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Super convergence method for solution of
higher order boundary value problems

ABSTRACT

A new O(h'") super convergence method based on B-spline of degree eight has been

developed for solution of higher order boundary value problems. Our presented collocation
method leads to optimal approximation, we describe the mathematical procedure in detail
also analyze the convergence of the method. The obtained numerical results have been
compared with results obtained by recent existing methods to verify the applicability and
super convergence properties of the presented method numerically.
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1. INTRODUCTION

Higher order boundary value problems occur in the study of fluid dynamics, astrophysics,
astronomy, beam and long wave theory, quantum mechanics, induction motors, engineering
and applied physics. Many researchers have attempt to developed numerical solution of
higher order boundary value problems. Many mathematical models arising in various
applications can be written as boundary value problems, eighth and seventh order boundary
value problems arise in the mathematical modeling of the fluid dynamics and induction
motors respectively [1,2]. The solution of eighth order BVPs by differential quadrature rule is
given by Liu and Wu [3] without any convergence analysis. Adomian decomposition and
homotopy perturbation method have been given by [4,5] without any convergence analysis.
Non-polynomial spline technique proposed by Siddigi and Akram [6], but they obtained
second order convergence. Reproducing kernel space method proposed by Akram and
Rehman [7,8]. Variational iteration and differential transformation method are given by
Siddigi et al [9,10]. Many researchers applied collocation methods for solution of BVPs [11,
12,13]. The cubic spline has been used to solve BVPs by pioneers [14, 15, 16, 17], but their

methods have second order convergent. An 0" optimal cubic spline collocation method
was developed by Danial and Swatrz in [18]. Another optimal collocation method on mid-
points based on quadratic spline to approximate the second order BVPs was proposed by
Houstis et al [19]. Irodotou-Ellina and Houstis in [20] developed an 0(h®) optimal collocation

method based on quintic spline for solving linear fourth order two point BVPs. In [21]
Rashidinia and Ghasemi developed an optimal method based on sextic spline at the grid
points for solving of nonlinear fifth order two point BVPs, after that they developed
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collocation method based on B-spline at the mid-points for the numerical solution of
nonlinear sixth order BVPs [22].

In the present work, we will focus on developing a collocation method based on B-spline of
degree eight to approximate the solution of the following nonlinear two point boundary value
problems:

Lu =u" ()= u () (x),.u” " (x) =0, 1<p<8a<x<h,

(1.1)

with the boundary conditions,

-1 . .
Bu='S (au’@+Bu" (b)=7,0<i <p-1, (1.2)
=0

where &;; ﬁu and ¥, are given real constants, ¢ is a continuous function, u(x) is a unknown

function, ande andBpare differential operators. In this paper we will derive super

convergence approximations of order O (') at mid-points and grid points of the partition A
on the interval [a,b]. In section 2, we obtain the consistency relations for spline of degree
eight at mid-points and grid points of the partition Ato construct higher order approximation.
Section 3, is devoted to deriving the new super convergence collocation method based on
spline of degree eight. The convergence analysis of the presented method is given in detalil,
in section 4. In section 5 numerical experiments are given to demonstrate the efficiency of
the proposed method, we compared our numerical results with the results reported in [5-8,
22, 25-28].The paper ends with conclusion.

2. SPLINE INTERPOLATION

In this section we define spline interpolant S (x) of degree eight that satisfies certain end
conditions and then derive several relations that are required in the formulation of the
collocation method. Now let A={a=x,<x,<..<x, =b}be a uniform partition of the

b—-a

interval [a,b] with step sizeh = . Suppose that 7 is the set of mid-points of the partition

n
Ainclude the boundary points as follows:

xO +X1 ‘xi—l i
T={ty=x,t,=——,.t, =—— .t =—"——"t =x}
2
Consider a smooth spline of degree eight S(x) that is an element of
SP,(A)={v(x)lv(x)e[a,b]}, and v(x)is a polynomial of degree at most 8 on the partition
A . By making use of a B-spline function
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we consider a polynomial spline of degree eight S (x) of the above form that satisfies the
following interpolatory conditions:

1 k+1 .
Bk+1(‘x) = Z (_l)J

k1Jj=0

Nk 0
. . X — x> ]J, 2 X —a
G=i) =) ={E T X2 gy S e, 2 j+5)
o . J
0 x <j, j=-3 h

S@)=u@,), 1<i<n, (2.1)

associated with the end conditions:

2 4 6

h Th 31h
SPey=u® ) -—u"" )+ —u" ) - ——
24 967680

i=1,2,3,4n-3,n—-2,n—1n.

8

127h
5 09 319 ).

154828800 (2.2)

i

In the following, for sake of convenience we will denote that, u] =u’(,)and S’ =S’(,),

i=0,...,n+1, 0<j <8 wheref "’ =D"’f . By using [23] we have the following consistency
relations for spline of degree eight S , at the mid-points for 5<i <n —-4:

Ys® = 103]21#(51.i4 —8S.,,+285,,, —56S,,, +70S,), (a)
Ts” =512ﬂ(¢siﬂ +6S.,, F14S,,,+14S.,)), (b)

Ts© = 129;6240 (8,.,—20S,,, +64S,,,-90S,), (c)

Ts® :215—?40(¢Sii4 T18S,,,+825,,, F106S,,,), (d)

26880
s =7(Sl.i4 +728 ;45 —68S,,, —3925,,, +774S,), (¢)

2688

Ys = T(Trsii4 T234S,,, F974S.,, £2654S . ,,), (f )

224
s = F(Sl.14 +7208,,, +9100S,,, + 31845, —26010S,), (g)

16
Ts” = ;(J—rsii4 T 2178S,,, F58478S,,, F199066S,,), (1)
Yf, =f. ., +6552f 5 +331612f ., +2485288f ., +4675014f ,, (i) (2.3)
where the discrete operator Y is defined for any function f on the interval [a,b] .Now we

will prove the following theorem to obtain the error bounds for spline S (x) of degree eight

and its derivatives up to order eight at the mid-points z,, i =1,...,n of the partition A.
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Theorem 2.1: Let S(x)be the unique spline of degree eight satisfying (2.1)-(2.2) and

interpolating the functionu e C"[a,b],thenfor i =1,...n the following relations hold:

8
51):ugl)_ﬂuf”+0(hm),(a)
i I 154828800 °

8
) —M”-ﬁ-ﬂ 10 O(hm) b)

i 20118400 ¢
6
o _ o, 3100 1271°

® _,® M rom™),
! L 967680 Y 5529600 “i
6
§@ oy 2 o 12710 w10 "), @)
! 193536 ¢ 4423680 !
4 6
) _ (5)_ Th u(9)+ 31h u(ll) 127h (H) O(hw) (e)

P T 5760 ToeTes 1 4423680
4 6
S(ﬁ) _u(ﬁ) + Th M(IO) _ 31hn M(lz) + 127h u(14)

i 1920 P 96768 ¢ 7372800 ¢

6 8
n’ 7ht 31h 127h
(7) + M(‘?)_ M(ll) + M(l3) (15)

+O(h'"), (f)

S”) ( ( ( om"),(g)
Y 241 1920 ' 193536 ' 22118400 Y
6
h’ 7h* 31h 127h°
;8) ZM;S) _7’4;10) + ulle) l(l4) + 1(16) O(hl()) (l’l) (2 4)

24 5760 967680 154828800 :
and further satisfying the following error bounds:
0l - =0m"), k=0,..7. (2.5)

The above relations are held at the mid-points of the partition Atoo.

