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ABSTRACT  14 

A modified predator-prey model is proposed with logistic growth in both prey and predator 
populations and an infection in the predator population. This model uses ideas from the 
original biological Lotka-Volterra model in an attempt to imitate financial predation. 
Potential investors, the prey, interact with financial experts, the predators, who provide 
advice on purchasing financial instruments and investments. Some of these experts are 
honest while others are ‘infected’, in that, a portion of them attempt to deceive clients into 
making irrational investments for their own benefit, incurring losses to the client. Stability 
and Hopf bifurcation analyses are discussed analytically. The results have been verified 
using numerical simulations in MATLAB.  Using different datasets, the study shows that 
variation of different parameter can affect the stability of the system and the co-existence 
of potential investors and financial experts over time. 
 
Aims: To determine regions of stability for the model by varying parameter values in 
within simulated datasets. 
Study design:  Stability Analysis – Analytical and Numerical.  
Methodology: The model is first studied analytically by solving for the positive, interior 
equilibrium point (once it exists) when the differential equations are solved 
simultaneously. Stability conditions are defined based on these results using the Routh – 
Hurwitz criteria. These results are verified numerically in MATLAB as an initial value 
problem, integrating with slight perturbation around the equilibrium point. Each parameter 
in the dataset is varied one at a time. The regions where the model remains stable for a 
particular parameter are recorded. The Hopf bifurcation points, where there are stability 
changes, are also noted and graphical simulations are produced using time series and 
three-dimensional (3D) plots for particular stable and unstable scenarios. The effect of 
three different pairs of financial expert - investor persuasion rates on the populations of 
investors, is also shown. 
Results: Hopf bifurcation parameters for three simulated datasets were found to be 
associated with the investment persuasion rate, investor-expert interaction rates, expert 
interaction rate, expert interference constant and growth rate of experts. In particular the 
population of potential investors increased drastically when the investor persuasion rate 
for dishonest investors was much greater than that for honest investors for the given 
dataset. 
Conclusion: Variation of parameter values in the model allow for the analysis of model 
stability conditions. These enhance the creation of detection mechanisms to control the 
‘infection’ of investment fraud among financial experts. 
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1. INTRODUCTION 17 
 18 
Financial predation is analogous to the traditional biological idea in which the predator 19 
attacks a prey for its food source. This gravely affects businesses, which operate in a similar 20 
way to biological eco-systems. According to Bricage (2015), the two are very similar, in that, 21 
they both exhibit complex, non-linear, dynamic characteristics. Abraham-Froi (1998) noted 22 
that the cyclic behavior of economy is explained by the financial structure of investment, 23 
while Wilcox (1999) maintained that the dynamics in investment markets are analogous to 24 
organisms competing for information on prices. Hence, ecological ideas can assist in the 25 
partial understanding of the complex dynamics involved in the financial eco-system. 26 
 27 
In the financial world, a predator has the ability to prey on finances in order to gain profit 28 
from investments. In many cases, they do so dishonestly. The predators are invariably multi-29 
million, if not multi-billion dollar companies, and the prey represents the average investor or 30 
financial institutions in charge of groups of average investors (Mesly 2012b). The Great 31 
Depression of 1929 and the financial recession crisis in 2008 have both inspired financial 32 
experts and mathematicians alike to study models which can assist in prediction of such 33 
anomaly events. 34 
 35 
There are a variety of factors which lead to financial anomalies, including mismanagement of 36 
funds, as well as fraud. Hellwig (2009) indicated that financial crises are caused by lack of 37 
proper risk assessment on the part of financial institutions. In addition to this, Bergeron and 38 
Laroche (2009) noted that ‘the ideas of perceived predation enables these financial players 39 
to hide their agendas, since they assume that a negative image leads to increased perceived 40 
risk.’ This is the technique used by some financial experts to mislead and therefore gain the 41 
trust of potential investors.  42 
 43 
Consequently, individual and corporate investors alike, can be victims of financial fraud. The 44 
social interactions of key players in the financial world are similar to prey and predatory 45 
interactions in Biology. Mesly (2012a) discussed this idea of perceived predation in the 46 
context of finance, noting that some key players are willing to take advantage of 47 
unsuspecting investors. Subsequently, this causes these individuals unforeseen financial 48 
losses. This motivates the behavior of financial experts: they can choose to evaluate the 49 
market honestly or to be blatantly dishonest in their assessments. Some may even do both, 50 
in different situations. 51 
 52 
As a result, different mathematical methods have been employed to measure this form of 53 
predation. Mesly (2012b) used factorial analysis, cluster analysis, structural equation 54 
modelling and multiple regression techniques to identify psychological factors, such as trust 55 
and wealth, and how these affect the predation process. These variables are useful in 56 
testing the behavioural effects of these predators on their victims. A predation coefficient is 57 
also presented as an indication of a potential investor’s perceived deception by financial 58 
agent.  59 
 60 
Mesly (2013) extended these notions in another model in order to determine whether 61 
financial predators can be detected before they commit fraud. The four resource elements: 62 
essential, nonessential, work and knowledge, are used to generate a predatory curve to 63 
detect abnormal behaviors. These provide a possible indication of the presence of financial 64 
predators. The implication for the average or wealthy investor is obvious: detecting the 65 
predator (before he can act) may mean saving thousands if not millions of dollars (Mesly 66 
2013). 67 



