VARIANTS OF COMPATIBLE MAPPINGS IN MENGER SPACES

Balbir Singh
Department of Mathematics
B.M.Institute of Engineering and Technology,
Sonipat, Haryana, India.

balbir.vashist007 @ gmail.com

Pawan Kumar
Department of Mathematics
Maitreyi College (DU)
Chanakyapuri, New Delhi, India
kpawan990 @ gmail.com
and
Z. K. Ansari
Department of Applied Mathematics,
JSS Academy of Technical Education,
C-20/1, Sector 62,

Noida- 201301. U.P. India.
zkansari @rediffmail.com

Abstract. In this paper, we introduce the notions of compatible mappings of type(R), type (K)
and type (E) in Menger spaces and prove some common fixed point theorems for these
mappings. In fact, we call these maps as variants of compatible mappings.
Mathematics Subject Classification: 47H10, 54H25.
Key Words: Menger space, Compatible mappings, Compatible mappings of type (R), type
(K), type (E).
1. Introduction
The notion of probabilistic metric space as a generalization of metric space was introduced by
Menger [6]. In Menger theory, the notion of probabilistic metric space corresponds to
situations when we do not know exactly the distance between two points, but we know
probabilities of possible values of this distance. In this note he explained how to replace the
numerical distance between two points p and g by a function F(p,q,%) whose
value F(p,q,t) at the real number % is interpreted as the probability that the distance
between p and q is less than £. In fact the study of such spaces received an impetus with the
pioneering work of Schweizer and Sklar [10]. The theory of probabilistic metric space is of
paramount importance in Probabilistic Functional Analysis especially due to its extensive
applications in random differential as well as random integral equations.

Now, we give preliminaries and basic definitions in Menger space which are useful in

this paper.



Definition 1.1[10] A mapping F:R* - R* is called distribution function if it is non
decreasing and left continuous with inf {F(£):# € R*} =0 and sup {F(£):# € R*} = 1.

We will denote the set of all distribution functions by L.

Let £ be the set of all distribution functions whereas H be the set of specific distribution

function (Also known as Heaviside function) defined by

_(0,ift <0
}“Q_{Lﬁt>0

Definition 1.2[6] A probabilistic metric space is a pair (K, F), where K is a nonempty set

and F: K X K = L is a mapping satisfying the following:
Forallp,q,r € K and ¢t,s =0,
(p1) F(p,q,%#) = 1lifandonly if p = q;
(p2) F(p,q,0) =0;
(p3) F(p,q,t) =F(q,p,1);
(ps) F(p,q,t) =1 and F(q,7,s) =1, then F(p, 7, +5s) = 1.

Every metric space (I€,d) can always be realized as a Probabilistiv metric space by
F(p,q,t) =H( — d (p,q)), for all p,q € K, where H be the set of specific distribution

function defined in the definition 1.1[10].

Probabilistic metric space offers a wider framework than that of the metric space and cover

even wider statistical situations.

Definition 1.3[10] A mapping A : [0,1] X [0,1] — [0,1] is called a £-norm if for all a, b, c €
[0,1],

(1) Aa,1) = a,A(0,0) = 0;

(2) A(a,b) = A(b, a);

3) A(c,d) = A(a,b) forc = a,d = b;
4) A(A(a, b), ¢) = A(a,A(b, ©)).

Example 1.4 The following are the four basic £-norms:

@) The minimum #-norm: Ay (a, b) = min{a, b}.



(ii)  The product t-norm: Ap(a, b) = ab.
(ili))  The Lukasiewicz £-norm: A, (a, b) = max {a + b — 1,0}.
(iv)  The weakest £-norm, the drastic product:

min{a, b} if max {a, b} =1,

Ap(a,b) = { 0, otherwise.

We have the following ordering in the above stated norms:
Ap< A< Ap< Ay .

Definition1.5 [6] A Menger space is a triplet (K, F, A), where (K, F) is a probabilistic metric

space and A is a £-norm with the following condition:

Forall p,q,r € Kand £,s =0,

(ps) Fp,r,t+5s) 2 AF @, q,1),F(q,r,5s)).

Example 1.6 Let K = R, A (a,b) =min (a, b), forall a, b in [0, 1] and

H@), ifp #q,

0,ift<0
. ; where }[tz{
1, ifp=q )

Flp.q.0) = { 1Lif £ >0,

Then (KK, F, A) is a Menger space.

