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1 Introduction

The Pell sequences {Pn} and Pell-Lucas sequences {Qn} are defined according to the following
recurrence relations [1, 2, 3, 4, 5], And the result are shown below:

Pn+1 = 2Pn + Pn−1, n ≥ 1,

Qn+1 = 2Qn +Qn−1, n ≥ 1,

the initial condition (1)P0 = 0, P1 = 1 (2) Q0 = 2, Q1 = 2.
Some scholars showed the explicit determinants and inverses of the special matrices with

famous numbers. Sun and Jiang [6] calculated determinant and inverses of the complex Fibonacci
Hermitian Toeplitz matrix by constructing the transformation matrices. Determinants and inverses
of Fibonacci and Lucas skew symmetric Toeplitz matrices are work out by constructing the special
transformation matrices in [7]. In [8], the determinants and inverses are used to be discussed
and evaluated Tribonacci skew circulant type matrices. In [9], circulant type matrices with the k-
Fibonacci and k-Lucas numbers are considered.What’s more, the explicit determinants and inverse
matrices are presented by constructing the transformation matrices. It should be noted that Jiang
and Zhou [10] obtained the explicit formula about spectral norm of an r-circulant matrix whose
entries in the first row are alternately positive and negative, and the authors [11] investigated
explicit formulas of spectral norms for g-circulant matrices with Fibonacci and Lucas numbers. The
authors [12] proposed the invertibility of the generalized Lucas skew circulant type matrices and
assigned their determinants and the inverse matrices. Jiang et al. [13] showed us the invertibility of
circulant type matrices with the sum and product of Fibonacci and Lucas numbers and offered the
determinants and the inverses of these matrices. In [14], Jiang and Hong gave the exact determinants
of the row skew first-plus-last right circulant matrices and the row skew last-plus-first left circulant
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matrices involving Padovan, Perrin, Tribonacci and the generalized Lucas numbers by the inverse
factorization of polynomial.

In this paper, we use the following convention 00 = 1, we define four special matrices as follows.

Definition 1.1. A symmetric Poeplitz matrix is a square matrix of the form

TP,n =



P1 P2 P3 · · · Pn−2 Pn−1 Pn

P2 P1 P2

. . . Pn−3 Pn−2 Pn−1

P3 P2 P1

. . .
. . . Pn−3 Pn−2

...
. . .

. . .
. . .

. . .
. . .

...

Pn−2 Pn−3

. . .
. . . P1 P2 P3

Pn−1 Pn−2 Pn−3

. . . P2 P1 P2

Pn Pn−1 Pn−2 · · · P3 P2 P1


n×n

, (1.1)

where Pi (1 6 i 6 n) are the Pell numbers. It is evidently determined by its first row.

Definition 1.2. A persymmetric Qankel matrix is a square matrix of the form

HQ,n =



Qn Qn−1 Qn−2 · · · Q3 Q2 Q1

Qn−1 Qn−2 Qn−3 . .
.

Q2 Q1 Q2

Qn−2 Qn−3 . .
.

. .
.

Q1 Q2 Q3

... . .
.

. .
.

. .
.

. .
.

. .
. ...

Q3 Q2 Q1 . .
.

. .
.

Qn−3 Qn−2

Q2 Q1 Q2 . .
.

Qn−3 Qn−2 Qn−1

Q1 Q2 Q3 · · · Qn−2 Qn−1 Qn


n×n

, (1.2)

where Qi(1 6 i 6 n) are the Pell-Lucas numbers. It is evidently determined by its first row.

It is easy to check that

HP,n = TP,nÎn , (1.3)

HQ,n = TQ,nÎn , (1.4)

where În is the “reverse unit matrix”, having ones along the secondary diagonal and zeros elsewhere.

2 Determinant and inverse of the symmetric Poeplitz
matrix

In this section, we give the determinant and inverse of the matrix TP,n.

Theorem 2.1. Let TP,n be a symmetric Poeplitz matrix as the form of (1.1). Then we have

det TP,1 = 1, det TP,2 = −3, det TP,3 = 8, det TP,4 = −20

and

det TP,n = (−1)n−12n−3[K2(Pn−2 − Pn−1P2)−K3(Pn−1 − PnP2)], (n > 5), (2.1)

2



Chen ; BJMCS, X(X), XX-XX, 20YY; Article no.

where

K2 =

n∑
k=3

(Pn+1−k − PnPk)∆n−k, K3 =

n−1∑
k=3

(Pn−k − Pn−1Pk)∆n−k + P2 − Pn−1Pn,

∆0 = 1, ∆i = −2(

i∑
k=1

Pk+1∆i−k), (1 6 i 6 n− 3).

Proof. Let TP,n be a symmetric Poeplitz matrix of order n, and we can easily get the following
conclusions:

det TP,1 = 1, det TP,2 = −3, det TP,3 = 8, det TP,4 = −20.

We can introduce the following two transformation matrices when n > 5,

M1 =



1 0 · · · · · · · · · · · · · · · 0

−Pn

... . .
.