Proof. We will prove the relation (2.4)h, then by using this relation we can prove the rest of
relations (2.4). Using Taylor's series expansion and taking into account that S, =u,,
i =1,..,n,inthe relation (2.3)a we obtain,

hS (16) +0(h10)

TS ® =103219200 " + 34406400 °u "

© saa76ah D 4 163840 163840 0,00, 58496
! 15

3

(2.6)
Further, using Taylor's series expansion for any functionf e C *[a,b], we conclude that

32349

Yf, ==10321920f, +3870720h°f @ +69350h*f .Y +79136h°F ' + —"h*f ¥ +0 (n"),

(2.7)
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h* 7h* 31h° 1271
Setting f (x)=u® ——u"" +—u " - u™ + u'”, we can obtain,
24 5760 967680 154828800

h2 7h* 31h° 127h°
(10) u 12) u (14) +

Yf, =Y -——u, : : u'”)=10321920u " +
24 5760 967680 154828800 (2.8)
163840 58496
3440640h "u"” + 5447680 u " + ———h%u + = h*%u"" +0h'"),5<i <n-4.
By subtracting equation (2.6) from (2.8) we obtain:
2 4 6 8
(S ® —u® P00 T oo 3T a0 12ThTaey g g0y (2.9)
’ CT TS50 T oeTes0 T 154828800

h? 7h* 31h° 127h°
Denotingd, =S —u® +—u"” -———u"? + ul - u', then by

24 5760 967680 154828800
using the end conditions (2.2) and consistency equation (2.9) we obtain,
Yd, =0(h" 0u"0),5<i <n-4,d =d,=d,=d,=d, ,=d,_,=d, _ =d, =0. (2.10)

Since the coefficient matrix of the above system is positive definite hence, it is nonsingular,
and its inverse has a finite norm, thus we have 4, =0 (h'*),i =1,...n , so the proof of relation

(2.4)h is completed. To prove relation (2.4)g we consider the following consistency relations,
which can be easily obtained (but long straightforward calculations) for any spline of degree

eight at the interior mid-points?, ,

1
§{7 = —————[n"(5Y ~ 51544075 ) — 99837555}, — 74984675} — 282345357, —
10321920/

3381655 ®) — 65535 ) —g®

i+5 i+6 i+7

3612672008 ,1<i <n-7,

) F10321920S, ; ., + 722534408

i,i+7 — i+1,i+

o F 2167603208

1+21+5_

i+3,i+4
1
S = [n°(S,"), +6553 ", +3381655 ", + 28234535 *, +7498467S ") + 99837555 ") +
L 10321920%

103153675 %) + 51609595 ) 103219208, , , F 722534408, ,, , + 2167603208

i,i=7 1215

3612672008, ,, ,1.8<i <n.

. . . . . ' . . k
Using relation (2.4)h in the above relation and applying Taylor's series expansions of ul.(ﬂ)
fork =0,10,12,14,16 , we can obtain,

h’ 7h? 314° 127h°
IO u u 3 _ u

1920 22118400

; U, O(h )1<z<n

193536

In a similar manner by using any appropriate consistency relations we can prove the other
relations in this Theorem. According to the relation (2.5), it is well known that if the spline of



118  degree eight has been applied for solving interpolating problems and boundary value
119 problems of order k .k =0,...,7 has at most O (h’) and O (h°™* ) accuracy, respectively.]

120 Theorem 2.2: Let S(x)be the unique spline of degree eight satisfying (2.1)-(2.2) and

121 interpolating the function u e C"[a,b],thenfor i =1,...n the following relations hold:

8
S(l)(xl.)=u(1)(xl.)+h—u(9)(xi)+0(h10), (@)

1209600
8
$P () =u(x;)- u(x)+0 ("), (b)
172800
h° h*
SV ) =uV () ———u? () +——u""(x,)+0 ("), ()
30240 57600
h6 8
122 s ) =u )+ —u" (@) - ——u"(x;)+0 ("), @)
604 34560
6 8
§P () =u(x, )+72 u® (x;)= oo u(x)+ By u®(x,)+0 "), (e)
h4 hé 8
$O0r ) =u ) = ——u ™ )+ —u P @) ——u " ()0 "), ()
240 3024 57600
(7 (7N h2 u® h ut u® h* as) 10
S ) =u () () () = )+ ————u " (x;)+0(h ). (g)
12 240 48 172800
123 (2.11)

124  The above relations are held at the grid points of the partition A too.
125 Proof. The proof is similar to the proof of theorem 2.1.

126 To derive a super convergence method for the solution of equations (1.1) and (1.2) using

127  Theorems 2.1 and 2.2, we need to define some appropriate relations to connect ', ....u""

128  with spline S (x) and its first eighth derivatives S’,....5 ® at the mid-points as well as at grid
129  points of the partition A. For sake of convenience, we define the following discrete operators
130 for5<i<n-4:

M8 = 8148843 +288;4 =568, +708,;,

1
M8, :Z(_gii4+12gii3_52gii2+116gi1r1 -1508,),
1
131 8, ZZ(_7giJ_r4+80gii3_34Ogii2+752gii1_970gi)’
1
H,8 :;(_Sgii4+64giir3_284gii2+640gii1_830gi)’

1
Mg, =——(32g,,,—472g, ., +3288.,, —9448g ., +13202g ),
1152
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Mg, =—— (498 .., - 7128, +5212g ., —15224g . +21350g,),
1920
1
g, Zm(%%’w ~3272g,,, +20212g,,, — 555448 ., +76690g . ),
57 - - - -
1
M8, :E(Wgﬁ4 5368, +4396g,,, —13352g.,, +18910g, ), (2.12)
1
M8, =——(-58,,,+64g. . ,—412g, ,+2176g,, —3646g,),
1024
o8 = (-758,,, +1104g,,, -9604g, ,, +137200g, ,, — 2572508, ),
10 107520 +4 3 +2 +1

Lemma21:lfueC 18[a,b] and 5<i <n -4, then using the above operators we have

(r 8)

