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Existence of Global Attractor for Cahn-Hilliard
perturbed phase-field system with Dirichlet boundary
condition and regular potential

Abstract

Our aim in this paper is to prove the existence of the global attractor for a perturbed
Cahn-Hilliard phase-field system with relaxation, initial conditions and homogeneous
Dirichlet boundary conditions. This system is governed by a regular potential.

Keywords: Cahn-Hilliard perturbed phase-field system, dissipativity, global attrac-
tor, Dirichlet boundary conditions.

1 Introduction

The G. Caginalp phase-field system
ou

i A*u—Af(u) = —Af (1.1)
00 ou

has been proposed in [3| as model phase transition processes such as melting-solidification
processes and have been studied, e.g., [1], [2] and [9]; see also, e.g.,( [5], [6]). In the above
system, u is the order parameter and 6 is the (relative ) temperature.

These Cahn-Hilliard phase-field system are known as the conserved phase-field system
(see [4], [5], [7], [8], [14] and [20]) based on type III heat conduction and with two temper-
atures (see [15], [16]) in which the authors have proved the existence and the uniqueness
of the solution, the existence of global attractor and of exponential attractors with sin-
gular or regular potential.
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In [11], Mangoubi and al. studied the following Cahn-Hilliard phase-field system

*u  Ou 5 da
D D Oa ou
o S S T o (14)

where € > 0, u is the order parameter and « is the (relative ) temperature, the au-
thors have proved the existence and the uniqueness of solution with Dirichlet boundary
conditions and a regular potential. The system (1.3)-(1.4) is not dissipative, then to
circumvent this difficulty we are forced to add another perturbed term on the equation
Cahn-Hilliard (1.3) in order to prove the dissipativity of the below system .

In this paper, we consider the following Cahn-Hilliard perturbed phase-fiel system

2
e(—A) (8 Yy @) + Ou + A% — Af(u) = —Aa—a in RY xQ (1.5)

o2 ot ot ot

O« oo oo ou

— —A— - A——Aa=—— i Tx0 1.

ot ot g ha= g o Rox (1.6)
u|1" == Oé|1" == AU|F =0 (17)
ou Oa

U’t:O = Ug, E’tzo = Ui, Oéftzo = Qy, E\t:o = 0, (1-8)

as one perturbed Cahn-Hilliard phase-field system (1.1)-(1.2) with ¢ > 0. Q is a
bounded and regular domain of R® n =2 or 3 and f is a nonlinear regular potential.

The hyperbolic system has been extensively studied for Dirichlet boundary conditions
and regular or singular potential (see [12], [17], [18]). Whose certain have to end at the
existence of global attractor and at the existence of exponential attractors ( see [13], [19]
and [10]).

In this paper we prove the existence and the uniqueness of solutions and the existence
of global attractor of the problem (1.5)-(1.8). We consider here only one type boundary
condition, namely, Dirichlet. Furthermore we consider the regular potential f(s) = s3> —s

which satisfies the following properties

f is of class C?; f(0) = 0, (1.9)
—co < f'(8), >0, VseR, (1.10)
—c1 < F(s) < f(s)s+c, ¢, 20, VseR (1.11)

with

o= [ f(ryr,
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2 Notations

We denote by ||.|| the usual L*norm ( with associated product scalar (.,.)) and [|.||_; =
|(—A) = ||, where —A denotes the minus Laplace operator with Dirichlet boundary con-
ditions. More generally, ||.||x denote the norm of Banach space X and ¢, is the constant
of Poincare.

Throughout this paper, the same letters C, Cy and C5 denote (generally positive) con-
stants which may change from line to line, or even in the same line. In what follows, the
Poincare, Holder and Young inegalites are extensively used, without further referring to
them.

3 A priory estimates

We multiply (1.5) by (—A)_l% and integrate over 2. We have

0?u Ou ou Odu _,0u Ou du u da du
(Wﬁ)*(%@)*(ﬂ) aa) ( Au, 8t>+(f< ) 875) (81& 6t)
which implies

d 9 9 9 s o (0a Ou

e e L T R e e Y -y PR Y

, Oa , .