1

−Pn−1

... . .
.

1 0

0
... . .

.
1 2 −1

0
... . .

.
1 2 −1 0

...
... . .

.
. .

.
. .

.
. .

.
. .

.
0

... 0 1 2 −1 0 . .
. ...

0 1 2 −1 0 0 · · · 0


n×n

and

N1 =



1 0 · · · · · · · · · · · · · · · 0
0 0 0 · · · · · · · · · 0 1
... ∆n−3

... . .
.

1 0
... ∆n−4

... . .
.

1 . .
. ...

...
...

... . .
.

. .
.

. .
. ...

... ∆2 0 . .
.

. .
. ...

... ∆1 1 . .
. ...

0 ∆0 0 · · · · · · · · · · · · 0


n×n

,

where

∆0 = 1, ∆i = −2(
i∑

k=1

Pk+1∆i−k), (1 6 i 6 n− 3).

By usingM1, N1 and the recurrence relations of the Pell sequences, the matrix TP,n is changed
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into the following form,

M1TP,nN1 =



1 K1 Pn−1 Pn−2 Pn−3 · · · P5 P4 P3 P2

0 K2 xn−1 xn−2 xn−3 · · · x5 x4 x3 x2
... K3 yn−1 yn−2 yn−3 · · · y5 y4 y3 y2
... 0 2 0 · · · · · · · · · · · · · · · 0
... 0 4P2 2

. . .
...

...
... 4P3 4P2 2

. . .
...

...
...

...
. . .

. . .
. . .

. . .
...

...
...

...
. . .

. . .
. . .

. . .
...

...
...

...
. . .

. . .
. . .

. . .
...

0 0 4Pn−3 · · · · · · · · · 4P3 4P2 2 0


n×n

,

where

xi = Pn+1−i − PnPi, (2 6 i 6 n),

yi = Pn−i − Pn−1Pi, (2 6 i 6 n− 1), yn = P2 − Pn−1Pn,

K1 =

n∑
k=3

Pk∆n−k,

K2 =

n∑
k=3

(Pn+1−k − PnPk)∆n−k,

K3 =

n−1∑
k=3

(Pn−k − Pn−1Pk)∆n−k + P2 − Pn−1Pn.

By using the Laplace expansion of matrix M1TP,nN1 along the first column, we can get that

detM1TP,nN1 = (−1)n−12n−3[K2(Pn−2 − Pn−1P2)−K3(Pn−1 − PnP2)].

While

detM1 = detN1 = (−1)
(n−1)(n−2)

2 ,

we can obtain det TP,n as (2.1), which completes the proof.

Theorem 2.2. Let TP,n be an invertible symmetric Poeplitz matrix and n > 5.
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(i) When n is odd, we have

T−1
P,n =

n
2(n+1)

3n−1
2(n+1)

n−2
n+1

· · · · · · · · · · · · · · · 3
n+1

2
n+1

1
(2n+1)

3n−1
2(n+1)

10n−6
2(n+1)

9n−15
2(n+1)

. . . 12
n+1

8
n+1

2
n+1

n−2
n+1

9n−15
2(n+1)

. . .
. . .

. . . . .
.

. .
.

12
n+1

3
n+1

...
. . .

. . . n(n+4)−7
2(n+1)

n(n+1)−8
2(n+1)

n2+2n−3
2

n+1

n2−2n+3
2

n+1

2(n−3
2

)2

n+1
. .
. ...

..

.
. . . n(n+1)−8

2(n+1)
n(n+4)−1
2(n+1)

n
2

2(n−1
2

)2

n+1

n2−2n+3
2

n+1

..

.

...
n2+2n−3

2
n+1

n
2

n+3
2

n
2

n2+2n−3
2

n+1

...

...
n2−2n+3

2
n+1

2(n−1
2

)2

n+1
n
2

n(n+4)−1
2(n+1)

n(n+1)−8
2(n+1)

. . .
...

... . .
. 2(n−3

2
)2

n+1

n2−2n+3
2

n+1

n2+2n−3
2

n+1
n(n+1)−8
2(n+1)

n(n+4)−7
2(n+1)

. . .
. . .

...

3
n+1

12
n+1

. .
.

. .
. . . .

. . .
. . . 9n−15

2(n+1)
n−2
n+1

2
n+1

8
n+1

12
n+1

. . . 9n−15
2(n+1)

10n−6
2(n+1)

3n−1
2(n+1)

1
(2n+1)

2
n+1

3
n+1

· · · · · · · · · · · · · · · n−2
n+1

3n−1
2(n+1)

n
2(n+1)


n×n

,

(2.2)

(ii) When n is even, we have

T−1
P,n =

n
2(n+1)

3n−1
2(n+1)

n−2
n+1

· · · · · · · · · · · · 3
n+1

2
n+1

1
(2n+1)

3n−1
2(n+1)

10n−6
2(n+1)

9n−15
2(n+1)

. . . 12
n+1

8
n+1

2
n+1

n−2
n+1

9n−15
2(n+1)

. . .
. . .