(r 8)

u” = L e +O(R’),9<r <16,u.” _L —+0(h"),9<r<12,
he
O ﬂs Hpi +0(h ) <14> /“4 i +0(h ) (9) ,us i +0(h ),
! ht n'
ui(lo) ﬂ() i +0(h ) (“) /[l7 i +0(h ) (12) ﬂg i +0(h )
nt n'
Miw) /‘9 i +0(h ) (10> /‘u;l, L0,

Proof. Using relation (2.12) and the results of Theorem 2.1, these relations can be proved
easily.[]

Corollary 2.1: If S (x ) be the unique spline of degree eight interpolatingu € C *[a,b1, then for
5<i £n—4 the following relations hold:

@ =g® +iﬂ ®__T 1S ® + M sw 127 uS® +om'),
l 10 i 87 i 4~ 17
24 5760 967680 154828800
1 7 31 127
M =S,~(7) _7'[195[(7) +—,U7Si(7) _7%5[(7) "‘7/‘15:7) +O "),
24 1920 193536 22118400
7 31 127
,-(6) — Si(é) _ ,UéSi(ﬁ) + qusi(é) _ ,U]Si(ﬁ) +0(h10),
1920 96768 7372800
1 127
, S (5) 5S,'(5) _ , ,'(5) /uls,-(S) +0(h10),
5760 96768 4423680
u®=5® +L,u S.(“)—ﬂys.“‘wmhl")
’ T193536° ° 1 4423680 '
@ =s®_ ,uS.G)+7127 1S +0(h'")
’ " 967680 ° ' 5520600 ' '
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(2) (2) 127

u? =8 -——— _us®+om"),
22118400

u =54 L,uls;” +0(h").
154828800

Remark: The Corollary 2.1 gives the approximation for u”’,1< p <8at the interior mid-

points of the partition Awhich is the conclusion of Lemma 2.1 and Theorem 2.1. Now we
need to obtain some similar relations at the boundaries and its neighboring points. In order
to obtain approximations for derivatives at the boundaries and its neighboring points

{0 115 1hs s T4y 1, 45 1, 55 1,45 1,» X, } We should use Taylor's series expansions.

Lemma 2.2: If u eC'S[a,b]and o, =i,i =0,1,2,3,4denoting the grid points, near the left
end point x, and o, =n-i,i =n-3,n-2,n—-1n,n+1 denoting the grid points, near the

right end pointx , , that o, is the index of 7, then the following O(h*) approximations to the
higher order derivatives of u hold at the boundaries and its neighboring points,

r 1 r— r— r 1 r— =
u” = 8/4(23S< Vo198 )0 (P )uy) = 8/4(55358)——45268))+1)(hzx

‘70

7 1 r—8 r—8 r r=8 =8
ug, =g (ASg Y =385 0N ug] = 8ﬂ1(35‘5 =25 )0 ),

04

. 1 - .
ug) =—m (2S5 =5 V)+0(h*), 9<r <16,
h

Proof. To prove Lemma 2.2, we consider the following relations, which can be easily
obtained by finite difference,
uy) 4423‘” 19u)+0 (W) ul) =5u)) —aul’ +0(h%),

“) 4(” &ﬂ”+0m) o 3;W—m;%uuh%,

(r) (r) (r)
=2y ﬂ%B+OUlL9SrS16

‘74
By using the results of Lemma 2.1 and above relations, the proof is completed.!]

Lemma 2.3: Under the assumptions of Lemma 2.2, we have the following O (k")

approximations to the higher order derivatives ofu hold at the boundaries and its
neighboring points,

r 1 r— r— r— r—
Uy =— gy (7158 )% — 17558 % +14858 /7 = 4295 ") + 0 (n*),

Ha 164°

ul = 6yg%sg*ﬂxmﬁf“+ﬂmg*”—ﬂmg*5+omﬁ,

0'1



1
(r) — (r=6) (r=6) (r=6) (r=6) 4
g, =g Mo (20857 =458 ;7 +365, 0 ~105,77) +O(h),

1 — r— r— r—
ul) =— 11,1057 =208 7 +155 70 —45 ) 0 (h*),

O3 h6

1
(r) — (r-6) (r-6) (r-6) (r—6) 4
uy) =— (45 =68 7 445 7V =5 )10 ("), 9<r <12,

1
13) _ (7 (7 (N (7 4
gy, =15 (1158, —17558 ;) +14858 ;) — 4295 ;1) +O (k')

Oy

1
13y _ (7 (7) (7 (7) 4
g =G (85 —84S )+ 708 ) =205 +0 ().

o

0

1
13) _ (N (7 @) (7 4
g, =g Ha(208 ) —4555) 3657 1055 +O (),

O3

1
(3 _ M ™M M ) 4
u _h6ﬂ3(10505 =208, +155," =45, )+0(h"),

1
u;lj) :Fﬂ_?,(“'séz) _6S;Z) +4S;—Z) _S;Z))+O(l’l4),
L4

®) ®) 8 (€)) 4
o = oo Ha(T15S 5] <1758 ;) 41485551 ~4295 1) -0 (),

o

1
(14) _ 3 (8) (3) ®) 4
U, =5 Hy(358 ) ~84S ) +7055) ~2057)+0 ()

1
(14) _ ®) ®3) ®) ®) 4
159  u 1,208 1) —458 7V +36S ) —108 V) +0 (),

= e
1
14) _ (3) (8) (8) (8) 4
g, = Hy(10Sg] ~2055] +158,) ~4s o)) +O ("),

1
=, (48P 650 +as P —s Py rom*.

o, F
160 Proof. The proof is similar to the proof of Lemma 2.2.

161 Lemma 2.4: Under the assumptions of Lemma 2.2, we have the followingO (h°®)
162  approximations hold at the boundaries and its neighboring points,

1

(r) _ ) _ (1) ) _ ) ) _ )

g, = e ik (461895 1) —1889555 ) +1598855 ) ~ 1385675 | +1222655 ) — 218795 1)) +
0(h®),r=9,10,1=5,6

108 O - 12650 — 5045 +8405 " — 7205V 43155 D —565 V) +0 (h).r =9.10, 1 = 5.6

u _h4 ﬂl( Os - Og + (o] - Oy + Oy - 0-10)+ ( )9r_ ’ ) —

o

0

1
(r) (1) () (1) ) () ) 6
g, =5 My (5685 ~2108,) +3365, ! 2805 12055 2155 ) +O(h*).r =9.10.1 =5.6
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170

1
(r) _ () () ) ) () ) 6 _ _
g, = Ky (5685 ~21055] +3365, ~2808 ) 12055 2155 ) +0(h°).r =910, 1 = 5.6

0

1
(r) (1) ) ) () ) (1) 6
U, = Q1S =7055) 41058, —84S ) +355 5 =655 ) +0 (h*).r =9.10.1 =5.6

