems arise
in real-life problems while dealing with applications such as natural resource management,
manpower planning, industrial planning, control multi period production and inventory
problems [7]. One prominent structure of the LSPP is the block angular structure. In this
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structure, an LSPP is separated into smaller sub-problems which appear together, sharing
common resources in the upper-most interconnected constraints [8, 9].

A Quadratic programming problem in which some or all of the variables must take non-
negative integer values is commonly known as Integer Linear Programming Problem (IQPP).
If all the variables are constrained to be integer; it is called a Pure Integer Programming
Problem. In some situations, each variable can take on the values of either zero or one as in
‘do’ or ‘not to do’ all type decision and such problems are referred to Zero-One Programming
Problem or Standard Discrete Programming Problem.

A systematic procedure for solving integer programming problem was first developed by
R.E. Gomory in the year 1958 [10]. Extending the procedure to solve the Mixed-Integer
Programming Problem also, he derived algorithms (named as cutting-plane algorithm). Later
on, an efficient method with relatively new approach was developed known as “Branch and
Bound Method” [11].

Emam presented a bi-level integer non-linear programming problem with linear or non-linear
constraints [12] and proposed an interactive approach to solve a bi-level integer multi-
objective fractional programming problem in [13]. Baky [14] introduced two new algorithms
to solve multi-level multi-objective linear programming problems through the fuzzy goal
programming approach. The membership functions for the defined fuzzy goals of all
objective functions at all levels were developed. Then the fuzzy goal programming approach
was used to obtain the satisfactory solution for all decision makers.

Abo–Sinna and Abou-El-Enien [15] extend TOPSIS for solving interactive large scale
multiple Objective programming problems involving fuzzy parameters. These fuzzy
parameters are characterized as fuzzy numbers. For such problems, the α-Pareto optimality is
introduced by extending the ordinary Pareto optimality on the basis of the α-Level sets of
fuzzy numbers. An interactive fuzzy decision making algorithm for generating α-Pareto
optimal solution through TOPSIS approach is provided where the decision maker (DM) is
asked to specify the degree α and the relative importance of objectives.

Osman et al. [16] presented a method for solving a special class of large scale fuzzy multi-
objective integer problems depending on the decomposition algorithm.

Emam et al. [17] solved a Fully Rough Three Level Large Scale Integer Linear Programming
(FRTLLSILP) problem, in which all decision parameters and decision variables in the
objective functions and the constraints are rough intervals, and have block angular structure
of the constraints. The optimal values of decision rough variables are rough integer intervals.
The proposed model was based on interval method and slice-sum method in an interactive
model to find a compromised solution for (FRTLLSILP).

Emam et al. [18] solved a Fully Fuzzy Multi-Level Linear Programming (FFMLLP) Problem,
where all of its decision parameters and variables are fuzzy numbers. An algorithm
depending on the fuzzy decision approach and bound and decomposition method to find a
fuzzy optimal solution.

The rest of this paper is organized as follows: we start in Section 2 by formulating the model
of (BLMOLSIQP) problem with fuzzy parameters in the objective functions. The theories
used α-level sets to transform fuzzy number in the objective functions into deterministic form
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are obtained in section 3. In Section 4 presents a Taylor series approach for (BLMOLSIQP)
problem then converts the quadratic objective functions and using the weighted sum method
to transform the objective functions from multi-objective form to single objective form. In
section 5, presents a decomposition algorithm for a Bi-level Large Scale Integer Linear
Programming (BLLSILP) problem. Section 6 involves the concepts of Frank and Wolfe
algorithm. An algorithm followed by a flowchart for solving the proposed problem is
suggested in Section 7 and Section 8. In addition, a numerical example is provided in Section
9 to clarify the results. Finally, conclusion and future works are reported in Section 10.