. . . . .
.

. .
.

12
n+1

3
n+1

...
. . .

. . . n(n+4)−6
2(n+1)

n(n+1)−3
2(n+1)

n2−2n
2

n+1

2(n−1
2

)2

n+1
. .
. ...

...
. . . n(n+1)−3

2(n+1)
n(n+4)−2
2(n+1)

n(n+1)+1
2(n+1)

n2−2n
2

n+1

...

...
n2−2n

2
n+1

n(n+1)+1
2(n+1)

n(n+4)−2
2(n+1)

n(n+1)−3
2(n+1)

. . .
...

... . .
. 2(n−1

2
)2

n+1

n2−2n
2

n+1
n(n+1)−3
2(n+1)

n(n+4)−6
2(n+1)

. . .
. . .

...

3
n+1

12
n+1

. .
.

. .
. . . .

. . .
. . . 9n−15

2(n+1)
n−2
n+1

2
n+1

8
n+1

12
n+1

. . . 9n−15
2(n+1)

10n−6
2(n+1)

3n−1
2(n+1)

1
(2n+1)

2
n+1

3
n+1

· · · · · · · · · · · · n−2
n+1

3n−1
2(n+1)

n
2(n+1)


n×n

,

(2.3)

We can observe that T−1
P,n is not only a symmetric matrix, but also a symmetric matrix along

its secondary diagonal, i.e., persymmetric matrix.
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Proof. We can introduce the following two transformation matrices when n > 5,

M2 =



1 0 · · · · · · · · · · · · · · · 0

0 1
. . .

...
... −K3

K2

. . .
. . .

...
... 0 0

. . .
. . .

...
...

...
...

. . .
. . .

. . .
...

...
...

...
. . .

. . .
. . .

...
...

...
...

. . . 1 0
0 0 0 · · · · · · · · · 0 1


n×n

,

N2 =



1 −K1 Cn−1 Cn−2 · · · C3 C2

0 1 −xn−1

K2
−xn−2

K2
· · · − x3

K2
− x2

K2

...
. . . 1 0 · · · · · · 0

...
. . . 1

. . .
...

...
. . .

. . .
. . .

...
...

. . .
. . . 0

0 · · · · · · · · · · · · 0 1


n×n

,

where

Ci =
K1xi
K2

− Pi, (2 6 i 6 n− 1),

xi(2 6 i 6 n), K1, K2, K3 as in Theorem 2.1.
If we multiplyM1TP,nN1 byM2 and N2, theM1 and N1 are as in the proof of Theorem 2.1,

so we obtain

M2M1TP,nN1N2 =



1 0 · · · · · · · · · · · · · · · · · · · · · 0
0 K2 0 · · · · · · · · · · · · · · · · · · 0
... 0 wn−1 wn−2 wn−3 · · · w5 w4 w3 w2

...
... 2 0 · · · · · · · · · · · · · · · 0

...
... 4P2 2

. . .
...

...
... 4P3 4P2

. . .
. . .

...
...

...
...

. . .
. . .

. . .
. . .

...
...

...
...

. . .
. . .

. . .
. . .

...
...

...
...

. . .
. . .

. . .
. . .

...
0 0 4Pn−3 · · · · · · · · · 4P3 4P2 2 0


n×n

,

where

wi = −K3xi
K2

+ yi, (2 6 i 6 n− 1),

6
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yi(2 6 i 6 n) as in Theorem 2.1.

we have

M2M1TP,nN1N2 = φ⊕ Λ,

where φ =

(
1 0
0 K2

)
2×2

is a diagonal matrix, and Λ is a Toeplitz-like matrix

Λ =



wn−1 wn−2 wn−3 · · · w5 w4 w3 w2

2 0 · · · · · · · · · · · · · · · 0

4P2 2
. . .

...

4P3 4P2

. . .
. . .

...
...

. . .
. . .

. . .
. . .

...
...

. . .
. . .

. . .
. . .

...
...

. . .
. . .

. . .
. . .

...
4Pn−3 · · · · · · · · · 4P3 4P2 2 0


(n−2)×(n−2)

.

φ⊕ Λ is the direct sum of φ and Λ. Let M =M2M1, N = N1N2, then we obtain

T−1
P,n = N (φ−1 ⊕ Λ−1)M, (2.4)

M =



1 0 · · · · · · · · · · · · · · · · · · · · · 0

−Pn

... . .
.

1

K3
K2
Pn − Pn−1

... . .
.

1 −K3
K2

0
... . .

.
1 2 −1

...
... . .

.
1 2 −1 0

...
... . .

.
. .

.
. .

.
. .

.
. .

. ...
...

... . .
.

. .
.

. .
.

. .
.

. .
. ...

...
... . .

.
. .

.
. .

.
. .

.
. .

. ...
... 0 . .

.
. .

.
. .

.
. .

