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Abstract
This paper deals with dynamics of the solutions to the system of second order nonlinear difference

equations
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where A € (0,00),2_; € (0,00),y—; € (0,00),7 = 0,1. Moreover we use the known results to determine
the rate of convergence of the solutions of this system. Finally, we give some numerical examples to
justify our results.
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1. Introduction

Difference equations or discrete dynamical systems are diverse field which impacts almost every
branch of pure and applied mathematics. One of the reasons is a necessity for some techniques which
can be used in investigating equations arising in mathematical models describing real life situations
in population biology, economic, probability theory, genetics psychology, etc. The theory of difference
equations occupies a central position in applicable analysis. There is no doubt that the theory of difference
equations will continue to play an important role in mathematics as a whole. Rational difference equations
of order greater than one are of paramount importance in applications. Such equations also appear
naturally as discrete analogues and as numerical solutions of differential and delay differential equations.
It is very interesting to investigate the behavior of solutions to rational difference equations and to discuss
the local asymptotic stability of their equilibrium points. Recently there has been published quite a lot
of works concerning the behavior of positive solutions of systems of difference equations [1-10]. These
results are not only valuable in their own right, but also they can provide insight into their differential
counterparts.

Kurbanli [3] studied a three-dimensional system of rational difference equations
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where the initial conditions are arbitrary real numbers.
Cinar et al. [4] have obtained the positive solution of the difference equation system
m PYn
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Cinar [5] has obtained the positive solution of the difference equation system

oot Yy = —
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yn Tn—1Yn—1

Clark and Kulenovic [6] investigated the system of rational difference equations

X

om0 =0,1,---,
a+cyn

Tn+1 = 5 Yn+1 =

Yn
b+dx,’
where a,b,¢,d € (0,00) and the initial conditions ¢ and yg are arbitrary nonnegative numbers.

Zhang, Yang and Liu [7] investigated the global behavior for a system of the following third order
nonlinear difference equations.

Tpn—2 Yni1 = Yn—2
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B + Yn—2Yn—1Yn " A + Tp_2Tp_1Tn

Tn+1 =

where A, B € (0,00), and initial values z_;,y_; € (0,00),7 =0,1,2.
Ibrahim [9] has obtained the positive solution of the difference equation system in the modeling

competitive populations.
Tn—1 Yn—1
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Din et al. [10] studied the global behavior of positive solution to the fourth-order rational difference
equations

Tn41 =

QTn—3 o A1Yn—3
B+ Vntn1Yn-aYn—a T Bl Nan@n1Tnatns
where the parameters «, 5,7, a1, 81,71 and the initial conditions z_;,y_;,72 = 0,1,2, 3, are positive real
numbers.

Although difference equations are sometimes very simple in their forms, they are extremely difficult
to understand thoroughly the behavior of their solutions. In [11], Kocic and Ladas have studied global be-
havior of nonlinear difference equations of higher order. Similar nonlinear systems of difference equations
were investigated (see [12-20]).

Our aim in this paper is to investigate the solutions, stability character and asymptotic behavior of
the system of difference equations

Tn4+1 =
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where A, B € (0,00) and initial conditions z;,y; € (0,00),i = —1,0.
2. Main Results

Let I, I, be closed intervals of real numbers and f : I7 x I} — I, g : I7 x I} — I, be continuously
differentiable functions. Then for every initial conditions (x;,y;) € I, x I,(i = —1,0), the system of
difference equations
Tnyl1 = f(xnawnflvynaynfl)a
n=01,2---, (2.1)
Yn+1 = g(l‘n, Tn—1,Yn, yn—l)7

has a unique solution {(z,,yn)}oe_;. A point (Z,7) € I, x I, is called an equilibrium point of (2.1) if
T = f(jajagvg)ag = g(jajaga g)a i e, (xnayn) - (jag> for all n > 0.

Definition 2.1 Assume that (Z,7) be a fixed point of (2.1). Then
(1) (Z,9) is said to be stable relative to I, x I, if for every e > 0, there exists 6 > 0 such that for

any initial conditions (x;,y;) € I, x Iy(i = —1,0), with Z?:ﬂ |z — Z| < 0, 2?271 lyi — §| < 0, implies
|z, —Z| <&, |yn — 7| <e.
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(17) (&,7) is called an attractor relative to I, x I, if for all (z;,y;) € I, x I,(i = —1,0), lim,_yo0 T, =
Z,limy 00 Yo = Y-

i) (Z,9) is called asymptotically stable relative to I, x I, if it is stable and an attractor.

iv) Unstable if it is not stable.

