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ABSTRACT

Aims: A shape optimization technique is developed, using the boundary element method, for two-
dimensional anisotropic structures to study the effects of anisotropy on the displacements and stresses,
then minimize weight while satisfying certain constraints upon stresses and geometry.
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Methodology: The shape design sensitivity analysis of a two-dimensional anisotropic structure using a
singular formulation of the boundary element method is investigated to study the effects of anisotropy on
the displacements and stresses. An Implicit differentiation technique of the discretized boundary integral
equations is performed to produce terms that contain derivatives of the fundamental solutions employed
in the analysis. This technique allows the coupling between optimization technique and numerical
boundary element method (BEM) to form an optimum shape design algorithm that yields shape design
sensitivities of the displacement and stress fields for anisotropic materials with very high accuracy. The
fundamental solutions of displacements and tractions in terms of complex variables employed in the
analysis. The feasible direction method was developed and implemented for use with the golden-section
search algorithm based on BEM as a numerical optimization technique for minimizing weight while
satisfying all of the constraints.

Results: The proposed method has been verified by using the two-dimensional plate with an elliptical
hole as the numerical example. The numerical results show that the proposed method is suitable and
effective tool for the computer implementation of the solution.

Conclusion: From the research that has been performed, it is possible to conclude that the optimal
shape of the two-dimensional plate with an elliptical hole is crucial when elastic field is sensitive to
boundary shape. Also from this knowledge of the effects of anisotropy on the displacements and
stresses, we can design various anisotropic structures to meet specific engineering requirements and
utilize within which to place new information can be more effective.
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1. INTRODUCTION

The rapid development of composite materials following wide varieties of techniques and the
design and manufacturing technologies is one of the most significant achievements in the field of
materials engineering and science. Because of their high stiffness and high strength properties,
composites are the most commonly used in mechanical engineering and aerospace applications
[1-5].

In recent years, the scientific research in the field of optimization algorithms has become a
rapidly developing area of research in computational optimization techniques [6-8].

Numerical techniques are also increasingly used for analysis of structural engineering, among
which the boundary element technique [9-19], which offers a clear advantage over other
methods, and is applicable to a wide range of structural engineering problems. The study of
anisotropic structures is very complex and is still not well understood, and as a result, more
sophisticated strategies for optimal design of anisotropic structure are in demand [20-25].

2. FORMULATION OF THE PROBLEM

The equilibrium equation for anisotropic elasticity

0ijj X =0 @

where there are 21 independent material elastic constants Cijkl because Cijkl = Cjigg = Cijix = Cku-j. Due to the
symmetry of the stress and strain tensors, and assuming that the material is symmetric with respect to the z-direction

which is perpendicular to X-Y plane, the two-dimensional stress-strain relations for plane-stress anisotropic elasticity
are

Exx diy diy  dig][Oxx
syyl = [du dz; dzsl [GWl (2)
Exy dig dos dall%xy

where o;; and ¢;; (i,j = x,y) are the stress and strain components, respectively, d,, are the elastic

compliances coefficients, which can be written in terms of elastic constants as follows

1 1 Vi Vyq
d — —’ d — —' To = e— T = e—
11 E, 22 E, (5V) E, E,
1 M21 M2 M22  N212
ds.r = —_ d.. = == Ay = —= = 2= (3)
00 Hi2 1 Ey H12 2 E, H12

The coefficients of mutual influence of the first and second kinds, respectively

dp3dys
Cpg = Apg- Zquq ) p,q=126
Vp3 1 M23  M312
d = _L,d = _’d = —= 4 4
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The strain compatibility equation is

2 2 2
0%y 0% 0%
ox? = Ox? 0x,0x,

)

The equilibrium equation is automatically satisfied by writing the stresses in terms of derivatives
of the Airy stress function ¢(x;,X;) proposed by Airy [26] as

9% 92¢ 9%2¢

011 = =—=,0y) = ——, 01y = ———
M7 9x27 72 7 gx2 12T 9x,0x,

(6)

Now by combining equations (2), (5) and (6), the governing equation for the two-dimensional

anisotropic elasticity can be obtained as

d I’ 2d ¢ + (2d; +d ¢ 2d o' +d 64¢_0 7
22 oxt 26 9x30x, (2d;, 66)ax%ax§ 16 9%,0x3 11 ox: =0 (™

It is convenient to define the operator f; (s = 1,4) as follows

0 d

fs = E-GSO_% ®
equation (7) may be reexpressed in the following form
fif2fsfa(9) =0 )
where Gj are the four roots of the following characteristic equation

d*¢
[d22'26d26 + (2d12 + d66)62-2d1663 + dllG4]F =0 (10)