Definition 1.7 A sequence {p,,} in Menger space (K, F, A) is said to be:

(1) Convergent at a point p € K if for every € > 0 and A > 0, there exists a positive
integer N ; such that F(p,,p,€) > 1 -4 forall n = N, ,.

(i)  Cauchy sequence in K if for every € > 0 and A > 0, there exists a positive integer
N, suchthat F(p,,ppm €) > 1 —-Aforall n,m > Ng,.

(iii)) Complete if every Cauchy sequence in K is convergent in K.

In 1996, Jungck [4] introduce the notion of weakly commuting mappings.

Definition 1.8[4] Two self-mapping f; and g; of a Menger space (KK, F,A) are said to
be weakly commuting if F(f191p, 9110, %) = F(fip,g1p,t) for each p € K and for
each £ > 0.

In 1982, Sessa [11] weakened the concept of commutativity to weakly commuting
mappings. Afterwards, Jungck [3] enlarged the concept of weakly commuting mappings to

compatible mappings.



In 1991, Mishra [7] introduced the notion of compatible mappings in the setting of

probabilistic metric space.

Definition 1.9[7] Let (K, F, A) be a Menger space such that the # —norm A is continuous and
f1,91 be mappings from K into itself. Then f; and g; are said to be compatible if
lim, . wF(f191Pn, 91f1Pn,t) = 1, whenever {p,} is a sequence in K such that

lim, ofibn = lim,,0g1Pn = Uy, for some u; € K.

Definition 1.10 Two self mappings f; and g, on Menger space (IK, F,A) are said to be non-

compatible if either

limpoo F (f191Pn) 91f1Pn » 1) is non-existent or - limp o F(f191Pn, g1f1Pn, 1) # 1,

whenever {p, } is a sequence in K such that lim,_ fp,= lim,_ . gp, = U4, for some

uleK.

Further, Singh and Jain [12] proved some fixed point theorems for weakly compatible maps

in the setting of Menger space.

Definition 1.11[12] Two maps f; and g, are said to be weakly compatible if they

commute at their coincidence points.

In 1999, Pant [8] introduced a new continuity condition in Menger space, known as

reciprocal continuity as follows:

Definition 1.12[8] Let f; and g, be self- mapping of a Menger space (K, F,A). Then f;
and g, are said to be reciprocally continuous if lim,_ . f191Pn=fi") liMy_e 91fiPn=
g17, whenever {p,} is a sequence in K such that lim,_o fipn= limy0 g1pn = 1 for some

r € K.

Remark 1.13[8] If f; and g, are both continuous, then they are obviously reciprocally
continuous, but the converse is not true. Moreover, common fixed point theorems for
compatible pair of self mappings satisfying contractive conditions, continuity of one of the

mappings implies their reciprocal continuity, but not conversely.

In 2004, Rohan et al. [9] introduced the concept of compatible mappings of type (R)

in a metric space as follows:

Definition 1.14[9] Let f; and g, be mappings from metric space (I, d) into itself. Then f;
and g, are said to be compatible of type (R) if
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lim;,, o d(fl.glpn' glflpn) =0 and limy,_, d(flflpn: .gl.glpn) =0,

whenever {p, } is a sequence in K such that lim,_, fip, = lim, . g10n = U4, for some u,

in K.

In 2007, Singh and Singh et al. [13] introduced the concept of compatible mappings

of type (E) in a metric space as follows:

Definition 1.15[13] Two self mappings f; and g; of a metric space (I, d) are said to be
compatible of type (E) if lim, e fifiPn = iMoo f191Pn = g1u1 and lim,,_ g1910n =

lim,, e 91fiPn = fiuq, whenever {p,} is a sequence in K such that lim, . fip, = u; for

some t in K.

In 2014, Jha et al. [1] introduced the concept of compatible mappings of type (K) in a

metric space as follows:
Definition 1.16[1] Let f; and g, be mappings from metric space (K, d) into itself. Then f;

and g, are said to be compatible of type (K) if

limy,_,, d(f1f1Pn, g1u1) = 0and lim,_,o d(g191Pn, fr1) = 0,

whenever {p,} is a sequence in K such that lim,,_, fip, = lim,_« g1pn = u,, for some u,
in K.
2. Properties of variants of compatible mappings.

Now we present the notions of variants of compatible mappings in the context of a

Menger space.