 

 68 
Consequently, Mesly (2017) investigated this idea further, indicating that there is a 69 
neurobiological inclination for financial players to behave as either predators or prey. They 70 
have the ability to choose different prey or predator approaches. They may choose to 71 
maintain their initial investment, withdraw from the market, or take advantage of vulnerable 72 
‘prey’ consumers. A similar idea was explored in (Lim, Soutar and Lee 2013) where 73 
behavioural finance and consumer behaviour is expressed in an investment intentions 74 
model. This used structural equation modelling and factors such as perceived risk, product 75 
knowledge and uncertainty to make conclusions about individual decision-making.  76 
 77 
Although these methods have been explored to detect predation, financial fraud has 78 
continued to plague the industry in the form of investment schemes. In 2008, the chairman of 79 
the NASDAQ Stock Exchange, Bernard Madoff, led a multibillion-dollar Ponzi scheme, 80 
originally developed by Charles Ponzi in 1920. Artzrouni (2009) and Zhu, et al. (2017) 81 
discussed the principle behind the operation: it lures potential investors using promises of 82 
high rates of returns and the scheme spreads via word-of-mouth. Rantala (2015) compared 83 
the growth of Ponzi schemes to the ‘spread of infectious diseases’ and Shiller (2000) 84 
proposed that these infectious social dynamics tend to inflate investment prices.  85 
 86 
The notion that investment ideas can be spread socially has foundations in the theory from 87 
infectious disease models within a population. Anderson and May (1978) were instrumental 88 
in formulating a predator-prey model with infection of the prey species. Their work was 89 
based on the original Lotka - Volterra model for competing species, in addition to the model 90 
for infectious disease transmission originally studied by Kermack and Mc Kendrick (1927). 91 
The latter model was known as the SIR (Susceptible-Infected-Removed) compartmental 92 
model. The idea here was that a species contains individuals susceptible to a disease, 93 
infected with the disease and those who were recovered or died from the infection. Over the 94 
years there have been variations to the original form.  95 
 96 
Although Chattopadhyay and Arino (1999), Han et al. (2001), Xiao and Chen (2001), Pada 97 
Das (2011), Sahoo and Poria (2016), Greenhalgh, Khan and Pettigrew (2016), Kant and 98 
Kumar (2017) have explored the effects of predation on disease models, the application of 99 
this particular modified model to financial predation is a fairly new area. There is very little 100 
work done using the Lotka- Volterra predator – prey model, with the presence of infection, to 101 
assess the stability of the financial eco-system with the “disease” of financial fraud. This idea 102 
is one which motivates our study. Therefore, it is worth exploring some of the work in this 103 
area.  104 
 105 
Biologically, prey populations influence the size of predator populations and vice versa. 106 
Wilcox (1999) also discussed the link between biological predator-prey models and the stock 107 
market as an eco-system with the idea that the dynamics of the former assists in the 108 
understanding of the stability of the market. The analogy between investment approaches 109 
and species makes it clear that one does not want the analogies to famines and parasitic 110 
diseases caused by overpopulation within a particular investment approach (Wilcox 1999). 111 
This is also a motivating factor in our study. 112 
 113 
In this work, potential investors are the financial representation of prey. Financial experts, 114 
the predators, are divided into two classes: honest and dishonest. Unlike in biology, 115 
entrepreneurs can choose whether to enter as predator or prey (Mehlum et al. 2003). Using 116 
this idea, financial experts can decide whether to be honest or dishonest. Dishonest experts 117 
are ‘diseased’ and involved in fraudulent schemes, which enables them to deceive potential 118 
investors. This is analogous to an ‘infection’ according to biological epidemic models. These 119 
experts interact amongst themselves spreading the ‘infection’ where possible to other 120 