O3

Oy

1
(r) _ () ) () ) ) () 6 _ _
g, = Hy (685 =158 5] #2085 155574655 =S )+ O (h').r =9.10.1 =5.6

1
ul = Sty (461895 ;) 1889555 ) +1598855 ;” — 1385675 ) +122265S )

—21879S;f(f)+0(h"),r =11,12,1 =178,

o

1
(r) () () () ) () () 6
g =i (1268 ;) ~504S ;) +840S5 ~7208 ;) +1222655 ;) = 218795 ) +O(h°).r <1112, 1 =7.8,

1
(r) _ ) () ) ) ) () 6 _ _
ug =g Ky (12685 =S045 g + 84055 ~7205 5 43158 5] =565 5 )+ O (h').r = 11121 =7.8,

Oy

1
(r) _ () () () () () () 6 _ _
U, = My (5655, 2108, +3365, 2808 ) +1208 ;) ~2155 ) +O(h).r =11.12.1 =7.8,

o
03

1
(r) _ () ) ) () ) () 6 _ _
ug, = Q1S5 =705,) #1055 ;) —845 ) +3555) 65 1) +O (). r = 11121 =78,

o1
uy) = h (655 —158 ) +208 ) =158 ) +68 ) =S5 )+ 0 (h®),r =11,12,1 =78,

Proof. The proof is similar to the proof of Lemma 2.2.

Lemma 2.5: Under the assumptions of Lemma 2.2, we have the foIIowingO(hg)

approximations to the higher order derivatives of u hold at the boundaries and its
neighboring points,

r _ M ) _ 0) ) _ (1) ()
Ho, = oaen? (10623475 ;) — 60843515 ' +154448915 ;) — 223092875 ” +1984665S ;.

—105675575}71]) + 3187041S((,i1) - 41570153’1;) +O(h*),r=9,10,1=17,8.

uy = 2‘; (3305 ;) ~ 1848 [ +46208 ) = 66008 ;) +57755 ;) —30808 ;) +9245 1 ~1205 )

+0 (h*),r =9,10,1 =1,8.
ul) = % (1208 ) - 6308 ;) +15128 ) ~21008 ;" +18008 ;' — 9455 1 +2808 ) =365 )
+0(h*),r =9,10,1 =7.8.

o3

r _H, () ) ) () (1) () () (1)
g, =5 0685 1685 ;) +3785 ) 5045 ) + 42055 2168 ;| +6345 ) =85 ;)

+0 (h*),r =9,10, 1 =17,8.
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ry _H, ) _ () ) _ () (O () ) o)
uy) =288 -85 4565 ) ~708 ) 4565 )~ 2851 4850 -5 )

o, hz %12

+0(h*),r =9,10,1=17,8.

Proof. The proof is similar to the proof of Lemma 2.2.
3. SUPER CONVERGENCE SPLINE COLLOCATION

3.1 FORMULATION OF THE METHOD

Suppose that u e C'"**"[a,b], 1< p <8 be the exact solution of the given BVP (1.1) and

(1.2) andS (x) e Sp,(A) be the spline to approximate the solution of BVP. By discretization
the BVP (1.1) and (1.2) at the points of 7 we have:

Lo, =™ ()= u@)u' (), ou” (x )], . 1<i <n,

S ) 5 (3.1)
Bu, = > (o;u ! (a)+,3iju Toy=y,0<i<p-1,
j=0

Replacing « byS and using relations in the Lemmas 2.2-2.5, we can obtain a system of
n + 8 nonlinear equations for each 1< p <8. For example, hence we consider this system for

the case of p =8and the other cases are similar,

s (8) (8) (8) (3) (8) ’ @O g7 (2)
LyoS =Sg +MoS —Hy "+ =1 =958 5.85 +1 8, =T,

(5) (5)

+35n,

3 3 3 4 4 4 5 5
$& - ™ +2879, 5 450, =357, 4 gy ~10u, 1

S =3uy® +10m,2'" =210 8 D - o + 3y =5,V + 17 7)+0 ()i =1.n,
(3.2)

In the above system, just replacing &,w, y and n by &,%,7 and 77 we can obtain LS&GZS for
i=2n-land by &%, 7 and 7 we can obtain Ly, S fori =3,n-2.By E.w, 7 and 77 we

can obtain LS&QS for i =4,n—3. By using relations of Corollary 2.1, we can obtain L;,S

for 5<i<n-4:

Y 1 31 127

Ly,S =8+~ i8S ™ ———uS P + wS - s -
’ 24 5760 967680 154828800
, 127 ,oan 127 ” 31 127
PSS+ ————— S, S ————uS,, i(S)_i zSi(S)"'i:UlSi(S)’
154828800 22118400 967680 5529600
31 127 7 31 127
Si(4) + ﬂzsi(4) _ 1Si(4)’ i(5) + ﬂSSi(S) _ auZSi(S) + ﬂlsi(S)
193536 4423680 5760 96768 4423680
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195

7 31 127 1 7
S ) _ S (6) + S (6) 6) o () (7 )

i i Moy~ S eSS S -
1920 ¢ 96768 7372800 " 24" 1920 3.3)
31 127 '
SO = usy+o0t"), 5<i<n-4,
193536 22118400

where
1

&M = — (3305, - 18485 ) +46208 ) — 66008 ;) +57755 ) ~ 30808 1) +9248 ) ~1208 ).k =7.8,
24

_ 1

EM) = i(lzos;’j ~6308 ;) +15128 1) ~21008 '’ +18008 ' — 9455 ') + 2808 | ' ~ 365 1)),k =7.8,

1
EM = Z(3652) —1688 1) +3785 1) 5048 ) + 4208 1)~ 2168 1) +635 1) ~85 1)),k = 17,8,

. 1
g =a(ssgf’ ~285 ) +565 ) —708 1) +568 ) 285 1) +85 =8 F )k =7.8,

y = 57760(126sf,f> —5048 1) +8408 ) —7208 1) +3158 )~ 565 1))k =5,....8,

g = 57760(565;’;’ ~2108 ) +3368 )~ 2808 ) +1208 1) — 218 ).k =7.8,

7 = es® asEp® =T s ® 35 @ ko1,
154828800 5 6 134828800 5 6

7 15«223@()()”1(33‘(’? —25 0.5 =154;§;800ﬂ1(2sg> —S$k =1,...8,

- =57760(215;f’ ~708 ) +1058 ) ~848 ) +358 1) —65 () k =5.,....8,

g =i(6sg’;>—1ss(§f>+2osgf’ ~15550 4650 —S Ik =5,...8,

5760

31
Fa =m(3ssfjj‘) ~845 %) 4708 &) 208 )k =3,...8,

S0 _ 31 e

(k) (k) N
scacag P0Sa 4555, #3655 105 )k =3....8,

= 31
=(k) _ *) e () © et
X = M(IOS% 208, " +158 ;" —4S; ").k =3,...8,

31
7" = mmsg) ~658) +as ) —s )k =38,

and the boundary formulas,



7

7 —
196 BS =a, S +5,S,,+Xa 6, +X 5,0 =y +0(h"),  0<i<7, (3.5)
SO &P

07 n+l
i,0

197 With

=6 =5SY 4 238 198Nk =12, 4 =—— = —1
R R % Y 241920077 345600

6, =6, =53 +p, (7158 ) —17555 1) +14855 ) 4295 (V) + g1, (235 )~ 195 1),

Y

# 2 ok U * U ok Y2
k :3’4’/13: - JMy = ! My = : s My :—1’
483840 115200 96768 69120

6, =6, =55+, (461895 ) —1889555 ) +1508855 1) ~1385675 ' +1222655 ) ~ 218795 1))