Now multiply (1.6) by 5 and integrate over ). We obtain

82_a8_a + _Aa2_&a_a + _Aa_aa_a + _A a_a —— @a_a
a2 ot o ot ot ot “or )T T\ o

which yields

ou Oa
& (15419 S ivar) vaviee = -2 (5.5, 62

Summing (3.1) and (3.2), we find

dE1 Oé
By o 22 202, 21w L= (3.3)
where
B = o 2 4 7 ul? 42 | r iz + 122+ IV g alt. @)
and satisfies
B> (Ilvull2+e|\ 2+l val?+ v ||2)+0' 0. (35)
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We conclude that u, € L™ (R™; H}(2)),
ou

5 € L (R512(Q) n 12 (0.T: (@)

and

2—? € L™ (R Hy(Q)) NL*(0,T; Hy () VT > 0.

Multiply (1.6) by 2 8t2 ¢ and integrate over ). We get

ou 9%« O
THAUERIPT  SAL R o i w) 2(Va,V20)
P a P
< 25 (o 2]+ 20 Va9 o
2 2 < 2 2
Loz ) 2o 922 < 1292 4 val

Then %273 € L*(0,T; H}(Q)). In the following section, we have three main results:

existence and uniqueness theorems and the existence of solution with more regularity.

4 Existence and uniqueness of solutions

Theorem 4.1. (Ezistence) We assume that (ug, uy, o, o) € HE(Q) x L2(Q) x (HL(Q))?.
Then, the system  (1.5) — (1.8) possesses at least one solution (u,a) such that u,« €
L>(RY H(Q), 24 e L~ (RY; L2(Q) N L2(0,T; L3 (), 22 € L= (R HY(Q)) N
L?(0,T; HY(Q)) and Z¢ € L2 (0,T; HY(Q)), VT > 0.

The proof is based on priory estimates obtained in the previous section and on a
standard Galerkin scheme.

Theorem 4.2. (Uniqueness) Let the assumptions of Theorem 4.1 hold. Then, the system
(1.5) — (1.8) possesses a unique solution (u,a) such that u,a € L™ (RT; Hy(Q)),

8" € L>*(R*;L*(Q)) N L*(0,T; L*(Q)), %‘j € L*(RT; Hl(Q)) NL*(0,T; Hy () and
atQ € L*(0,T; H}(Q)), VT > 0.

Proof. Let (u,a) and (u®,a®) be two solutions of the system (1.5) — (1.8) with
initial data (ué o, oV, ol )) and ( SRR ),ag )) € HL(Q) x L2(Q) x (HL(Q))?,
respectively. We set u = ") —u® and o = (") — a®| then (u, a) is one solution of the
following system

O*u  Ou ou ) ) ) da
E(—A) (W + E) E + A u — A (f(u ) — f(u )) = —AE (4.1)
0% 82 Oa ou



UNDER PEER REVI EW

ulan = Aulsg = alsg =0

ou

o =t =) s Uy~ = ol
ot
Oa

ali—o = g = oz(gl) — aé2); e — im0 =1 = ozgl) — a?).

0
We multiply (4.1) by (—A)_l—u and integrate over 2. We obtain

ot
d 9 9 9 ) ou Ja Ou
e . o (22 2
i (G 1w a2 GG e (1) - 1w, 5) =2 (5.5
(473)
Multiplying (4.2) by %—(Z and integrating over ), we get
ou O«
2 2 2 2
& (15 + 1w o+ 17al? ) 4 2950 = -2 (5. 55).
Summing (4.3) and (4.4), then we obtain
dE, > 2 Oap _ M _ @) 2
o o) 22 200, 421w 20 = <2 () - p®), 28 )

where
By = 6|| ||2 + || 7 ull? + || ||2 + IIV ||2 + v o

We know that
with
:/ f(u ut — u@))ds
0
1
3/ (su™ + (1 —s) (2))2d5,
3/ (D] + [u®] +1)2ds
0
1
< C’/ (|u(1)|2 + |u(2)|2 + 1)ds
0

< C(uM P+ [u®? + 1),

N
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Then

[ - s Frae = [ 10/l i

o ot o ot
<C [ (WOP + 1P + 1) ull Fldo,
< (IOlBe + [ + 1) ol 5

< C (Il + @7 +1) HUHHlH H

)
(

Ju
ol + 5 12) . K >o. (46)

Inserting (4.6) into (4.5), we have

dE
dt2 + 2 || ||2+2|| ||2 +2f V—H2 < K(IIVU||2+6|| || )-

Applying Gronwall’s lemma, we obtain V ¢ € [0; T

Eit) +2 [ G0 + 15 O+ IV (P)r < RO, (47)