Theorem 2.1.[11] Assume that X(n+ 1) = F(X(n)),n =0,1,---, is a system of difference equations,
and X is the equilibrium point of this system i.e., F(X) = X If all eigenvalues of the Jacobian matriz
Jr, evaluated at X lie inside the open unit disk |)\| < 1, then X is locally asymptotically stable. If one of
them has modulus greater than one then X is unstable.

Clearly, system (1.1) has always trivial equilibrium (0,0). If 0 < A < 1,0 < B < 1, system (1.1) has
a unique positive equilibrium point (/1 — B,+/1 — A).
Theorem 2.2. Consider system (1.1), then the following statements are true:
(i) If 0 < A < 1,0 < B < 1, then the trivial equilibrium point (0,0) is unstable.
(i)If A > 1,B > 1, then the trivial equilibrium point (0,0) is locally asymptotically stable.

Proof. We can obtain easily the linearized system of (1.1) about the positive equilibrium (0, 0) is

®,.1 = B, (2.2)
where
T, £ 0 00
_ | *n-1 _ OF _ 1 0 0 0
¢, = Un , B= X |(0,0) - 0 0 % 0
Yn—1 0 0 1 0
The characteristic equation of (2.2) is
1 1
NMA=—=)A=5)=0 2.3
(=0 3) (23)

(i) If 0 < A < 1,0 < B < 1, This shows that two roots of characteristic equation lie outside unit disk. So
the trivial equilibrium point (0,0) is a repeler, i.e. it is unstable.

(ii) If A > 1, B > 1, The all roots of characteristic equation lie inside unit disk. So the trivial equilibrium
point (0,0) is a source, i.e. it is locally asymptotically stable.

Theorem 2.3 Suppose that A > 1,B > 1 hold, then the trivial equilibrium point (0,0) is globally
asymptotically stable.

Proof. For A > 1,B > 1, from (ii) of Theorem 2.2, the equilibrium point (0,0) is locally asymptotically
stable. From (1.1), it is easy to see every positive solution (x,,y,) is bounded. ie. 0 < =, < 20,0 <
Yn < yo. Now it is sufficient to prove that the sequences {x,} and {y,} are decreasing. From (1.1), we
have

Tnt1 _ 1 §l<1, Ynt1l _ 1 §l<1~
T A + YnYn—1 A Yn B + TpTn-1 B

This implies that the sequences {z,} and {y,} are decreasing. Hence lim, o 2, = 0,1im; o0 ¥ = 0.
Therefore the trivial equilibrium point (0, 0) is globally asymptotically stable.

Theorem 2.4 Assume that 0 < A < 1,0 < B < 1. Then the positive equilibrium point (Z,y) =

(V1 — B,v1—A) is locally unstable.

Proof. We can obtain easily the linearized system of (1.1) about the positive equilibrium (z, §) is

D, =G, (2.4)
where ®,, = (T, Tp—1, Yn, Yn_1)",
% 0 —zy -y
c=OF, | 1 0 0 0
Tox, TN ey —wy o 0
0 0 1 0


lenovo
高亮

lenovo
高亮

lenovo
高亮

lenovo
高亮

lenovo
高亮

lenovo
高亮

lenovo
高亮


Let A1, A2, A3, Ay denote the 4 eigenvalues of Matrix G. Let D = diag(dy,ds,ds,ds),d; # 0(i = 1,2,3,4)

be a diagonal matrix,
Clearly D is invertible. Computing DGD ™!, we obtained

di —~

d% 0 — Ty —g—ig’cy
- 0 0 0
-1 _ d
DGD ™ = & a1 0
otV T B
0 0 s 0
3

It is well known that G has the same eigenvalues as DGD™!, we obtain that

max |\y] = |[[DGD7!
1<k<4
_ 1 dy o dy
= max {d2d1 1, d4d3 1, Z =+ d73xy =+ d74zy’
1 ds __ ds__
B—f—dlxy+d2xy}
> 1

It follows from Theorem 2.1 [11] that the positive equilibrium points (Z, g) is locally unstable.