 

experts. The dynamics of these interactions, as well as those potential investors, are 121 
investigated mathematically using a modified prey-predator model.  122 
 123 
Hence, the goal of this paper is to assess the stability of the model with respect to the 124 
number of potential investors and financial experts. In this way, one can find the optimal 125 
parameters in which they either co-exist or become ‘extinct’ in investment situations. 126 
Analyzing attractor types and the transitions between them as significant model parameters 127 
change, that is, the model’s bifurcations, is helpful in understanding stability shifts (Colon et 128 
al. 2015). Thus, this work is not meant to replace existing financial or social models, but is a 129 
way of showing a novel approach to analyzing these behaviors using stability analysis.  130 
 131 
The paper first provides a brief introduction to the different models in Section 1. Section 2 132 
describes the model with a brief overview of the model assumptions, methodology with an 133 
outline of the analytical analysis for obtaining the positive interior equilibrium point. Next, the 134 
stability of this point and Hopf bifurcation is examined. Then, in section 3 numerical 135 
simulations are provided with graphical interpretations of the results, as well as a discussion 136 
of the findings. Finally, section 4 outlines conclusions, future work and recommendations 137 
based on this work.  138 

 139 

2. METHODOLOGY  140 

 141 
The model used is a modified version of the original Lotka- Volterra model.  Potential 142 
investors and financial experts represent the prey ��� and predator (�� populations 143 
respectively. Financial experts describes brokers, agents, bankers or any relevant persons 144 
involved in the investment industry. They are divided into susceptible (��� and infected ���� 145 
groups. The infection here is the “disease” of fraud toward the potential investors. The model 146 
takes the form of a modified version of the prey-predator model proposed by (Haque 2010) 147 
in which there is a transmissible disease among the predator population. 148 
 149 
Anderson and May (1978) first studied the effect of an epidemic on predation via a 150 
modification of Lotka-Volterra prey-predator model with infected prey. Hassell and Varley 151 
(1969) proposed a trophic function with a functional response of the form: 152 
 153 

���, �� = ��
��                                                                                               �2.1� 

 154 
Where � is the searching efficiency of the predator to find prey and � represents the 155 
interference of the predator (Hassley -Valley constant).  Costner, et al. (1999) discussed the 156 

value of this constant, assuming � ∈ [ �� , 1�, realistically, depending on predators forming a 157 

fixed number of groups. If predators do not form groups the functional response is that of a 158 
ratio – dependent model.  159 
 160 
The form of the trophic function used in our research is: 161 
 162 

���� = ��
1 + ���                                                                                             �2.2� 

 163 
 164 
This is a prey-dependent functional response. This term, ��� , is motivated by an Agent-165 
Based Model containing the function for a simplified economy consisting of a goods and 166 
credit market in (Arslan, et al. 2016). The function for the level of a firm’s production (L) is a 167 
function of the total capital (K) in the business cycle. It is given by:  168 



 

 169 � = ���                                                                                                     �2.3� 
 170 
Where � > 1 and 0 < � < 1. In our model, we assume � can take any positive value and that 171 � can take a value of 1, as previously discussed in the original ratio-dependent form. 172 
 173 
Let � be the money invested by potential investors (prey),  174 
Let �� be the money invested by financial experts (susceptible predators) and 175 
Let �� be the money invested by dishonest financial experts (infected predators involved in 176 
controlled fraud as the infection).  177 
 178 
The system of differential equations to represent this model is as follows: 179 
 180 ��

�� = ���� − !�������� − !��������                          
����� = "����� + !�������� − #$� ���, ���                                                         �2.4� 

����� = "����� + !�������� + #$����, ���                         
 181 
where 182 
 183 