Lehknitskii [27] has proved that, for an anisotropic elastic material, these roots are distinct and should be purely

imaginary or complex and they can be denoted by

G =a,+ib, G, =a, +ib),G3 =G, ,6, =G, (11)
where a; and b; (j = 1,2) are real constants, i = V-1 and the overbar is complex conjugate. Thus, the stresses and

displacements in an anisotropic elastic body may be expressed in terms of the complex coordinates z; = x; + Gjx;

and their complex conjugates
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Also, the strains can be written in terms of the stresses in non-principal coordinate system of

laminae as [28]

d12 ‘%16 Oxx
lgyyl— d12 dzz dye [Uyyl (12)
die dps deel 7

Where the transformed compliances are

d_11 =9, + 9, cos 20+ 95 cosdp (13a)
diy = 04-95 cos 4o (13b)
d_” = 9,-9, cos 20 + 95 cos 4p (13¢)
die = 9, sin 20 + 29, sin 40 (13d)
d_% =1, sin 2p -29; sin 4o (13e)
dea = 2(8;-0,)-49- cos 4o (13f)

in which the invariants (94, 9,,93,9,) are

1

191 = §(3d11 + 3d22 + 2d12 + d66) (14’(1)
1

U, = E(dn'dzz) (14b)
1

U3 = §(d11 + dyy-2d15-dge) (14¢)
1

Uy = §(d11 + dy; + 6d5-dge) (14d)

3. NUMERICAL IMPLEMENTATION

According to the Betti's reciprocal theorem, we assume that 0;;, €;; and 0'1 i ,- represent two different types of

stresses and strains which satisfy equilibrium, compatibility and Hooke’s law. Hence
f oije;j dR = f ojjei; dR (15)
R R

the unstarred quantities are supposed to represent the unknown solution, and the starred
quantities correspond to a singular fundamental solution to Navier’s equation, associated with a
point load in an infinite domain, which after performing integration by parts twice and applying
the divergence theorem, leads to the following somigliana displacement identity (Cruse [29])
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0 (€) = f £ () Uy (6, m)ds (1) - f w ()T, € m)ds(r) (16)

The displacements and tractions fundamental solutions are respectively as follows:

1
Uy ) = g =55 {(3 4v)6l]ln( )+rr} 17)
Y6 = g (7) * {5m (1~ 278 + 2121

-(1=2v)(njrinary) (18)

where I' = ||§ — 1| is the Euclidean distance between the load point { = (&1, &,) and the field point 7 = (X4, X;)

r= {(xf'fi)(xi'fi)}l/z (19)

The derivatives of I'(§, ) with respect to the field point coordinates and the unit normal vector at the field point are

as follows
ar 1 Jar

(ol (x=$;) = 3 (20)
dar ar 1
on axl @D
The boundary integral equation in the

) = [ DU (€A - [t DT (€ 1)) 22)

The boundary integral equation resulting from the direct boundary element formulation for anisotropic structures,
may be written as

Dyt (€) + f T (& Dt (M) () = f Upon &, 1)t () (1) 23)

N N
where ¢(€1,&;) and 7 = (x,y) are the load and field points, respectively. Upy, ($,1) and Ty (€, 1) are the
fundamental solutions which represent the displacements and tractions, respectively,

The coefficient D,,, depends on the local geometry of the boundary at ¢, which lies on the
smooth surface or a sharp corner, m,n =1, 2.

4. SHAPE DESIGN SENSITIVITY ANALYSIS OF 2D ANISOTROPIC STRUCTURES

Implicit differentiation of the boundary integral equation (23) with respect to the design variable Xp, yields the
following equation [25]

Oun(S) Do
Doy =+ = (§)

mn(§,1) m(n)
+f (T ) + T ) 22 ) )
( (n)J

fs T (6, )t () 2

a , tm
[ (FER 0 4 e T2 st
s h
( (77))

+ [ U =5 24)

My, is the unit vector in the tangential dlrectlon to the surface, and M5, is the unit vector in the normal direction to
the surface, let Uy, ty, Emp and Oy be the displacements, tractions, strains and stresses, respectively.
The tangential displacement is
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U (§) = N um My
and the tangential strain is
Eax(§) = Tummln@

The gradients of the tangential strain may be written as follows

06 _dN“()0ug, 1 dN(E) _ Oy, 1

R AT
R TG (25)

