
Existence of Global Attractor for Cahn-Hilliard

perturbed phase-�eld system with Dirichlet boundary

condition and regular potential

Abstract

Our aim in this paper is to prove the existence of the global attractor for a perturbed
Cahn-Hilliard phase-�eld system with relaxation, initial conditions and homogeneous
Dirichlet boundary conditions. This system is governed by a regular potential.

Keywords: Cahn-Hilliard perturbed phase-�eld system, dissipativity, global attrac-
tor, Dirichlet boundary conditions.

1 Introduction

The G. Caginalp phase-�eld system

∂u

∂t
−∆2u−∆f(u) = −∆θ (1.1)

∂θ

∂t
−∆θ = −∂u

∂t
(1.2)

has been proposed in [3] as model phase transition processes such as melting-solidi�cation
processes and have been studied, e.g., [1], [2] and [9]; see also, e.g.,( [5], [6]). In the above
system, u is the order parameter and θ is the (relative ) temperature.

These Cahn-Hilliard phase-�eld system are known as the conserved phase-�eld system
(see [4], [5], [7], [8], [14] and [20]) based on type III heat conduction and with two temper-
atures (see [15], [16]) in which the authors have proved the existence and the uniqueness
of the solution, the existence of global attractor and of exponential attractors with sin-
gular or regular potential.
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In [11], Mangoubi and al. studied the following Cahn-Hilliard phase-�eld system

ε(−∆)
∂2u

∂t2
+
∂u

∂t
+ ∆2u−∆f(u) = −∆

∂α

∂t
(1.3)

∂2α

∂t2
−∆

∂2α

∂t2
−∆

∂α

∂t
−∆α = −∂u

∂t
(1.4)

where ε > 0, u is the order parameter and α is the (relative ) temperature, the au-
thors have proved the existence and the uniqueness of solution with Dirichlet boundary
conditions and a regular potential. The system (1.3)-(1.4) is not dissipative, then to
circumvent this di�culty we are forced to add another perturbed term on the equation
Cahn-Hilliard (1.3) in order to prove the dissipativity of the below system .

In this paper, we consider the following Cahn-Hilliard perturbed phase-�el system

ε(−∆)

(
∂2u

∂t2
+
∂u

∂t

)
+
∂u

∂t
+ ∆2u−∆f(u) = −∆

∂α

∂t
in R+ × Ω (1.5)

∂2α

∂t2
−∆

∂2α

∂t2
−∆

∂α

∂t
−∆α = −∂u

∂t
in R+ × Ω (1.6)

u|Γ = α|Γ = ∆u|Γ = 0 (1.7)

u|t=0 = u0,
∂u

∂t
|t=0 = u1, α|t=0 = α0,

∂α

∂t
|t=0 = α1, (1.8)

as one perturbed Cahn-Hilliard phase-�eld system (1.1)-(1.2) with ε > 0. Ω is a
bounded and regular domain of Rn n = 2 or 3 and f is a nonlinear regular potential.

The hyperbolic system has been extensively studied for Dirichlet boundary conditions
and regular or singular potential (see [12], [17], [18]). Whose certain have to end at the
existence of global attractor and at the existence of exponential attractors ( see [13], [19]
and [10]).

In this paper we prove the existence and the uniqueness of solutions and the existence
of global attractor of the problem (1.5)-(1.8). We consider here only one type boundary
condition, namely, Dirichlet. Furthermore we consider the regular potential f(s) = s3−s
which satis�es the following properties

f is of class C2; f(0) = 0, (1.9)

−c0 6 f ′(s), c0 > 0, ∀s ∈ R, (1.10)

−c1 6 F (s) 6 f(s)s+ c2, c1, c2 > 0, ∀s ∈ R (1.11)

with

F (s) =

∫ s

0

f(τ)dτ,

.
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2 Notations

We denote by ‖.‖ the usual L2-norm ( with associated product scalar (.,.)) and ‖.‖−1 =

‖(−∆)
−1
2 .‖, where −∆ denotes the minus Laplace operator with Dirichlet boundary con-

ditions. More generally, ‖.‖X denote the norm of Banach space X and cp is the constant
of Poincare.
Throughout this paper, the same letters C1, C2 and C3 denote (generally positive) con-
stants which may change from line to line, or even in the same line. In what follows, the
Poincare, Holder and Young inegalites are extensively used, without further referring to
them.

3 A priory estimates

We multiply (1.5) by (−∆)−1∂u

∂t
and integrate over Ω. We have(

ε
∂2u

∂t2
,
∂u

∂t

)
+

(
ε
∂u

∂t
,
∂u

∂t

)
+

(
(−∆)−1∂u

∂t
,
∂u

∂t

)
+

(
−∆u,

∂u

∂t

)
+

(
f(u),

∂u

∂t

)
=

(
∂α

∂t
,
∂u

∂t

)
which implies

d

dt

(
ε‖∂u
∂t
‖2 + ‖ 5 u‖2 + 2

∫
Ω

F (u)dx

)
+ 2ε‖∂u

∂t
‖2 + 2‖∂u

∂t
‖2
−1 = 2

(
∂α

∂t
,
∂u

∂t

)
. (3.1)

Now multiply (1.6) by
∂α

∂t
and integrate over Ω. We obtain(

∂2α

∂t2
,
∂α

∂t

)
+

(
−∆

∂2α

∂t2
,
∂α

∂t

)
+

(
−∆

∂α

∂t
,
∂α

∂t

)
+

(
−∆α,

∂α

∂t

)
= −

(
∂u

∂t
,
∂α

∂t

)
which yields

d

dt

(
‖∂α
∂t
‖2 + ‖ 5 ∂α

∂t
‖2 + ‖∇α‖2

)
+ 2‖∇∂α

∂t
‖2 = −2

(
∂u

∂t
,
∂α

∂t

)
. (3.2)

Summing (3.1) and (3.2), we �nd

dE1

dt
+ 2ε‖∂u

∂t
‖2 + 2‖∂u

∂t
‖2
−1 + 2‖ 5 ∂α

∂t
‖2 = 0, (3.3)

where

E1 = ε‖∂u
∂t
‖2 + ‖ 5 u‖2 + 2

∫
Ω

F (u)dx+ ‖∂α
∂t
‖2 + ‖∇∂α

∂t
‖2 + ‖ 5 α‖2. (3.4)

and satis�es

E1 > C

(
‖ 5 u‖2 + ε‖∂u

∂t
‖2 + ‖ 5 α‖2 + ‖∇∂α

∂t
‖2

)
+ C ′, C > 0. (3.5)
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We conclude that u, α ∈ L∞ (R+;H1
0 (Ω)),

∂u

∂t
∈ L∞

(
R+;L2(Ω)

)
∩ L2

(
0, T ;L2(Ω)

)
and

∂α

∂t
∈ L∞

(
R+;H1

0 (Ω)
)
∩ L2

(
0, T ;H1

0 (Ω)
)
∀T > 0.

