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Abstract

In this paper, we introduce and study the notion of kernal operator in fuzzy soft
bitopological space. Moreover, some important results related to this notion are
obtained. Furthermore,we introduce the concept of Alexandroff fuzzy soft topol-
ogy and the concept of 7179-A-fuzzy soft sets is presented and it is proved that
the family of all 737m9-A-fuzzy soft sets is an Alexandroff fuzzy soft topology. In
addition, we introduce and characterize a new type of fuzzy soft sets in a fuzzy
soft bitopological spaces namely 7 79-A-fuzzy soft closed set and investigate some of
its basic properties. Finally, comparisons between these fuzzy soft sets are obtained.
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1 Introduction

In the year 1965, Zadeh [24] introduced the concept of fuzzy set theory and its applications
can be found in many branches of mathematical and engineering sciences including man-
agement science, control engineering, computer science, artificial intelligence (see, [5], [6]).

In the year 1999, Russian researcher Molodtsov [I5], initiated the concept of soft
sets as a new mathematical tool to deal with uncertainties while modeling problems in
engineering physics, computer science, economics, social sciences and medical sciences
(see, [18], [23]. In 2003, Maji, Biswas and Roy [I4], studied the theory of soft sets
initiated by Molodtsov. They defined equality of two soft sets, subset and super set of a
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soft set, complement of a soft set, null soft set and absolute soft set with examples. Soft
binary operations like AND, OR and also the operations of union and intersection were
also defined. In 2005, D.Chen [4], presented a new definition of soft set parametrization
reduction and a comparison of it with attribute reduction in rough set theory.

In 1963, J. C. Kelly [10], first initiated the concept of bitopological spaces and other
authors have contributed to development and construction some properties of such spaces
(see, [11], [19]) as a generalizations of which are in general topology.

In 2014, B. M. Ittanagi [7], introduced and studied the concept of soft bitopological
spaces and other authors have contributed to development and construction some prop-
erties of such spaces (see, [§], [9]).

The notion of a soft bitopological space was introduced using different soft topologies on
an initial universe set. On the other hand, the mixed type of soft set theory was given
using different soft topologies (see, [21], [1], [2]).

In 2015, Mukherjeel and Park [I6] were first introduced the notion of fuzzy soft
bitopological space and they introduced the notions of 7 mo-fuzzy soft open(closed) sets,
T1To-fuzzy soft interior (resp. closure) and studied some of their basic properties. In order
to give the readers more information (see, [22], [20]). In this paper, we introduce and
study the notion of kernal operator in fuzzy soft bitopological space. Moreover, some im-
portant results related to this notion are obtained. Furthermore,we introduce the concept
of Alexandroff fuzzy soft topology and the concept of 7y7o-A-fuzzy soft sets is presented
and it is proved that the family of all 7379-A-fuzzy soft sets is an Alexandroff fuzzy soft
topology. In addition, we introduce and characterize a new type of fuzzy soft sets in a
fuzzy soft bitopological spaces namely 7 75-A-fuzzy soft closed set and investigate some of
its basic properties. Finally, comparisons between these fuzzy soft sets are obtained.

2 Preliminaries

In this section we have presented the basic definitions and results of fuzzy soft set and
fuzzy soft bitopological space which will be a central role in our paper.

Throughout our discussion, X refers to an initial universe, E the set of all parameters for
X and P(X) denotes the power set of X.

Definition 2.1 [2]] A fuzzy set A in a non-empty set X is characterized by a membership
function py : X — [0,1] = I whose value pa(x) represents the ”degree of membership” of
xin A forx € X. Let I denotes the family of all fuzzy sets on X.

A member A in I¥ is contained in a member B of IX denoted A < B if and only if
pa(x) < pp(z) for every z € X (see [24]).

Let A, B € I*, we have the following fuzzy sets (see [24]).