+H(7158 ) —17558 ) +14858 1) = 4298 1) + 1, (235 1) 198 1)),k = 5.6,

Hy = —H, = H

* —u * u
> s M = M, = ,
48384 69120 115200

= 7# =
#s 184320 ° 61440

9!72

=1}

0,=6,=57 + % (10623475 . — 60843515 | +15444891S |/’ — 223092875
7 S

119846655 " —105675575 7 +31870415 7 — 4157015 )~ 5 (461895
9 10 11 12 61440

~1889555 . +1598855 7 ~ 1385675 [ +1222655 [’ 218795 )

(7)
Os

Os

H, ) (7 (7 (7 H, (7 (7
+-2 (7158 17555 ") +148558 V) — 4295 'y 1 (235D _195 7y,
198 96768 % % 7 % " 345600 %

199 In relation (3.5), we have o, =i for Q; ;s and o, =n+1-i for ;S -

200 3.2 EXTRA BOUNDARY FORMULAS

201 The space Sp,(A) has n+8dimensions, but the collocation equation (3.1) gives
202 n+p, 1< p <8, nonlinear equations, thus we need8 — p extra equations to determine spline
203 S (x) uniquely. To obtain these extra boundary conditions we use the collocation equation at
204  the boundary or its neighbor grid points. Let E_ ={x,,X,X,,X3,X, 3,X, ,,X,_,X,}, then
205  we have the following system of n +8 equations for 1< p <8.

(Lu=u"=¢),, 1<i<n,
206 (Lu=u"-¢), , x,€E, (3.2.1)
(Bp“:%)xo,x 5 0<i<p-1

207 3.3 ERROR ESTIMATION
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Let Lj,,i and B; be the perturbations of the operators L, and B, respectively. In the case

r’
of p =8,L§,i and B, are those given above in equations (3.2)-(3.5). If S(x) is the unique

spline of degree eight to approximate the solution of problem (1.1)-(1.2) and satisfying (2.1)-
(2.2), then the following relations hold:

L .S=0h"), 1<i<n,
L S=00n"), (3.3.1)

p.r

B'S =0(h").

4. CONVERGENCE ANALYSIS

The proof of convergence analysis of the method is based on Green's function approach.
The exact and spline solutions of the problem (1.1) which satisfy the boundary conditions

(p)

B u =yare defined by u =V, and SAW =V, respectively. Suppose that the boundary

(p)

value problem u"" =0,p =1(1)8 subjected to boundary conditions B u =0 has the unique

solution. This means that there is a Green's function G,(x,1) for which u(x) and §(x) can
be obtained in the following forms:

u(l.)(x):raG( 1) 3G, (x.1)

v, (t)dt, Dx)= a—v (t)dt, i =0,.,p-1
X

We need to introduce the following operators:

A, :Cla,b] > R" A g =[g (), g,)] \M, :R" >Cla,bl,x
k,:Cla,b] > Cla,blk,g =9(x.G, ,(x).G, (x),...G, ;(x), j=p-L

»9'G ( t)
where g € Ca, b]andG ()= J. ———¢(t)dt,0<i < p—1. Also we define an operator
x

R, with respect to the spline solution of the problem in the following form:
R, :Cla,b]=>Cla.b], R, g =9(x,0,A, ,,O(X) »Q; A,,G,,,(X)), Jj=p-1

where g € C[a,b],0,=1,,,and Q, 1<p<8, are the coefficients matrices of §”in
equation (3.3.1).

Lemma 4.1: If p = {p, }be anmxm matrix andp, 2X"_ ... |p,1+0, for 1<i<m, for

0> 0, then we have|| p‘1 ||WS O

Proof. See Lucas [24], Lemma4 .[]
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Lemma 4.2: If coefficient matrix of S 7’ in the system of equations (3.3.1) is denoted by

0,1<ps<s, is nonsingular and || Q;I ||w is bounded.

Proof. Forp =1,2,3, matrixQ  is strictly diagonally dominant and thus invertible. For

p =4,5,6,7,8we can use elementary row operations, then Q,can be converted to strictly
diagonally dominant matrix, thus it is nonsingular, finally using Lemma 4.1 we can conclude
thatl| @' [l... 1< p <8is finite. [

By using the above notations in equations (1.1) and (3.3.1) we have:

v, -ky, =U-k,)y, =0, (4.1)
and
0,AS"-ARV =0, (4.2)

According to Lemma 4.2, 0, is nonsingular, therefore we have
M,AS" -MOQ'AR YV =0.

) (x) we have

Since S (x) is a polynomial of order8—p , M A S (x)=S
> (p) -1 _ -1 _ _
§”-MQ ARV, = -MQ,'AR W =(U-pR,V, =0, (4.3)

where p, = Manlen is an operator from C[a,b] into the continuous piecewise functions of

order 8- p with break points?,; .

Lemma 4.3: Let {A} be a sequence of partitions of the interval [a,b] with step size & . If

h — 0 as nincreases then p, = MnQp_lAn converges to the identity operator uniformly.
Proof. Letf € C[a,b], we need to show thatl p f —f 1= 0. We have
Ipf =f IIM, QA f =M A f [[+IMAf=f .

Since the second term is of order O(h*"),1<p <8 thus|M A f —f [0, so we have

Ipf - IIM O A f =M A fI<IM, 10 | I1Af -0 A f lisCTIIAf -0, Af Il

where Cis a finite constant thus we have || p f —f [<C Il A f -0, A, f l<c™af ,13n),
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Where @(f ,0) = sup{lf (x +d)—f (x)I:x,x +0 € [a,b],15 1< 0}is the modulus of continuity of
f (x). Since f (x) is continuous function and » -0 we have a(f,13h) — 0. So this
completes the proof.[!

Lemma 4.4: Under the hypotheses of Lemma 4.3, the operator sequence p, R converges

to k , uniformly.