Multiply (1.6) by ∂2α
∂t2

and integrate over Ω. We get

2‖∂
2α

∂t2
‖2 + 2‖∇∂

2α

∂t2
‖2 +

d

dt
‖∇∂α

∂t
‖2 = −2(

∂u

∂t
,
∂2α

∂t2
)− 2(∇α,∇∂α

∂t
)

≤ 2‖∂
2α

∂t2
‖‖∂u
∂t
‖+ 2‖∇α‖‖∇∂

2α

∂t2
‖

d

dt
‖∇∂α

∂t
‖2 + ‖∂

2α

∂t2
‖2 + ‖∇∂

2α

∂t2
‖2 ≤ ‖∂u

∂t
‖2 + ‖∇α‖2.

Then ∂2α
∂t2
∈ L2(0, T ;H1

0 (Ω)). In the following section, we have three main results:
existence and uniqueness theorems and the existence of solution with more regularity.

4 Existence and uniqueness of solutions

Theorem 4.1. (Existence) We assume that (u0, u1, α0, α1) ∈ H1
0 (Ω)×L2(Ω)× (H1

0 (Ω))
2
.

Then, the system (1.5) − (1.8) possesses at least one solution (u, α) such that u, α ∈
L∞ (R+;H1

0 (Ω)) , ∂u
∂t
∈ L∞ (R+;L2(Ω)) ∩ L2 (0, T ;L2(Ω)) , ∂α

∂t
∈ L∞ (R+;H1

0 (Ω)) ∩
L2 (0, T ;H1

0 (Ω)) and ∂2α
∂t2
∈ L2 (0, T ;H1

0 (Ω)) , ∀T > 0.

The proof is based on priory estimates obtained in the previous section and on a
standard Galerkin scheme.

Theorem 4.2. (Uniqueness) Let the assumptions of Theorem 4.1 hold. Then, the system
(1.5)− (1.8) possesses a unique solution (u, α) such that u, α ∈ L∞ (R+;H1

0 (Ω)) ,
∂u
∂t
∈ L∞ (R+;L2(Ω)) ∩ L2 (0, T ;L2(Ω)) , ∂α

∂t
∈ L∞ (R+;H1

0 (Ω)) ∩ L2 (0, T ;H1
0 (Ω)) and

∂2α
∂t2
∈ L2 (0, T ;H1

0 (Ω)) , ∀T > 0.

Proof. Let
(
u(1), α(1)

)
and

(
u(2), α(2)

)
be two solutions of the system (1.5) − (1.8) with

initial data
(
u

(1)
0 , u

(1)
1 , α

(1)
0 , α

(1)
1

)
and

(
u

(2)
0 , u

(2)
1 , α

(2)
0 , α

(2)
1

)
∈ H1

0 (Ω)× L2(Ω)× (H1
0 (Ω))

2
,

respectively. We set u = u(1) − u(2) and α = α(1) − α(2), then (u, α) is one solution of the
following system

ε(−∆)

(
∂2u

∂t2
+
∂u

∂t

)
+
∂u

∂t
+ ∆2u−∆

(
f(u1)− f(u2)

)
= −∆

∂α

∂t
(4.1)

∂2α

∂t2
−∆

∂2α

∂t2
−∆

∂α

∂t
−∆α = −∂u

∂t
(4.2)
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u|∂Ω = ∆u|∂Ω = α|∂Ω = 0

u|t=0 = u0 = u
(1)
0 − u

(2)
0 ;

∂u

∂t
|t=0 = u1 = u

(1)
1 − u

(2)
1

α|t=0 = α0 = α
(1)
0 − α

(2)
0 ;

∂α

∂t
|t=0 = α1 = α

(1)
1 − α

(2)
1 .

We multiply (4.1) by (−∆)−1∂u

∂t
and integrate over Ω. We obtain

d

dt

(
ε‖∂u
∂t
‖2 + ‖ 5 u‖2

)
+2ε‖∂u

∂t
‖2+2‖∂u

∂t
‖2
−1+2

(
f(u(1))− f(u(2)),

∂u

∂t

)
= 2

(
∂α

∂t
,
∂u

∂t

)
.

(4.3)

Multiplying (4.2) by
∂α

∂t
and integrating over Ω, we get

d

dt

(
‖∂α
∂t
‖2 + ‖ 5 ∂α

∂t
‖2 + ‖∇α‖2

)
+ 2‖∇∂α

∂t
‖2 = −2

(
∂u

∂t
,
∂α

∂t

)
. (4.4)

Summing (4.3) and (4.4), then we obtain

dE2

dt
+ 2ε‖∂u

∂t
‖2 + 2‖∂u

∂t
‖2
−1 + 2‖ 5 ∂α

∂t
‖2 = −2

(
f(u(1))− f(u(2)),

∂u

∂t

)
(4.5)

where

E2 = ε‖∂u
∂t
‖2 + ‖ 5 u‖2 + ‖∂α

∂t
‖2 + ‖∇∂α

∂t
‖2 + ‖ 5 α‖2.

We know that
f(u(1))− f(u(2)) = l(t)u

with

l(t) =

∫ 1

0

f ′(u(2) + s(u(1) − u(2)))ds

6 3

∫ 1

0

(su(1) + (1− s)u(2))2ds,

6 3

∫ 1

0

(|u(1)|+ |u(2)|+ 1)2ds

6 C

∫ 1

0

(|u(1)|2 + |u(2)|2 + 1)ds

6 C(|u(1)|2 + |u(2)|2 + 1),
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Then ∫
Ω

(f(u(1))− f(u(2)))
∂u

∂t
dx =

∫
Ω

l(t)|u||∂u
∂t
|dx

≤ C

∫
Ω

(
|u(1)|2 + |u(2)|2 + 1

)
|u||∂u

∂t
|dx,

6 C
(
‖u(1)‖2

L6 + ‖u(2)‖2
L6 + 1

)
‖u‖L6‖∂u

∂t
‖

6 C
(
‖u(1)‖2

H1 + ‖u(2)‖2
H1 + 1

)
‖u‖H1‖∂u

∂t
‖

6 C

(
‖u‖H1‖∂u

∂t
‖
)

≤ K

(
‖u‖2

H1 + ε‖∂u
∂t
‖2

)
, K > 0. (4.6)

Inserting (4.6) into (4.5), we have

dE2

dt
+ 2ε‖∂u

∂t
‖2 + 2‖∂u

∂t
‖2
−1 + 2‖ 5 ∂α

∂t
‖2 ≤ K(‖∇u‖2 + ε‖∂u

∂t
‖2).