���� = �� &1 − �
'( , ")��)� = *)�) &1 − �)�( , + = 1,2

�)��� = �
1 + ,)��- , $)���, ��� = ����,                    + = 1,2 

 184 
and !�, !�, ,�, ,�, #, �, ', *�, *�, � are assumed to be positive constants 185 
 186 
The system becomes: 187 
 188 ��

�� = �� &1 − �
'( − !����1 + ,���. − !����1 + ,���/           

����� = *��� &1 − ��� ( + !����1 + ,���. − #����                                                      �2.5� 

����� = *��� &1 − ��� ( + !����1 + ,���/ + #����              
 189 
 190 

Table 1:   Definitions of parameters in the model  191 
 192 

Parameter Definition 1 2 3 45 
 46 
 75 76 85 

Maximal growth rate of potential investors 
Carrying capacity of potential investors 
Carrying capacity of financial experts 
Interaction rate of honest financial experts with 
potential investors 
Interaction rate of dishonest financial experts with 
potential investors  
Honest expert -investor persuasion rate  
Dishonest expert - investor persuasion rate 
Honest financial expert interference constant 



 

86 95 96 : 

Dishonest financial expert interference constant 
Maximal growth rate of honest financial experts 
Maximal growth rate of dishonest financial experts 
Interaction rate of honest and dishonest financial 
experts 

 193 
       Model Assumptions: 194 

 195 

i) A specific population is assumed to grow logistically (potential investors, honest 196 

financial experts, dishonest financial experts) in the absence of the other two 197 

populations. 198 

ii) Disease among the financial experts is the infection “control fraud” which is 199 

accounting fraud used to deceive potential financial investors.  200 

iii) The disease model here is the S-I (Susceptible – Infectious) Model where there 201 

is no recovery from the infection. 202 

iv) Incidence rate, c, is the contact rate for every fraudulent financial expert with an 203 

honest one and is of bilinear mass action. 204 

v) All populations of investors and experts grow at a logistic rate with carrying 205 

capacities ' and � respectively. 206 

vi) The honest financial experts interact with the potential investors with functional 207 

response, �)��� = ;
�<=-;>- , + = 1,2  but they may become infected by the 208 

dishonest investors. 209 

vii) The infection is assumed to spread among financial experts only at a rate ? by 210 

the mass action law. 211 

viii) The total predator population at time t is ���� = ����� + ����� 212 
ix) Total number of potential investors, �, is greater than the total number of 213 

financial experts, � 214 

x) In contrast to the assumption by Pada Das (2011), which states that the infected 215 

predator is less able to hunt or to capture a prey than a susceptible predator, we 216 

assume that the honest and dishonest investors have the ability to use the same 217 

effort to attract potential investors. Dishonest investors may be more desperate 218 

to attract potential investors. 219 

xi) For simplicity, assume the model contains minimal noise, that is, very little 220 

stochastic effects. 221 

 222 

 223 

A dimensionless system is created for each of computations. The following new 224 

variables and parameters are introduced: 225 

 226 

�̃ = ��, AB = �
' , CB� = ��� , CB� = ���  , �� = !��

� , �� = !��
� , 

 227 

#� = ,�'�. , #� = ,�'�/ , D� = *�� , D� = *�� , ? = #�
�  

 228 

For simplicity, the bar (~) is dropped in the substitutions and the original system 229 

in equation (2.5) becomes: 230 

 231 



 

�A
�� = A�1 − A� − ��AC�1 + #�A�. − ��AC�1 + #�A�/           

�C��� = D�C��1 − C�� + ��AC�1 + #�A�. − ?C�C�                                                 �2.6� 

�C��� = D�C��1 − C�� + ��AC�1 + #�A�/ + ?C�C�                                
The initial condition, FA�0�, C��0�, C��0�G, is the positive interior equilibrium point with slight 232 

perturbation. 233 
  234 

 235 

2.1 Existence of Positive, Interior Equilibrium Point 236 

The interior equilibrium point is the non-zero, positive solution obtained using the method 237 
outlined in (Dubey and Upadhyay 2004). There exists two intersecting isoclines are found at 238 

a unique point, (C�, C��. Firstly, put 
HI
HJ = HK.