(1) A= B if and only if pa(x) = pp(zr) for all x € X. (Equality),

(2) C=AABeI* by uc(x) =min{pa(z), up(x)} for all z € X. (Intersction),
(3) D= AV B € I* by uc(x) = max{ua(z), ug(x)} for all z € X.(Union),
(4)

4) E= A¢ € I* by up(z) =1 — pa(z) for all x € X. (Complement).

Definition 2.2 [2]] An empty fuzzy set on X denoted by Ox is a function which maps
each x € X to 0. That is, Ox(x) =0 for all z € X.

A universal fuzzy set denoted by 1x is a function which maps each x € X to 1. That is,
Ix(x) =1 forallz € X.

Definition 2.3 [15] Let A C E. A pair (F,A) is called a soft set over X if F is a
mapping F : A — P(X).

Definition 2.4 [13] Let A C E. A pair (f, A), denoted by fa, is called a fuzzy soft set
over X, where f is a mapping given by f : A — IX defined by fa(e) = W, where
e _ ()7 Zfe ¢ A;
Hiag =

otherwise, ife € A.

Figure 1: A fuzzy soft set f4

—~—

(X, E) denotes the family of all fuzzy soft sets over X.

—_—

Definition 2.5 [1]] A fuzzy soft set fa€(X, E) is said to be:
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(a) NULL fuzzy soft set, denoted by O, if for all e € A, f4(e) = Ox.

(b) absolute fuzzy soft set, denoted by 1g, if for all e € E, fa(e) = 1x.

Definition 2.6 [17/ The complement of a fuzzy soft set (f, A), denoted by (f, A)°, is
defined by (f,A)° = (f¢,A), f4 : E — I is a mapping given by pge = lx — pj,, where
Ix(xz) =1, for all x € X. Clearly (f4)° = fa.

Definition 2.7 [17] Let fa, g5 € (X, E). fa is fuzzy soft subset of gg, denoted by faClgs,
if AC B and p, < g, foralle € A, ie. pG, () < pg (z) for all x € X and for all
e€ A

Definition 2.8 [17] Let fa, gp€(X, E).The union of fa and gp is also a fuzzy soft set he,
where C' = AUB and for all e € C, ho(e) = p = ps, V pg, . Here we write ho = faUgsp.

Definition 2.9 [17] Let fa,gp€(X, E). The intersection of fa and gp is also a fuzzy soft
set do, where C = AN B and for all e € C,dc(e) = pg, = pus, A pg,. Here we write
dc = fangs.

—_~—

Definition 2.10 [12] The fuzzy soft set f4€(X, E) is called fuzzy soft point if there exist
v € X and e € E such that %, (z) = a(0 < a < 1) and p5,(y) =0 for each y € X —{x},
and this fuzzy soft point is denoted by x¢ or f..

Definition 2.11 [72] The fuzzy soft point f. is said to be belonging to the fuzzy soft set
(9, A), denoted by f.€(g, A), if for the element e € A, a < g (v),(0 < a < 1).

Definition 2.12 [3] Let fa be fuzzy soft set over X. The two fuzzy soft points fe,, fe,€fa
are said to be equal if yy, (v) = py,, (x) for all v € X. Thus fo, # fe, if and only
ty,, () # g, (v) for all v € X.

Definition 2.13 [17] A fuzzy soft topology T over (X, E) is a family of fuzzy soft sets
over (X, E) satisfying the following properties

(i) Op,1p €T

(i1) if fa,gB € T, then faNgp € T,
(i1i) if fa, €7 for all « € A an index set, then anAan e
Definition 2.14 [16] If T is a fuzzy soft topology on (X, E) the triple (X, E, T) is said to
be a fuzzy soft topological space. Also each member of T is called a fuzzy soft open set in

(X, E, 7).

The complement of a fuzzy soft open set is a fuzzy soft closed set.



Definition 2.15 [76] Let (X, E, 1) and (X, E, 1) be the two different fuzzy soft topolo-
gies on (X, E). Then (X, E,1,7) is called a fuzzy soft bitopological space on which no
seperation axioms are assumed unless explicitly stated.