Applying Gronwall's lemma, we obtain ∀ t ∈ [0; T ]

E2(t) + 2

∫ t

0

(ε‖∂u
∂t

(τ)‖2 + ‖∂u
∂t

(τ)‖2
−1 + ‖∇∂α

∂t
(τ)‖2)dτ ≤ E2(0)eKT . (4.7)

We deduce the continuous dependence of the solution relative to the initial conditions,
hence the uniqueness of the solution.
The existence and the uniqueness of the solution of problem (1.5)-(1.8) being proved in
a larger space, we will seek the existence of solution with more regularity. �

Theorem 4.3. We assume that (u0, u1, α0, α1) ∈ (H2(Ω) ∩H1
0 (Ω))×H1

0 (Ω)×(H2(Ω) ∩H1
0 (Ω))

2
.

Then the system (1.5)-(1.8) possesses a unique solution (u, α) such that u, α ∈ L∞ (0, T ;H2(Ω) ∩H1
0 (Ω)) ,

∂u
∂t
∈ L∞ (0, T ;H1

0 (Ω))∩L2 (0, T ;H1
0 (Ω)) , ∂α

∂t
∈ L∞ (0, T ;H2(Ω) ∩H1

0 (Ω))∩L2 (0, T ;H2(Ω)) ,
∂2α
∂t2
∈ L2 (0, T ;H2(Ω) ∩H1

0 (Ω)) and ∂2u
∂t2
∈ L2 (0, T ;L2(Ω)) , ∀T > 0.

Proof. Owing to the theorems (4.1) and (4.2), the system (1.5) − (1.8) possesses
a unique solution (u, α) such that u, α ∈ L∞ (R+;H1

0 (Ω)), ∂u
∂t
∈ L∞ (R+;L2(Ω)) ∩

L2 (0, T ;L2(Ω)) , ∂α
∂t
∈ L∞ (R+;H1

0 (Ω))∩L2 (0, T ;H1
0 (Ω)) and ∂2α

∂t2
∈ L2 (0, T ;H1

0 (Ω)) , ∀T >
0.

Multiply (1.5) by
∂u

∂t
and integrate over Ω. We have

d

dt

(
ε‖∇∂u

∂t
‖2 + ‖∆u‖2

)
+ 2ε‖∇∂u

∂t
‖2 + 2‖∂u

∂t
‖2 = 2

(
∇∂α
∂t
,∇∂u

∂t

)
− 2

(
∇f(u),∇∂u

∂t

)
.

(4.8)
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Multiplying (1.6) by −∆
∂α

∂t
and integrating over Ω, we get

d

dt

(
‖∇∂α

∂t
‖2 + ‖∆∂α

∂t
‖2 + ‖∆α‖2

)
+ 2‖∆∂α

∂t
‖2 = −2

(
∇∂α
∂t
,∇∂u

∂t

)
. (4.9)

Summing (4.8) and (4.9), we obtain

dE3

dt
+ 2ε‖∇∂u

∂t
‖2 + 2‖∂u

∂t
‖2 + 2‖∆∂α

∂t
‖2 = −2

(
f ′(u)∇u,∇∂u

∂t

)
, (4.10)

where

E3 = ε‖∇∂u
∂t
‖2 + ‖∆u‖2 + ‖∇∂α

∂t
‖2 + ‖∆∂α

∂t
‖2 + ‖∆α‖2.

Thanks to use f ′(s) and the fact that u ∈ L∞ (R+;H1
0 (Ω)), we �nd the following

estimate

2

∫
Ω

|f ′(u)||∇u||∇∂u
∂t
|dx =

∫
Ω

|3u2 − 1||∇u||∇∂u
∂t
|dx

6 3

∫
Ω

(|u|2 + 1)|∇u||∇∂u
∂t
|dx

6 C
(
‖u‖2

L6 + 1
)
‖∇u‖L6‖∇∂u

∂t
‖

6 C
(
‖u‖2

H1 + 1
)
‖∆u‖‖∇∂u

∂t
‖

6 C‖∆u‖‖∇∂u
∂t
‖,

6 K

(
‖∆u‖2 + ε‖∇∂u

∂t
‖2

)
, K > 0. (4.11)

Inserting (4.11) into (4.10) and applying the Gronwall's lemma, we deduce that
u, α ∈ L∞ (0, T ;H2(Ω) ∩H1

0 (Ω)) , ∂u
∂t
∈ L∞ (0, T ;H1

0 (Ω)) ∩ L2 (0, T ;H1
0 (Ω)) and ∂α

∂t
∈

L∞(0, T ;H2(Ω) ∩H1
0 (Ω)) ∩ L2(0, T ;H2(Ω) ∩H1

0 (Ω)), ∀ T > 0.

Multiplying (1.5) by (−∆)−1∂
2u

∂t2
and integrating over Ω, we obtain

2ε‖∂
2u

∂t2
‖2 + ε

d

dt
‖∂u
∂t
‖2 +

d

dt
‖∂u
∂t
‖2
−1 = 2

(
∂α

∂t
,
∂2u

∂t2

)
+ 2(∆u,

∂2u

∂t2
)− 2

(
f(u),

∂2u

∂t2

)
,

≤ 2‖∂α
∂t
‖‖∂

2u

∂t2
‖+ 2‖∆u‖‖∂

2u

∂t2
‖

+ 2

∫
Ω

|f(u)||∂
2u

∂t2
|dx. (4.12)
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Thanks to use f(s) and the fact that u ∈ H2(Ω) ⊂ L∞(Ω), we get∫
Ω

|f(u)||∂
2u

∂t2
|dx ≤

(
‖u2‖L∞ + 1

) ∫
Ω

|u||∂
2u

∂t2
|dx

≤ C

∫
Ω

|u||∂
2u

∂t2
|dx

≤ C‖u‖‖∂
2u

∂t2
‖

≤ C‖∇u‖‖∂
2u

∂t2
‖

≤ C‖∇u‖2 +
ε

3
‖∂

2u

∂t2
‖2.