Definition 2.1 Let § and T are two self-mapping on Menger space (K, F,A ). Then § and T

are said to be:
1. Compatible of type (R) if limy, ., F (8T x,, TSx,, %) = 1, and

lim,_ F(8Sx,, TTx,,t;) = 1, whenever a sequence {x,} in K satisfying lim,_ . . Sx, =

lim, T2, = u,, where u; € K,V £; > 0.
2. Compatible of type (K) if lim,,,,F(8Sx,, Tuq,%4,) = 1and
lim,,_ F(TTx,,Su,,t;) = 1, whenever a sequence {x,} in K satisfying

lim,,,Sx, =lim, . Tx, = u,, where 1, in K.



3. Compatible of type (E) if lim,_,,, SSx, = lim;,,,, 8Tx, = Tu, and

limy, . TT 2, = lim,_,,, TSx,, = Su,, whenever a sequence {x,} is in K satisfying

lim,,,Sx, =lim,_,Tx, = u,, where ©4 in K.

Proposition 2.1 Let S and T are two compatible mappings of type (R) self maps of a Menger
space(K, F,A). If Su; = Tuq, for some u, € K, then STu, = SSuy = TTu; = TSu,.

Proof Suppose that {x,} is a sequence in K defined by x,, = u,,n = 1,2, ... for some u, €
K and S« = Tu4. Then we have Sx,,Tx,, > Su, asn — . Since § and T are compatible

of type (R), we have
F(STuq, TSuq, t1) = limy F (ST %, TSx,,%,) = 1.

Hence we have §Tw; = §Su,. Therefore, since S« = Tu,, we have STu; = SSu, =

TT’[/LIZTS’I/LI.

Proposition 2.2 Let S and T are two compatible mappings of type (R) self maps of Menger

space (IK, F, A). Consider that lim,,_,., Sx,, = lim,,_,., Tx,, = «,, where 1, in K. Then
(a) limy,_,,, T'Sx, = Su4 if § is continuous at .

(b) lim,,_,,, Tx,, = Tu, if T is continuous at 1¢,.

(©) STuy =TSu,; and Suq, = Tuq, if S and T are continuous at .

Proof (a) Suppose that § is continuous at 4. Since lim,_,,, Sx, = lim,,_,, T x, = «, where

w4 in K, we have §§x,,5T x, = Su, asn — . Then by given condition
lim, . F(TSx,, Suq, 1) = lim, o F(TSx,,8Tx,, %) = 1.
Therefore, lim,,_,,, TSx, = Su,.

(b) Suppose that T is continuous at . Since lim,_,Sx, = lim,_,Tx, = u,, where in

K, we have TSx,,, 7T x, = Tu, as n = o. Then by given condition
limp, L F(ST 2, Ty, t1) = limy L F(§T 2, TSx,, %) = 1.
Therefore, lim,,_,., $Tx,, = Tu,.

(c) Easily follow by Proposition 4.1, STw, = SSu; = TTuy = TSu,.



Proposition 2.3 Let § and T are two compatible mappings of type (E) on a Menger

space (K, F, A) into itself. If one of § and T be continuous and
lim,_» Sx, = uq, where «, € K. Then the following hold

(@) Suq; = Tuqg, limy, o, SSx, = lim,_,, $Tx, = lim,_,, TSx, = lim TTx,,.

n—oo

(b) If we can find vy € K such that Sv; = T1; = wq,we have STv; = TSv,.
LEMMA 2.1[12] Let (KK, F,A) be a Menger space. If there exists a k in (0,1) such that

F(p,q,kt) = F(p,q,%t) forall p,g € Kandt > 0, then p = q.
LEMMA 2.2[12] Let {p,} be a sequence in a Menger space (IK,F,A) with continuous % -
norm A and A(%,%) = £. If there exists a k in (0,1) such that

F(Pn Pns1, kt) = F(Pr—1,Pn, ), then {p, } is a Cauchy sequence in K.
3. MAIN RESULTS
Now we prove our main theorems in Menger spaces.
Theorem3.1 Let A, S, B and T are four self maps on a complete Menger space (I, F, A) such
that
3.1) T(K) c A(K), S(K) c¢ B(K);

?(Uq'zp Bwl tl)l T(‘Vq'zl ‘SZI tl),
(3.2) F(8z,Tw,qt,) = mini F(Bw,Tw, t,),F(Sz, Bw, aty),
F(Az,Tw, (2 — a)ty)

hold for all z, w in K, where @ € (0,2), t; > 0,
(3.3) one of the map A, S, B and T be continuous.