We deduce the continuous dependence of the solution relative to the initial conditions,
hence the uniqueness of the solution.
The existence and the uniqueness of the solution of problem (1.5)-(1.8) being proved in
a larger space, we will seek the existence of solution with more regularity. U

Theorem 4.3. We assume that (ug, u1, ag, o) € (H2(Q) N HL(Q))x HE(Q) x (H2(Q) N HL(Q))*.
Then the system (1.5)-(1.8) possesses a unique solution (u, ) such that u, v € L> (0, T; H*(Q) N H} ()]
2u ¢ 120 (0,T; HY(Q)NL? (0, T; HH(Q)), 22 € L (0,T; H2(Q2) N HA(Q)NL2 (0, T; HA(Q)),

o [2(0,T; HX(Q) N HY(Q)) and 2% € L2(0,T;L*(Q)), VT > 0.

Proof. Owing to the theorems (4.1) and (4.2), the system (1.5) — (1.8) possesses
a unique solution (u @) such that u,a € L™ (RT; HL(R)), & ¢ L*(R*;L*(Q)) N

ot
L2 (0,T; L3(Q)), 2 € L (R Hy(Q))NL? (0, T; HY(Q)) and £¢ € L2 (0,T; HY(Q)), VT >

0.
: ou .
Multiply (1.5) by s and integrate over ). We have
ou Oda _Jdu ou
el 2 2 2 et - o el
i (VG 4180 ) + 2w G + 20 G =2 (V5. 5 ) =2 (V0. V5 )

(4.8)
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0
Multiplying (1.6) by A and integrating over 2, we get

ot
Ja _Ou
2 2 2 o, o oa ou
& (95 185 e naal) + 2180 = -2 (V5.5 o
Summing (4.8) and (4.9), we obtain
dFE. , ou
T VP2 2T = 2 (P VS ). @)

where

= EIIV—||2 + (| Aull* + IIV ||2 + ||A ||2 + 1Al

Thanks to use f’(s) and the fact that u € L™ (R+;HO(Q)), we find the following
estimate

/\f |VuHV Udr = /\3u —1\|wuv ldr

N

2
1 -
3 [ (uf + Il [V 5 e

N

C (Ifullzs +1) IIWIILGIIV ||

N

C (Ilullz +1) IIAUIIIIV ||

N

ou
A -
Claullvr,

0
< K (||Auy|2 + e||va—7zy|2> , K >0. (4.11)

Inserting (4.11) into (4.10) and applying the Gronwall’s lemma, we deduce that
u,a € L®(0,T; HX(Q) N H(Q)), 2 € L>(0,T; Hy(Q) N L*(0,T; Hj(Q)) and & €

ot

)
L0, T; HX(Q) N HE(Q)) N L0, T; HA(Q) N HY(Q)), ¥ T > 0.

Multiplying (1.5) by (—A)~ (gg and integrating over 2, we obtain
d ou d ou da 0*u 0%u 0%u
2 e Sz, =2 (228 foaw, 28y — 9 gu
2| T g e ey 4Oy ( i aﬁ) +2(Au 8t2> (. 55 ).
<2 + 2||A
H HH 8t2 S1l+2] UHH 5 o
+2/ |f(u H8t2 |d. (4.12)
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Thanks to use f(s) and the fact that u € H*(Q) C L>(Q), we get

[ @S tde < (s +1) [ 1l Slas

<c/ \uHatZ da

< Ol % " |

< OV
| U|||| BIE ||
82
< 24 ¢ 2,
< O Vul|* + || e |

Inserting the above estimate into (4.12) we obtain
(51512 ) + el 17+ < GG + il + [V, €1 >0,

which implies that 2% € L2(0,T; L*(2)).

Multiplying (1.6) by A%tg“ and integrating over €2, we find

2|IV6;2 I+ 2||Aat2 I+ HA ||2 2|| HHAE%? I+ 2HA04||HA(;2 I,
< 2||Aoz||2 —IIA8252 I” + —IIA(9752 I? + H?ZHQ
HA ||2 2||V BB SI2+ HA Bl TIP < 2|| ||2 + 2| A
that implies 2¢ € L2 (0,7 H*(Q) N H (). O

5 Dissipativity and regularity

In this section, we have two main results, the dissipativity and the regularity of the semi-
group {S:(t)}+=0 associated to the system (1.5) — (1.8).
We have thanks to the Theorems (4.2) and (4.3) two following respective phase spaces

®y = Hy(Q) x L*(Q) x (Hy ()%,
®y = (H*(Q) N Hy () x Hy(Q) x (H*(Q) N Hy ()%,
and the two following energy norms

u Oa
I, 2 0, SN, =l + €l o s + e+ o e, k= 1,2

We then deﬁne the continuous semi-group

at Ja( )7 at

where k = 1,2 and (u, «) is the unique solution of the system (1.5) — (1.8) with the initial
conditions (ug, u1, ap, 1) € Py.