Inserting the above estimate into (4.12), we obtain

d

dt

(
ε‖∂u
∂t
‖2 + ‖∂u

∂t
‖2
−1

)
+ ε‖∂

2u

∂t2
‖2+ 6 C1(‖∂α

∂t
‖2 + ‖∆u‖2 + ‖∇u‖2), C1 > 0,

which implies that ∂2u
∂t2
∈ L2(0, T ;L2(Ω)).

Multiplying (1.6) by −∆∂2α
∂t2

and integrating over Ω, we �nd

2‖∇∂
2α

∂t2
‖2 + 2‖∆∂2α

∂t2
‖2 +

d

dt
‖∆∂α

∂t
‖2 6 2‖∂u

∂t
‖‖∆∂2α

∂t2
‖+ 2‖∆α‖‖∆∂2α

∂t2
‖,

6 2‖∆α‖2 +
1

2
‖∆∂2α

∂t2
‖2 +

1

2
‖∆∂2α

∂t2
‖2 + 2‖∂u

∂t
‖2

d

dt
‖∆∂α

∂t
‖2 + 2‖∇∂

2α

∂t2
‖2 + ‖∆∂2α

∂t2
‖2 6 2‖∂u

∂t
‖2 + 2‖∆α‖2

that implies ∂2α
∂t2
∈ L2 (0, T ;H2(Ω) ∩H1

0 (Ω)). �

5 Dissipativity and regularity

In this section, we have two main results, the dissipativity and the regularity of the semi-
group {Sε(t)}t>0 associated to the system (1.5)− (1.8).
We have thanks to the Theorems (4.2) and (4.3) two following respective phase spaces

Φ1 = H1
0 (Ω)× L2(Ω)× (H1

0 (Ω))2,

Φ2 = (H2(Ω) ∩H1
0 (Ω))×H1

0 (Ω)× (H2(Ω) ∩H1
0 (Ω))2,

and the two following energy norms

‖(u, ∂u
∂t
, α,

∂α

∂t
)‖2

Φk
= ‖u‖2

Hk + ε‖∂u
∂t
‖2
Hk−1 + ‖α‖2

Hk + ‖∂α
∂t
‖2
Hk , k = 1, 2.

We then de�ne the continuous semi-group

St(ε) : Φk −→ Φk (u0, u1, α0, α1) 7−→
(
u(t),

∂u(t)

∂t
, α(t),

∂α(t)

∂t

)
, (5.1)

where k = 1, 2 and (u, α) is the unique solution of the system (1.5)− (1.8) with the initial
conditions (u0, u1, α0, α1) ∈ Φk.
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Theorem 5.1. If we assume that (u, α) is the solution of the problem (1.5)− (1.8) with
initial data that (u0, u1, α0, α1) ∈ φ1. Then, the solution (u, α) satis�es the following
estimate

‖
(
u(t),

∂u

∂t
(t), α(t),

∂α

∂t
(t)

)
‖Φ1 +

∫ t

0

‖∂u(τ)

∂t
‖2
−1e
−β(t−τ)dτ

6 Q (‖u0‖H1 , ‖u1‖, ‖α0‖H1 , ‖α1‖H1) e−βt + C (5.2)

where β and C are the positive constants and Q is the monotonic function.

Proof. We multiply (1.5) by (−∆)−1u and integrate over Ω. We have

ε

(
∂2u

∂t2
+
∂u

∂t
, u

)
+

(
(−∆)−1∂u

∂t
, u

)
+ (−∆u, u) +

∫
Ω

f(u)udx =

(
∂α

∂t
, u

)
,

Using (1.11) we have

d

dt
E4 + 2‖∇u‖2 +

∫
Ω

F (u)dx 6
∫

Ω

c2dx+ 2

(
∂α

∂t
, u

)
+ 2ε‖∂u

∂t
‖2,

which implies

d

dt
E4 + ‖∇u‖2 + 2

∫
Ω

F (u)dx 6 C + c2
p‖∇

∂α

∂t
‖2 + 2ε‖∂u

∂t
‖2, (5.3)

where

E4 =

(
2ε(

∂u

∂t
, u) + ‖u‖2

−1 + ε‖u‖2

)
.

We multiply (1.6) by α, and integrate over Ω. We have(
∂2α

∂t2
, α

)
+

(
−∆

∂2α

∂t2
, α

)
+

(
−∆

∂α

∂t
, α

)
+ (−∆α, α) = −

(
∂u

∂t
, α

)
,

which implies

d

dt
E5 + 2‖∇α‖2 6 ‖∂u

∂t
‖−1‖∇α‖+ 2‖∂α

∂t
‖2 + 2‖∇∂α

∂t
‖2

6 ‖∂u
∂t
‖2
−1 + ‖∇α‖2 + 2cp‖∇

∂α

∂t
‖2 + 2‖∇∂α

∂t
‖2

d

dt
E5 + ‖∇α‖2 6 ‖∂u

∂t
‖2
−1 + C‖∇∂α

∂t
‖2. (5.4)

where

E5 =

(
2(
∂α

∂t
, α) + 2(∇∂α

∂t
,∇α) + ‖∇α‖2

)
. (5.5)

Summing (3.3), γ1(5.3) and γ2(5.4) where γ1 and γ2 > 0 are such that

1− γ1 > 0

2− γ2 > 0,

1− γ1c
2
p − γ2C > 0
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we get

d

dt
E6 +C1‖∇u‖2 +C2‖

∂u

∂t
‖2 +C3‖

∂u

∂t
‖2
−1 +C4‖∇α‖2 + 2γ1

∫
Ω

F (u)dx+C5‖∇
∂α

∂t
‖2 6 C,

(5.6)
where

E6 = E1 + γ1E4 + γ2E5.