HJ = HK/
HJ = 0 where A, C�  and C� all not equal to 239 

zero. Let the equilibrium point be �A∗, C�∗, C�∗�. For simplicity, the asterisk (*) is dropped in 240 
calculations. 241 
 242 
This gives: 243 
 244 

A�1 − A� − ��AC�1 + #�A�. − ��AC�1 + #�A�/  = 0                                              �2.7� 

 245 

D�C��1 − C�� + ��AC�1 + #�A�. − ?C�C� = 0                                               �2.8� 

 246 

D�C��1 − C�� + ��AC�1 + #�A�/ + ?C�C� = 0                                                �2.9� 

 247 
Using equations (2.8) and (2.9): 248 
 249 
 250 ��AC�1 + #�A�. = ?C�C� − D�C��1 − C��                                   �2.10� 

 251 ��AC�1 + #�A�/ = −?C�C� − D�C��1 − C��                                �2.11� 

 252 
Equations (2.10) and (2.11) into (2.7) give: 253 
 254 A�1 − A� + D�C��1 − C�� + D�C��1 − C�� = 0                           �2.12� 
 255 

A = 1
2 ± Q1 + 4D�C��1 − C�� + 4D�C��1 − C��                         �2.13� 

 256 
For simplicity in calculations, we take the value of �) = 1, + = 1,2 257 
 258 
From (2.10): 259 

A = �?C� − D��1 − C��
�� − #��?C� − D��1 − C���                               �2.14� 

 260 



 

From (2.11): 261 

A = −F?C� + D��1 − C��G
�� + #�F?C� + D��1 − C��G                                       �2.15� 

 262 
 263 
For A to be positive, the following conditions must hold: 264 
 265 ?C� − D��1 − C�� > 0                                              �2.16!� 

 266 �� − #�F?C� − D��1 − C��G > 0                                               �2.16,� 

 267 
                                           ?C� + D��1 − C�� < 0                                                 �2.17!� 268 

 269 

                         �� + #�F?C� + D��1 − C��G > 0                                                 �2.17,� 270 

 271 
Solving equations (2.14) and (2.15) give: 272 
 273 

��C�, C�� ≡ 1
#� S ��

�� − #�F?C� − D��1 − C��G − 1T + 1
#� S ��

�� + #�F?C� + D��1 − C��G + 1T
= 0                                                                                                                    �2.18� 

 274 

Using equations (2.12) and (2.14) gives: 275 "�C�, C��
≡ 1

#� S ��
�� − #�F?C� − D��1 − C��G − 1T U1

− 1
#� S ��

�� − #�F?C� − D��1 − C��G − 1TV + D�C��1 − C�� + D�C��1 − C��
= 0                                                                                                                   �2.19� 

From equation (2.18), when C� → 0, then C� → C�X and this is defined as the positive solution 276 
to the equation: 277 
 278 1

#� S ��
�� + #�FD��1 − C��G − 1T + 1

#� Y ���� + #��?C� + D�� + 1Z = 0                   �2.20� 

 279 
Similarly, from equation (2.19), when C� → 0, then C� → C�X and this is defined as the positive 280 
solution to the equation: 281 
 282 1

#� Y ���� − #��?C� − D�� − 1Z &1 − 1
#� Y ���� − #��?C� − D�� − 1Z( + D�C��1 − C�� = 0          �2.21� 

 283 
The two isoclines in equations (2.18) and (2.19) intersect at a unique point (C�, C��. Using 284 
these values, the positive value of A can be calculated from equation (2.13). This completes 285 
the existence of the positive equilibrium point. 286 
 287 

2.2 Local Stability Analysis 288 



 

The stability of the equilibrium point �A, C� , C� � is examined, where A, C� , C�  are all positive, 289 

by finding the Jacobian Matrix. First, the original system of equations in (2.5) is linearized via 290 

the following substitutions: 291 

                              A = A + [,                       292 

                  C� = C�  + \,                                                             �2.22� 293 

                         C� = C� + ],                  294 

  295 

where [, \ and ] are small perturbations about the equilibrium point. All terms are expanded 296 

about the equilibrium point using Taylor’s theorem, neglecting higher order terms of [, \, ] 297 

The characteristic polynomial takes the form: 298 

 299 ^_ + ,�^� + ,�^ + ,` = 0                                                �2.23� 

 300 

where  301 
 302 

                           ,� = −�a�� + a�� + a__�, 303 

,� = a��a�� − a��a�� + a__�a�� + a��� − a_�a�_ − a_�a�_�,                                      �2.24�                          304 

                           ,` = −a��a��a__ + a��a��a__ − a��a_�a�_ + a��a_�a�_ − a�_a��a_� + a�_a_�, 305 

and    306 

                          a�� = 1 − 2A − b.K.
�<c.I>. + b.K.c.I>.�.��<c.I>.�/ − b/K/

�<c/I>/ + b/K/c/I>/�/��<c/I>/�/  307 

                          a�� = − b.I
�<c.I>. 308 

                          a�_ = − b/I
�<c/I>/ 309 

                          a�� = b.K.
�<c.I>. − b.K.c.I>.�.