Sy(e) : By —> By (tg, ur, A, 1) —> (u(t), du(t) 80‘(t)> , (5.1)
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Theorem 5.1. If we assume that (u,«) is the solution of the problem (1.5) — (1.8) with
initial data that (ug,u1,ap, 1) € ¢1. Then, the solution (u,«) satisfies the following

estimate
I (w10 50000 550 )l + [ 124242 0

< Q ([luolla, [luall, HaOHHl, laallm) e +C (5.2)
where B and C are the positive constants and ) is the monotonic function.

Proof. We multiply (1.5) by (—A)~'u and integrate over Q. We have

(G (o) s roma- (3).

Using (1.11) we have

q
L Bt o vl + /F(u)dxg/cgdx—l—Q Oa +2e|| “e,
i g g ot

which implies

d
GBIVl +2 [ Flupds < 0+ GV + 2 1P, (5.3)
Q

where 5
u
B = (2650 + P+ elul?).
We multiply (1.6) by «, and integrate over 2. We have
o D da ou
(W7O[) + (—Aw,a> ( Aa— Q{) + <—AO(,OZ) = — (E,Oz> s

which implies

d
B +2[[Val* < H H 1[[Val] +2H—H2+2HV ||2
< || H2 + ||V06||2+20p||V—H2+2HV H2
d
B lIVal” < || H2 CHV ||2 (5.4)
where 3 3
o o
Es=(2(= 2(V— 7). .
o= (25 00+ 295 Va) + [Val?) (5.5)
Summing (3.3), 71(5.3) and ~2(5.4) where ; and 5 > 0 are such that
1—’)/1 > 0
2_’}/2 > 07

1—71022,—720 > 0

9
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we get

d
EE6+01|WU||2+C2|| ||2+03H H2 JFC4||V04|’2+2%/F( )d:p—l—C’5||V ||2 C,
Q
(5.6)

where
E¢ = By + 1y + 7o Es.

Moreover, for sufficiently small values of v; and v, > 0, there exists C' > 0 such that
ou, o 9 oo, 1o 9
O el OIF + V@I + 1V 5 @1 + [Va@)* ) < Eo(?)
U, o 9 Oa, 1 9
<O ellgp O +IVu@" + IV 2 O + [[Va@)l” ) - (5.7)
Thanks to (5.7), (5.6) can be written as

d
@ Byt BB+ Ol 2, < € (58)

where 5 and C are the positive constants. Applying Gronwall’s lemma, thanks to estimate
(5.7) we have

ou B(t—r
(8, G100, SO, +© [ 1A 2 et
<Q(Huol\m,\!ulHAIaoI!Hl,HquHl) ﬁ“ra (5.9)
where 5 and C are the positive constants and Q is the monotonic function. O

Corollary 5.1. The semi-group of operators S.(t),t > 0 associated to the problem (1.5)—
(1.8) is dissipative in 1, it possesses a bounded absorbing set in Dy.

This corollary is a straightforward consequence of theorem (5.1).

We denote Bp,(€) = {(u, 3%, a, %) € &1/|| (u, 3%, a, %) ||ls, < Ro} where Ry is large
enough, a bounded absorbing set of the semi-group S.(t) in ;.

Theorem 5.2. Assume that (u,«) the solution of the problem (1.5) — (1.8) with ini-
tial data (ug,uy, a9, q,) € Bg,(€) N ®o. Then, the solution (u,«) verifies the following
estimate

ou .
1009, o100 SO, +2 [ NG
< Qs s s, Nl L) = + €, (5.10)

where B and C are the positive constants and ) is the monotonic function.