. ...
0 1 2 −1 0 · · · · · · · · · · · · 0


n×n

, (2.5)

N =



1 −K1 Cn−1 Cn−2 · · · C3 C2

0 · · · · · · · · · · · · 0 1
... ∆n−3 an−3,n−1 an−3,n−2 · · · an−3,3 an−3,2

... ∆n−4 an−4,n−1 an−4,n−2 · · · an−4,3 an−4,2

... · · · · · · · · · · · · · · · · · ·

... ∆1 a1,n−1 a1,n−2 · · · a1,3 a1,2
0 ∆0 a0,n−1 a0,n−2 · · · a0,3 a0,2


n×n

, (2.6)
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where

ai,j =


−∆ixj

K2
, i+ j 6= n,

1− ∆ixj
K2

, i+ j = n,

(0 6 i 6 n− 3, 2 6 j 6 n− 1),

∆i (0 6 i 6 n− 3) as in Theorem 2.1.

We can observe that the inverse matrix of φ is

(
1 0

0
1

K2

)
2×2

.

According to Lemma 2.3 in [15], we have

Λ−1 =



0 b1 0 · · · · · · · · · 0
... b2 b1

. . .
...

... b3 b2
. . .

. . .
...

...
...

. . .
. . .

. . .
. . .

...
...

...
. . . b2 b1 0

0 bn−3 · · · · · · b3 b2 b1
B1 B2 B3 · · · Bn−4 Bn−3 Bn−2


(n−2)×(n−2)

,

where

b1 =
1

2
,

bj = (−1)j−12−j

 ∑
t1+2t2+···+(j−1)tj−1=j−1

(t1 + · · ·+ tj−1)!

t1! · · · tj−1!
(−2)(j−1)−t1−···−tj−1(4P2)t1 · · · (4Pj)

tj−1

 ,

(2 6 j 6 n− 3),

B1 =
1

w2
,

Bj =
(−1)2j−1 det∇n−1−j([wk]n−j+1

k=3 , 2, 4P2, · · · , 4Pn−1−j)

2n−1−jw2
, (2 6 j 6 n− 2),

with

det∇1(w3) = w3,

det∇n−1−j([wk]n−j+1
k=3 , 2, 4P2, · · · , 4Pn−1−j) = 2n−2−jwn−j+1 +

n−2−j∑
p=1

(−1)2+p2n−j−2−pwn−j−p+1

·

 ∑
t1+2t2+···+ptp=p

(t1 + · · ·+ tp)!

t1! · · · tp!
(−2)p−t1−···−tp(4P2)t1 · · · (4Pp+1)tp

 , (2 6 j 6 n− 3).

8
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We obtain that

φ−1 ⊕ Λ−1 =



1 0 · · · · · · · · · · · · · · · 0

0
1

K2
0 · · · · · · · · · · · · 0

... 0 0 b1 0 · · · · · · 0

...
...

... b2 b1
. . .

...
...

...
...

... b2
. . .

. . .
...

...
...

...
...

. . .
. . . 0

...
... 0 bn−3 · · · · · · b2 b1

0 0 B1 B2 B3 · · · Bn−3 Bn−2


n×n

. (2.7)

According to formulas (2.4) (2.5) (2.6) (2.7) and the recurrence relations of the Pell sequence, when
n is odd, we obtain formula (2.2); when n is even, we obtain formula (2.3). Which completes the
proof.

3 Determinant and inverse of the symmetric Qoeplitz
matrix

In this section, we give the determinant and inverse of the matrix TQ,n.

Theorem 3.1. Let TQ,n be a symmetric Qoeplitz matrix as the form of (1.2). Then we have

det TQ,1 = 2, det TQ,2 = −32, det TQ,3 = 480, det TQ,4 = −7186

and

det TQ,n = (−1)n−12× 4n−3[K̂2(Qn−2 −Qn−1Q2)− K̂3(Qn−1 −QnQ2)], (n > 5), (3.1)

where

K̂2 =

n∑
k=3

(Qn+1−k −QnQk)∆̂n−k, K̂3 =

n−1∑
k=3

(Qn−k −Qn−1Qk)∆̂n−k +Q2 −Qn−1Qn,

∆̂0 = 1, ∆̂i = −(

i∑
k=1

Pk+1∆̂i−k), (1 6 i 6 n− 3).

Proof. Let TQ,n be a symmetric Qoeplitz matrix of order n, and we can easily get the following
conclusions:

det TQ,1 = 2, det TQ,2 = −32, det TQ,3 = 480, det TQ,4 = −7186.

9
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We can introduce the following two transformation matrices when n > 5,

M1 =



1 0 · · · · · · · · · · · · · · · 0

−Qn
2

... . .
.

1

−Qn−1

2

... . .
.

1 0

0
... . .

.
1 2 −1

0
... . .

.
1 2 −1 0

...
... . .

.
. .

.
. .

.
. .

.
. .

.
0

... 0 1 2 −1 0 . .
. ...

0 1 2 −1 0 0 · · · 0


n×n

and

N1 =



1 0 · · · · · · · · · · · · · · · 0
0 0 0 · · · · · · · · · 0 1
... ∆̂n−3

... . .
.