��<c.I>.�/                                                                                           �2.25� 310 

                         a�� = D��1 − 2C�� + b.I
�<c.I>. − ?C� 311 

                         a�_ = −?C� 312 

                         a_� = b/K/
�<c/I>/ − b/K/c/I>/�/

��<c/I>/�/  313 

                         a_� = ?C� 314 

                         a_� = D��1 − 2C�� + b/I
�<c/I>/ + ?C� 315 

For stability, the eigenvalues, ^, in the characteristic polynomial must have negative real 316 
parts. The Routh-Hurwitz criteria provides the conditions to satisfy a stable equilibrium which 317 
occurs if and only if  318 
 319 ,� > 0, ,` > 0,     ,�,� − ,` > 0                                                             �2.26�  320 
 321 



 

Theorem 2.1. Given an equilibrium point  �A, C�, C�� satisfying the equations of system (2.5), 322 

then once Lemma holds and a��, a��, a�_, a��, a��, a�_, a_�, a_�, a__ are defined by equation (2.25), 323 

then the equilibrium point exists and is locally stable if and only if �2.26� holds where ,`, ,� 324 

and ,� have been defined in (2.24). 325 

 326 

2.3 Existence of Hopf Bifurcation(s) 327 

The criterion for Hopf Bifurcation is outlined according to Liu (1994). Consider the system of 328 

equations defined in (2.5) which can be written in the general form: 329 

�d = �e���,         � ∈ ℝ_, g h ℝ,  � ∈ ij                                          (2.27) 330 

with the equilibrium point, �`, at some parameter, g = g` defined as ��`, g`�.  331 

 332 

Consider the coefficients of the characteristic polynomial, ,), defined in equation (2.23), 333 

where ,) ≡ ,)�g�, + = 0,1,2 are smooth functions of g.  In order for a Hopf bifurcation to exist, 334 

the following conditions are assumed for the system at a parameter g = g`  : 335 

(i)                         ,`�g`� > 0,     ,��g`� > 0,       ,��g`�,��g`� −,`�g`� = 0                      (2.28) 336 

  and 337 

  (ii)                                             
HF=.�kl�=/�kl� m=l�kl�G

Hk ≠ 0                                                (2.39) 338 

 339 

Theorem 2.2.  Given an equilibrium point  �A, C� , C�� satisfying the equations of system (2.5) 340 

satisfying Theorem 2.3, the conditions for the existence of a Hopf Bifurcation are satisfied by 341 

equations (2.28) and (2.29). 342 

 343 

Due to the complicated nature of the expressions of the three dimensional system (2.5), this 344 

analysis is verified numerically.   345 

 346 

3. Results and Discussion 347 
 348 

    Different parameter values are used in the system in order to investigate stability changes 349 
in the model. We investigate if the investors and experts can co-exist in terms a steady state 350 
solution (a node or a stable focus) or a stable oscillatory solution (limit cycle). The Hopf 351 
bifurcation indicates the start or end of a periodic solution from an equilibrium point, when a 352 
parameter surpasses a particular value. 353 
 354 
Three datasets are shown in Table 2. For each dataset, each parameter was varied 355 
individually while keeping the others constant. The results were recorded where there was a 356 
change in stability for specific parameters. Dataset (1) had equal values of #� and #�, while in 357 
dataset (2) and dataset (3), these values were unequal.  358 
 359 



 

Stable regions and unstable regions occurred on different sides of the Hopf Bifurcation (HB) 360 
point(s). This point(s) were found both analytically using the Routh-Hurwitz Criteria. Then, 361 
the automated continuation package, MATCONT (version matcont3p4), available in 362 
MATLAB [16] was used to verify the bifurcation points numerically.  363 
 364 
 365 
 366 
 367 
 368 
 369 
 370 
 371 
 372 