Suppose the pairs (B,T") and (A, §) are compatible of type (R).
Then u; = Bu, = Tu, = Au, = Su,, where «4 is a unique in K.
Proof Since S(K) < B(K). Now consider a point 3, € IK, we have a point z; € K such
that §zy = Bz, = wy, for z;, we can find a point 3, € K satisfying T'z; = Az, = w.
Similarly we have a sequence {w,} in K satisfying

Won = SZan = BZon+1s

Won+1 = T Zan+1 = AZons2;
Now we prove that {w,} is Cauchy sequence in K.

On setting 2z = Zon, W = Zons1,a = 1 — B with B € (0,1) in inequality (3.2), we have



{T( AZon, BZons1,11), F(AZon, SZon, ’L’1),\

, F(Bzon+1, T Zan+1, t1), }
F(Sz0,T3 ,gt1) = min
($22n n+1, Bt1) i F(822n, Ban+1, (1 — B)11)

F(Azn, T 22n+1, (1 + B) 1)
(T( ’W2n—1"W2n:’5'1),7:'(W2n—1'w2n"t1),\

. T(w2n1w2n+1:’t1):
M (uwry,,, wr ,q4%t1) = min
(W2n, Wanss, 41) i F(wan wn, (1 — B)E),

F(wian-1,Wans1, (1 + B) £1)

> min {T( Won—1, Wan, £1), F (Won, Won i1, ’tl)'}
B F(wan—1, Wons1, (1 +B) £1)

{T( Won—1, Wan, £1), F(Won, Woni1, tl)'}

= min
F(wan—1,Wan, £1), F (Won, Wont1, BE1)

> min {T( Won—1,Wan, £1), F(Won, Wan i1, tl):}

F(wan, Wons1, Bt1)

Since A is continuous, letting § — 1 we obtain

=min{ F(wan_1, Won, 1), F (Wan, Woni1,£1)},
Hence M (wan, Wans1, Gt1) = min{F(won_1, Wan, 1), F (Wan, Wans1,£1)}
Similarly
F(Wons1, Wansz, Gt1) = MIn{F (won, Wons1, 1), F (Wons1, Wans2 1) }
So for all n, we have
T(wn' Wn+1) thl) = mln{ T( Wn—1, Wy, tl): T(Wn, Wn+1, tl)}
Consequently, we have

. t /t’
T(Wn'wn+1, ’[71) = mln{ T( wn—l’wn’zl)'T(wn;wn+1';1)}.

By repeated application of above inequality, we get

, t t
F (Wi, Wiy, 1) = Min F (w1, w0, L), F (Wi, W1, ).

: t :
Since F (1w, wn+1,%—;) — 1 as m — oo, it follows that

F(wy, Wntq1, @t1) = F(wy_q, wy, 1), foralln € N.
By Lemma 2.2, {w,} be a Cauchy sequence in KK and hence it converges to «, € KK, then the

subsequence {Szan}, {Bant1}s {TBone1} and {Az,,} of {wry,} also converges to 4.



Suppose A is continuous. Now by Proposition 2.2 and (A, S) are compatible of type (R),
AAz,, and S§Az,, converges to A, asn — .

We claim that «; = Awu,.

On putting 3 = AZy, and W = 25,1, @ = 1 in inequality (3.2), we have

F(AAZBn, Bzons1, t1), F(AAZn, SAZon, 1),
F(SAzon, TZ2n+1,@t1) = ming F(Bzons1, T Zan+1, t1), F(SAZon, BZon+1, t1),
F(AAzZ, T Z2n+1,t1)

Letting n — o, we get

F(Auq, uq, t1), F(Auy, Auyg, 1),
T(dqullult %tl) 2 mln ?(/M’ll /M’ll tl),T(c/q’lLl,’LLl, tl):
F(Auq, uq, %)

F(Auy,uq, gt1) = F(Auq, g, 7).
Lemma 2.1gives, Awu; = uq.
Next we claim that St = 4.
Putting z = 14 and w = 3,,,,1, @ = 1 in inequality (3.2), we have

T(Uq’“’l:BZ2n+1:’t1):?(Uqulnguln’tl);
F(Suy, T zan41,4t1) = min F(Bzan+1, T Zan+1,t1),
F(Su1,Bzons1,t1), F(Auy, T Zan41,%1)

Letting n — o, we obtain

?(lu'll/u'lltl)l?(ullsull tl)p
F(Suq,uq,gty) = ming Flug, uyg, 1), F(Suq, uq, 1),
?(ullulitl)

we have F(Suq,uq,9t1) = F(Suq, uq, 7).