The members of 7;(i = 1,2) are called 1;(i = 1,2)-fuzzy soft open sets and the comple-
ment of 7;(i = 1,2)- fuzzy soft open sets are called 7;(i = 1,2)-fuzzy soft closed sets.
Definition 2.16 [16] A fuzzy soft set fp€(X, E) is called 7172~ fuzzy soft open set if
fr = geUhg such that gg€T and hp€Ts.

The complement of T To- fuzzy soft open set is called T17m5- fuzzy soft closed set.

The family of all 779~ fuzzy soft open (closed) sets in (X, E, 71, 72) is denoted by
T FSO(X, 1, 7)) (M FSC(X,m, 7)), respectively.

Remark 2.17 [16] 7;(i = 1,2)- fuzzy soft open is T1To- fuzzy soft open but the converse
18 not true.

Theorem 2.18 [16] If (X, E, 11, 72)) is a fuzzy soft bitopological space, then T = T1(\7y is
a fuzzy soft topological space over (X, F).

Remark 2.19 [16] If (X, E, 71, 72) is a fuzzy soft bitopological space, then 7 = 71Uty is
not a fuzzy soft topological space over (X, E).

Definition 2.20 [16] Let (X, E,1,7) be a fuzzy soft bitopological space and fre(X, E).
Then the 7;(i = 1,2)-fuzzy soft closure of fg, denoted by 1;cl(fg), is the intersection of
all 7;(i = 1,2)-fuzzy soft closed supersets of fg.

Clearly, T;cl(fg) is the smallest 7;(i = 1,2)- fuzzy soft closed set over (X, E) which
contains fg.

Definition 2.21 [16] Let (X, E, 1, 72) be a fuzzy soft bitopological space and fre(X, E).
Then the 1179~ fuzzy soft closure of fr, denoted by mTocl(fg), is the intersection of all
T1To- fuzzy soft closed supersets of fg.

Clearly, TiTocl(fE) is the smallest 117~ fuzzy soft closed set over (X, E) which contains

fe-

Remark 2.22 [i16] If (X,E,1,7) is a fuzzy soft bitopological space and fp€(X, E).
Then Ti1ocl(fp)Cricl(f)(i = 1,2).

Definition 2.23 [16] Let (X, E, 1, 72) be a fuzzy soft bitopological space and fr€(X, E).
Then the 7;(i = 1,2)-fuzzy soft interior of fg, denoted by T;int(fr), is the union of all
7:(1 = 1,2) -fuzzy soft open subsets of f.

Clearly, Tint(fg) is the largest 7;,(i = 1,2)- fuzzy soft open set over (X, E) which
contained in fg.



Definition 2.24 [16] Let (X, E, 1, 72) be a fuzzy soft bitopological space and fre(X, E).
Then the 1179~ fuzzy soft interior of fr, denoted by Tymint(fr), is the union of all T717s-
fuzzy soft open subsets of fg.

Clearly, mmacl(fg) is the largest TiTo-fuzzy soft open set over (X, E) which contained

—_——

Remark 2.25 [10] If (X, E,mi,m) is a fuzzy soft bitopological space and fr€(X,E).
Then iint(fg)(i = 1,2)Crmint(fg).

3 Some properties of Fuzzy Soft Bitopological Spaces

In this section, we introduce and study the notion of kernal operator in fuzzy soft bitopo-
logical space. Moreover, some important results related to this notion are obtained.
Furthermore, the concept of 7 m-A-fuzzy soft sets is presented and it is proved that the
family of all 7 7o-A-fuzzy soft sets is an Alexandroff fuzzy soft topology. In addition, we
introduce and characterize a new type of fuzzy soft sets in a fuzzy soft bitopological spaces
namely 7 7o-A-fuzzy soft closed set and investigate some of its basic properties. Finally,
comparisons between these fuzzy soft sets are obtained.