Moreover, for su�ciently small values of γ1 and γ2 > 0, there exists C > 0 such that

C−1

(
ε‖∂u
∂t

(t)‖2 + ‖∇u(t)‖2 + ‖∇∂α
∂t

(t)‖2 + ‖∇α(t)‖2

)
6 E6(t)

6 C

(
ε‖∂u
∂t

(t)‖2 + ‖∇u(t)‖2 + ‖∇∂α
∂t

(t)‖2 + ‖∇α(t)‖2

)
. (5.7)

Thanks to (5.7), (5.6) can be written as

d

dt
E6 + βE6 + C‖∂u

∂t
‖2
−1 6 C, (5.8)

where β and C are the positive constants. Applying Gronwall's lemma, thanks to estimate
(5.7) we have

‖(u(t),
∂u

∂t
(t), α(t),

∂α

∂t
(t))‖2

Φ1
+ C

∫ t

0

‖∂u(τ)

∂t
‖2
−1e
−β(t−τ)dτ

6 Q (‖u0‖H1 , ‖u1‖, ‖α0‖H1 , ‖α1‖H1) e−βt + C, (5.9)

where β and C are the positive constants and Q is the monotonic function. �

Corollary 5.1. The semi-group of operators Sε(t), t > 0 associated to the problem (1.5)−
(1.8) is dissipative in Φ1, it possesses a bounded absorbing set in Φ1.

This corollary is a straightforward consequence of theorem (5.1).

We denote BR0(ε) = {
(
u, ∂u

∂t
, α, ∂α

∂t

)
∈ Φ1/‖

(
u, ∂u

∂t
, α, ∂α

∂t

)
‖Φ1 6 R0} where R0 is large

enough, a bounded absorbing set of the semi-group Sε(t) in Φ1.

Theorem 5.2. Assume that (u, α) the solution of the problem (1.5) − (1.8) with ini-
tial data (u0, u1, α0, α1, ) ∈ BR0(ε) ∩ Φ2. Then, the solution (u, α) veri�es the following
estimate

‖(u(t),
∂u

∂t
(t), α(t),

∂α

∂t
(t))‖2

Φ2
+ 2

∫ t

0

‖∂u
∂t

(τ)‖2
−1e
−β(t−τ)dτ

6 Q (‖u0‖H2 , ‖u1‖H1 , ‖α0‖H2 , ‖α1‖H2) e−βt + C, (5.10)

where β and C are the positive constants and Q is the monotonic function.
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Proof. Multiply (1.5) by
∂u

∂t
and integrate over Ω. We have

d

dt

(
ε‖∇∂u

∂t
‖2 + ‖∆u‖2

)
+ 2ε‖∇∂u

∂t
‖2 + 2‖∂u

∂t
‖2 = 2

(
∇∂α
∂t
,∇∂u

∂t

)
− 2

(
−∆f(u),

∂u

∂t

)
. (5.11)

Multiplying (1.6) by −∆
∂α

∂t
and integrating over Ω, we get

d

dt

(
‖∇∂α

∂t
‖2 + ‖∆∂α

∂t
‖2 + ‖∆α‖2

)
+ 2‖∆∂α

∂t
‖2 = −2

(
∇∂α
∂t
,∇∂u

∂t

)
. (5.12)

Now summing (5.11) and (5.12). we obtain

d

dt
E7 + 2ε‖∇∂u

∂t
‖2 + 2‖∂u

∂t
‖2 + 2‖∆∂α

∂t
‖2 = −2

(
−∆f(u),

∂u

∂t

)
. (5.13)

We know that (
−∆f(u),

∂u

∂t

)
=

(
f ′(u)∇u,∇∂u

∂t

)
(5.14)

=

∫
Ω

|f ′(u)||∇u||∇∂u
∂t
|dx

6
∫

Ω

(u2 + 1)|∇u||∇∂u
∂t
|dx

6 (‖u‖2
L6 + 1)‖∇u‖L6‖∇∂u

∂t
‖

6 (‖u‖2
H1 + 1)‖∆u‖‖∇∂u

∂t
‖

6 C‖∆u‖‖∇∂u
∂t
‖

6 C‖∆u‖2 +
ε

2
‖∇∂u

∂t
‖2. (5.15)

Inserting (5.15) into (5.13) we obtain

d

dt
E7 + ε‖∇∂u

∂t
‖2 + 2‖∂u

∂t
‖2 + 2‖∆∂α

∂t
‖2 6 C‖∆u‖2, (5.16)

where

E7 = ε‖∇∂u
∂t
‖2 + ‖∆u‖2 + ‖∇∂α

∂t
‖2 + ‖∆∂α

∂t
‖2 + ‖∆α‖2.

Multiply (1.5) by u and integrate over Ω. we obtain

ε

(
(−∆)(

∂2u

∂t2
+
∂u

∂t
), u

)
+

(
∂u

∂t
, u

)
+
(
∆2u, u

)
+ (−∆f(u), u) =

(
−∆

∂α

∂t
, u

)
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which implies

ε

(
(−∆)(

∂2u

∂t2
+
∂u

∂t
), u

)
+

(
∂u

∂t
, u

)
+ ‖∆u‖2 + (f ′(u)∇u,∇u) =

(
∂α

∂t
,−∆u

)
.

(5.17)

d

dt
E8 + 2‖∆u‖2 6 2ε‖∇∂u

∂t
‖2 + ‖∆u‖2 + ‖∂α

∂t
‖2 + c0‖∇u‖2

d

dt
E8 + ‖∆u‖2 6 2ε‖∇∂u

∂t
‖2 + 2cp‖∇

∂α

∂t
‖2 + c0‖∇u‖2. (5.18)

where

E8 = 2ε(∇∂u
∂t
,∇u) + ε‖∇u‖2 + ‖u‖2.

We multiply (1.6) by −∆α and integrate over Ω. We �nd

d

dt

(
∇∂α
∂t
,∇α

)
+
d

dt

(
∆
∂α

∂t
,∆α

)
+

1

2

d

dt
‖∆α‖2 + ‖∆α‖2 6

1

2
‖∂u
∂t
‖2 +

1

2
‖∆α‖2

+ ‖∆∂α

∂t
‖2 + ‖∇∂α

∂t
‖2

d

dt

(
2(∇∂α

∂t
,∇α) + 2(∆

∂α

∂t
,∆α) + ‖∆α‖2

)
+ ‖∆α‖2 6 ‖∂u

∂t
‖2 + 2‖∆∂α

∂t
‖2

+ 2‖∇∂α
∂t
‖2. (5.19)

Now summing (5.6), γ3(5.16), γ4(5.18) and γ5(5.19) where γ3, γ4 and γ5 > 0 are such
that