10
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ou
Proof. Multiply (1.5) by En and integrate over {2. We have

Ja _0ou Ju
2 2 2 ou
& (V5 nau?) + 2w e + 215 =2 (Vo 95 ) — 2 (-arw). 5

(5.11)

0
Multiplying (1.6) by —Aa—j and integrating over €2, we get

Ja _0u
2 2 2 2__ . 12
& (V518G e 1aap) + 218G e = 2 (V595 ). G
Now summing (5.11) and (5.12). we obtain
d 9 9 9 ou
— : 1
G2V A G AT P = -2 (-asw. ). Ga)
We know that
ou ou
_ ) = 14
(-ar.5) = (r@vav) (5.14)
= [ 1@l v g
g/(u2+1)yvu|yva—“|dx
0 ot
ou
< (Julfs + IVl
< (el + >||Au\|\|v e
< Ol |
< Ol + IV (5.15)
Inserting (5.15) into (5.13) we obtain
d
@ B Vo2 + 2 4P 1 2% < Ol (5.16)

where

= 6||V—||2 + [ Aull* + IIV ||2 + HA ||2 + | Al

Multiply (1.5) by u and integrate over 2. we obtain

€ ((—A)(% + %),u) + (%,u) + (A%u,u) + (A f(u),u) = (—A%—j‘,u)

11
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which implies

e ((-A)(%+ %m) + (‘?;: ) AU + (f () Vi, Vi) = (%‘Z,-M) .

(5.17)
d ou Oa
i 2[|Aull® < 2€HV—H2 + [|Aul® + H—H2 + col [ Vul?
d
thg + | Aul|* < 2€HV HQ + chHV—HQ + col | Vul]?. (5.18)
where
ou 9 9
Eg = Qe(Va, Vu) + €||Vul||* + |Jul]”.

We multiply (1.6) by —Aa« and integrate over 2. We find

d Oa Oa 9 2 1, 0u,, 1 9
& (V5 va) + 5 (a5 aa) + 3 G180l + 12l < HEH +5ll0]

+ ||A ||2 + ||V ||

d Ja O 9 9 au 9
- _ <
y (2(v 57 Vo) + 2A50 Aa) + A ) + Al < |5 (% I 2||A al
+2||V ||2 (5.19)

Now summing (5.6), 73(5.16), 74(5.18) and v5(5.19) where 73, 74 and 75 > 0 are such
that

C1 — 7ac0 >
Co+ 273 — 75
Cs — 2v4cp — 295
V3= s

V3 — 274

vV V. V. V o
o o o o

we find

d
— By + | Al + C2||V ||2 + CsH ||2 + C4||A—||2 +Cs[| Aal®

+cﬁ||v@—§“\|2+c7uwuz+cs [ P+l < (5:20
Q

where

Oa
Ey = Es + v3E7 + vaEg + 75 (2(V—,

2(A
5 Va) + 2(

oo
—, A Aal? ).
7 a) + [Aal?)

12
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For sufficiently small values of 74 and ~5 > 0, there exists C' > 0 such that
-1 Qu o 2 o+ 2
C eV O + A" + A @I + [Aa@)]” ) < Eo(?)
ou Oa
<0 (TGO + 1auIF + 1a55 01 + [a(?). (5.21)
We deduce from the above estimate and (5.20) the following estimate

d
—FEy + BEy + (4|

o
dt 0

I <c

Applying Gronwall’s lemma, we obtain

I(ute) G 0.0 G0N, + [ (G5O De7dr

< Q (luollezz, ]l Nlawoll a2, lew || 2) e + C (5.22)
where [ and C are the positive constants and Q is the monotonic function. O

Corollary 5.2. The semigroup of operators S.(t),t > 0 associated to the problem (1.5) —
(1.8) is dissipative in o, i.e, it possesses a bounded absorbing set in Ps.

This corollary is a straightforward consequence of theorem (5.2).

6 Existence of Global Attractor

Theorem 6.1. The semi-group Sc(t), t > 0 defined from &1 into ®; and associated to
the problem (1.5) — (1.8) possesses the global attractor A. which is compact in D;.

