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ABSTRACT

In this paper, we define Anti-fuzzy ideal of a ¢-near-ring in R and T-anti-fuzzy ideal of a /-near-
ring in R. we made an attempt to study the properties of T-anti-fuzzy ideal of a ¢ -near-ring, union
of T-anti-fuzzy ideals of ¢-near-ring, join of T-anti-fuzzy ideal of a ¢-near-ring in R, join of a
family of T-anti-fuzzy ideal of a /-near-ring in R and family of union of T-anti-fuzzy ideal of ¢ -
near-ringin R.
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fuzzy ideal of ¢-near-ring, T-anti-fuzzy ideal, join of T-anti-fuzzy ideal.

INTRODUCTION

The concept of fuzzy sets was initiated by Zadeh LA. [19] in 1965. Liu W. [13] has studied fuzzy
ideals of a ring and many researchers are engaged in extending the concepts. Abou-Zaid S. [1]
introduced the notion of a fuzzy subnear-ring, and studied fuzzy ideals of a near-ring, and many
followers discussed further properties of fuzzy ideals in near-rings. In Biswas R. [6] introduced the
concept of anti fuzzy subgroups of groups, and Kim KH, Jun JB. [11] studied the notion of anti
fuzzy R-subgroups of near-ring. In Kim KH, Jun YB, Yon YH. [12] introduced an anti-fuzzy ideal in
Near-Rings. In Hohle U. [10] introduced into fuzzy set theory and suggested that the T-norm be
used for the intersection and union of fuzzy sets. Deena P, Mohanraj G. [9] have studied several
properties of T-fuzzy ideals of rings and T-fuzzy ideals of near-rings. We extended the results of
Akram M. [3] to I'-near-rings. Prakashmanimaran J, Chellappa B, Jeyakumar M. [15] introduced
T-anti-fuzzy right ideals of 7 -ring.

In this paper we define, characterize and study of T-anti-fuzzy right and left ideals. we define anti-
fuzzy ideal of a ¢-near-ring in R and T-anti-fuzzy right ideals of ¢-near-ring in R. We discuss
some of its properties. We have shown that properties of T-anti-fuzzy ideal of a ¢-near-ring, union
of T-anti-fuzzy ideals of ¢-near-ring, join of T-anti-fuzzy ideal of a ¢-near-ring in R, family of join
of T-anti-fuzzy ideal of a ¢-near-ring in R and family of union of T-anti-fuzzy ideal of / -near-ring
in R.

Definition: 1
A non-empty set R is called a near-ring with two binary operations “+”and “.” satisfying the

following axioms: (R,+) is a group ; (R,.) is a semigroup and (x+y).z=x.z+y.z, for all
X,y,zin R (i.e. Multiplicative is left distributive with respect to addition) We denote x.y by xy.

Definition: 2
A non-empty set R is called lattice ordered near-ring or 7 -near-ring if it has four binary operations
“+", “.”, v, A defined on it and satisfy the following axioms: (R, +) is a group ; (R,.) is a

semigroup; (R, v, A) is a lattice ; and

(i) x.(y+z)=x.y+x.z, foral x,y,zin R
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(i)  x+(yvz)=(x+y)v(x+2); x+(yrz)=(x+y)a(x+2)
(yvz)+x=(y+x)v(z+x); (y rz)+x=(y+x) A (z+x)

@iy  x-(yvz)=(xy)v(xz); x-(yaz)=(xy)a(x2)
(yvz)-x=(yx)v(2x);(y~rz)-x=(yx)A(2x) for all x,y,zinRand x>0

Example: 1
(nZ,+,-,v,A)isa (-near-ring, where Zis the set of all integers and ne Z

Definition: 3
A mapping from a nonempty set Xto [0, 1], u#: X —[0, 1] is called a fuzzy subset of X .

Definition: 4
A fuzzy subset u of a lattice ordered ring (or 7 -ring) R is called an anti-fuzzy sub 7 -ring of R if
the following conditions are satisfied

(i) u(x-y)< max{u(x), u(y)}

(i) w(xy)<max{u(x), u(y)}

(i) wu(xvy)< max{u(x), u(y)}

(iv)  u(xay)<max{u(x),pu(y)}, forall x,yin R.
Example: 2
Consider the fuzzy subset u of the 7-ring (Z,+, -, v, A)

(x) = 0.4 if xe(3)
HX=008 if xe z—@)"
Then, u is an anti-fuzzy ¢ -sub ring.