C1 − γ4c0 > 0

C2 + 2γ3 − γ5 > 0

C5 − 2γ4cp − 2γ5 > 0,

γ3 − γ5 > 0

γ3 − 2γ4 > 0

we �nd

d

dt
E9 + C1‖∆u‖2 + C2‖∇

∂u

∂t
‖2 + C3‖

∂u

∂t
‖2 + C4‖∆

∂α

∂t
‖2 + C5‖∆α‖2

+ C6‖∇
∂α

∂t
‖2 + C7‖∇α‖2 + C8

∫
Ω

F (u)dx+ C9‖
∂u

∂t
‖2
−1 6 C, (5.20)

where

E9 = E6 + γ3E7 + γ4E8 + γ5

(
2(∇∂α

∂t
,∇α) + 2(∆

∂α

∂t
,∆α) + ‖∆α‖2

)
.
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For su�ciently small values of γ4 and γ5 > 0, there exists C > 0 such that

C−1

(
ε‖∇∂u

∂t
(t)‖2 + ‖∆u(t)‖2 + ‖∆∂α

∂t
(t)‖2 + ‖∆α(t)‖2

)
6 E9(t)

6 C

(
ε‖∇∂u

∂t
(t)‖2 + ‖∆u(t)‖2 + ‖∆∂α

∂t
(t)‖2 + ‖∆α(t)‖2

)
. (5.21)

We deduce from the above estimate and (5.20) the following estimate

d

dt
E9 + βE9 + C1‖

∂u

∂t
‖2
−1 6 C

Applying Gronwall's lemma, we obtain

‖(u(t),
∂u

∂t
(t), α(t),

∂α

∂t
(t))‖2

Φ2
+

∫ t

0

(‖∂u
∂t

(τ)‖2
−1)e−β(t−τ)dτ

6 Q (‖u0‖H2 , ‖u1‖H1 , ‖α0‖H2 , ‖α1‖H2) e−βt + C (5.22)

where β and C are the positive constants and Q is the monotonic function. �

Corollary 5.2. The semigroup of operators Sε(t), t > 0 associated to the problem (1.5)−
(1.8) is dissipative in Φ2, i.e, it possesses a bounded absorbing set in Φ2.

This corollary is a straightforward consequence of theorem (5.2).

6 Existence of Global Attractor

Theorem 6.1. The semi-group Sε(t), t > 0 de�ned from Φ1 into Φ1 and associated to
the problem (1.5)− (1.8) possesses the global attractor Aε which is compact in Φ1.

Proof. We have already proved the dissipativity of the semi-group {Sε(t)}t>0 associated
to the problem (1.5) − (1.8). It remains to split the semi-group Sε(t) as the sum of two
continuous operators S1

ε (t) and S
2
ε (t), such that the solution (u, α) with initial condition

belonging to BR0 ∩ Φ2 can be written as following

(u, α) = (υ, η) + (ω, ξ)

with

S1
t (ε)

(
u(0),

∂u

∂t
(0), α(0),

∂α

∂t
(0)

)
=

(
v(t),

∂v

∂t
(t), η(t),

∂η

∂t
(t)

)
and

S2
t (ε) (0, 0, 0, 0) =

(
ω(t),

∂ω

∂t
(t), ξ(t),

∂ξ

∂t
(t)

)
�
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where S1
t (ε) is the solving operator associated to the linear and perturbed system

ε(−∆)(
∂2v

∂t2
+
∂v

∂t
) +

∂v

∂t
+ ∆2v = −∆

∂η

∂t
(6.1)

∂2η

∂t2
−∆

∂2η

∂t2
−∆

∂η

∂t
−∆η = −∂v

∂t
, (6.2)

v|∂Ω = η|∂Ω = ∆v|∂Ω = 0,

v|t=0 = u0,
∂v

∂t
|t=0 = u1, η|t=0 = α0,

∂η

∂t
|t=0 = α1,

S2
t (ε) is the solving operator associated to the nonlinear and perturbed system

ε(−∆)(
∂2ω

∂t2
+
∂ω

∂t
) +

∂ω

∂t
−∆2ω −∆f(u) = −∆

∂ξ

∂t
(6.3)

∂2ξ

∂t2
−∆

∂2ξ

∂t2
−∆

∂ξ

∂t
−∆ξ = −∂ω

∂t
, (6.4)

ω|∂Ω = ξ|∂Ω = ∆ω|∂Ω = 0,

ω|t=0 =
∂ω

∂t
|t=0 = 0, ξ|t=0 =

∂ξ

∂t
|t=0 = 0

and to show that the operator S1
ε (t) uniformly converges to 0 over all bounded subset of

Φ1 and S2
ε (t) is regularizing on Φ2, when the time tends to in�nity.

Multiply (6.1) by (−∆)−1 ∂v
∂t

and integrate over Ω. We have

ε(
∂2v

∂t2
+
∂v

∂t
,
∂v

∂t
) +

(
(−∆)−1 ∂v

∂t
,
∂v

∂t

)
+

(
−∆v,

∂v

∂t

)
=

(
∂η

∂t
,
∂v

∂t

)
which yields

d

dt

(
ε‖∂v
∂t
‖2 + ‖∇v‖2

)
+ 2ε‖∂v

∂t
‖2 + 2‖∂v

∂t
‖2
−1 = 2

(
∂η

∂t
,
∂v

∂t

)
. (6.5)

Multiply (6.2) by ∂η
∂t

and integrate over Ω. We obtain(
∂2η

∂t2
,
∂η

∂t

)
+

(
−∆

∂2η

∂t2
,
∂η

∂t

)
+

(
−∆

∂η

∂t
,
∂η

∂t

)
+

(
−∆η,

∂η

∂t

)
= −

(
∂v

∂t
,
∂η

∂t

)
which implies

d

dt

(
‖∂η
∂t
‖2 + ‖ 5 ∂η

∂t
‖2 + ‖∇η‖2

)
+ 2‖∇∂η

∂t
‖2 = −2

(
∂v

∂t
,
∂η

∂t

)
. (6.6)

We sum (6.5) and (6.6), we �nd

d

dt
E10 + 2ε‖∂v

∂t
‖2 + 2‖∂v

∂t
‖2
−1 + 2‖ 5 ∂η

∂t
‖2 = 0 (6.7)
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where

E10 = ε‖∂v
∂t
‖2 + ‖ 5 v‖2 + ‖∂η

∂t
‖2 + ‖∇∂η

∂t
‖2 + ‖ 5 η‖2.