Definition 3.1 Let (X, E, 71, 72) be a soft bitopological space. Then, the family of all Ty 75-
fuzzy soft open sets is a supra fuzzy soft topology on X. This supra fuzzy soft topology,
will denoted by 19, i.e., Tio = T FSO(X, 71, 72)E = {98 = 91,092, : gip € Tiyi = 1,2}
and the triple (X, E,T12) is the supra fuzzy soft topological space associated to the fuzzy
soft bitopological space (X, E,T1,T2).

Remark 3.2 (1) 72 is not fuzzy soft topology in general.

(2) The finite intersection of TTo- fuzzy soft open sets meed not be a 179~ fuzzy soft
open set.

(8) The arbitrary union of T1Te- fuzzy soft closed sets need not be a 7172~ fuzzy soft closed
set.
These are shown in the following example:

Example 3.3 Let X =N, E = {0,1} and let gnEé(T\T_,\/E) defined as
Gnp B — IV,
such thaf
9n(0) = 0g and g, (1) = {n/an, n+1/ani1, n+2/ a9, ...} where ag, A1, Gy, ... € (0,1]
and let
71 ={0g, 1g}U{gn, : n=1,2,3,..}.
It is clear that 1 is a fuzzy soft topology on N.

—_——

Now, let hy,,€(N, E) defined as



By + B — TV,

such that

hm(0) = 0g and hy, (1) = {/B1,n + 1/Bs,n +2/Ba, ...} where By, Ba, Bs, .... € (0,1]

and let

To = {OE, ]‘E}U{hmE tm = 1,2,3, }

Then 19 is a fuzzy soft topology on N. Consequently, (N, E, 1, 7) be a fuzzy soft bitopo-
logical space.

Now, g3, € 71 and h3,, € T2 are T1T2-fuzzy soft open sets (for 71,7 C Ti2). But, g3, Nh3,,
is mot T Te-fuzzy soft open set, for g3,Nhs, = fg such that f(0) = g3(0) A h3(0) = O,
where Oy is the empty fuzzy set on N.
f() = g3(1) A hs(1) = {3/7v3,4/74, ..} AN {1/ 1,2/72,3/73} = {3/} . where v =
min{a;, B;}, i, Biy i € (0,1], for alli =1,2,3,....
It is clear that fg cannot be expressed as a union of two fuzzy soft sets one belongs to T
and the other belongs to T, i.e., fr 1s not TyTo-fuzzy soft open set. Hence, the finite inter-
section of T1To-fuzzy soft open sets need not be a T1To-fuzzy soft open set. Consequently,
Ti9 1S not fuzzy soft topology in general.

On the other hand, since g3, and hs, are T\To-fuzzy soft open sets, then g5 and hj,_
are T1To-fuzzy soft closed sets, but g§EOh§E is not Ty To-fuzzy soft closed set,

because g§_Uh§ = mg such that m(0) = g5(0) V h§(0) = 1y (a universe fuzzy set on
N)
m(1) = g5(1) V h5(1) = 1 \ {3/7s}-

It is clear that mg cannot be expressed as an intersection of two fuzzy soft sets one
belongs to T{ and the other belongs to 75, i.e., mg is not Ty Te-fuzzy soft closed set. There-
fore, the arbitrary union of T To-fuzzy soft closed sets need not be a T119-fuzzy soft closed
set.

Definition 3.4 Let (X, E, 1, 7) be a fuzzy soft bitopological space and let gpe(X, E).
The 7119~ fuzzy soft kernel of gg [briefly, mimafsker(gg)/, is the intersection of all T17y-
fuzzy soft open supersets of gg, i.e.,

T 1o fsker(gr) = ﬁ{hE € T2 : geChp}.