The fundamental solutions can be written in a more concise form by introducing the following complex variables:
7y = (x-§1) + G1(y-$2) (26a)
zy = (x-61) + Ga(y-$2) (26b)

In terms of above complex variables the fundamental solutions for displacements and tractions, respectively, may be
written in the following form:

Up = 2Re[r1mAj21 In(z,) + romAjs In(z,)), (27)
GiA G5A G,A G,A
Ty = 2nyRe | | Gona) o g [ 2 "’2] (28)
GZ 1A GZ 2A ;1 AZ2
Ty = —2n1Re[ 2 ’”2] +2n,Re |22 4 2 (29)
Z Z Z Z
According to X-Y coordinate system, the N, are the outward unit normal components at 7 and the constants 7y, are
Tim = d11Gpy + dip-di6Gr,, Tom = A12Gm + d22/Gin-dae (30)
and Ay, are complex constants that can be determined from the following matrix equations
[Re{A 1)
Im{A,,.}
[Im{B,} Re{B;} Im{B,} Re{B,}]= mt
' ' ’ 207 | Re(Ans)
__Iml{ Amy}__
'Eamz
|1 =
= E&"l ym=1,2 (31a)
0
. - 0 -
Bl=1{ un mn 70} n=12 (31b)

For further details, we refer the reader to Cruse [29]

According to the numerical procedure for the boundary element implementation of Fahmy [2012], we obtain from
equation (23) the following system of linear algebraic equations which has to be solved using any of the standard
matrix reduction techniques to obtain the unknown displacements and tractions at the boundary as:

AU=B (32)

where A and B are the matrices that contain evaluated integrals of the fundamental displacement and traction
kernels, respectively

Let My, is the tangential unit vector to the surface and My, is the normal unit vector to the surface. Let Uy, Opyp,
&mn and tp, are, respectively, the displacements, stresses, strains and tractions in the local coordinates.

The tangential displacement is

U (§) = N(Oummyy (33)

where N°(§) (¢ =1,2,3)

and tangential strain is

o dNe® 1 "

gxx(f) - d{_— ummln](é—) ( )

In the local coordinates the stress components can be calculated by using the constitutive equation (2)

The derivatives with respect to a design variable x;, (h = 1,2) for anisotropic materials will be as
follows:
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U d
= 2=— [Re(Tn1Am1 In(21) + Tnz2Amz In(2,))] (35)
axh axh
aT, ad G*A G2A G*A G2A an
mi1 = 2n, — |Re mi  T2fm2 )| op, (Z14ms | T28me ) O
0xp, oxy, 7 Z, A z, JOx,
d G,A G,A G,A GyA 2\ On
_om, —[Re( 1m b2 mZ)] -ZRe( 1m | b2 m2>_2 (36)
0xp Z Z z; z, /) Oxp
aT, G, A G,A G, A Gy A\ On
mz2 _ R [R ( 1Am | b2 mz)] -ZRe( 1m b2 m2>_1
0xp, daxy, Z, A z, /0xy
+2 [R ( 4 Am )] + 2Re (A + Am2> ons 37
. 0xp, ¢ Z, A dxp, (37)
1
To compute the previous derlvatives, the complex values ln(zj) and ——may be written as follows
j
1 Z;
In(z ) ln| | +iarg(z ) —= —12 (38)
K]
It is convenient to introduce the following real functions
Ay = (x1-81) +%q (x2-55) (39)
Ay = (X1-§1) +%; (%5-¢3) (40)
Wy =-B1& + Bix, (41)
Wy = -B28s + Baoxa (42)
The complex coordinates and their complex conjugates can be written in the following form

By substituting from equations (38-43) into equations (35-37) we obtain

OUpn d L0
ax, = ZRe(TnlAml)W (In]zy [] + ZRe(TmAmﬂ)W larg(zy)]
d )
+2Re(rn2Am2) [ln|zz 11+ 2Re(rn2Am21) larg(z,)] (44)
Xp
0T — JRe GfAm N G5 Am> %-ZRE (GlAml N GzAmz)%
dxy, 7, Z, Xp, 7, Z, axh

5 d [ A v,
+2n,Re(Gy A1) =— o, <|Z E ) + 2n,Re(-G# mll) (|Z |2)
1
6 A, .
+2n,Re(G2Amy) — T <Iz E >+2ane( -G2 mzz) (I 2|2)
2 2
Jd /M ‘P
_anRe(GlAml)_ (W) 'zane('Gl 1’,) (l TZ)
1 1

A v,
~2m,Re (6,4 mz)—(lzzlz) 2n,Re (-G, mzz)a—xh(w) (45)