Multiply (6.1) by (−∆)−1v and integrate over Ω, we have

ε

(
∂2v

∂t2
+
∂v

∂t
, v

)
+

(
(−∆)−1∂v

∂t
, v

)
+ (−∆v, v) = (

∂η

∂t
, v)

which implies

d

dt

(
2ε

(
∂v

∂t
, v

)
+ ε‖v‖2 + ‖v‖2

−1

)
+ ‖∇v‖2 6 c2

p‖∇
∂η

∂t
‖2 + 2ε‖∂v

∂t
‖2. (6.8)

We multiply (6.2) by η, integrate over Ω. We obtain(
∂2η

∂t2
, η

)
+

(
−∆

∂2η

∂t2
, η

)
+

(
−∆

∂η

∂t
, η

)
+ (−∆η, η) = −

(
∂v

∂t
, η

)
,

which yields

d

dt

(
2(
∂η

∂t
, η) + 2(∇∂η

∂t
,∇η) + ‖∇η‖2

)
+ ‖∇η‖2 6 ‖∂v

∂t
‖2
−1 + C‖∇∂η

∂t
‖2. (6.9)

Now summing (6.7), γ6(6.8) and γ7(6.9) where γ6, γ7 > 0 are such that

1− γ6 > 0

2− γ7 > 0,

2− γ6c
2
p − γ7C > 0

we have the following estimate

d

dt
E11 + C1‖

∂v

∂t
‖2 + C2‖

∂v

∂t
‖2
−1 + C3‖∇v‖2 + C4‖∇η‖2 + C5‖∇

∂η

∂t
‖2 6 0, (6.10)

where

E11 = E10 + γ6

(
2ε

(
∂v

∂t
, v

)
+ ‖v‖2

−1 + ‖v‖2

)
+ 2γ7

((
∂η

∂t
, η

)
+

(
∇∂η
∂t
,∇η

)
+ ‖∇η‖2

)
.

For su�ciently small values of γ6 and γ7 > 0, there exists C > 0 such that

C−1

(
ε‖∂v
∂t

(t)‖2 + ‖∇v(t)‖2 + ‖∇∂η
∂t

(t)‖2 + ‖∇η(t)‖2

)
6 E11(t)

6 C

(
ε‖∂v
∂t

(t)‖2 + ‖∇v(t)‖2 + ‖∇∂η
∂t

(t)‖2 + ‖∇η(t)‖2

)
. (6.11)
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Thanks to the above estimate, (6.10) can be rewritten as

d

dt
E11 + βE11 + C‖∂v

∂t
‖2
−1 6 0 (6.12)

where β and C are the positive constants. Applying Gronwall's lemma, thanks to the
estimates (6.11), we have

ε‖∂v
∂t

(t)‖2 + ‖v(t)‖2
H1 + ‖η(t)‖2

H1 + ‖∂η
∂t

(t)‖2
H1 +

∫ t

0

‖∂v
∂t

(τ)‖2
−1e
−β(t−τ)dτ

6 Q

(
‖(v(0),

∂v

∂t
(0), α(0),

∂η

∂t
(0))‖Φ0

)
e−βt. (6.13)

So the operator S1
t (ε) uniformly converges to 0 over all bounded subset of Φ1 when t

tends to in�nity.
It remains to prove that S2

t (ε) is regularizing on Φ2, when t tends to in�nity.

Multiply (6.3) by
∂ω

∂t
and integrate over Ω. We have

d

dt

(
ε‖∇∂ω

∂t
‖2 + ‖∆ω‖2

)
+ 2ε‖∇∂ω

∂t
‖2 + 2‖∂ω

∂t
‖2 = 2

(
∇∂ξ
∂t
,∇∂ω

∂t

)
− 2

(
f ′(u)∇u,∇∂ω

∂t

)
. (6.14)

Multiplying (6.4) by −∆
∂ξ

∂t
and integrating over Ω, we get

d

dt

(
‖∇∂ξ

∂t
‖2 + ‖∆∂ξ

∂t
‖2 + ‖∆ξ‖2

)
+ 2‖∆∂ξ

∂t
‖2 = −2

(
∇∂ξ
∂t
,∇∂ω

∂t

)
. (6.15)

Summing (6.14) and (6.15), we obtain

d

dt
E12 + ε‖∇∂ω

∂t
‖2 + 2‖∂ω

∂t
‖2 + 2‖∆∂ξ

∂t
‖2 6

1

ε
‖f ′(u)∇u‖2, (6.16)

where

E12 = ε‖∇∂ω
∂t
‖2 + ‖∆ω‖2 + ‖∇∂ξ

∂t
‖2 + ‖∆∂ξ

∂t
‖2 + ‖∆ξ‖2.

Multiply (6.3) by ω and integrate over Ω. We get

(
ε(−∆)(

∂2ω

∂t2
+
∂ω

∂t
), ω

)
+

(
∂ω

∂t
, ω

)
+
(
∆2ω, ω

)
+ (−f(u),∆ω) =

(
∂ξ

∂t
,∆ω

)
,

which implies

d

dt
E13 + 2‖∆ω‖2 6 2ε‖∇∂ω

∂t
‖2 +

1

2
‖∆ω‖2 + 2‖∂ξ

∂t
‖2 +

1

2
‖∆ω‖2 + 2‖f(u)‖2

6 2ε‖∇∂ω
∂t
‖2 + ‖∆ω‖2 + 2‖∂ξ

∂t
‖2 + 2‖f(u)‖2

d

dt
E13 + ‖∆ω‖2 6 2ε‖∇∂ω

∂t
‖2 + c2

p‖∆
∂ξ

∂t
‖2 + C‖f(u)‖2. (6.17)
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where

E13 = 2ε

(
∇∂ω
∂t
,∇ω

)
+ ε‖∇ω‖2 + ‖ω‖2.

We multiply (6.4) by −∆ξ and integrate over Ω. We have

d

dt

(
∇∂ξ
∂t
,∇ξ

)
+
d

dt

(
∆
∂ξ

∂t
,∆ξ

)
+

1

2

d

dt
‖∆ξ‖2 + ‖∆ξ‖2 ≤ ‖∂ω

∂t
‖‖∆ξ‖+ ‖∆∂ξ

∂t
‖2 + ‖∇∂ξ

∂t
‖2

d

dt

(
2(∇∂ξ

∂t
,∇ξ) + 2(∆

∂ξ

∂t
,∆ξ) + ‖∆ξ‖2

)
+ 2‖∆ξ‖2 6 ‖∂ω

∂t
‖2 + 2‖∆∂ξ

∂t
‖2

+ 2cp‖∆
∂ξ

∂t
‖2 + ‖∆ξ‖2

d

dt

(
2(∇∂ξ

∂t
,∇ξ) + 2(∆

∂ξ

∂t
,∆ξ) + ‖∆ξ‖2

)
+ ‖∆ξ‖2 6 ‖∂ω

∂t
‖2 + C‖∆∂ξ

∂t
‖2.