2. Problem Formulation
Assume that, RR:F m

i  , (i=1,2) are the first level objective function and the second level

objective function . ),...,2,1(, mjRx n
j  be a real vector decision variables indicating the

control of each level. Therefore, the first level decision maker (FLDM) has control over the
vectors 21, xx and the second level decision maker (SLDM) has control over the
vectors 43 , xx . iku~ n-dimensional row vector (i=1,2) (k=1,2,.., n) of fuzzy parameters in the

objective functions. ikA~ are 1×m matrices of fuzzy parameters coefficients (i=1,2) (k=1,2,..,

n). L~ ik are m×m real matrices describing the fuzzy coefficient of the quadratic terms (i=1,2)
(k=1,2,.., n). G is the large scale linear constraint set where, T

mbbb ),...,( 0 is )1( m vector,

and mm ddaa ,...,,,..., 1001 are constants. Therefore, the Bi-Level Multi-Objective Large Scale
Integer Quadratic Programming (BLMOLSIQP) problem with symmetric trapezoidal fuzzy
numbers in the objective functions may be formulated as follows:

[FLDM]

]~
2
1)~(~~,[)~,( 1111

21

1

21

xLxxuA)u(xf
,xx

MaxuxF
,xx

Max k
T

kkjk 

(1)
Where mxx ,...,3 solves

[SLDM]

]~
2
1)~(~~,[)~,( 2222

43

2

43

xLxxuA)u(xf
,xx

MaxuxF
,xx

Max k
T

kkjk 

(2)
Where mxx ,...,5 solves
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Subject to
Gx { 00202101 bxaxaxa mm  ,

d1x1 ≤ b1,
d2x2 ≤ b2,

mmm bxd  ,
0,...,1 mxx and integer}.

(3)

Definition 1. [13]
Let G1, G2 be the feasible regions of FLDM and SLDM, For any

   GxxxxGxx m  ,...,,, 121121 given by FLDM, if the decision-making variable

   GxxxxGxx m  ,...,,, 143243 is the optimal solution of the SLDM, then  mxx ,...,1

is a feasible solution of (BLMOLSIQP) problem.

Definition 2. [13]
If n

j Rx * , (j=1,2,…,m) is a feasible solution of the (BLMOLSIQP) problem (1) – (3); no

other feasible solution Gx j  exists, such that Fi( *
jx )Fi( jx ), (i=1,2), (j=1,2,…,m) so *

jx is
the optimal solution of the (BLMOLSIQP) problem.

3. α-Level sets of fuzzy numbers or α-cut

α -cut or α -level set is one of the most important concepts to solve (BLMOLSIQP) problem
with fuzzy numbers in the objective functions that convert fuzzy number form into equivalent
deterministic form, but transformation process needs the following definitions to be known,
for more details see [20]:

Definition 3.
Let R be the space of real numbers. A Fuzzy set iA

~ is a set of ordered pairs

 Rxxx
iA ))(,( ~ where )(~ x

iA : → [0,1] is called membership function of fuzzy set.

Definition 4.
A convex fuzzy set, iA

~ , is a fuzzy set in which: ∀ x, y ∈ R, ∀  ∈ [0, 1]

iA
~ (x + (1 - ) y  min [

iA
~ (x),

iA
~ (y)].

Definition 5.

A fuzzy number is a trapezoidal fuzzy number if the membership function of it be in the

following form:
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Fig. 1.1 Trapezoidal Fuzzy Number

Where a and b are respectively the lower and the upper bounds of the fuzzy number. We
show any trapezoidal fuzzy number by ),,,(~ dcbaA  where the support of A~ is (a-c, b+d)
and the model set of A~ is [a, b].

Definition 6.
Trapezoidal fuzzy number (TFN) is a convex fuzzy set which is defined as Ã = ))(,( ~ xx

iA

where:































.otherwise0

,if1

,if1

,if1

)(~

dbxb
db
bx

bxa

axca
ca
xa

xA

Definition 7.
The  –level set of a fuzzy set Ã is a non-fuzzy set denoted by (Ã) for which the degree of
it's
membership functions exceed or equal to a real number

∈α  [0, 1], i.e. (Ã) = {x | )(~ x
iA ≥  }.