3. Rate of convergence

In this section we will determine the rate of convergence of a solution that converges to the equilibrium
point (0,0) of the system (1.1). The following result gives the rate of convergence of solution of a system

of difference equations
Xng1 =[P+ Q(n)]X, (3.1)

where X, is a four dimensional vector, P € C*** is a constant matrix, Q : ZT — C*** is a matrix

function satisfying
[IQ(n)]| = 0, when n — oc. (3.2)

where || - || denotes any matrix norm which is associated with the vector norm.

Theorem 3.1.[21] Assume that condition (3.2) hold, if X, is a solution of (3.1), then either X,, =0 for
all large n or

p=lim {/[X,| (3.3)
or be
~ i PEntl (3.4)

n—oo || X,

exists and is equal to the moduls of one the eigenvalues of the matriz P.
Assume that lim, .z, = Z,lim, oy, = 3, we will find a system of limiting equations for the

system (1.1). The error terms are given as
Tnp1 — 7= Yo Pi@n—i — 7) + Yo Qi(Yn—i — 1)
Ynt1 = § = ico Bilwn—i = ) + Lizy Silyn-i — )
Set el =z, — %,e2 =y, — 7, therefore it follows that
eni1 = Zgzo Pie_; + Zi:o Qiep_;

2 _ ! 1 1 2
Cnt+1 = Zi:o Rie,,_; + Zi:o Siey_;



where

1 TnYn—1 TnYn
Ph=———P=0Q=——"—"—"— Q1=——""T"—.
0 A + YnYn—1 ! 0 (A + ynyn71)2 ! (A + ynynfl)2
Tn—1Yn TnYn 1
0 (B+xnmn71)2’ ! (-B'i_xnxnfl)z7 0 B+xnxn71’ !

Now it is clear that

1
lim PQ = — lim QQ = lim Ql = 0, lim R() = lim R1 = 0, lim SO = =.
n— 00 A ' n—soco n— 00 n—00 n— 00 n— 00 B

Hence, the limiting system of error terms at (0,0) can be written as

En+1 =GE, (35)
where E,, = (el, e _1,¢2,e2_1)T, and
1000
G = JF(0,0) = (dij)4><4 = 0 0 % 0
0O 0 1 0

Using Theorem 3.1, we have the following result
Theorem 3.2. Assume that A > 1,B > 1, and {(xn,yn)} be a positive solution of the system (1.1).

Then, the error vector E,, of every solution of (1.1) satisfies both of the following asymptotic relations

- B
lim Y/||E.| = |A\Jr(0,0)], lim = |[AJr(0,0)|.
n—00 n— oo HEnH

where \Jp(0,0) is equal to the moduls of one the eigenvalues of the Jacobian matriz evaluted at the
equilibrium (0, 0).

4. Numerical examples

In order to illustrate the results of the previous sections and to support our theoretical discussions,
we consider some interesting numerical examples in this section.

Example 4.1. Consider the system (1.1) with initial conditions x_1 = 0.8,x90 = 1.2,y_1 = 1.8,y = 2.2,
Moreover, choosing the parameters A = 1.7, B = 1.5. Then system (1.1) can be written as

T Yn

ey = 41
L7+ ngna’ " T 151 zoana (4.1)

Tp+1 =

The plot of system (4.1) is shown in Fig. 1.
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Fig.1. The plot of system (4.1).
Example 4.2. Consider the system (1.1) with initial conditions x_1 = 4.8, 290 = 4.6,y_1 = 5.8, yg = 5.2,
Moreover, choosing the parameters A = 0.7, B = 0.8. Then system (1.1) can be written as

Ln Yn

P 12
07+ yngm1’ 7T 08+ anant (4.2)

Tn41 =

The plot of system (4.2) is shown in Fig. 2.
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Fig.2. The plot of system (4.2).
5. Conclusions

In this paper, the dynamical behavior of second-order discrete system is studied. It conclude that: (i) the
positive equilibrium point (v/1 — B,v/1 — A) is locally unstable if 0 < A < 1,0 < B < 1. (ii) the trivial



equilibrium point (0,0) is globally asymptotically stable if A > 1, B > 1. Some numerical examples are
provided to support theoretical results.

Competing interests

The author declares that she has no competing interests exist.