Multiplying (1.5) by (−∆)−1∂
2ω

∂t2
and integrating over Ω, we obtain

2ε‖∂
2ω

∂t2
‖2 + ε

d

dt
‖∂ω
∂t
‖2 +

d

dt
‖∂ω
∂t
‖2
−1 = 2

(
∂ξ

∂t
,
∂2ω

∂t2

)
+ 2(∆ω,

∂2ω

∂t2
)− 2

(
f(u),

∂2ω

∂t2

)
≤ 2‖∂ξ

∂t
‖‖∂

2ω

∂t2
‖+ 2‖∆ω‖‖∂

2ω

∂t2
‖

+ 2

∫
Ω

|f(u)||∂
2ω

∂t2
|dx

≤ C1‖∆
∂ξ

∂t
‖2 +

ε

3
‖∂

2ω

∂t2
‖2 + C2‖∆ω‖2 +

ε

3
‖∂

2ω

∂t2
‖2

+ C3‖f(u)‖2 +
ε

3
‖∂

2ω

∂t2
‖2

d

dt

(
ε‖∂ω
∂t
‖2 + ‖∂ω

∂t
‖2
−1

)
+ ε‖∂

2ω

∂t2
‖2 ≤ C1‖∆

∂ξ

∂t
‖2 + C2‖∆ω‖2 + C3‖f(u)‖2. (6.18)

Now add γ8(6.16), γ9(6.17), γ10(6.18) and γ11(6.18) where γ7 γ8 γ9 and γ10 > 0 are
such that

γ8 − 2γ9 − γ10cp > 0

γ8 − γ9cp − γ10cp − γ11C
′ > 0,

γ9 − γ11 > 0

We deduce the following estimates

d

dt
E14 6 C2‖f(u)‖2 + C3‖f ′(u)∇u‖2 (6.19)

where

E14 = γ8E12 + γ9

(
2ε

(
∇∂ω
∂t
,∇ω

)
+ ‖∇ω‖2 + ‖ω‖2

)
+ γ10

(
2

(
∇∂ξ
∂t
,∇ξ

)
+ 2

(
∆
∂ξ

∂t
,∆ξ

)
+ ‖∆ξ‖2

)
+ γ11

(
‖∂ω
∂t
‖2 + ‖∂ω

∂t
‖2
−1

)
. (6.20)
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For su�ciently small values of γ9 and γ10 > 0, there exists C > 0 such that

C−1

(
ε‖∇∂ω

∂t
‖2 + ‖∆ω‖2 + ‖∆∂ξ

∂t
‖2 + ‖∆ξ‖2

)
6 E14(t)

C

(
ε‖∇∂ω

∂t
‖2 + ‖∆ω‖2 + ‖∆∂ξ

∂t
‖2 + ‖∆ξ‖2

)
then, there exists C and C−1 > 0 such that

C‖
(
ω(t),

∂ω

∂t
(t), ξ(t),

∂ξ

∂t
(t)

)
‖2

Φ2
6 E14(t) (6.21)

The property of f(s) allows to �nd, owing to (u, α) ∈ BR0 ∩ Φ2 and the fact that u ∈
H2(Ω) ⊂ L∞(Ω), the following estimate

‖f ′(u)∇u‖2 =

∫
Ω

(
3|u|2 + 1

)2 |∇u|2dx

6 C ′
(
|u|4L∞ + 1

)
‖∇u‖2

6 C ′‖∇u‖2

and

‖f(u)‖2 =

∫
Ω

(
u3 − u

)2 |dx

6
∫

Ω

|u|2
(
|u|2 + 1

)2
dx

6 C
(
|u|4L∞ + 1

) ∫
Ω

|u|2dx

6 C‖u‖2

6 C‖∇u‖2.

Thanks to the estimates (5.2), the two above estimates can be written as following

‖f ′(u)∇u‖2 6 Q

(
‖(u(0),

∂α

∂t
(0), α(0),

∂α

∂t
(0))‖Φ1

)
e−βt + C (6.22)

‖f(u)‖2 6 Q

(
‖(u(0),

∂α

∂t
(0), α(0),

∂α

∂t
(0))‖Φ1

)
e−βt + C (6.23)

where β and C are the positive constants and Q is the monotonic function. Inserting
(6.22) and (6.23) into (6.19), we have

d

dt
E14 6 Q

(
‖(u(0),

∂u

∂t
(0), α(0),

∂α

∂t
(0))‖Φ1

)
e−βt + C. (6.24)
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Integrating (6.24) from 0 to t ∈ [0, T ] and owing to (6.21), we get

‖(ω(t),
∂ω

∂t
(t), ξ(t),

∂ξ

∂t
(t))‖2

φ2
6 C

∫ t

0

(
Q

(
‖(u(0),

∂u

∂t
(0), α(0),

∂α

∂t
(0))‖φ1

)
e−βτ + C

)
dτ

6
(
1 + e−βt

)
Q

(
‖(u(0),

∂u

∂t
, α(0),

∂α

∂t
(0))‖Φ1

)
+ Ct

6

(
1 +

1

eβt

)
Q

(
‖(u(0),

∂u

∂t
, α(0),

∂α

∂t
(0))‖φ1

)
+ Ct

6

(
1 +

1

1 + βt

)
Q

(
‖(u(0),

∂u

∂t
, α(0),

∂α

∂t
(0))‖φ1

)
+ Ct

6

(
1 +

1

1 + βt
+ t

)
Q

(
‖(u(0),

∂u

∂t
, α(0),

∂α

∂t
(0))‖φ1

)
6

(
1 + βt+ 1 + t+ βt2

)
Q

(
‖(u(0),

∂u

∂t
, α(0),

∂α

∂t
(0))‖φ1

)
6

(
2 + (1 + β)t+ βt2

)
Q

(
‖(u(0),

∂u

∂t
, α(0),

∂α

∂t
(0))‖φ1

)
6

(
1 + T 2

)
Q

(
‖(u(0),

∂u

∂t
(0), α(0),

∂α

∂t
(0))‖Φ1

)
. (6.25)

The estimate (6.25) allows to assert that the operator Sε(t) is regularizing in Φ1. Then
there exists the global attractor.

Conclusion

The works contained in this article relative dynamic system, are very important to explain
the processes of phase transition phenomena. Since the solution of the system exists and is
unique and the system is dissipative, then the existence of the global attractor associated
to the problem (1.5)-(1.8) is proven.
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