Remark 3.5 The 117mo- fuzzy soft kernel of gg is not T To- fuzzy soft open set in general.
This is shown in the following example:

Example 3.6 Let X = {z,y}, E = {e1,e2} and let

T = {OEa 1E7g1E792E}7T2 - {OEa 1E7 f1E7 fQE}’

where

915 = {g1(e1) = {/0.5,4/0.7}, g1(e2) = {2/0.3,4/0.6}},
925 = {92(61> - {13/04, y/O'S}aQQ(GQ) - {l’/OQ,y/OS}},
flE = {fl(el) = {%/03,y/05}, f1(€2) = {$/03,y/06}},
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fow = {fo(e1) = {2/0.4,5/0.5}, fo(e2) = {x/0.4,y/0.9}}.

Then (X, E,T1,72) is a fuzzy soft bitopological space.

It is clear that 112 = {0g, 1g, 914, 925, fig: Jou PE.qB} , Where

pe = g1,Uf2, = {p(e1) = {2/0.5,y/0.7},p(ez) = {z/0.4,y/0.9}},

e = Go,Uf1, = {a(er) = {2/0.4,5/0.5}, q(e2) = {x/0.3,y/0.6}} , while
glEUflE = f1E792EUf2E = f2E

Now, let

gp = {g(e1) = {2/0.2,y/0.3},g(e2) = {x/0.1,y/0.4}},

Then, the T1Ty- fuzzy soft open sets which contains gg are 1g, 1, fi1z, fop, PE-
Therfore,

TiTafsker(gg) = 1EﬁpEﬁglEﬁf1Eﬁf2E = f1, is a 12~ fuzzy soft open set.
But if

mp = {m(e1) = {2/0.3,y/0.5}, m(e2) = {2/0.2,y/0.3}},

Then, the T1To- fuzzy soft open sets which contains mg are 1g, g1, 92, J1gs for, PES 9E-
Therfore,

T17ofsker(mg) = iEﬁglE,QQEﬁflEﬁngﬁpE,gE = mg, 1S not a T1To- fuzzy soft open set.
Let hE =01p-

Then, the Tio- fuzzy soft open sets which contains hg are 1g, 91

Therfore,

T1T2f8k€7”(hE) = 1Eﬁg1E = hE

—_—

Theorem 3.7 Let (X, E, 7, 72) be a fuzzy soft bitopological space and let gg, hpe(X, E).
Then,

(1) nirofsker(1g) = 1g and Ty fsker(0g) = Op.

(2) gpCrimafsker(gg).

(3) guChp = TiTafsker(gp)Cnimafsker(hg).

(4) If g5 € 112, then TyTof sker(gg) = gp.

(5) Tirafsker[rmafsker(gp)] = mirafsker(gg).

(6) Tiraf sker[(hi,) i € A|C{mmafsker(hi,) i€ A}

(7) mirafsker[U(gi,) 17 € Al = U{mimafsker(gi,) : i € A}.
Proof. (1),(2),(3) and (4) are obvious.

(5) Since, gg € TlTQfsker(gE) then 7,7, fsker(gg)Cmimo f sker[rimo fsker(gg)).
Now, since TngfskeT(gE) ﬂ{hE € Tig : gEChE}
then 7,7 fsker(gr)Chy for all hg € T2, geChg
= T11of sker|[rio fsker(gp)|CriTafsker(hg) for all hg € 719, geChi
= Ti1ofsker[rimo fsker(gp)|Che (by (4)) for all hg € T2, geChp
= Tiafsker[nimafsker(ge)|S(Whe € T2, 9eChe} = TiTofsker(gg).



Hence, (5) holds.

(6) Since, ({hi, : i € A}YCh;, for all i € A, then by(3)
Tngfsker[ﬂ{hlE i€ A}]C7'172fsker( i) for all i € A. Therefore,
nrafsker|{hi, : i € AY)CN{rrafsker(hi,) i€ A}

(7) Since, 9inCU{gi, : i € A}, then mymofsker(gi, )Crimafsker[U(g:,) : i € Al
= {nmafsker(gi,) i € AYCrmfsker[U{g;,) : i € A}].