Table 2.         Parameter values for three datasets  373 
 374 

Parameter  dataset (1)      dataset (2) dataset (3) o5 o6 :5 :6 85 86 p5 p6 q 
 

Equilibrium 
point 

 
Stability via 

Theorem 2.1 

 5.5 
0.5 
0.01 
0.01 

1 
1 

0.05 
0.05 
0.09 

 
(0.012, 0.067, 1.239) 

 
 

Stable equilibrium 

5.5 
0.5 
0.01 

5 
1 
1 

0.05 
0.05 
0.09 

 
(0.012, 0.106, 1.271) 

 
 

Unstable equilibrium 

5.5 
0.5 
5 

0.01 
1 
1 

0.05 
0.05 
0.09 

 
(0.027, 0.086, 1.431) 

 
 

Stable equilibrium 
 

 375 
 376 
Table 2 shows the stability regions and Hopf bifurcation points for the three datasets where 377 
the value of #� is varied while the other parameters are held constant. In dataset (1), the 378 
initial values for #� and #� are the equal while in datasets (2) and (3), the value of  #� ≪ #�  379 
and #� ≫ #� respectively. Financially, these two parameters represent the rate at which 380 
financial experts (honest and dishonest) encourage the investors to make an investment 381 
(that is, the investor persuasion rate).  382 
 383 
In the first dataset, Hopf bifurcations occur for the parameter #� only. Figs. 1 and 3 show 384 
time series graphs for a stable and unstable case for dataset (1), with respect to the variation 385 
of #�. The stable case for the model at #� = 0.01 shows a slight fluctuation in the three 386 
populations initially. However, eventually over time the populations co-exist and remain 387 
stable. The unstable case at #� = 7.5  shows the continuous fluctuation of all three 388 
populations over time. 389 
 390 
The other two datasets display similar results for additional parameters. In dataset (2), 391 
bifurcations occur at parameters ��, �� and ?. These represent the investor-expert 392 
interaction rates, �) , + = 1,2 and the interaction rate between the experts, ?. Dataset (3) has 393 
bifurcations for the parameters ��, �� and D�. These are the rates of investor-honest expert 394 
interaction, ��, the investor-honest expert interference constant, ��,  as well as the maximal 395 



 

growth rate of the dishonest financial experts, D�. Similar time series graphs can also be 396 
plotted to analyze the behaviour of the model for the variations of these parameters. 397 
 398 
Figs. 2 and 4 show the behaviour of the orbits of the system close the equilibrium points 399 
corresponding to these stable and unstable cases respectively. These graphical simulations 400 
enhance the recorded numerical results, since they display how the variations of different 401 
parameters over time affect the model stability. Fig. 5 also displays the changes in the 402 
population of potential investors with time for the three pairs of values of financial expert 403 
persuasion rates, #)  for i = 1, 2, for datasets (1), (2) and (3) respectively.  404 
 405 
Interesting behavior occurs in dataset (2) where #� = 0.01, #� = 5. The number of potential 406 
investors increases drastically when the investor persuasion rate for dishonest experts is 407 
much greater than that for honest experts.  Here, potential investors are influenced more so 408 
by fraudulent experts to enter investment schemes, thereby causing their populations to 409 
increase drastically in comparison to datasets (1) and (3) where the dishonest expert 410 
persuasion rates are lower.  411 
 412 
As a result, a number of reasons may be adequate to partially explain some of the 413 
population fluctuations. Financial experts use different tactics such as social media, word-of-414 
mouth and other advertising means to attract their clients. This may cause the co-existence 415 
equilibrium of the investors and experts to fluctuate. There are alternating periods of time 416 
where investors are drawn to investment schemes or shy away from them due to prior 417 
knowledge of dishonest tactics.  418 
 419 
The latter is particularly attractive for an investment that promises high interest rates and 420 
returns. As the influence of the agents and brokers increases, the investors become more 421 
educated and are more prone to being careful about risky investments and so the number of 422 
potential investors falls. Hence, further analysis of such a model and its parameters can 423 
increase the knowledge of how these social behaviors affects the number of players in the 424 
market. 425 
 426 

Table 3:            Stability regions for parameters in datasets (1), (2) and (3) 427 
 428 
   Dataset  Parameter Stable (S) /Unstable (U) 

regions 
Hopf Bifurcation Points 

(1) #�      0 < #� ≤ 6.26 (S) 6.26 < #� ≤ 34.09(U) 
              #� > 34.09 (S) 

 

6.26 
34.09 

 

(2) �� 
 
 
 �� 
 
 
 
 ? 