The  - level set of Ã is then; (Ã)  =     UL
AA 
~,~ that is

 LA 
~ = (1-)a +  b, and  UA 

~ = (1-)d +  c,

(4) where,  LA 
~ and  UA 

~ represent the lower and upper cuts respectively.

Since the (BLMOLSIQP) problem is maximization-type then replacing the fuzzy coefficient
by their  UA 

~ upper cuts, the problem (1) – (3), can be understood as the corresponding
deterministic in the objective functions as following:

[FLDM]

)(~ xA

UNDER PEER REVIEW



6

]...[)( 121111

21

(x),f(x),f(x),fxF
,xx

Max n

(5) Where mxx ,...,3 solves

[SLDM]

]...[)( 222122

43

(x)f,(x),f(x),fxF
,xx

Max n

(6)
Where mxx ,...,5 solves

Subject to
.Gx

Such that xLxxAf ik
T

kiki 2
1

 (i = 1,2), (k = 1,2,.., n).

Then, each level has his\her own optimal solution using Taylor’s series, and decomposition
algorithm together with weighted sum method.

4. Taylor Series Approach

To solve (BLMOLSIQP) problem using decomposition algorithm very complex problem, so
we transform the objective functions by using order Taylor series polynomial in the
following form [19].

)2,1(),,...,2,1(,
)(

)()()()(
1

*
**^ 



  

imj
x
xF

xxxFxFxK
m

j
j

ji
ijjjiii

(7)
Then we use the weighted sum method [11] to transform the objective functions in the upper
level and lower level from multi-objective into single objective, the weight of the first
objective is greater than the weight of the second objective so the Bi-Level Large Scale
Integer Linear Programming (BLLSILP) Problem can be written as:

[FLDM]

QMax
xx 21 ,

1(x) = jj

m

j

xcMax 1
1



(8)
Where mxx ,...,3 solves

[SLDM]
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QMax
xx 4,3

2(x) = jj

m

j

xcMax 2
1



(9)
Where mxx ,...,5 solves

Subject to
.Gx

5. Decomposition Algorithm for Bi Level Large Scale Integer Linear Programming
Problem
To solve the (BLLSILP) problem based on the decomposition algorithm [9] and constraint
method. The FLDM gets the optimal solution using decomposition algorithm by breaking the
large scale problem into n-sub problems that can be solved directly. Then by inserting the
FLDM decision variable to the SLDM for him/her to seek the optimal solution using
decomposition method.

5.1. The First-Level Decision-Maker (FLDM) Problem

The FLDM problem of the (BLLSLIP) problem is as follows:

[FLDM]

QMax
xx 21 ,

1(x) = jj

m

j

xcMax 1
1



(10)
Subject to

.Gx
The FLDM problem use decomposition method [9] to solve his problem. If the FLDM
doesn’t have an integer optimal, then the FLDM well use branch and abound [10] to get an
integer optimal solution.

5.2. The Second-Level Decision-Maker (SLDM) Problem

Finally, according to the mechanism of the (BLLSLIP) problem, the First Level variables
FF xx 21 , should be passed to the Second-Level; so the second-level problem can be written as

follows:

QMax
xx 4,3

2(x) = ,2
1

jj

m

j

xcMax


(11)        Subject to
.),...,,( 21 Gxxx F

m
FF 

(12)

To obtain the optimal solution of the second -level problem; the SLDM solves his master
problem by the decomposition method [9] as the first level, If the SLDM doesn’t have an
integer optimal, then the FLDM well use branch and abound [10] to get an integer optimal
solution.