Proof. Let f € C[a,b] thus we have

Ip,R,f —k,f [<IM,0'A R F -k £
SHMnQP_IAnRPf -M A K +IIM A K f -k f (4.4)

-1 -p
Mo " lARf -0 A K f|+0(h""),
Since [|M, |[and I Q;I || are bounded thus for some finite constant ¢~ we have

l(p,R, =k )f [£C [IARf -0 Ak ISC af,d),
Where

8 =max {13h, (G, ,(x),211), &G, (x),21h),... oG, ,_ (x),21h)}. (4.5)

Since G, (x),0<i < p—1lare continuous, @G, (x),21h) »0,0<i <p-lash — 0. Now
from (4.5) 6 —» 0. Finally since f is a continuous function and 6 —» 0 thus we have
w(f ,0) — 0. To guarantee the uniqueness of the solution of (1.1)-(1.2) at least in a small

neighborhood of an isolated solution, we need to state the following Theorem that is treated
in [13].

Theorem 4.1: Suppose that u(x ) is a solution BVPs (1.1)-(1.2) and the continuous functions

¢(x,z0,zl,...,zp_1) and a—gb(x,zo,zl,...,zp_l), (0<i <p-1), are defined and continuous
<

in the following region: a<x <b,lz, —u"’(x)I<S, (0<i<p-1,6 >0). also suppose

that the homogeneous equationu”’ =0, subjected to boundary conditions (1.2) has only the

trivial solution. Consider a sequence of partition {A}of [a,b] such thath — 0. If the linear
homogenous equation,

p-1 i

' ()= D (20,2 ez, (1) =0,

i=0 azi

subjected to the boundary conditions (1.2) has only a trivial solution, then there exists a
o >0, such that u(x)is the unique solution of (1.1)-(1.2) in the sphere [lw —u'" <o,
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further for sufficiently large n there exists a unique spline S € Sp, (A) satisfying (1.1)-(1.2)

such that [|S”’ —u” |l< o, and S(x)and its derivatives through p —1, converges to u (x)
and its derivatives of corresponding orders.

Proof. The proof is similar to that in Russell and Shampine, ([13], Theorem5).[]

Now we want to verify and prove the main convergence theorem which gives the error
bounds and the orders of convergence of the purposed method theoretically.

Theorem 4.2: Consider a sequence of partition {A} of interval [a,b]such that the step size

h — 0. Suppose that S (x)is a spline of degree eight approximation to problems (1.1)-(1.2)

then under the assumptions of Theorem 4.1, the following error bounds hold for the
presented method,

[@=$)"l=0h"7),j=0,..7, la-8)" =0 (*"),j =0,
lw-S)"" 120", j =12, 1@ -S)" I=0(h°),j =34,
lw—-S)"" 120", j =56, 1w-5)"1=0(h"),j=1.

Proof. We assume that S (x) e Sp,(A), be the unique spline interpolant of u as in Theorem

2.1 and Y andV, are the exact and spline solutions of the problem respectively. We
consider the following problem § = g, BS =0(h"). According to the hypotheses there

is a unique solution to the problem u'”’ = 0,B,u =0 thus there exists a polynomial E(x) of
order p —1 such that

BE=B15 0" €9 120" k =0..p-1. @)
From solvability of (S —&)"’ = 7.B) (S —£)=0 we have
(I -MQ'AR)HST-E")=M0,"©Q,A, -AR)S -5,
then using (3.3.1) and the boundness of || M, || and I Q;I || we get
-1 (p) (p) -1 10 10
I-MQO, AR =5")=MQ O )=0(""). (4.7)
Subtracting equations (4.3) and (4.7) we have
(I _MnQ:AnRP )S (r) _5(1’) _§(P)) =0(h10) ,

and equivalently
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(S(p)—f(p)—§(]))):anp(S(p)_§(p) (17)) O(h ) (48)

It is known that the operatorR , is continuously differentiable in an area about u (see [13])
thus we can write (4.8) in the following integral equation form

(S(ﬂ) é:(p) (p)
1 , ~ N ~
D, (J.O (Rp [S (r) +1(S (r) _f(p) _S(p))]dt)(s(p) _é;(p) By (p)) ZO(hIO), (49)
1 N
where {& }=p, (IO (R[S +1(8" =&7 —§))dr) is a sequence of linear operators

converging to R'p ") . Thus we have
S(P) f(ﬁ) (P) 19 (S(P)_f(P) (P))J’_O(h )
Finally since (I —%, )™ exists and its norm is uniformly bounded we have
IS =-&-$H"[.=0n"). (4.10)

Now according to the hypotheses the problem (S —§—S)(”) r,B} » S - £—-S)=0is uniquely
solvable thus we have via Green's function notation

- 9'G (x,t) .
S —&-5H? :j"—i(s“” —EP S PNe)dt, i =0,...,p—1, (4.11)
X
which implies
[ -E-$H_=0®"), i=0,..p—1. (4.12)

Now using the triangular inequality we have
=) NIl @ =)y 1+1 s =$H N+ 1171 i =0,.... p —1,

then using equations (3.3.1) and (4.6) and Theorem 2.1, and the proof is completed.[]
5. ILLUSTRATIVE EXAMPLES

In this section we consider five boundary value problems of various orders with appropriate
boundary conditions, to demonstrate the efficiency and applicability of the presented
method. We compared our numerical results with the results in [5-8, 22, 25-28] and the
results are tabulated in Tables 1-7. The computational costs are tabulated. All programs run
in software mathematica 10. The initial guess that we use for solving the arising algebraic
systems is zero.
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Example 1. Consider the following linear eighth order boundary value problem

u®(x)=—xu(x)—e  (48+15x +2x°), 0<x <1

u(0)=u(1)=0,u’(0)=1u’(1) = —eu”(0) =0,u”(1) =—de.u(0) = -3,u” (1) = 9e.

The exact solution for this problem is u(x)=x(1—-x)e* . First we solve this problem with

1
step size h = P and compared the errors in those given points in [5-7, 25]. These results

are tabulated in Table 1 and Fig 1, which show that the maximum absolute errors in the
solutions of our method are considerable less than those methods in [5-7, 25]. Moreover we

1 1 1 1
solve this problem for various values of h =—,—,—,—— and the maximum absolute
18 36 72 144
errors in the solutions. CPU times are listed in Table 2. In this table E; means,
E, =llu" -5 |l,,1<i <7 , and O, means the order of convergence of ith derivatives of

u . This table also verified the accuracy nature of our method.