Example: 3
Consider a fuzzy subset ux of the ¢-ring (Z,+,-, v, A).

0.3 if xe(3)
#(x) = : :
0.8 if xe Z—(3)
Then, i is not an anti-fuzzy ¢-sub ring.
For example, let x=3 andy =7, then x+y=10.Here x(x)=0.8 and u(y)=0.8.
Therefore, max{u(x), #(x)} =max{0.8,0.8} =0.8. But x(x+y)=0.3

Hence, p(x+y)< max{u(x), #(y)} . Thus, uis not an anti-fuzzy ¢-sub ring of R.

Definition: 5

Let R be a ¢-near-ring. A nonempty subset (/, +) of (R, +) is called a left ideal if x.(y+i)—x.yel
forall x, ye R and ie [l;arightideal if i.xel forall xe R and ie /; an ideal, if it is both a left
ideal and a right ideal of R.

Definition: 6

A fuzzy set u in anear-ring R is said to be an anti-fuzzy ideal of R, if the following conditions are
satisfied,

(i) u(x=y)<max(u(x), u(y))

i) u(y+x-y)<p(x)

) u(xy)<uly); u(xy)<u(x)

iv)  u((x+2z)y-xy) <u(z)foral x,y,ze R .
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Proposition: 1
If « is an anti-fuzzy ideal of R then, u(0)< u(x) forall xe R.

Definition: 7
A fuzzy subset 4 of a /-near-ring R is called an anti-fuzzy ideal, if the following conditions are
satisfied,

() u(x—y)<max(u(x), u(y))

(i) wu(y+x-y)<u(x)

(i) u(xy)<u(y); u(xy)<u(x)

V) u((x+2)y-xy)<u(2)

(v)  u(xvy)<max(u(x), 4(y)

(vi) u(x~y)<max(u(x), u(y)) forall x,y,ze R.

Example: 4
Consider a near-ring R ={a, b, ¢, d} with the following Cayley’s tables:

Q|0 |T|® |+
Q|0 |T | |
ol |T|T
O T|IQ|O0|0
Ol o |l
o0 |T|®

[ R VRV V)
[V ECEE VRO ey
Tl | |0
T|o || o

We define an anti-fuzzy subset x: R —[0,1] by u(a)< u(b) < u(d) = u(c)
Then, u is an anti-fuzzy right (resp. left) ideal of R.

Definition: 8
A mapping T :[0, 1]x[0, 1] = [0, 1] is called a triangular norm [t —norm], if and only if, it satisfies
the following conditions:

(. T(x1)=T(1,x)=x forall xe [0, 1]
(). T(x ) T(y, x), forall x, y €0, 1]
(i), T(xT(y.2)=T(T(x ) 2)
( (

[
iv).

\'

X, )< T(x, z), whenever y < z.

Proposition: 2
The minimum T-norm (minT -norm) is defined by T(a, b) =min{a, b} .

Definition: 9
A fuzzy subset u of aring R is called T-anti-fuzzy right (resp. left) ideal if

M a(x=y)<T (u(x), 1(y))
(i) m(xy)<u(x)(resp. left u(xy)<u(y)), forall x,yin R.

Definition: 10
A fuzzy subset u of aring R is called T-anti-fuzzy ideal, if it is satisfied both right and left ideals.

Proposition: 3
Every anti-fuzzy right ideal of aring R is an T-anti-fuzzy right ideal.
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Definition: 11
A fuzzy subset 4 of a /-ring R is called an T-anti-fuzzy ideal, if the following conditions are
satisfied,

() u(x=y)<T(u(x), u(y)

(i) w(xy)<u(x); u(xy)<u(y)

(i) p(xvy)<T(u(x), u(y))

(iv)  u(xAy)<T(u(x),u(y)),foral x,yeR.

Definition: 12
A fuzzy subset x4 of a near-ring R is called an T-anti-fuzzy ideal, if the following conditions are
satisfied,

(i) u(x=y)<T(u( (v)

(i) u(y+x-y)<u ( )

(i) u(xy)<u(y); u(x ) #(x)

(iv)  u((x+z)y-xy)<u(z), foral x,y,ze R .