Now the optimal solution ( S
m

SSSFF xxxxxx ,...,,,,, 54321 ) of the SLDM is the optimal solution of
the (BLLSLIP) problem.
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6. Frank and Wolfe Algorithm [21]
This method deals with the following problem in which all constraints are linear:

 ,XfZMax 

(13) Subject to
.0,  XbAX

Let kX be the feasible trial point at iteration .k the objective function )(Xf can be expanded
in the neighborhood of kX using Taylor series. This gives

            .)( XXfXXfXfXXXfXfXf kkkkkkk 
(14)

The procedure calls for determining a feasible point *XX  such that )(Xf is maximized
subject to the linear constraints of the problem. Because kkk XXfXf )()(  is a constant,
the problem for determining *X reduces for solving the linear program:

,)()( XXfXwMax k
k 

(15)
Subject to

.0,  XbAX
Given kw is constructed from the gradient of )(Xf at kX , an improved solution point can be
secured if and only if    k

kk XwXw * . From Taylor expansion, the condition does not that
   kXfXf * unless *X is in the neighborhood of kX . However, given
   ,* k

kk XwXw  there must exist a point 1kX on the line segment  *, XX k such that
   kk XfXf 1 . The objective is to determine 1kX . Define

    .10,1 **1  rXXrXrXXrX kkkk 

(16)

This means that 1kX is a linear combination of kX and *X . Because kX and *X are two
feasible point in a convex solution space, 1kX is also feasible. The parameter r represents
the step size.

The point 1kX is determined such that )(Xf is maximized. Because 1kX is a function of r
only, 1kX is determined by maximizing

    .* kk XXrXfrh 
(17)

The procedure is repeated until, at the k th iteration,    k
kk XwXw * at this point , no

further improvements are possible, and process terminates with kX as the best solution point.

7. An Algorithm for Solving (BLMOLSIQP) Problem with Fuzzy Numbers
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A solution algorithm to solve (BLMOLSIQP) Problem, in which all decision parameters in
the objective functions are symmetric trapezoidal fuzzy numbers, and has block angular
structure of the constraints, is described in a series of steps as follows:

Step 1. Formulate the (BLMOLSIQP) Problem with fuzzy parameters in the objective
functions.

Step 2. The FLDM and SLDM convert Problem (1) – (2) into Problem (5) – (6) by using α
–cuts.
Step 3. Apply Taylor's series approach to obtain polynomial objective function in Formula

(7).
Step 4. Use weighted sum method [10] to obtain single objective and formulate the

problem (8) – (9).
Step 5. Apply the decomposition algorithm [9] to solve the FLDM problem by breaking

the large
scale problems into n sub-problems that can be solved directly, then the optimal
solution
is get (10).

Step 6. If the FLDM gets the optimal solution is an integer, go to Step 8.
Otherwise, go to Step 7.

Step 7. Using branch and bound method [11] to find integer optimal solution.
Step 8. Set ),(),( 2121

FF xxxx  to the SLDM constraints.
Step 9. Formulate the SLDM problem (11).
Step 10. Apply the decomposition algorithm [9] to solve the SLDM, then the optimal

solution is get.
Step 11. If the SLDM gets the optimal solution is an integer, go to Step 13.

Otherwise, go to Step 12.
Step 12. Use branch and bound method [10] to find integer optimal solution.
Step 13. ( S

m
SSSFF xxxxxx ,...,,,,, 54321 ) is an optimal solution for (BLMOLSIQP) problem.

Step 14. Stop.

Remark 1. For (BLMOLSIQP) problem, the Lingo package is suggested as a basic solution
tool.
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8. A Flowchart for Solving (BLMOLSIQP) Problem

A flowchart to explain the suggested algorithm is described as follows:

Stop

Start

Formulate the (BLMOLSIQP) Problem

FLDM and SLDM use α –cuts to formulate his problem into crisp problem

Apply Taylor’s Series Approach and weight method to convert
(BLMOLSIQP) Problem into (BLLSILP) Problem

Reach
Optimal integer

solution

Using branch and bound method

NoYes

Yes No

Apply the decomposition algorithm to solve the FLDM problem

Set )2,1()2,1(
F

x
F

xxx  to the SLDM constraints

Apply the decomposition algorithm to solve the SLDM problem

Reach
Optimal integer

solution

Using branch and bound method

(
S
m

SSSFF xxxxxx ,...,,,,, 54321 ) is an optimal solution for

(BLMOLSIQP) problem
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9. Numerical Example