1
Table 1. Numerical results for Example 1 with 7 = —
30

X Convergence Method Method Method Method
method in [25] in [7] in [6] in [5]

0.1  4.16(-16) 3.89(-15) 1.63(-10) 5.62(-10) 3.73(-9)
0.2 281(-14) 1.45(-14) 1.63(-9) 4.88(-9) 6.61(-9)
0.3  1.92(-14) 1.04(-14) 4.90(-9) 1.37(-8) 2.33(-8)
0.4  3.31(-13) 437(-13) 8.46(-9) 2.29(-8) 5.17(-8)
0.5  8.84(-13) 6.20(-13) 1.01(-8) 2.71(-8) 9.76(-8)
0.6  3.63(-13) 4.02(-13) 8.68(-9) 2.38(-8) 1.78(-6)
0.7  1.47(-14) 2.07(-12) 5.15(-9) 1.49(-8)  4.12(-6)
0.8  243(-14) 2.66(-12) 1.76(-9) 5.54(-9) 1.83(-4)

Table 2. Numerical results for Example 1 with various values of &
h 1/18 1/36 1/72 1144
E O 2.2(-16),- 1.9(-19),10.2 1.8(-22),10.1  1.7(-25),10.1

E .0 8.7(-16),- 8.5(-19),9.9 8.4(-22),9.9 8.3(-25),9.9
E1 ’01 6.7(-15),- 4(-17),6.7  6.2(-19),6.6 6.0(-21),6.6
EZ,O2 7.8(-12),- 7.5(-14)6.7 7.3(-16),6.6 7.1(-21),6.6
Es,og 4.3(-11),- 4.1(-13),6.7 3.9(-15),6.7 3.7(-17),6.7
E4,04 1.3(-7),- 1.1(-9),6.8 1.0(-11),6.7 1.1(-13),6.5
E:’Oz 43(-7),- 4.1(9),6.7 3.8(-11),6.7 3.6(-13),6.7
E .0 3.1(-7),-  3.0(-8),34 2.8(-9)3.4 3.1(-10),3.2
cPU 0457 0.221 0.314 0.561
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Fig. 1: Absolute error between exact and approximate solution (n = 30)

Example 2. Consider the following nonlinear eighth order boundary value problem
u® ) =utx)e™, 0<x <1
along with the boundary conditions,

u0)=u'0)=u"0)=uV0)=u'Y ) =1, u()=u'()=u"()=e.

1
With the exact solution u(x)=¢" . We solve this problem with step size » = o The results

are compared with those mentioned in [5,26]. The maximum absolute errors in the solutions
are tabulated in Table 3. Our results are compared with the results obtained by Adomian
decomposition method and Variational iteration decomposition method, which show the
applicability of our method computationally.

1
Table 3. Numerical results for Example 2 with 7 = —

30
X Convergence Method Method
method in [5] in [26]
0.1 5.21(-13) 2.34(-4) 1.27(-5)
0.2 2.62(-14) 2.54(-5) 2.43(-5)
0.3 7.04(-14) 3.02(-5) 3.35(-5)
0.4 1.87(-11) 5.26(-5) 3.94(-5)
0.5 3.54(-11) 8.39(-5) 4.16(-5)

Example 3. Consider the following nonlinear eighth order boundary value problem

u® ) +3u” +u P ) +u )™ —du o () +u” (x e =-36e

) =lu(l)=e”

,0<x <1

2

' (0) ==2u’()=-2e ",
-

w0 =4u" M) =4¢"u0)=-8,uV (1) =8

2x

The exact solution of this problem is u(x)=e . We solve this problem with step size

1
h = % for various of points and compared the errors in those special points given in [28].
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Results are tabulated in Table 4. Our results are compared with the results obtained by
Galerkin method. The data in table verified that our method is more accurate. Finally we

1 1 1 1
solve this problem with h =—,—,—,——, the maximum absolute errors in the solutions

1836 72 144
and CPU times are tabulated in Table 5. This table shows that the orders of convergence in
applications agree with those we obtained theoretically.

1
Table 4. Numerical results for Example 3 with / = s

X Convergence Method

method in [28]
0.1 4.32(-14) 7.98(-6)
0.2 7.83(-12) 2.18(-5)
0.3 4.22(-11) 2.09(-5)
0.4 6.64(-9) 2.87(-5)
0.5 5.42(-9) 2.68(-5)
0.6 9.27(-8) 1.69(-5)
0.7 6.53(-8) 1.15(-5)
0.8 4.37(-7) 4.79(-6)
0.9 5.23(-6) 1.82(-6)
Table 5. Numerical results for Example 3 with various values of /
h 1/18 1/36 1/72 1144
E .0 5.1(-16),- 4.9(-19),1 4.8(-22),9 4.7(-25),9.9
0 0
E.O 6.9(-15),- 6.7(-18),10 5(-21),10 (-24),10
1 1
E .0 2.4(-14),- 2.3(-17),10 4(-20),9 (-23),9.7
2 2
E .0 7.6(-13),- 7.3(-15),6 7.1(-17),6 6.9(-19),6.6
E> ’0‘ 3.2(-11),- 1(-13),6 2.8(-15),6 7(-17),6.7
4’4
E_0, 9.7(-9),- 8.8(-11),6 .6(-13),6 (-15)
E.o  3209- 34(1032 30(11)35 26(-12)
6 6

E 0 1.7(-8),-  1.6(-9),3.4 1.5(-10),3.4 1.1(-11),3.4
CPU 0.266 0.325 0.500 0.926

Example 4. Consider the following nonlinear seventh order boundary value problem

w0 +u® ) —u(x)e" ) = e (—4(=3+x)+e TV (¢ 1))cosx —8(5+x)sinx),0<x <1
subject to the boundary conditions,

u(0)=1Lu'(0)=u)=0,u’(1) =-ecosl,u”(0) =u ) (0) =-2,u”(1) =—2e cos1+2esinl.
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1
With the exact solution u(x)=e" (1-x)cosx. We solve this problem with step size h = 5

and compared the errors in those special points given [8]. The maximum absolute errors in
the solutions are tabulated in Table 6 and Fig 2. Our results are compared with the results
obtained Reproducing kernel method. The results in this table show the applicability of our
method computationally.