Proposition: 4
Every T-fuzzy ideal of a near-ring R is a T-fuzzy sub near-ring of R.
Converse of Proposition 1 may not be true in general as seen in the following example.

Example: 5
From example: 4

Let T:[0,1]x[0,1] —[0,1] be a function. defined by T(x,y)=max{x+y—1,0} whichisa t-norm,
for all x, y € [0,1]. By routine calculations, it is easy to check that u is a T-anti-fuzzy sub near-ring
of R. Itis clear that u is also left T-anti-fuzzy ideal of R. But g is not T-anti-fuzzy right ideal of
R, since, u((c+d)d—-cd)=pu(d)< u(b).

Definition: 13
A fuzzy subset u of a /-near-ring R is called an T-anti-fuzzy ideal, if the following conditions are
satisfied,

(i) u(x=y)<T(u(x), u(y))

(i) wu(y+x-y)<u(x)

(i) u(xy)<u(y); u(xy)<u(x)

V) u((x+2)y-xy)<u(2)

V) ulxvy)<T(u(x), u(y))

(vi)  u(xAy)<T(u(x), p(y)) forall x,y, ze R .
Example: 6

Let (R={a, b, c}, +,-,Vv, A) be a ¢-near-ring.
Consider an anti-fuzzy subset u of the 7-ring R
02 ifx=a
u(x)=405 if x=b.
0.8 if x=c
Then, i is an T-anti-fuzzy ideal of ¢-near-ring R.
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Definition: 14
Let © and A be the anti-fuzzy subsets of a set X . An anti-fuzzy subset uUA is defined as

(1UA)(x) = max{u(x), A(x)} -

Definition: 15
Let # and A be the anti-fuzzy subsets of a set X. An anti-fuzzy subset uv A is defined as

(v 2)(x) = T(u(x), A(x)

Example: 7
Let R={0, a b, c} .We have (uvA)(x)=T(u(x), A(x)),forall xin R.
Define t—norm T by T(p, q) = max(p, q), forall p,gin [0,1].

Define an anti-fuzzy subset
u:R—[0,1] by #(0)=0.9 and u(a)=pu(b)=p(c)=0.4,where 0,a b,ce R.

Then u={(0,0.9), (a 0.4), (b, 0.4), (c, 0.4)} .

Again, define an anti-fuzzy subset
A:R—[0,1] by 4(0)=0.7, A(a)=0.6, A(b)=0.5 and A(c)=0.4 where 0,4 b,ce R.

Then 4 = {(0, 0.7),(a 0.6), (b, 0.5), (c, 0.4)} .
Let 0,4, b, cin R

Then, (uv4)(0) = T(x(0), 4(0)) = T(0.9,0.7) = max(0.9,0.7) = 0.9
Now, (uvi)(a) = T(u(a),A(a)) = T(0.4,0.6) = max(0.4,0.6) = 0.6
(wvA)(b) = T(u(b), (b)) = T(0.4,0.5) = max(0.4,0.5) = 0.5
(uv2)(c) = T(u(c), A(c)) = T(O.4 0.4) = max(0.4,0.4) = 0.4

So, uvA={(0,0.9),(a 0.6), (b 0.5)
Thatis, #vA:R—[0,1], defined by

a Iifx=06
(uvA)(x)=4b if x=0.5
¢ if x=0.4, for all 0, # x
Thus, uv A is an T-anti-fuzzy ideal of a ¢ -near-ring R.

,0.4)} is the anti-fuzzy subset of R.
uvA)(05)=0.9.

(c
(

Definition: 16
Let 4 and A be T-anti-fuzzy ideals of a /—near-ring R. Then, xUA, is an T-anti-fuzzy right
ideal is defined by (#UA)(x—-y)=max(u(x-y),A(x-y)),forall x,ye R.

Definition: 17
A fuzzy set 4 of a /-near-ring R has the supremum property if for any subset N of R, there

exists a a,e N such that 1, (a,) = supu,(a) .
aeN

Theorem: 1
Every anti-fuzzy ideal of a ¢-near-ring R is an T-anti-fuzzy ideal in ¢-near-ring R.