Z Zz Xp

0T, =—2Re[61Am1+02Am2 ony IR (Azml Amz)anz
1

axh a_xh
2 v
—2n,Re(G,A ml) (| |2) “2mRe(-G,A mll) <| 11|2)
X ¥z
—anRe(Gz mZ) (l |2) 2n1Re( GZ 21) axh (l 2|2)

/1 Ja (¥
+2n2Re(Am1) <| 1|2) + 2n,Re(- Amll) <|21 |2)



226
227

228
229

230

231

233

234

235
236

237
238

239
240

241

242

9 /A v,
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Thus, the design sensitivity analysis is performed by implicit differentiation of equation (32) that
describes the structural response with respect to the design variables x, which are the coordinates
of several nodes on the movable part of the boundary

0A ou 0B
e 7
Which may be expressed in the following form

ou (0B 0A

This is a set of linear algebraic equations to compute the unknown displacement and traction gradients. After
obtaining the displacement sensitivity, the stress sensitivity can be obtained.
The tangential strain’s sensitivity can be obtained by differentiating equation (34) as follows

0y _ dN¢(&)dug, 1 + dNC(f) cO0my, 1
Oxp — dE Oy RG] s T @)
aNc@) o1 Ul
ac " IOP oxs
The elastic compliance can be computed as the strain energy of the structure

1
E; = Ef tUmds (50)
S

If the structure’s boundary is discretized into @ quadratic boundary elements. Then, the elastic compliance can be
computed as

E, = %bz | ROV OOV OV (51)

After the displacements, stresses, tractions and their sensitivities are evaluated, the sensitivities
of elastic compliance with respect to the boundary point coordinates Xy can also be calculated by
implicit differentiation method as follows

Q _ _
0E; 1 des, dN°(§)
Th‘iz j = "N + ) _ [[ud, N (§)dé]

(49)

Nd(f)

g
22[ tﬁl(e)NC@][” © nace) + uh )

X R)dg + Z | oven m(z)Nd(z)lﬁdz (52)

4. NUMERICAL SHAPE OPTIMIZATION OF 2D ANISOTROPIC STRUCTURES

let R be a closed bounded plane region whose boundary € consisting of a finite number of smooth curves and
assuming that M and W are continuous functions and have continuous partial derivatives with respect to X1 and X,

aw am
ﬂ _— dxldxz j (mdx; +wdx,) (53)
dx; 0 .

By using the Green's theorem, the area 4 of the domain R (ff = ffR dxldxz) can be written in terms of a line
integral over the boundary

-1
A= EJ’ (xl dxz'xz dxl) (54)
c
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If the boundary of the structure is discretized into Q quadratic isoparametric boundary elements, and the coordinates
at nodal points can be expressed as

Xm(§) = N°($)xm (55)
where N €(£) quadratic shape function corresponding to the Cth quadrilateral element's node number, and ¢ is the
intrinsic coordinate for the element. Therefore, the area of the domain can be calculated as follows

o1 !
Q= 7; f @+ @ml O (56)

J (&) is the Jacobian matrix of the transformation and 14 and 1, are direction cosines of the unit normal vector to the
surface of the structure which may be written as

Cdx,  dx/dE  dx,/dé
"MTGA T dAdE T I

(57a)

_ dxy_ dxy/dE _ dxy/dg
Ry Sy Y T (9 (76)

Substitution of equations (57) into equation (56) yields

123 [ % )2 g (58
= - X — X ———
244), 1777 dg TP dg
The weight derivative can be calculated by differentiating (56) with respect to the design variable based on the
consideration that, if Xy, is the X1 coordinate of a movable node, then

Ja (d

and

d
o () =0 (59b)
Therefore

9x,(§) dxz dxl
axh ZZ . [ G i a ] a (60)
If xh is the xz coordinate of a movable node, then
dxl(f)

Oxh df =0 (61a)
and

d
o (1 (®)=0 (61b)
Therefore

dxz 9x,(§) (dxy

W B _Zf [ O axh ) dxy, ( dg )] % €2)

where Werght minimization is equivalent to area minimization.

The general problem that we discuss in the present paper is the minimization of structural weight which
must satisfy constraints on stresses and geometry. Since both stress and weight constraints are non-linear
functions of the design variables, then the feasible direction approach has been employed as the
computational optimization technique. This method determines a usable-feasible direction where the design
point can be moved in the design space.