1 0
... ∆̂n−4

... . .
.

1 . .
. ...

...
...

... . .
.

. .
.

. .
. ...

... ∆̂2 0 . .
.

. .
. ...

... ∆̂1 1 . .
. ...

0 ∆̂0 0 · · · · · · · · · · · · 0


n×n

,

where

∆̂0 = 1, ∆̂i = −(

i∑
k=1

Pk+1∆i−k), (1 6 i 6 n− 3).

By using M̂1, N̂1 and the recurrence relations of the Pell sequences, the matrix TQ,n is changed
into the following form,

M̂1TQ,nN̂1 =



1 K̂1 Qn−1 Qn−2 Qn−3 · · · Q5 Q4 Q3 Q2

0 K̂2 ωn−1 n−2 ωn−3 · · · ω5 ω4 ω3 ω2

... K̂3 νn−1 νn−2 νn−3 · · · ν5 ν4 ν3 ν2

... 0 4 0 · · · · · · · · · · · · · · · 0

... 0 4Q4 4
. . .

...
...

... 4Q3 4Q2 4
. . .

...
...

...
...

. . .
. . .

. . .
. . .

...
...

...
...

. . .
. . .

. . .
. . .

...
...

...
...

. . .
. . .

. . .
. . .

...
0 0 4Qn−3 · · · · · · · · · 4Q3 4Q2 4 0


n×n

,

10
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where

ωi = Pn+1−i −
Pn

2
Pi, (2 6 i 6 n),

νi = Pn−i −
Pn−1

2
Pi, (2 6 i 6 n− 1), νn = P2 −

Pn−1

2
Pn,

K̂1 =

n∑
k=3

Pk∆̂n−k,

K̂2 =

n∑
k=3

(Pn+1−k − PnPk)∆̂n−k,

K̂3 =

n−1∑
k=3

(Pn−k − Pn−1Pk)∆̂n−k + P2 − Pn−1Pn.

By using the Laplace expansion of matrix M̂1TQ,nN̂1 along the first column, we can get that

detM̂1TQ,nN̂1 = (−1)n−12n−3[K̂2(Qn−2 −Qn−1Q2)− K̂3(Qn−1 −QnQ2)].

While

detM̂1 = det N̂1 = (−1)
(n−1)(n−2)

2 ,

we can obtain det TQ,n as (3.1), which completes the proof.

Theorem 3.2. Let TQ,n be an invertible symmetric Qoeplitz matrix and n > 5. Then we have

T−1
Q,n =



ζ1,1 ζ1,2 ζ1,3 · · · ζ1,n−2 ζ1,n−1 ζ1,n

ζ1,2 ζ2,2 ζ2,3
. . . ζ2,n−2 ζ2,n−1 ζ1,n−1

ζ1,3 ζ2,3 ζ3,3
. . .

. . . ζ2,n−2 ζ1,n−2

...
. . .

. . .
. . .

. . .
. . .

...

ζ1,n−2 ζ2,n−2

. . .
. . . ζ3,3 ζ2,3 ζ1,3

ζ1,n−1 ζ2,n−1 ζ2,n−2

. . . ζ2,3 ζ2,2 ζ1,2
ζ1,n ζ1,n−1 ζ1,n−2 · · · ζ1,3 ζ1,2 ζ1,1


n×n

, (3.2)

11
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where

ζ1,1 =
1

2
+
K̂1Qn

4K̂2

+ η1θ2(
K̂3Qn

2K̂2

− Qn−1

2
),

ζ1,2 = θ2ϑ1 + θ2ηn−2,

ζ1,3 = 2(θ2ϑ1 + θ2ηn−2) +

2∑
k=1

C4−kϑk + θ2ηn−3,

ζ1,j =

j−1∑
k=1

θj−k+1ϑk + θ2ηn−j + 2

j−2∑
k=1

θj−kϑk + θ2ηn−j−1 −
j−3∑
k=1

θj−k−1ϑk + θ2ηn−j−2,

ζ1,n−1 = η1θ2 + 2(

n−3∑
k=1

θn−k−1ϑk + θ2η2)−
n−4∑
k=1

θn−k−2ϑk + θ2η3,

ζ1,n = − K̂1

2K̂2

− K̂3η1θ2

K̂2

−
n−3∑
k=1

θn−k−1ϑk − θ2η2,

ζ2,2 = ηn−2,

ζ2,3 = ηn−3 + 2ηn−2,

ζ2,j = ηn−j + 2ηn−j+1 − ηn−j+2, (4 6 j 6 n− 1),

ζ3,3 = 2(en−3,n−1ϑ1 + en−3,2ηn−2) +

2∑
k=1

en−3,n−kϑk + en−3,2ηn−3,

ζi,j =

j−1∑
k=1

en−i,n−kϑk + 2(

j−2∑
k=1

en−i,n−kϑk) +

j−3∑
k=1

en−i,n−kϑk + en−i,2(Bn−j+2 + 2ηn−j+1 + ηn−j),

(3 6 i 6 [
n+ 1

2
]; i 6 j 6 n+ 1− i; except ζ3,3),

in which

θi =
K̂1ωi

K̂2

−Qi, (2 6 i 6 n− 1), wi = − K̂3ωi

K̂2

+ νi, (2 6 i 6 n− 1),

Ei,j =


− ∆̂iωj

K̂2

, i+ j 6= n,

1− ∆̂iωj

K̂2

, i+ j = n,

(0 6 i 6 n− 3, 2 6 j 6 n− 1),

ϑ1 = 1/4,

ϑj = (−1)j−14−j

 ∑
t1+2t2+···+(j−1)tj−1=j−1

(t1 + · · ·+ tj−1)!