Theorem: 2
If u and Aare T-anti-fuzzy ideals of a ¢-near-ring R, then uv A is an T-anti-fuzzy ideal of a /-

near-ring R.
Proof:
Given u and Aare T-anti-fuzzy ideals of a /-near-ring R,

Let x,y,ze R
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(¥)
Therefore, (uvA)(x-y) < T((xvA)(x), (uvA)(y)), forall x,ye R.
(i) Since, u(y+x-y) < pu(x)and A(y+x-y) < A(x)
(uvA)(y+x-y) = T(u(y+x-y), Ay +x-y))

= (uvA)(x)
y+

Therefore, (uvA)(y+x-y) < (uvi)(x),forall x,ye R .
(iii) Since ,u(xy) < u(x )and ﬂ(xy) < A(x)
(v A)(xy) < T(u(xy), A(xy)),
< T(u ( ) z(x)) < (v A)(x)
Therefore, (v A)(xy) < (#vA)(x),forall x,ye R.
(iv)  Since, u((x+2)y-xy) < u(z)and A((x+2)y-xy) < A(2)
(uv2)((x+2)y-xy)=T(u((x+2)y-xy), A((x+2)y-x y))
< T(u(2),4(2) < (uvi)(2)
Therefore, (uvA)((x+2)y-xy) < (uva)(z),forall x,ye R.
V) (uvA)(xvy) =T(u(xvy), A(xvy))

i) (uvA)(xnay) =T(u(xry),

= T((uvA)(x). (uv2)(y))
Therefore, (uvA)(xAy) <T((uva)(x), (uvA)(y)),forall x,ye R.
Thus v A,is an T-anti-fuzzy right ideal of a ¢ -near-ring R.
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Theorem: 3
If wand A are T-fuzzy ideals of a ¢-near-ring R, then uUA is an T-anti-fuzzy ideal of a /-near-

ring R.
Proof:
Given u and Aare T-anti-fuzzy ideals of a /-near-ring R
Let x,y,ze R
). (uU2)(x-y) = max {u(x- x-y)}
< max {max x) )} max{(x), 2(y)}}
= max {max ax{u(x) }. A(x)}, ﬂ(y}
= max{max ax{u(x) y)} A( y}
= max {max{ x) ) max{x(y), A(y)}}

Therefore, (uUA)(x-y) < max {(uUl)(x) (©UA)(y)} forall x,ye R
(ii). Since, u(y+x-y) < u(x)and A(y+x-y) <A(x)
We have, (£UA)(y+x-y) = max (u(y+x-y), A(y+x-y))

{ }

= max {(UA)(x), (UA)(y)]
) <
(

< max (u(x), A(x))
= (1U4)(x)
Therefore, (#UA)(y+x-y) < (uUA)(x),forall x,ye R
(). Since, u(xy) < u(x)and A(xy) < A(x)
We have, (#U4)(xy) < max {u(xy), A(xy)}
< max{u(x), A(x)}
< (uU2)(x)
Therefore, (£UA)(xy) < (#UA)(x),forall x,ye R
(iv)  Since, u((x+2)y-xy) < u(z)and A((x+2)y-xy) < A(2)
(1U2)((x+2)y—xy)=max (u((x+2)y—x yy), A((x+2)y - x y))
< max(u(2), A(2))

< (vUA)(2)
Therefore, (uUA)((x+2)y-xy) < (#UA)(2), forall x,ye R
(v). (tUA)(xvy) = max{u(xvy), A(xvy)}
< max {max{u(x), u(y )} max{(x), 2(y)}}
{max ax{u( }. A(x)} (y}
= max{max x{u( u(y)}, 4 Y}
max {max{(x), ,max{u(y), 4 Y)}

{ A(x
ax {(zUA)(x), (zU )( )}
) U

Therefore,(,uUl)(xvy < max {(#UA)(x), (#UA)(y)}, forall x,ye R
(vi).  (uUA)(xay) = max{u(xry), A(xAy)}

(
< max {max{ (x), u(y)}, max{A(x )/1(}/)}}
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= max {max{max{u(x), #(y)}, 2(x)}, 2(y)}
ax{max{max{ﬂ ()} ()}, A(r)
= max {max{u(x), A( max{ w(y), A(y)}}

= max {(zU2)(x), («UA)(y)}
Therefore, (uUA)(xAy) < max {(xU2)(x), (£UA)(y)}, forall x,ye R
Thus, £UA is an T-anti-fuzzy ideal of a ¢ -near-ring R.