To prove the inverse inclusion, let f.dU{nm fsker(gi,) : i € A}
Then fegéﬁTg f sk:er(glE) for all i € A. Therefore, for all i € A there exists h;, € 712 such
that g;, Ch,, and fe¢hi,. We set hp = Ufhi, i€ A}
Hence hg € 715 and fegéhE
Since, U{gZE i€ AYC{hsy i€ A}, then J{g:,) :i € AYChp, hg € 715 and f.@hp.
Therefore, f,¢7, 72 f sker[U (gip) = @ € A]. Hence,(7)holds. u

e~

Theorem 3.8 Let (X, E, 7, 72) be a fuzzy soft bitopological space and let gg, hpe(X, F).
Then,

fe€nimafsker(gr) & (s(fe))eNge # Or for all (s(fe))r € Th(fe),
where (s(f.))g is any 71Ty~ fuzzy soft closed set contains f. and T{,(fe) is the family of all
T1To- fuzzy soft closed sets contains f.
Proof. Let f.€mmofsker(gr) and assume that there exists (s(f.))g € 75 (f.) such that

(s(fo))eNgr = 0z. Then gEé((s(fe))E)c~implies T1T2IS]€€T(QE)éTlTQfSk’@T((<S( ))E)f) =
((s(fe))r)¢ which implies 775 fsker(gr)N(s(fe))r = Op, a contradiction.

Conversely,~suppose that feéTng fsker(gg). Then, there exists hgy € 715 such that
geChg and f.¢hg, therefore f.€h%, but hf € 7f,(f.), so, by hypothesis, h;Nge # 0
which contradicts with gpChg. Thus, f.€rmfsker(gr) =

P

Definition 3.9 A fuzzy soft set gp € (X, E) is said to be a 7179 — A-fuzzy soft set in
a fuzzy soft bitopological space (X, E,m,7) if mmafsker(gr) = grg. The family of all
T1To-A-fuzzy soft sets will be denoted by T179-A-FSS(X, T, 7)E

Example 3.10 As in ezample 3.6. Let hgy = ¢1,,. It is clear that hg is T1Ta-A-fuzzy soft
set.

Theorem 3.11 Let (X, E, 1, 7) be a fuzzy soft bitopological space. If gg is T1T2-fuzzy
soft set, then it is a T7o-A-fuzzy soft set i.e.
T12 Q T1T2—A—FSS(X, 71, 7—2)E-

Proof. Immediate from the Theorem 3.7 and Definition 3.9. ]

The following Example shows the converse of the above theorem is not true in general.



Example 3.12 As in Ezample 3.6. Let g = ¢1,,. It is clear that hg is 1175 — A-fuzzy
soft set.

It is clear that Tymo fsker(mg) = mg ¢ T2 .

Therefore mg is T1To-A-fuzzy soft set, but it is not a T To-fuzzy soft open set.

Theorem 3.13 Let (X, E, 1, 72) be a fuzzy soft bitopological space. Then, the class T1To-
AN-FSS(X,11,72)E is a fuzzy soft topology on X . This fuzzy soft topology, will be denoted
by Tian. The triple (X, E,Tiap) is the fuzzy soft topological space associated to the fuzzy
soft bitopological space (X, E,T1,T2).

Proof. Since, 1y7y-fsker(1g) = 1g and 7y7-fsker(0g) = Op, then 1g,05 € T179-A-
FSS(X,Tl,TQ)E.

Let gp,hg € miTo-A-FSS(X,71,72)p. Then, mymfsker(ge) = gr and mymafsker(hg) =
hg. Therefore, by Theorem 3.7(6) , we have 77 fsker[gpNhp|CgeNhs,

but geNhgCrim fsker[geNhg], then 77, fsker[gpNhg] = genhg. Hence, gpNhg € Ty7o-
A—FSS(X, Tl,TQ)E.