t1! · · · tj−1!
(−4)(j−1)−t1−···−tj−1(4Q2)t1 · · · (4Qj)

tj−1

 ,

(2 6 j 6 n− 3),

η1 =
1

U2
,

ηj =
(−1)2j−1 det∇n−1−j([Uk]n−j+1

k=3 , 4, 4Q2, · · · , 4Qn−1−j)

2n−1−jU2
, (2 6 j 6 n− 2),

det∇1(U3) = U3,

det∇n−1−j([Uk]n−j+1
k=3 , 4, 4Q2, · · · , 4Qn−1−j) = 2n−2−jUn−j+1 +

n−2−j∑
p=1

(−1)2+p2n−j−2−pUn−j−p+1

·

 ∑
t1+2t2+···+ptp=p

(t1 + · · ·+ tp)!

t1! · · · tp!
(−4)p−t1−···−tp(4Q2)t1 · · · (4Qp+1)tp

 , (2 6 j 6 n− 3),

12
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with ωi(2 6 i 6 n), νi(2 6 i 6 n), ∆̂i(0 6 i 6 n−3), K̂1, K̂2, K̂3 as in Theorem 3.1, [x] = q, q 6
x < q + 1, q is an integer.

We can observe that T−1
Q,n is not only a symmetric matrix, but also a symmetric matrix along

its secondary diagonal, i.e., persymmetric matrix.

Proof. When n > 5, we can introduce the following two transformation matrices,

M̂2 =



1 0 · · · · · · · · · · · · · · · 0

0 1
. . .

...
... − K̂3

K̂2

. . .
. . .

...

... 0 0
. . .

. . .
...

...
...

...
. . .

. . .
. . .

...
...

...
...

. . .
. . .

. . .
...

...
...

...
. . . 1 0

0 0 0 · · · · · · · · · 0 1


n×n

,

N̂2 =



1 −K̂1
2

θn−1 θn−2 · · · θ3 θ2
0 1 −ωn−1

K̂2
−ωn−2

K̂2
· · · − ω3

K̂2
− ω2

K̂2

...
. . . 1 0 · · · · · · 0

...
. . . 1

. . .
...

...
. . .

. . .
. . .

...
...

. . .
. . . 0

0 · · · · · · · · · · · · 0 1


n×n

,

where

θi =
K̂1ωi

2K̂2

−Qi, (2 6 i 6 n− 1).

If we multiply M̂1TQ,nN̂1 by M̂2 and N̂2, the M̂1 and N̂1 are as in the proof of Theorem 3.1,
so we obtain

M̂2M̂1TQ,nN̂1N̂2 =



1
2

0 · · · · · · · · · · · · · · · · · · · · · 0

0 K̂2 0 · · · · · · · · · · · · · · · · · · 0
... 0 Un−1 Un−2 Un−3 · · · U5 U4 U3 U2

...
... 4 0 · · · · · · · · · · · · · · · 0

...
... 4Q2 4

. . .
...

...
... 4Q3 4Q2

. . .
. . .

...
...

...
...

. . .
. . .

. . .
. . .

...
...

...
...

. . .
. . .

. . .
. . .

...
...

...
...

. . .
. . .

. . .
. . .

...
0 0 4Qn−3 · · · · · · · · · 4Q3 4Q2 4 0


n×n

,

13
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where

Ui = − K̂3ωi

K̂2

+ νi, (2 6 i 6 n− 1),

we have
M̂2M̂1TQ,nN̂1N̂2 = z⊕ k,

where z =

(
1
2

0

0 K̂2

)
2×2

is a diagonal matrix, and k is a Toeplitz-like matrix

k =



Un−1 Un−2 Un−3 · · · U5 U4 U3 U2

4 0 · · · · · · · · · · · · · · · 0

4Q2 4
. . .

...

4Q3 4Q2

. . .
. . .

...
...

. . .
. . .

. . .
. . .

...
...

. . .
. . .

. . .
. . .

...
...

. . .
. . .

. . .
. . .

...
4Qn−3 · · · · · · · · · 4Q3 4Q2 4 0


(n−2)×(n−2)

.

z⊕ k is the direct sum of z and k. Let M̂ = M̂2M̂1, N̂ = N̂1N̂2, then we obtain

T−1
Q,n = N̂ (z−1 ⊕ k−1)M̂, (3.3)

M̂ =



1 0 · · · · · · · · · · · · · · · · · · · · · 0

−Qn
2

... . .
.