Proof. We have already proved the dissipativity of the semi-group {Sc(¢)}+>0 associated
to the problem (1.5) — (1.8). It remains to split the semi-group S.(t) as the sum of two
continuous operators S!(¢) and S?(), such that the solution (u, ) with initial condition
belonging to Br, N ®2 can be written as following

(u, @) = (v, 1) + (W, §)

with

and

13
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where S} (¢) is the solving operator associated to the linear and perturbed system

v Ov,  Ov 2, an
6(—A)(¥+E)+E+A n (6.1)
0%n 0%n on ov
— —A—-A——-An=—— 2
o o Tor T Tor (6.2)
v]aa = n]aq = Av|an = 0,
im0 = 0, Sleco =, ) s
Ult=0 = Uo, ot t=0 = U1, T|t=0 = %o, 5, ot = 0,
S?%(e) is the solving operator associated to the nonlinear and perturbed system
Pw  Ow,. Ow 3
A+ )+ — - ANw—A .
(~A)(Sp + S+ 58— A = Af() = A (63)
2 2
AN SN SN S (6.4)

ot? ot? ot ot

wlon = Eloa = Aw|aq = 0,

0 0
W’t:O = e =0 = 0, f\t:o = a—ift

ot |
and to show that the operator S!(¢) uniformly converges to 0 over all bounded subset of
®, and S?(t) is regularizing on <I>2, when the time tends to infinity.

Multiply (6.1) by (—=A)~" 22 and integrate over Q. We have

=0

8t

v v v 1 0v Qv ov on v
e o et (<—A> aa) * (—A”’@ = (aa)

which yields

d 2 2 2 2 877 v
(A5 1ol ) w2 e 2500, =2 (515 ©9)

Multiply (6.2) by 7 and integrate over 2. We obtain
9*n On 9*n On on On on ov On
g on NI W RNl An dv on
(6t2’8t)+( 8t2’8t)+( 8t’0t>+< at) (at’at)
which implies
Jdv Jn
2 2 2 2 ov on
& (1501 She + 1oni?) + 2195l = -2 (5. 51). 6
We sum (6.5) and (6.6), we find

d on
B+ 2 S+ 2 G + 2 S =0 (67)

14
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where
Elo—éH \!2+!|Vv|\2+H H2+HV H2+HV77H2-

Multiply (6.1) by (—A) v and integrate over (), we have

(58 () -

which implies

d a 2 2 2 2 2
& (26 (Groo) el + ol ) 4 19? < QIVEHR 42 50 (68)

We multiply (6.2) by 7, integrate over 2. We obtain

0%n 0%n on Ov

which yields

(%”2

on 2
P+ CIVEI (6.9)

on an
— (2(at )+2(Vat

Vi) -+ [Vl?) + 19l < |
Now summing (6.7), ~v4(6.8) and ~7(6.9) where 75, 77 > 0 are such that

1— Yo > 0
2 - Yroo> 07
2—760227—770 > 0
we have the following estimate
d
H2

—Fy +01H

o CzH H2 +03HVU\!2+C4HV77H2+05HV H2 0,  (6.10)

where
ov
Ev = FEw+ % (26 <§’U) + o2, + HUHQ)

0 on
v () + (V50 v0) +19017)

For sufficiently small values of 75 and 7 > 0, there exists C' > 0 such that
o1 LN 2 /PN 2) ~
ellz; O+ IVo@I7 + [V, O + IVa)” ) < Eu(t)

<0 (dG @I + VeI + TS0 + 19n(0?). (6.11)

15
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Thanks to the above estimate, (6.10) can be rewritten as

d
S En BB+ CH |\2 <0 (6.12)

where 5 and C are the positive constants. Applylng Gronwall’s lemma, thanks to the
estimates (6.11), we have

AIZHOI + 1Ol + IO + 15 O + [ 1572
Q (100). 710).00) 50D, ) 613

So the operator S} (€) uniformly converges to 0 over all bounded subset of ®; when t
tends to infinity.
It remains to prove that S?(e) is regularizing on ®,, when t tends to infinity.

9,
Multiply (6.3) by % and integrate over 2. We have

ot
d 9 9 9 B 0¢ _ow
o (V5 4 12wl ) + 29 2R+ 2150 = 2 (v 05
, 0
— (f (u)Vu Va ) . (6.14)
o ¢ . :
Multiplying (6.4) by _AE and integrating over €2, we get
HV H2+HA |!2+ 1Ag]® +2HA H2 2 (v v (6.15)
ot’ at '
Summing (6.14) and (6.15), we obtain
d 2 2 Aaf 2 / 2
th12+6HV =]l +2|| || +2[A 7 < ||f(U)VU|| 7 (6.16)

where

Elz—el\V—|\2+\!A !!2+HV \!2+!!A H2+HA€H2

Multiply (6.3) by w and integrate over 2. We get

2
(e(—A)(%—;} + %—i),w) + (g—i,w) + (A%w,w) + (—f(u), Aw) = (%,Aw) :
which implies

d
B+ 2] Awl < 26||V ||2 ||A ||2+2|| ||2 IIAC«)II2+2||f(U)II2

2EHV H2+IIA ||2+2H |!2+2Hf( )|?