Finally, let {g;, : i € A} € m-A-FSS(X, 71, 7)p. Then, i fsker(gi,) = gip for all
i € A, it follows that Ty fsker[{U(g;,) : i € A}] = U{TlTQfSker(giE) e A} = O{giE ;
ie A}

Hence, U{gZE NS A} € TlTQ—A—FSS(X, 7'17T2>E.

Consequently, the class 17-A-FSS(X, 11, 72)E is a fuzzy soft topology on X. ]

Definition 3.14 Members of Tiap are called T179-A - fuzzy soft open sets. A fuzzy soft
set gp in a fuzzy soft bitopological space (X, E, T, 1) is called a T11o-A-fuzzy soft closed
set if its complement is a Ty 7o-\- fuzzy soft open set. We denote the family of all Ty7o-A-
fuzzy soft closed sets by Tiyy -

Corollary 3.15 Let (X, E, 1, 72) be a fuzzy soft bitopological space. Then,

7 C 712 € ioa € (X, E) 1=1,2.

e~

Remark 3.16 The following Example shows that 112 C Ti2n € (X, E) in general.

Example 3.17 Let X = {z,y}, E = {e1,e2} and let
71 =108, 18,914, 92, 1 2 = {08, 1E, fis, for

where

91, = {g1(e1) = {2/0.5,y/0.7}, g1 (e2) = {x/0.3,y/0.6} },

925 = {92(61> - {l’/04, y/05}7 92(62> - {13/02, y/OS}}7

flE = {fl(el) = {{L‘/03,y/05}, f1(62) = {IL‘/O?),y/OG}},

fop = {foler) = {x/0.4,y/0.5}, fa(e2) = {2/0.4,4/0.9}}.

Then (X, E,11,7T9) is a fuzzy soft bitopological space.

It is clear that T2 = {0, 15, 91, 925, Fip, fom PE,QE} > where

PE = 91,Uf2, = {p(e1) = {2/0.5,y/0.7}, p(e2) = {2/0.4,y/0.9}},

qe = 92,Uf1, = {q(e1) = {2/0.4,y/0.5},q(es) = {x/0.3,45/0.6}} , while
915001, = fipr 925Uf2p = fop and
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Ti2A = {GEa 1EaglE792E7flEaf2E7pE7qE7hE} i where
hgp == {h(e1) = {x/0.4,y/0.5}, h(es) = {2/0.3,y/0.4}.

—_—

It is clear that 19 C 124 C (X, F).

Lemma 3.18 An arbitrary intersection of T1mo-A-fuzzy soft sets is a T 7o-A-fuzzy soft set.
Proof. Let {gi, : i € A}Crion. Then, m7ofsker(g,) = ¢i,  for all i € A. From
Theorem 3.7(6) we have Tlrgfsker[ﬁ{giE NS A}]éﬁ{rlrgfsker(gm) ci € A}, | then
nrafsker|{gi, :i € ANEN{gi, : i € A}. On the other hand, from Theorem 3.7(2) we
have (\{gi, : i € AYCmmfsker[{gi, : i € AY]. Hence, iy fsker[{gi, : i € A} =
N{gi, : i € A}. Therefore, ({gi, : i € A}ETian. u

Definition 3.19 A fuzzy soft topological space (X, E, T) is said to be an Alezandroff fuzzy
soft space if the arbitrary intersection of fuzzy soft open sets is a fuzzy soft open set.

Theorem 3.20 Let (X, E, 1, 73) be a fuzzy soft bitopological space. Then, the fuzzy soft
topological space (X, E, Ti2p) associated of (X, E, 1, T2) is an Alexandroff fuzzy soft space.

Proof. Immediate from the Theorem 3.7 and Lemma 3.18. [ ]
Theorem 3.21 Let (X, E, 1, 72) be a fuzzy soft bitopological space. Then,
(1) Op, 1p are Tymo-A-fuzzy soft closed sets.

(2) an arbitrary intersection of a Ty To-A-fuzzy soft closed sets is a T1To-A-fuzzy soft closed
set.