1
Table 6. Numerical results for Example 4 with 7 = —

30
X Convergence Method
method in [8]
0.125 3.51(-14) 4.74(-10)
0.250 2.09(-12) 5.20(-9)
0.375 4.29(-12) 1.53(-8)
0.500 5.01(-12) 2.45(-8)
0.625 4.04(-12) 2.53(-8)
0.750 2.12(-12) 1.56(-8)

-12

-12
dxll

e M

£x10 12

-12

0. 0.4 0.6 0.8 1

Fig.2: Absolute error between exact and approximate solution (h = 30)

Example 5. Consider the following nonlinear sixth order boundary value problem

u@Cy=u(x), 0<x <1

) =u"0)=u0) =1, u)=u"O)=u"O)=u'"Q) =e.

x . . , 1
With the exact solution u(x ) =e™. We solve this problem with step size 1 = o The results

are compared with those mentioned in [22, 27]. The maximum absolute errors in the
solutions are tabulated in Table 7. Our results are compared with the results obtained by
sextic spline collocation method and Variational iteration method. The results in this table
verified that our method is more accurate.
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Table 7. Numerical results for Example 5 with 7 = —

30

X Convergence Method Method

method in[22] in[27]
0.1 2.07(-17) 2.08(-15) 1.23(-4)
0.2 8.33(-16) 8.39(-15) 2.35(-4)
0.3 6.03(-16) 5.94(-15) 3.25(-4)
0.4 5.28(-16) 1.56(-14) 3.85(-4)
0.5 4.06(-16) 2.53(-14) 4.08(-4)
0.6 3.14(-16) 3.18(-14) 3.91(-4)
0.7 2.24(-16) 3.24(-14)  3.36(-4)
0.8 1.35(-16) 2.60(-14) 2.45(-4)
0.9 1.07(-16) 1.38(-14) 1.29(-4)

6. CONCLUSION

In this paper, a new tenth order super convergence method based on eight degree B-spline
has been developed for solution of higher order boundary value problems. The results
shown that the accuracy of the computed solutions are in good agreement with the analytical
solutions. The method is easy to apply, and can be applied to similar problems that arise in
engineering and sciences, easily. The good accuracy of the proposed method has been
tested and shown on some linear and nonlinear problems. Computed solutions are
compared with references [5-8, 22, 25-28]. It is observed that the absolute error is the
solution are considerable accurate. Mathematica software is used for all computational
work.

REFERENCES

[1] Chandrasekhar S. Hydrodynamic and Hydro magnetic Stability. The International Series
of Monographs on Physics, Clarendon Press, Oxford, UK; 1961.

[2] Richards G, Sarma P. Reduced order models for induction motors with two rotor circuits.
IEEE Transactions on Energy Conversion. 1994; 9: 673-678.

[3] Liu G R, Wu T Y. Differential quadrature solutions of eighth-order boundary-value
differential equations. Journal of Computational and Applied Mathematics. 2002; 145: 223-
235.

[4] Golbabai A, Javidi M. Application of homotopy perturbation method for solving eighth-
order boundary value problems. Applied Mathematics and Computation. 2007;191: 334-
346.

[5] Inc M, Evans D J. An efficient approach to approximate solutions of eighth-order
boundary-value problems. International Journal of Computer Mathematics. 2004; 81:685-
692.

[6] Siddigi S, Akram G. Solution of eight-order boundary value problems using the non-
polynomial spline technique. International Journal of Computer Mathematics. 2007; 84: 347-
368.



428
429
430
431
432
433
434
435
436
437
438
439
440
441
442
443
444
445
446
447
448
449
450
451
452
453
454
455
456
457
458
459
460
461
462
463
464
465
466
467
468
469

470
471
472
473

474
475
476
477
478

[7] Akram G, Rehman H U. Numerical solution of eighth order boundary value problems in
reproducing Kernel space. Numerical Algorithms. 2013;62: 527-540.

[8] Akram G, Rehman H U. Numerical solution of seventh order boundary value problems
using the reproducing kernel space. Research Journal of Applied Sciences Engineering and
Technology. 2014;7: 892-896.

[9] Siddiqi S, Akram G, Iftikhar M. Solution of seventh order boundary value problem by
differential transformation method. World Applied Sciences Journal. 2012;16: 1521-1526.

[10] Siddigi S, Akram G, Iftikhar M. Solution of Seventh Order Boundary Value Problems by
Variational lteration Technique. Applied Mathematical Sciences. 2012;6: 4663 — 4672.

[11] Ahlberg J H, Nilson E N, Walsh J L. The Theory of Splines and Their Applications.
Academic Press, New York, 1967.

[12] Bellen A, Zennaro M. A collocation method for boundary value problems of differential
equations with functional arguments. Computing. 1984; 32: 307-318.

[13] R.D. Russell R D, Shampine L F. A collocation method for boundary value problems.
Numerische Mathematik. 1972;19:1-28.

[14] Bickley W G. Piecewise cubic interpolation and two-point boundary value problems.
Computer Journal. 1968;11:206-208.

[15] Fyfe D J. The use of cubic splines in the solution of certain fourth order boundary value
problems. Computer Journal. 1970;13: 204-205.

[16] Fyfe D J. The use of cubic splines in the solution of two-point boundary value problems.
Computer Journal. 1969;12:188-192.

[17] M. Sakai M. Piecewise cubic interpolation and two-point boundary value problems.
Publications of the Research Institute for Mathematical Sciences. 1971;7:345-362.

[18] Daniel J W, Swartz B K. Extrapolated collocation for two-point boundary value problems
using cubic splines. Journal of the Institute of Mathematics and its Applications. 1975;16
:161-174.

[19] Houstis E N, Christara C, Rice J R. Quadratic spline collocation methods for two-point
boundary value problems. International Journal for Numerical Methods in Engineering.
1988;26:93-952.

[20] Irodotou-Ellina M, Houstis E N. An O (h°) quintic spline collocation method for fourth
order two-point boundary value problems. BIT Numerical Mathematics. 1988;28:288-301.

[21] Rashidinia J, Ghasemi M, Jalilian R. An 0 (h°) numerical solution of general nonlinear
fifth order two point boundary value problems. Numerical Algorithms. 2010;55: 403-428.

[22] Rashidinia J, Ghasemi M . B-spline collocation for solution of two-point boundary value
problems. Journal of Computational and Applied Mathematics. 2011;235:2325-2342.



499

479
480
481
482
483
484
485
486
487
488
489
490
491
492
493
494
495
496
497
498

[23] Hoskins W D, Meek D S. Linear dependence relations for polynomial splines at mid
points. BIT Numerical Mathematics. 1975;15: 272-276.

[24] Lucas T R. Error bounds for interpolating cibic spline under various end conditions.
SIAM Journal on Numerical Analysis. 1974;11:569-584.

[25] Siddigi S, Iftikhar M. Numerical solution of higher order boundary value problems.
Abstract and Applied Analysis. 2013:2013, Article ID 427521.

[26] Noor M A, Mohyud-Din S T. Variational lteration Decomposition method for solving
eighth order boundary value problems. International journal of Differential Equations
.2007:2007, Article ID 19529.

[27] Noor M A, Noor K |, Mohyud-Din S T. Variational iteration method for solving sixth order
boundary value problems Communications in Nonlinear Science and Numerical Simulation.
2009;14:2571-2580.

[28] Sreenivasulu Ballem , Kasi Viswanadhamm K N S. Numerical Solution of Eighth Order
Boundary Value Problems by Galerkin Method with Septic B-splines. Procedia Engineering.
2015;127: 1370- 1377.