Lemma 2.1 gives, Suq = 4.

Since §(K) < B(K) and hence we can find a point v, in K satisfying w, = Su, = Bv.
We claim that ©«; = Tv4.

On setting 3 = 4 and w = v, @ = 1 in inequality (3.2), we obtain

F( U‘l’”q.B’Vl.’fl):T(v‘lul.Sul.’fl).
F(uy, Tvy,gt1) = F(Suy, Tvy, kty) = min F(Bvy, Ty, 1)
.?(544«1.-'3"’1.4'1):?@4%1,T’U’Lﬁ)
T(ullulltl)l?(ullulltl)l?(/u'llT/lrll tl)l}
F(uq, U1, 1), F (1, v1, 1)

ie., F(uq, Tvy, gty) = F(uq, Tvy, £1).

ie., Fluy, Tvy,qt) = min{

By Lemma 2.1, we get «, = Tv.
Since B and T are compatible of type (R) and Bvy = Ty = u4, by Proposition 2.1,

BT 1y = TBwv; and hence Bu, = BT vy = TBvy = Tu4. Also, we obtain

9



T(cﬂuLB’ub’L'1)'T(dqu1'5u1:’t1),
F(uqy, Buq,gty) = F(Suq, Tuq, gt) = min F(Bu,, Tuqy,t;)
,F(Suq, Buqg, 1), F(Auy, Tuq, £1)

we get F(uq, Buq,gt,) = F(uq, Buqg, ty).

By Lemma 2.1, we get «,; = Bu,. Hence 1y = Buy = Tuqy = Auy = Suq.

Now suppose S is continuous given A and § are compatible of type (R), by Proposition 2.2,
882z,, and $z,, converges to Suq as n — .

We claim that ©«; = Su;.

Putting z = §z,, and w = z,,,1, @ = 1 in inequality (3.2) ,we have

F(AS 220, Bzon+1, 1), F(AS B30, SSB2n, 11),
F(8S220, T Zon+1, @t1) = min F(Bzani1, T Bons1,£1), F(SS 320, Boon+1, £1),
F(ASz2m, T 2n+1,t1)

Letting n — o we get
we get F(Suq, uq, gt1) = F(Suq, uq, £y).
By Lemma 2.1, we Suq = 4.
Since §(K) € B(X) and hence we can find a point p; € K satisfying w, = Su,; = Bp;.
We claim that 1, = T p;.
Putting z = $3,, and w = p4, « = 1 in inequality (3.2), we obtain

T( CA‘SZZTU B#?l:tl)lT(CﬂSZan S‘SZZTU ’tl),
?(SSZZTUTWII Q‘tl) = min T(Bpl,Tpl,tl),?(SSZZn,‘Bpl,tl),
F(AS 220, T p1,%1)

Letting n — o we have

we get F(uy, Tpy, qt1) =2 F(uy, Ty, t1).

By Lemma 2.1, we get u, = T p5.

Since B and T are compatible of type (R) and Bp,; = Tp; = 14, by Proposition 2.2,
BT p, = TBp, and hence Buy, = BT p1 = TBp,; = Tu,.

We claim that u = Tu;.

Putting 3 = 2, and w = w4, « = 1 in inequality (3.2), we have

F(Azyn, Buq, t1), F(AZon, SBon, 1),
F(Sz2n, Tuq,gt1) = min F(Buq, Tuq, 1),
IT(SZZn'Bulltl)'T(CAZZn' ‘T/u’l'tl)

Letting n — o, we have

we have F(uq, Tuq,qt) = F(uy, Tuq, £1).

10



By Lemma 2.1, we Tuw; = u,.

Since 7' (K) < A(K) and hence we can find a point x; € K satisfying «; = Su,; = Ax;.
We show that 1, = Sx;.