3

Theorem: 4

The join of a family of T-anti-fuzzy ideal of ¢-near-ring R is an T-anti-fuzzy ideal of a ¢ -near-ring
R.

Proof:

Let {v,:ae I} be afamily of T-anti-fuzzy ideal of ¢-near-ring R

Let V=V V, andlet x and y in R.

ael
My (x=y)=T(ay(x=y), uy (x-))
= T(T( (X)’ﬂv(}’))’T(ﬂv(x)’ﬂv(Y)))
= T(T( v (), /lv(Y))) = T(ﬂv(x)aﬂv(Y))
Therefore, u, (x-y) < T(uy (x), 1y (y)).forall x,ye R
(ii). Since u(y+x-y) < u(x)
ay(y+x=y) =T (ay(y+x=y), 1y (y+x-Y))
< T(py (%), ay (%)) = 1y (x)
Therefore, uy (y+x-y)<uy,(x),forall x,ye R
(ii).  Since u(xy) < pu(x)and u(xy) < u(y)

wy (xy) < T (uy (xy) sy (xy)) = T(ay (%), 1y (x)) = 2y (%)
Therefore, u (xy) < uy (x),forall x,ye R

(iv)  Since u((x+z)y-xy)< u(z)
uy ((x+2)y-xy) = T(ﬂv((X+Z) ) v((x+2)y-xy))

<T(uy(2), 1y (2) < u(z
Therefore, u ((x+2)y - xy) < uy(z),forall x,ye R
(v) iy (xvy) =T (my (xvy), my (xvy))
< T(T (g (x), 1y (), Ty (00, 1y (1)
= T(T (v (0, 11y (1)) = T (v (%), 2 (1)
Therefore, ,uv(xvy) < T(,uv( )ty (y)). forall x,ye R
W) ay(xay) = T(ay(xay), uy(xry))
< T (T (g (%), 0 (9), T (120 (%), 20 ()
= T (T (v () 1y (%)) = T(ay (%), v ()

Therefore, uy (xAy) < T(uy(x), uy(y)), forall x,ye R
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Thus, the join of a family of T-anti-fuzzy ideal of ¢-near-ring R is an T-anti-fuzzy ideal of a /-
near-ring R.

Theorem: 5

The union of a family of T-anti-fuzzy ideal of 7-near-ring R is an T-anti-fuzzy ideal of a ¢-near-
ring R.

Proof:

Let {U, : ae I} be afamily of T-anti-fuzzy ideal of R.

Let A= JU, and Let x,y,z in R.

ael

) walx-y) =max{u,(x=y), ua(x-y)]

IA
3
Q
3

{
= max {max Ha X)’ﬂA(Y))}
= maX{ﬂA(X)’ﬂA(}’)}
Therefore, u,(x-y) < max{u(x), ua(y)}.forall x,ye R.
(ii) Since  u(y+x-y) < u(x)
max (,uA(y+x—y),,uA(y+x—y))
< max(u,(x), #a(x))

= pa(X)
Therefore, u,(y+x-y) <u,(x),forall x,ye R.

< p(x)and u(xy) < u(y)
ua(xy) < max{ua(x). ()}
< max{u,(x), 1 4(x))

#a(X)
Therefore, 1 ,(xy) < ua(x),forall x,ye R.

IN

Ualy+x-y)

A

(iii) Since (xy)

IN

(iv) Since  u((x+2)y-xy) < (z)
ta((x+2)y-xy) =max (ua((x+2)y-xy), ua((x+2)y-xy))
< max (u(2), #4(2))

#a(2)
Therefore, u,((x+2)y—xy) < u4(2),forall x,ye R.

IN

(v) uA(va)=maX{ﬂA(va),uA(va)}

max {max{u (%), 4 (y)}, max{u 5 (), ()}
=max{ { #a)})

= max(u uA(y))

IN

Therefore, u,(xvy) <m { a(X), u

IN

Al

(vi) pa(xny)=max{us(xay), ua(xny))
max{max{ a(X), ma(

(

max {max{ a(X), 14
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= min{ﬂA(X)sﬂA(y)}
Therefore, 11, (xAy) < max(ua(x), #a(y)). forall x,ye R.

Thus union of a family of T-anti-fuzzy ideal of /-near-ring R is an T-anti-fuzzy ideal of a
¢-near-ring R.
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