(8) an arbitrary union of a T To-A-fuzzy soft closed sets is a T1To-A-fuzzy soft closed set.

Proof. Straightforward. u

—_—

Definition 3.22 A fuzzy soft set ge€(X, E) is said to be a T1Ta-A-fuzzy soft closed set in
a fuzzy soft bitopological space (X, E,11,72) if g5 = fe0hg, where fg is a TiTo-fuzzy soft
closed set and hg is a T 7o-A-fuzzy soft open set .

The family of all Tym9-\-fuzzy soft sets will be denoted by T179-N\-FSS(X, 71, 72)E.

Theorem 3.23 Let (X, E, 1, 7) be a fuzzy soft bitopological space. Then,
(1) every Ti1o-fuzzy soft closed set is a T1Ta-A-fuzzy soft closed set.
(2) every Tymo-A-fuzzy soft closed set is a T1Ta-A-fuzzy soft closed set.

Proof. Straightforward. [ ]

Corollary 3.24 Let (X, E,11,72) be a fuzzy soft bitopological space. Then, the following
diagram s holds.

11 FSO = TlTQAFS = nnAFCS < nniFSC
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Remark 3.25 The converse of Theorem 3.23 is not true in general which is shown in
the following Fxample:

Example 3.26 Let (X, E, 1, 7) is the same fuzzy soft bitopological space as in Ezample
3.6 and let g5 = {g(e1) = {2/0.4,y/0.5}, g(e2) = {x/0.4,y/0.4},

Then

(1) gg is a TiT2-A-fuzzy soft closed set, because g = pGN fa, where p% is a T1Ta-fuzzy soft
closed set and fa, is TiTo-A-fuzzy soft closed set [i.e. Timafsker(fo,) = fap]. But gg is
not T1mo-fuzzy soft closed set.

(2) It obvious that g is a TiTo-A-fuzzy soft closed set, but it is not T1a-A-fuzzy soft
closed set, because T\To-fsker(gp) = fo,Mp = fop, = {fo(e1) = {2/0.4,4/0.5}, fa(es) =
{/0.4,9/0.9}} # gp

Theorem 3.27 Let (X, E, 1, 72) be a fuzzy soft bitopological space and gp€(X, E). Then,
the following statements are equivalent:

(1) gg is a TyTa-A-fuzzy soft closed set.
(2) g5 = hEﬁTszchE); hg € Tiaa.

(3) gr = nirafsker(gr)\mimecl(gr)
Proof. (1) = (2): Let gg be a mm-A-fuzzy soft closed set. Then, there exists mg €
7{y, hi € Ti2p such that gp = mpNhg
= gCmpg
= 117ocl(gE)Cimacl(mp) = mg
= hEﬁTngcl(gE)éhEﬁmE
#hEﬁTlTQCl(gE)ggE. B .

(2) = (1): Since gpCn7acl(gr), then hgNgeChpNTiTecl(gr), but geNhe = gg, then

geCheNrimcl(gg). Therefore, g = hpNnimacl(gr), he € Tiaa. Hence (2) holds.

(2) = (3): Since gEéTlTQCl(gE) and gEéﬁTszk’@T(gE)a then gEéTlTQCl(gE)ﬁTlTZfSker(gE)'
Now by (2), there exists hg € 795 such that gg = hpNTi7ecl(gE)
= gpChg
= 111y fsker(gg)Crimofsker(hg) by Theorem 3.7(3)
= 111y fsker(gg)Chp, for hE € Tiaa
= Tngfsker(gE)ﬁTngcl(gE)ghEﬁﬁTgcl(gE)
= niaf sker(ge)Tiacl(98) Cyp-
Consequently,gr = T7af sker(gp)mim2cl(gE).
Hence(3)holds.

(3) = (1): Since my7ocl(gg) € 75, and 77 fsker(gg) € Ti2a by Theorem 3.7(5), then
by (3) and Definition 3.22 we have that gg is a 7y 79-\- fuzzy soft closed set. ]
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