d
B+ [ Avl < 26HV H2 2HA H2+C!|f( ). (6.17)

16
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where

E13 = 2¢ (V%,VM) + €HVCUH2 + HWHZ

We multiply (6.4) by —A¢ and integrate over Q2. We have

(V5 9€) + 5 (85 8¢) + 3 ZIAP + 1A < 15 IAL +IAZ + 195 P
4 (209579 + 2 e 80 +IAGR) +2IAd? < IR + 21 fu
+ 2cpHA 12 + g
& (2095 70 + 2005 20 + 1A ) + 1agP < 151+ CIATIE

2

0
Multiplying (1.5) by (—A)™! “ and integrating over €2, we obtain

ot
d ow d  Ow o 9w 0w 0w
2 _2 2 — . i
e L R e 2(& ) 2w 5 2 (100,52 )
0w 0w
< hiihad g
< 25| atQH+2HA P
+ / 1)1l
0w e, 0w
< 2 4 € 2 2 4
< AT+ S T2 + Collawl? + ) TP
2 4 €, Pw ,
" 03||f(U)|I e
2 4 2 Pw 2 2 2
AP+ 12202, ) + el T2 < S 4 Collawl? + Gllf@)IP. (618

Now add ~5(6.16), 79(6.17), ~10(6.18) and ~;1(6.18) where v7 75 79 and 739 > 0 are
such that

Y8 — 2% — 06 > 0
Y8 — Y9Cp — Y10Cp — mC > 0,

Yo—71 > 0
We deduce the following estimates
d
B < G f @I + Cs] f'(w) Vul? (6.19)

where

ow
Bu = b+ on (2 (V5. V0 ) + [Vl + ol

+ o (2(v5 vs) 2(a%F.8¢) + agl?)

b (1508 + 151 ) (6.20)

17
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For sufficiently small values of 79 and =39 > 0, there exists C' > 0 such that

Ow o0&
(nv 12+ 2w + a2 \|2+||A5\|2)<E14<t>

(e||v—||2 NG ||A§||2)

then, there exists C and C~! > 0 such that

1 (w00, 50,60, 50 ) 12, < Euto) (6.21)

The property of f(s) allows to find, owing to (u,a) € Bg, N ®5 and the fact that u €
H?(Q) C L*™(Q), the following estimate

1 () V|

/ (3luf® +1)* |Vu|?dz
Q

C' (Jul}e + 1) | Vul]?
' Vul®

NN

and
1w = / (u — u)?|de
< [ (u + 1) da

C (lufte + 1) / luf2dz
Q

< Cluf®
< Ofvul®.

N

Thanks to the estimates (5.2), the two above estimates can be written as following

170wl < @ (0. 550,00 O o)+ C (62
Il < @ (u(0). 5 0),a(0), G Ol ) 4 € (6.29

where 5 and C are the positive constants and ) is the monotonic function. Inserting
(6.22) and (6.23) into (6.19), we have

L5 <Q (||<u<o>, % 10).a(0). %—j(o»n@l) e (6.24)

18
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Integrating (6.24) from 0 to ¢ € [0,7] and owing to (6.21), we get

o [ (@ (1. 500,00, G0, ) e +.0 ) ar

(100, 50000, 5 0, ) +
( Ol ) +
< (14 15) @ (160, 5 0. 5r 00l ) +
( +1) @ (Iuo) %,am), SOl

Iwtt), 220, €00, 22 o),

N

N

ou O
t’ t

H(U(O), a_ 04(0)7 a_

1+ 6t

< (1+m+1+t+m2)@(u< 0. 500, 50Dl )

< @0+ @ (o), >,aa—j“<o>>u¢l)

< (4790 (), 5 0).a0) %ﬁ( M) 029

The estimate (6.25) allows to assert that the operator S.(¢) is regularizing in ®;. Then
there exists the global attractor.

Conclusion

The works contained in this article relative dynamic system, are very important to explain
the processes of phase transition phenomena. Since the solution of the system exists and is
unique and the system is dissipative, then the existence of the global attractor associated
to the problem (1.5)-(1.8) is proven.