Assuming the weight as the objective function A(x) that we want to minimize Subject to constraint
function y;(x) <k;, i=1,..,.M

According to iterative unconstrained optimization approach, the design variable is updated
during the iteration process to find the optimum result as follows

Xpy1 = Xp + Spdy (63)



281
282
283

284
285

286

287
288

289
290

291
292

293

294
295

296
297
298
299
300
301

302

303

304

305

where the line step parameter Sj, determines the amount of change in x to find the minimum design

point along the search direction dj,

The iteration process must satisfy the following condition

A(xpsq1)-A(xy) <€ (64)
where € is the predefined tolerance.

The search direction can be defined as

d, = -H"WA(x) (65)

where H" is the h-th approximation of the inverse Hessian matrix, which can be given by

Ph h h Ph T Ph nT

HY = |]- 9 H" |I- Q(P) + @) (66)

(PmTQ" (PMTQR ~ (PMTQM
where I denote the identity matrix and ()7 denote the transpose of the matrix
Pt = Xh41-Xn (67)
and B _
Q* = VA(xps1)-VA(xy) (68)
H° =1 (69)

5. NUMERICAL RESULTS AND DISCUSSION

The two-dimensional anisotropic plate with an elliptic hole was used as the numerical example in
order to verify the formulation and the implementation of BEM presented in this paper, the
physical data of the material of the considered plate for orthotropic (see [1]) and isotropic (see
[2]) and for anisotropic is given as follows:

Ey Fiz _ = 0.295
—_—= = 0.58 V12 '
L, 13.36, E,

X2

b &0 .
|

T T O A

0

X9

CJ (@] &P BN
o &~

{unit=rmm)

Fig. 1. Boundary element model and design variables of the plate with elliptical hole.
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306  According to the symmetry, only one quarter of the considered two-dimensional plate and the
307 dimensions and notation are given in Fig. 1 where the plate was modeled with linear elements.
308  The design boundary is controlled by five master nodes as the design variables. In order to
309  control the positions of the master nodes which control the shape of the structure, a five-node
310 cubic spline curve fitting technique have been developed and successfully used [34]. The
311  optimum shape of the deterministic design is shown in Fig. 2.

Initial Shape
======= Optimum Shape

Fig. 2. Optimum shape of infinite anisotropic plate with elliptical hole.
312
313 The variations of the displacement components u,; and u, with x coordinate are plotted in Figs. 3

314  and 4 to show the effects of anisotropy which are very pronounced on the figures

11
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Fig. 3. Variation of the displacement u; with x coordinate for

Anisotropic, Orthotropic and Isotropic.
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Fig. 4. Variation of the displacement u, with x coordinate for

Anisotropic, Orthotropic and Isotropic.
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334 The variations of the stress components 074, 0;, and g5, are plotted in Figs. 5, 6 and 7 to show

335 the effects of anisotropy which are very pronounced on the figures

336

Stress 014

337
338

i

12

1

Anisotropic —
Orthotropic
Isotropic —_—

l 2 3

Fig. 5. Variation of the stress 0,4 with x coordinate for Anisotropic,
Orthotropic and Isotropic.
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Fig. 6. Variation of the stress o, with x coordinate for Anisotropic,

339 Orthotropic and Isotropic.
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Fig. 7. Variation of the stress o,, with x coordinate for Anisotropic,
Orthotropic and Isotropic.

The displacement sensitivities are plotted in Figs. 8 and 9 to verify the formulation and the
implementation of BEM. These results obtained with the BEM have been compared graphically
with those obtained using the analytical solution of [35] and finite element method of [36]. It
can be seen from these figures that the BEM results are in very good agreement with the
analytical results and FEM, thus confirming the accuracy of the BEM. Our results thus confirm
that our method is strong and efficient.
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Fig. 8. Variation of the displacement 1, sensitivity with x coordinate.
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Fig. 9. Variation of the displacement u, sensitivity with x coordinate.

6. CONCLUSION

In the present paper, we demonstrated that the boundary element method can be
successfully used in Shape design sensitivity and optimization of anisotropic structures
problems. In the proposed method, the effect of anisotropy on the displacements and
stresses is demonstrated and the displacement sensitivities with respect to design
variables are calculated using implicit differentiation method (IDM). The numerical
optimization method used in the program is the feasible direction approach, together
with the golden-section search technique. The shape of anisotropic structures can be
manipulated easily by varying a chosen set of the design parameters during the
optimization process. The shape sensitivities can be directly derived from the variational
form of the governing equations. The accuracy produced by the proposed method
enables the use of gradient-based minimizers, that converges superlinearly.
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