1

K̂3

2K̂2
Qn − Qn−1

2

... . .
.

1 − K̂3

K̂2

0
... . .

.
1 2 −1

...
... . .

.
1 2 −1 0

...
... . .

.
. .

.
. .

.
. .

.
. .

. ...
...

... . .
.

. .
.

. .
.

. .
.

. .
. ...

...
... . .

.
. .

.
. .

.
. .

.
. .

. ...
... 0 . .

.
. .

.
. .

.
. .

. ...
0 1 2 −1 0 · · · · · · · · · · · · 0


n×n

, (3.4)

N̂ =



1 −K̂1
2

θn−1 θn−2 · · · θ3 θ2
0 · · · · · · · · · · · · 0 1
... ∆̂n−3 en−3,n−1 en−3,n−2 · · · en−3,3 en−3,2

... ∆̂n−4 en−4,n−1 en−4,n−2 · · · en−4,3 en−4,2

... · · · · · · · · · · · · · · · · · ·

... ∆̂1 e1,n−1 e1,n−2 · · · e1,3 e1,2
0 ∆̂0 e0,n−1 e0,n−2 · · · e0,3 e0,2


n×n

, (3.5)
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where

ei,j =


− ∆̂iωj

K̂2

, i+ j 6= n,

1− ∆̂iωj

K̂2

, i+ j = n,

(0 6 i 6 n− 3, 2 6 j 6 n− 1).

We can observe that the inverse matrix of z is

 1
2

0

0
1

K̂2


2×2

.

According to Lemma 2.3 in [15], we have

k−1 =



0 ϑ1 0 · · · · · · · · · 0
... ϑ2 ϑ1

. . .
...

... ϑ3 ϑ2

. . .
. . .

...
...

...
. . .

. . .
. . .

. . .
...

...
...

. . . ϑ2 ϑ1 0
0 ϑn−3 · · · · · · ϑ3 ϑ2 ϑ1

η1 η2 η3 · · · ηn−4 ηn−3 ηn−2


(n−2)×(n−2)

,

where

ϑ1 = 1/4,

ϑj = (−1)j−14−j

 ∑
t1+2t2+···+(j−1)tj−1=j−1

(t1 + · · ·+ tj−1)!

t1! · · · tj−1!
(−4)(j−1)−t1−···−tj−1(4Q2)t1 · · · (4Qj)

tj−1

 ,

(2 6 j 6 n− 3),

η1 =
1

U2
,

ηj =
(−1)2j−1 det∇n−1−j([Uk]n−j+1

k=3 , 4, 4Q2, · · · , 4Qn−1−j)

2n−1−jU2
, (2 6 j 6 n− 2),

det∇1(U3) = U3,

det∇n−1−j([Uk]n−j+1
k=3 , 4, 4Q2, · · · , 4Qn−1−j) = 2n−2−jUn−j+1 +

n−2−j∑
p=1

(−1)2+p2n−j−2−pUn−j−p+1

·

 ∑
t1+2t2+···+ptp=p

(t1 + · · ·+ tp)!

t1! · · · tp!
(−4)p−t1−···−tp(4Q2)t1 · · · (4Qp+1)tp

 , (2 6 j 6 n− 3),

15
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We obtain that

z−1 ⊕ k−1 =



1
2

0 · · · · · · · · · · · · · · · 0

0
1

K̂2

0 · · · · · · · · · · · · 0

... 0 0 ϑ1 0 · · · · · · 0

...
...

... ϑ2 ϑ1

. . .
...

...
...

...
... ϑ2

. . .
. . .

...
...

...
...

...
. . .

. . . 0
...

... 0 ϑn−3 · · · · · · ϑ2 ϑ1

0 0 η1 η2 η3 · · · ηn−3 ηn−2


n×n

. (3.6)

According to formulas (3.3) (3.4) (3.5) (3.6) and the recurrence relations of the Pell-Lucas sequence,
we obtain formula (3.2). Which completes the proof.

4 Determinants and inverses of the persymmetric Pankel
and Qankel matrix

In this section, we give the determinants and inverses of the matrices HP,n and HQ,n.

Theorem 4.1. Let HP,n be a persymmetric Pankel matrix as the form of (1.3). Then we have

det HP,1 = 1, det HP,2 = 3, det HP,3 = −8, det HP,4 = −20

and

det HP,n = (−1)
n2+n−2

2 2n−3[K2(Pn−2 − Pn−1P2)−K3(Pn−1 − PnP2)],

where K2, K3 are the same as in Theorem 1.1.

Proof. From (1.3), we have det HP,n = det TP,n det În. Then we can obtain this result by using

Theorem 2.1 and det În = (−1)
n(n−1)

2 .

Theorem 4.2. Let HP,n be an invertible persymmetric Pankel matrix and n > 5. Then we have

H−1
P,n = ÎnT−1

P,n

where T−1
P,n is the same as in Theorem 2.1.