To demonstrate the solution for (BLMOLSIQP) problem with fuzzy numbers, let us consider
the following problem:

[FLDM]

























))1,1,4,2()1,1,2,1()3,3,10,8()2,2,7,5(((

),2)1,1,3,1(28)3,3,6,4()1,1,4,2()2,2,6,3((

),)3,3,9,7(6)1,1,3,1(2)1,1,3,2((

)(
2
54

2
32

2
11

2
65

2
43

2
22

2
11

6
2
53

2
22

2
1

,1, 2121

xxxxxx
xxxxxxxx

xxxxxx
MaxxFMax

xxxx

Where 6543 ,,, xxxx solves

[SLDM]

























))1,1,3,1()4,4,8,6(6)8,8,12,10(5(

),6)3,3,6,4()2,2,5,3()4,4,8,7(43)1,1,3,1(2(

),3)3,3,6,4()2,2,5,3(5)1,1,2,1((

)(

65
2
443

2
22

2
1

6
2
5

2
44

2
332

2
11

2
66

2
44

2
3

2
21

,2, 4343

xxxxxxxx
xxxxxxxxx

xxxxxxx
MaxxFMax

xxxx

Where 65 , xx solves

Subject to
,90654321  xxxxxx

,102 21  xx
,353 21  xx
,5043  xx

,402 65  xx
,602 65  xx

.0,,,,, 654321 xxxxxx and integer.

Firstly, Applying α -Cuts [20] to transform the fuzzy number form in to equivalent crisp form
Let

α = 0.5 to compute  UA 0.5
~ so, the problem reduces to

[FLDM]

























)32(

),22832(

),362(

)(
2
54

2
32

2
11

2
65

2
43

2
22

2
11

6
2
53

2
22

2
1

,1, 2121

xxxxxx
xxxxxxxx

xxxxxx
MaxxFMax

xxxx

Where 6543 ,,, xxxx solves
[SLDM]
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























)4685(

),6324432(

),3325(

)(

65
2
443

2
22

2
1

6
2
5

2
44

2
332

2
11

2
66

2
44

2
3

2
21

,2, 4343

xxxxxxxx
xxxxxxxxx

xxxxxxx
MaxxFMax

xxxx

Where 65 , xx solves
Subject to

,90654321  xxxxxx
,102 21  xx
,353 21  xx
,5043  xx

,402 65  xx
,602 65  xx

.0,,,,, 654321 xxxxxx and integer.

Secondly, applying the first order Taylor series [19] to convert the quadratic objectives
functions to linear objectives functions and use the weighting method [10] to convert multi
objectives to single objective so the (BLLSLIP) problem is written as following:

[FLDM]























)42235(
),12422194(

),831242(
)(

54321

654321

65321

,1, 2121

xxxxx
xxxxxx

xxxxx
MaxxFMax

xxxx

Where 6543 ,,, xxxx solves

[SLDM]























)104148112(
),141281234(

),1058102(
)(

654321

654321

64321

,2, 4343

xxxxxx
xxxxxx

xxxxx
MaxxFMax

xxxx

Where 65 , xx solves

Subject to
,90654321  xxxxxx

,102 21  xx
,353 21  xx
,5043  xx

,402 65  xx
,602 65  xx

.0,,,,, 654321 xxxxxx and integer.

The first level problem is formulated as:
)92.731.295.499.065.159.863.3()( 654321,1, 2121

 xxxxxxMaxxFMax
xxxx
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Subject to
.Gx

After four iterations the first level decision maker optimal solution is obtained:
).0,20,0,33.58,66.11,0(),,,,,( 654321 FFFFFF xxxxxx

So, 287.54671 F

The FLDM use branch and bound to get integer optimal solution then we get
).0,20,0,57,11,2(),,,,,( 654321 FFFFFF xxxxxx

So, 286.88001 F

Then take the first level decision maker solution and set )11,2(),( 21 FF xx to the second level
constraint.