Putting z = 2, and w = u4, @ = 1 in inequality (3.2), we obtain

?(Uq'xll Bulltl)l?("ﬂxll leltl)l
F(Sxq,uq,qt1) = F(Sx1, Tuy, kty) = ming F(Buy, Tuqg,11), F(Sx1, Bxy,11),
F(Ax, Tuqg, 1)

we obtain F(Sxq,uq,gt1) = F(uq,Sxq,11).
Lemma 2.1 gives, u; = Sx;.
Since § and A are compatible of type (R) and Sx; = Ax; = 14, by Proposition 2.1,
ASxq = SAx and hence Auy = ASxy = SAx; = Suq.
Hence «; = Bu, = Tuy = Auqg = Su,.
Uniqueness Suppose v; (117 # 1) be other point in K such that
vy =Bv, =Tv = Avy = Svy.
Putting z = 14 and w = v, @ = 1 in inequality (3.2), we obtain

F(Auy, Bry, 1), F(Aug, Suqg, t),
T(Sull T/v/ll thl) = T(ull /lrll thl) 2 min T(BVI'TVL ;tl)l T(Sull B/v/lltl)l
F(Au, Tvy,41)

we get F(uq, vy, gt1) = F(uq, v4,£1).

By Lemma 2.1, we get «, = 1.

Hence «; = Bu, = Tu; = Au, = Suq and 14 is unique in K.

Next we prove theorems for compatible mappings of type (K) and type (E) as follows:
Theorem3.2 Let A,5,B and T are four self maps on a complete Menger space
(K, F, A)satisfying (3.1), (3.2). Suppose that the pairs (A,S) and (B,T) are reciprocally
continuous and compatible of type (K). Then 4, = Bu, = Tu; = Au, = Suq, where 1,
is a unique in K.

Proof Now from the proof of Theorem 3.1, we can easily proved that the subsequence
{Szon}: {Bzans1}s {T32ne1} and {Az,,} of {wr,} also converges to 4.

Now the pairs (B,7") and (A, S) are compatible of type (K), we obtain

AAZyy = Suq,88%,, > Auq and BBz, = Tu, TT 25041 = Buy as n — oo,

We claim that Bu, = Auq.

Putting z = §z,, and w = T3,,,.1, « = 1 in inequality (3.2), we have

11



T(CASZZTU BTZ2n+1:t1):T(UQSZ2n: S‘SZZnI tl):
F(88220, TT zon+1,@t1) = Min{ F(BT 32041, TT Zon41,£1), F (S8 220, BT 2o 41, 11),
F(BSz2n, T 32041, %1)

Putting n — oo and reciprocal continuity of the pairs (B, T) and (A, §), we obtain

we get  F(Auq, Buqy, gty) = F(Auy, Buq, £1).

By Lemma 2.1, we Au, = Bu,.

Next we claim that Bu; = Su;.

Putting 7 = 14 and w = Tz,,,1, @ = 1 in inequality (3.2), we get

F(Auq, BT Zap41, 1), F(Auy, Suq, 1),
F (BT z2n+1, TT Z2n 41, t1),
F(Suq, BT zan+1,t1),
F(Auy, TT 3241, 1)

F(Sty, TT 23041, gt1) = min

we get F(Suq,Buq,gty) = F(Suq, Buq, ty).

By Lemma 2.1, we S« = Bu,.

We claim that S«; = Tu;.

Putting z = 4 and w = 14, @ = 1 in inequality (3.2), we have

T(cﬂul,Bul,tl),T(dqul, Sulltl);
T(S/u’llT/u'll Q‘tl) = min ?(‘B/u’lleu'lltl)lT(S/u’ll‘Bull tl)p
F(Auy, Tuq, ty)

we get F(Suq, Tuq, kty) = F(Suq, Tuq, t1).

By Lemma 2.1, we get Sw; = Tu,.

We claim that «; = Tu,.

Putting 7 = z,, and w = u4, @ = 1 in inequality (3.2), we have

T(CAZZn!B/ulvtl)lT(CAZZnI Szan tl)!
F(Szon, Tuq, gt) = ming F(Buy, Tuy, t1), F(Sz2n, Buq, 1),
F(Bzan, Ttuy, 1)

Taking n — oo, we obtain

we get F(uq, Tuq, gty) = F(uy, Tuqg, 4y).
By Lemma 2.1, we get «q = T 4.

Then u; = Bu, = Tu, = Au,; = Su, where 1, is a unique in K.

12



Uniqueness Suppose wr (1r; # 14) be other point in K.
Putting 3 = u, and w = w4, a = 1 in inequality (3.2), we obtain

?(CA’“L-‘B’WL’f1):T(v‘lu1.5’Mv1,’f1).
F(Suy, Twy, gt1) = F(ug, wy, gt;) = min{ F(Bwy, Twy, t1), F(Suy, Bwy, ),
F(Auy, Twy, 1)

we get F(uq, wq,qt1) = F(uq, wy, £1).