Proof. We can obtain this conclusion by using (1.4) and Theorem 2.2.

Theorem 4.3. Let HQ,n be a persymmetric Qankel matrix as the form of (1.4). Then we have

det HQ,1 = 2, det HQ,2 = −32, det HQ,3 = 480, det HQ,4 = −7186

and

det TQ,n = 2(−1)n−14n−3[K̂2(Qn−2 −Qn−1Q2)− K̂3(Qn−1 −QnQ2)], (n > 5),

where K̂2, K̂3 are the same as in Theorem 3.1.
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Proof. From (1.4), we have det HQ,n = det TQ,n det În. Then we can obtain this result by using

Theorem 3.1 and det În = (−1)
n(n−1)

2 .

Theorem 4.4. Let HQ,n be an invertible persymmetric Qankel matrix and n > 5. Then we have

H−1
Q,n =



ζ1,n ζ1,n−1 ζ1,n−2 · · · ζ1,3 ζ1,2 ζ1,1

ζ1,n−1 ζ2,n−1 ζ2,n−2 . .
.

ζ2,3 ζ2,2 ζ1,2

ζ1,n−2 ζ2,n−2 . .
.

. .
.

ζ3,3 ζ2,3 ζ1,3
... . .

.
. .
.

. .
.

. .
.

. .
. ...

ζ1,3 ζ2,3 ζ3,3 . .
.

. .
.

ζ2,n−2 ζ1,n−2

ζ1,2 ζ2,2 ζ2,3 . .
.

ζ2,n−2 ζ2,n−1 ζ1,n−1

ζ1,1 ζ1,2 ζ1,3 · · · ζ1,n−2 ζ1,n−1 ζ1,n


n×n

,

where ζi,j (1 6 i 6
[
n+1
2

]
; i 6 j 6 n+ 1− i) are the same as in Theorem 3.2.

Proof. We can obtain this conclusion by using (1.4) and Theorem 3.2.

5 Numerical Example

In this section, two examples demonstrates the method which introduced above for the calculation
of determinants and inverses of the symmetric Poeplitz and symmetric Qoeplitz matrix.

Example 1 We consider a 6× 6 symmetric Poeplitz matrix:

TP,6 =


1 2 5 12 29 70
2 1 2 5 12 29
5 2 1 2 5 12
12 5 2 1 2 5
29 12 5 2 1 2
70 29 12 5 2 1


6×6

.

Using the corresponding formulas in Theorem 1, we get

K2 = 907, K3 = 376, y2 = −46, x2 = −111,

From (2.1), we obtain

det TP,6 = (−1)6−126−3[K2(P6−2 − P6−1P2)−K3(P6−1 − P6P2)]

= −112.

17
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As the inverse calculation, since 6 is even, from (2.3), we can get

T−1
P,6 =



−3

7

17

14
−4

7

3

7
−2

7

1

14

17

14
−27

7

39

14
−12

7

8

7
−2

7

−4

7

39

14
−31

7

43

14
−12

7

3

7

3

7
−12

7

43

14
−31

7

39

14
−4

7

−2

7

8

7
−12

7

39

14
−27

7

17

14

1

14
−2

7

3

7
−4

7

17

14
−3

7


6×6

.

Example 2 We consider a 6× 6 symmetric Qoeplitz matrix:

TQ,6 =


2 6 14 34 82 198
6 2 6 14 34 82
14 6 2 6 14 34
34 14 6 2 6 14
82 34 14 6 2 6
198 82 34 14 6 2


6×6

.

Using the corresponding formulas in Theorem 3.1, we get

K̂2 = 66192, K̂3 = 27432, ν2 = −212, ω2 = −512,

From (3.1), we obtain

det TQ,6 = 2(−1)6−146−3[K̂2(Q6−2 −Q6−1Q2)− K̂3(Q6−1 −Q6Q2)]

= −1597440.

As the inverse calculation, if we use the corresponding formulas in Theorem 3.2, we get

ζ1,1 = − 209
3120

, ζ1,2 = 79
520

, ζ1,3 = 41
1560

, ζ1,4 = − 11
1560

, ζ1,5 = 1
520

, ζ1,6 = − 1
3120

,

ζ2,2 = − 107
260

, ζ2,3 = 6
65
, ζ2,4 = 11

260
, ζ2,5 = − 3

260
,

ζ3,3 = − 329
780

, ζ3,4 = 37
390

.
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From (3.2), we can get

T−1
Q,6 =



− 209

3120

79

520

41

1560
− 11

1560

1

520
− 1

3120

79

520
−107

260

6

65

11

260
− 3

260

1

520

41

1560

6

65
−329

780

37

390

11

260
− 11

1560

− 11

1560

11

260

37

390
−329

780

6

65

41

1560

1

520
− 3

260

11

260

6

65
−107

260

79

520

− 1

3120

1

520
− 11

1560

41

1560

79

520
− 209

3120


6×6

.
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