0 < �� ≤ 0.69 (S) 
        �� > 0.69 (U) 

 
     0 < �� ≤ 0.67 (S) 0.67 < �� ≤ 0.82 (U) 
            �� > 0.83 (S) 

 
       0 < ? < 0.07 (S) 
  0.07 ≤ ? ≤ 0.69 (U) 
              ? > 0.69 (S) 

 

0.69 
 
 

0.67 
0.82 

 
 0.07 0.69 

(3) 
 
 

�� 
 
 

0 < �� ≤ 12.88 (S) 
         �� > 12.88 (U) 

 

12.88 
 
 



 

 
 
 
 
 
 
 
 

 �� 
 
 
 D� 
 
 

 
       0 < �� ≤ 0.51 (S) 
  0.51 < �� ≤ 0.93 (U) 
              �� > 0.93 (S) 

 0 < D� ≤ 0.37 (S) 
       D� > 0.37 (U) 

 

 
0.51 
0.93 

 
 

0.37 
 

 

 429 
Figure 1:   Time series graph showing stable equilibrium where the populations for 430 
Investors and Financial experts co-exist over time for dataset (1) where :5 = v. v5  431 

 432 
 433 

 434 
 435 

Figure 2:   Stable equilibrium for dataset (1) where a small disturbance from the 436 
equilibrium initially eventually re-approaches the equilibrium value again 437 
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 439 
Figure 3:    Time series graph showing unstable equilibrium for the populations of   440 
Potential investors and Financial experts over time for dataset (1) where :5 = w. x 441 

 442 
 443 

 444 
 445 
 446 

Figure 4:       Unstable equilibrium for dataset (1) where :5 = w. x where a small 447 
disturbance from the equilibrium value cycles away from this point in an oscillatory 448 

manner 449 
 450 
 451 
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 452 
Figure 5:   Time series for the number of potential investors in datasets (1), (2) and (3) 453 
as the investor persuasion parameter, :y varies for  y = 5, 6. Interesting behavior 454 
occurs particularly in dataset (2) where :5 = v. v5, :6 =  x. The potential investor 455 
population experiences the largest, increasing fluctuations when the honest expert 456 
persuasion rate is much lower than that for dishonest experts. The infection of fraud 457 
in experts influences increases the number of potential investors in the system. 458 
 459 
 460 

 4. CONCLUSION 461 

 462 
This model with investor interactions in the presence of fraud, can provide valuable 463 
information to safe-guard the economy from financial crises. Social networks among 464 
investors and financial experts are an integral part of the complex dynamics of these 465 
systems. Therefore, stability analyses attempt to provide investor guidance in the presence 466 
of financial predators. Parameter regions which lie in unstable regions present a mechanism 467 
to avoid incurred financial losses. 468 

 469 
This model is the start of a bigger scheme of financial dynamical analysis. It can be 470 
improved by the addition of other financial parameters as well as stochastic effects. This is 471 
the direction for future work. Different functional responses can also be applied in a spatial 472 
sense similar to Costner, et al. (1999) where prey densities in different regions have an 473 
effect on predatory activity. Since finanical eco-systems are complex, dynamic 474 
envirnoments, these functions may change from time to time.  475 
 476 
In addition to this, a switching mechanism can make the model more realistic. Mehlum et al. 477 
(2003) explained that entrepreneurs are less likely to choose predatory activities depending 478 
on the probability of businesses being the most profitable choices in the long run. This idea 479 
can support the idea that financial experts may switch between the states of honesty or 480 
dishonesty, depending on profitability of the investment.  481 
 482 
Hence, this work can be used to partially model and explain the dynamics in real-life 483 
fraudulent investment scenarios. Policy makers can test how different cases of parameters 484 
would affect the long – term populations of investors and financial experts in the model. The 485 
value of stability and time series analysis provide an interesting detection system to 486 
determine and predict the presence any fraudulent investment activities. 487 
 488 
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