References

[1]
2]

3]

G. Papaschinopoulos and C. J. Schinas, On a system of two nonlinear difference equations, J. Math.
Anal. Appl. 219(1998), 415-426.

D. Clark, M. R. S. Kulenovic and J. F. Selgrade, Global asymptotic behavior of a two-dimensional
difference equation modelling competition, Nonlinear Analysis 52 (2003), 1765-1776.

A. S. Kurbanli, On the behavior of solutions of the system of rational difference equations: z, 11 =
mn_l/(ynxn—l - 1)) Yn-i-l = yn—l/(xnyn—l - 1) and Zn+l1 = Zn—l/(ynzn—l - 1)? Discrete Dynamics
in Nature and Society, vol. 2011, Article ID 932632, 12 pages, 2011.

C. Cinar, I. Yalcinkaya and R. Karatas, On the positive solutions of the difference equation system
Tpa1 = yﬂn,ynﬂ =P J Inst. Math. Comp. Sci., 18(2005), 135-136,

Tn—1Yn—1

Yn

C. Cinar, On the positive solutions of the difference equation system x,; = yi, Ynt1 = s

Applied Mathematics and Computation, 158(2004) 303-305.

D. Clark and M. R. S. Kulenovic, A coupled system of rational difference equations, Computers and
Mathematics with Applications 43 (2002), 849-867.

Q. Zhang, L. Yang and J. Liu, Dynamics of a system of rational third-order difference equation,
Advances in Difference Equations 2012, 2012:136, 1-8.

Q. Zhang, J. Liu, Z. Luo, Dynamical behavior of a system of third-order rational difference equation,
Hindawi Publishing Corporation, Discrete Dynamics in Nature and Society, 2015, Article ID 530453,
1-6.

T. F. Ibrahim, Two-dimensional fractional system of nonlinear difference equations in the modeling
competitive populations, International Journal of Basic and Applied Sciences 12(2012), No: 05,
103-121.

Q. Din, MN Qureshi and A. Q. Khan, Dynamics of a fourth-order system of rational difference
equations, Advances in Difference Equations 2012(2012), 215, pp. 1-15.

V. L. Kocic and G. Ladas, Global behavior of nonlinear difference equations of higher order with
application, Kluwer Academic Publishers, Dordrecht, 1993.

K. Liu, Z. Zhao, X. Li and P. Li, More on three-dimensional systems of rational difference equations,
Discrete Dynamics in Nature and Society, Volume 2011, Article ID 178483, 2011.

T. F. Ibrahim and Q. Zhang, Stability of an anti-competitive system of rational difference equations,
Archives Des Sciences, 66 (2013), No. 5, 44-58.

E. M. E. Zayed and M. A. El-Moneam, On the global attractivity of two nonlinear difference equa-
tions, J. Math. Sci., 177 (2011), 487-499.

N. Touafek and E. M. Elsayed, On the periodicity of some systems of nonlinear difference equations,
Bull. Math. Soc. Sci. Math. Roumanie, 2(2012), 217-224.

N. Touafek and E. M. Elsayed, On the solutions of systems of rational difference equations, Mathe-
matical and Computer Modelling, 55(2012), 1987-1997.


lenovo
高亮


[17]

S. Kalabusic, M. R. S. Kulenovic and E. Pilav, Dynamics of a two-dimensional system of rational
difference equations of Leslie-Gower type, Advances in Difference Equations, 2011, doi:10.1186/1687-
1847-2011-29.

T. F. Ibrahim, Boundedness and stability of a rational difference equation with delay, Rev. Roumaine
Math.Pures Appl., Vol. 57 (2012), no.3, 215-224.

T. F. Ibrahim and N. Touafek, On a third-order rational difference equation with variable coefficients,
DCDIS Series B: Applications & Algorithms, Vol. 20 (2013), no. 2, 251-264.

T. F. Ibrahim, Oscillation, non-oscillation, and asymptotic behavior for third order nonlinear giffer-
ence equations, Dynamics of Continuous, Discrete and Impulsive Systems, Series A: Mathematical
Analysis, Vol. 20 (2013), no. 4, 523-532.

M. Pituk, More on Poincare’s and Peron’s theorems for difference equations, Journal Difference
Equations and Applications, 8 (2002), 201-216.