References

[1] D. Brochet, D. Hilhorst, A. Novick-Cohen. Mazimal attractor and inertial sets for a
conserved phase-field model, Adv. Differential Equations 1(1996), 547-578.

[2] D. Brochet. Mazimal attractor and inertial sets for some second and fourth order
phase-field models. Pitman Res. Notes Math. Ser, vol 296,Longman Sci. Tech., Har-
low, 1993, pp. 77-85.

[3] G. Caginalp. conserved phase-fiel system: implications for kinetic under-cooling,

phys. Rev. B 38 (1988), 789-791.

[4] G. Caginalp. The dynamic of conserved phase-field system: Stefan-Like, Hell-Shaw
and Cahn-Hilliard models as asymptotic limits. IMAJ, App. Math. 44 (1990), 77-94.

19



UNDER PEER REVI EW

[5]

(6]

7]

8]

19]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

18]

P. Colli, G. Gilardi, Ph. Laurencot and A. Novick-Cohen. uniqueness and long-time
behavior for the conserved phase-field system melory, Discrete Continuous Dynamical
Systems-Seri, A 5,375-390, http://dx.doi.org/10.3934 /dcds.1999, 5.375.

P. Colli, G. Gilardi, M. Grasselli, G. Schimperna. The conserved phase-field system
with memory. Adv. Math. Sci Appl. 11(2001)265-291.

M.Efendiev, A. Miranville, and S. Zelik. Exponential attractors for a singularly per-
turbed Cahn-Hilliard system. Math. Nachr., 272:11-31, 2004

S. Gatti, V. Pata. Ezponential attractor for a conserved phase-field system with mem-
ory. Physica D 189(2004)31-48.

G. Gilardi. On a conserved phase-field model with irregular potentials and dynamic
boundary condition. Istit. Lombardo. Accad. Sci.Lett. Rend. A, 141(2007) 129-161.

M. Grasselli, A. Miranville,V. Pata, and S. Zelik. Well-posedness and long time be-
havior of a parabolic-Hyperbolics Field-phase System with Singular pontential Math.
Nachr.,. 280(13-14):1475-1509 2007.

Jean De Dieu. Mangoubi, D. Moukoko, F. Moukamba and F. D. R. Langa. Ezis-
tence and uniqueness of solutions for Cahn-Hilliard hyperbolic phase-field system with
Dirichlet boundary condition and regqular potentials. Applied Mathematics,7,1999-
1926 http://dx.doi.org/10.4236/am.2016.716157.

Mayeul Evrard I, D. Moukoko , F. Moukamba and F. D. R. Langa. Ezistence and
uniqueness of solutions for Hyperbolics Field-phase System of Caginalp type with
Polynomial growth potential. Internal Mathematical Forum 10, 477-486.

Mayeul Evrard I, D. Moukoko , F. Moukamba and F. D. R. Langa. Fzistence of
Global attractor for Hyperbolics Field-phase System of Caginalp type with Polynomial
growth potential. Britsh Journal of Mathematics and Computer Science 18(6): 1-18
2016, Article no.BJMCS.28607.

A. Miranville. On the conserved phase-field model. J. Math. Anal. Appl.
400(2013)143-152.

A. Miranville and R. Quintanilla. A type III phase-field system with a logarithmic
potential, Appl. Maths. Letters 24(2011), 1003-1008.

A. Miranville and R. Quintanilla. A Caginalp phase-field system based on type III
heat conduction with two temperatures. Quart Appl. Maths. 74(2016), 375-398.

Moukoko Daniel. Well-posedness and longtime behaviors of a hyprebolic Caginalp
system. Journal of Applied Analysis and Computation , 4(2014) no. 2,151-196.

Daniel Moukoko . Ftude des Modéles Hyperboliques de champ de phase de Caginalp,
These unique, Falculté des Sciences et Techniques, Université Marien NGOUABI,
2015.

20



UNDER PEER REVI EW

[19] Daniel Moukoko , F. Moukamba et F. D. R. Langa. Global attractor for Caginalp
Hyperbolics Field-phase System with Singular Pontential. journal of Mathematics
Research, Vol. 7(2015), no 3,165-177.

[20] A. J. Ntsokongo and N. Batangouna. FEzistence and uniqueness of solu-
tions for a conserved phase-field type model. AIMS Mathematics, 1,144-155
http://dx.doi.org/10.3934 /Math.2016.2.144.

21