By Lemma 2.1, we get u©, = w1.

Hence «; = Bu; = Tu; = Auy = Suq and 14 is unique in K.

Theorem3.3 Let A,S,B and T are four self- maps of a complete Menger space (K, F,A)
satisfying (3.1), (3.2). Suppose the pairs (A, S) and (B, T) are compatible of type (E) and one
of § and A is continuous and one of 7 and B is continuous. Then 1, = Bu; =Tu, =
Awuq; = Suq, where w4 is a unique in K.

Proof From Theorem 3.1, we can easily prove the subsequence {Sz2,}, {BZans1}s {T32n+1}
and {Az,,} of {w,} also converges to 1.

Now, suppose that one of the mappings § and A is continuous, given § and A are
compatible of type (E), by Proposition 2.3, Au, = Su.

Since §(K) © B(K) and hence we can find a point v; € K satisfying Su; = Bv.

We claim that S« = Tv.

On setting 3 = «4, and w = 11, @ = 1 in inequality (3.2), we obtain

F(Auy, Bvy, t1), F(Aug, Suq, £),
T(Sull T/lrll %tl) = min T(B’U’l, T/v/ll tl)' T(SullB/lrll tl);
F(Auq, Tvy, 1)

we get F(Suq, Ty, gt1) = F(Suq, Ty, £1).

By Lemma 2.1, we get Sy = JTv. Thus we have Au, = Su; = Tvy = Buvy.
We claim that S©q = u;.

Putting z = ©4 and w = 35,41, @ = 1 in inequality (3.2) we have

F(Auq, Bzoni1, 1), F(Aug, Suq, t1),
F(Suy, Tzans1, @t1) = miny F(Bzans1, T 32n+1, 1), F(Su1, BZon+1, t1),
F(Au, TBan41, 1)

= min{F (uq, uq, t1), F(Suq, 1y, 1)}
we get F(Suq,uq,gt1) = F(Suq,uq,41).
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Lemma 2.1gives, w4, = Suq. Hence wq = Buy =T1uqy = Auqy = Suq.

Assume that T and B are compatible of type (E) and one of the mappings T and B is
continuous. Then we get Bvy = Tvq = 4.

By Proposition 2.3, we have BBv, = BT v, = TBvy = TTv4.

Hence Bu, = Tu,.

We claim that «; = Tu,.

Putting 3 = 2, and w = w4, = 1 in inequality (3.2), we have

F( Az, Buq, 1), F(AZon, SBan, £1),
F(Szan, Tuq,gt1) = miny F(Buy, Tug,t1), F(Sz20, By, £1),
F(Azon, Tuq, 1)

Letting n — o we obtain

we get F(Suq,uq,gt) = F(Suq, 1y, t,).

By Lemma 2.1, we Suq = 4.

Since §(K) < B(K) and hence exists a point p; € K such that w; = Su; = Bp;.
We claim that w,; = T p;.

Putting 7 = §3,, and w = p;, @ = 1 in inequality (3.2), we have

F( ASZ30, By, ’t1):~7:(c/1552n:552n' ’t1),
F (88320, T p1,G%,) = min FBp., Tp1,t1),
F(SS2om, Bp1,t1), F(AS 220, T p1, 1)

Taking n — oo, we obtain

we get F(uy, Tpy,gt1) = F(uy, Ty, £1).

By Lemma 2.1, we get 4, = Tp4. Since B and T are compatible of type (R) and Bp,; =
T p1 = u4, by Proposition 2.3, BT p; = TBp, and hence Buy = BT p; = TBp, = Tu,.
We claim that ©«; = Tu;.

Putting 3 = 25, and w = w4, @ = 1 in inequality (3.2), we have

F(Azn, Buq, t1), F(AZon, SB2n, t1),
F(Szyp, Tuq,gt,) = min F(Buy, Tuq, 1)
) T(‘SZZTU B’LL1, ’t1): ?(‘AZZn! T/M’ll tl)

Letting n — o we have

we get Fuy, Tuq, gt,) = F(uy, Tug, t).

By Lemma 2.1, we Tuw; = u,.

14



Then w; = Bu, = Tuq, = Auq; = Suq, where 14 is a unique in K.
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