)22.113.329.49.99.928.531.2(),( 654321,432, 4343

 xxxxxxMaxxxFMax
xxxx

Subject to
.Gx

The SLDM will repeat the same steps as the first level decision maker until the second level
decision maker get the optimal solution is obtained:

).0,0,5.63,5.13(),,,( 6543 ssss xxxx
So, .78001382 F

The SLDM use branch and bound to get integer optimal solution then we get

).0,0,0,77,11,2(),,,,,( 654321 ssssFF xxxxxx

So, 286.88001

*
F , 813.78002

*
F

Also we can applying Frank and Wolfe algorithm [21] to convert the quadratic objectives
functions to linear objectives functions and use the weighting method [10] to convert multi
objectives to single objective so the solution of the FLDM using Weighting Method, Frank
and Wolfe algorithm, and Decomposition Algorithm =2571.780 .

).0,20,0,333.58,666.11,0(),,,,,( 654321 FFFFFF xxxxxx

The FLDM use branch and bound to get integer optimal solution then we get
).30,0,0,59,11,0(),,,,,( 654321 FFFFFF xxxxxx

So, 2551.4111 F

Solution of the SLDM using weighted sum method, Frank and Wolfe algorithm,
Decomposition Algorithm and FLDM decision variables )11,0(),( 21 FF xx = 15026.41
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).0,0,50.64,50.14,11,0(),,,,,( 654321 SSSSFF xxxxxx

The SLDM use branch and bound to get integer optimal solution then we get

).0,1,64,15,11,0(),,,,,( 654321 ssssFF xxxxxx

So, 2551.4111

*
F , 14856.852

*
F

Table (1) compares the results of applying Frank algorithm and Taylor series for solving the
(BLMOLSIQP) problem with fuzzy numbers in the objective functions.

Level The results using
Taylor

The results using
Frank and Wolfe

FLDM 286.88 2551.411

SLDM 813.78 14856.85

Table (1): Comparison between Results of Applying Frank Algorithm and Taylor Series

The Taylor algorithm produces an approximated, in accurate, but fast solutions. These
solutions can be used in fields such as agricultural decisions.

The Frank and Wolfe algorithm introduces accurate but slow solutions. These solutions can
serve in fields such as medical and financial decisions.

Finally, in comparing between the result found in O. Emam et al. (2017) [22] and the
proposed algorithm, the result shows that the proposed algorithm better than the result found
in O. Emam et al. (2017) [22], the table below introduce the following:

Level The result found in O.
Emam et al. (2017) [22]

The proposed
algorithm

FLDM 671.748 286.88

SLDM 2132.10 813.78

Table (2): Comparison between the results found in Emam et al. (2017) [22] and the proposed
algorithm

10- Conclusion and Future Points

This paper suggested an algorithm to solve (BLMOLSIQP) problem with fuzzy parameters in
the objective functions at every level are to be maximized. The suggested algorithm has used
α-Level sets of fuzzy numbers, weighted sum method, then all decision makers attempt to
optimize their problems separately as a large scale quadratic programming using Dantzig and
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Wolfe decomposition method and Taylor’s series together with constraint method. Then,
compared the proposed algorithm to Frank and Wolfe algorithm to demonstrate its
effectiveness. Finally, a numerical example was given to clarify the main results developed in
this paper.

However, there are many other aspects, which should by explored and studied in the area of
fuzzy large scale optimization such as:

1- Multi -level Multi-objective large scale integer quadratic programming problem with
fuzzy parameters in the constraints.

2- Bi-level Multi-objective large scale integer quadratic programming problem with
fuzzy parameters in the objective functions and constraints.

3- Multi-level Multi-objective large scale integer quadratic programming problem with
fuzzy parameters in the objective functions and constraints.
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