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1. INTRODUCTION 

 

Stallings [ 1 ], in 1971 introduced the concept of a pregroup. Subsequent work is done by Hoare [ 2 ], 

Nesayef [ 3 ], Chiswell [ 4 ], and many others. Five axioms are originally introduced by Stallings [ 1 ], namely 

P1, P2, P3, P4 , and P5.  It is proved in [ 3 ] that P3 is a consequence of the other axioms.Stallings extended 

his construction to link Pregroups to free products of groups in [ 5 ]. 

 
In section one of this paper, we introduce the concept of length function and list all the axioms of length 

function which are needed in the latter sections. We also introduce the definition and some important 

properties of pregroups.  In section two, we introduce a new axiom called P6 and prove that some axioms 

are equivalent to the other ones.  

 

We also investigate some basic properties ofPregroups restricting our attention to P6. Finally we show that 

the universal group of a Pregroup satisfying P6 has a length function given by Lyndon [ 6 ] and prove some 

consequence results as a result of imposing P6. 

 

2. LENGTH FUNCTION 

 

Definition 2.1: A length function |  | on a group G, is a function giving each element x of G, a real number 

,	ݔ such that for all ,|ݔ| ,	ݕ ݖ ∈     .the following axioms are satisfied ,ܩ

|݁|1ᇱܣ ൌ 0	,		where ݁ is the identity elements of G.  

|ଵିݔ|			2ܣ ൌ  |ݔ|

The concept of Pregroups was introduced by Stallingsin 1971.  Subsequently the concept of Pregroups 
was developed by many other researchers. Stallings originally defined a set with a binary operation 
satisfying five axioms, namely, P1, P2, P3, P4, and P5.  It has been proved later  that P3 is a 
consequence of the other axioms.   Stallings has also linked this construction of a Pregroup to Free 
Product of Groups.   

This construction is developed to include a new axiom called P6, which enabled to define a length 
function on the universal group of Pregroups. Applications of Pregroups with length functions led to 
direct proof of many other problems in combinatorial group theory. 
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,ݔሺ݀			4ܣ ሻݕ ൏ 	݀ሺݕ, ሻݖ ⟹ ݀ሺݔ, ሻݕ ൌ ݀ሺݔ, ,ݔሻ, where ݀ሺݖ ሻݕ ൌ 	 ଵ
ଶ
	ሺ	|ݔ| ൅ |ݕ| െ  |ଵିݕݔ|

Lyndon showed that A4 is equivalent to: ݀ሺݔ, ሻݕ ൒ minሼ	݀ሺݕ, ,ሻݖ ݀ሺݔ,  ሻሽ and toݖ

݀ሺݕ, ,ሻݖ ݀ሺݔ, ሻݖ ൒ ݉ ⟹ ݀ሺݔ, ሻݖ ൒ ݉	. 

,1ᇱܣ |ݔ| imply 4ܣ and	2ܣ ൒ ݀ሺݔ, ሻݕ ൌ ݀ሺݕ, ሻݔ ൒ 0 

Assuming, A2 and A4 only, it is easy to show that:  

i. 				݀ሺݔ, ሻݕ ൒ |݁|, where e is the identity element of G.	

ii. |ݔ| 	൒ |݁|	

iii. ݀ሺݔ, ሻݕ ൑ |ݔ| െ ଵ

ଶ
|݁|	

,ݔState that ݀ሺ 3ܣ ሻݕ ൒ 0,	 is deductible from 1ܣᇱ,  :1ᇱ is a weaker version of the following axiomܣ and  2ܣ

|ݔ|1ܣ ൌ 0, if and only if ݔ ൌ 1 in G. 

 

The following results are introduced by Lyndon [ 6 ]. 

(1) ݀ሺݕݔ, ሻݕ ൅ ݀ሺݔ, ଵሻିݕ ൌ  |ݕ|

(2) ݀ሺݔ, ଵሻିݕ ൅ ݀ሺݕ, ଵሻିݖ ൑ |ݖ	ݕ	ݔ| Implies |ݕ| ൑ |ݔ| െ |ݕ| ൅  |ݖ|

(3) ݀ሺݔ, ଵሻିݕ ൅ ݀ሺݕ, ଵሻିݖ ൑ ,ݕݔImplies݀ሺ |ݕ| ଵሻିݖ ൌ ݀ሺݕ,  ଵሻିݖ

(4) ݀ሺݔ, ሻݕ ൅ ݀ሺିݔଵ, ଵሻିݕ ൒ |ݔ| ൌ |ଵሻଶିݕݔImplies|ሺ |ݕ| ൑  ଵ|ሻିݕݔ|

It follows from (2), that for any ݔ, 	ݕ ∈ ,ܩ ݀	ሺݔ, ሻݕ ൌ |ݕ| െ ݀	ሺݔ	ିݕଵ, ଵሻିݕ ൑ 	  .by A3 |ݕ|

Since ݀ሺݔ, ሻݕ ൌ ݀	ሺݕ	, ,	ݔሺ	ሻ, we get ݀ݔ ሻݕ ൑ minሼ|ݔ|	, ,	ݔሺ	ሽ, as stated that        ݀|ݕ| ሻݕ ൅ 	݀	ሺିݔଵ	, ଵሻିݕ ൐ |ݔ| ൌ

|ݕ| 	⇒ ݔ ൌ  ݕ

The following definitions are introduced in [ 7 ]. 

 

Definition 2.2   A non-trivial element g of a group G is called non-Archimedean if  |݃ଶ| ൑ 	 |݃|. 

Definition 2.3 Let G be a group with length function.   An element ݔ ് 1 in g is called Archimedean if 

|ݔ| 	൑ 	  . |ଶݔ|

The following Axioms and results were added by Lyndon and others  

ݔ				0ܣ ് 1			 ⟹	 |ݔ| ൏  |ଶݔ|

,	ݔሺ݀		0ܥ  ሻis always an integer	ݕ

ݔ			1ܥ ് 1		, |ଶݔ| 	൑ 	  is odd |ݔ|		ݏ݈݁݅݌݉݅	|ݔ|

|ଶݔ|	ݏ݅	ݔ		݋݊		ݎ݋ܨ			2ܥ ൌ |ݔ| ൅ 1 

|ଶݔ|	݄݊݁ݐ	݀݀݋	ݏ݅	|ݔ|	݂݅			3ܥ ൒ 	  |ݔ|

|ݔ|	݀݊ܽ	݊݁ݒ݁	ݏ݅	|ݔ|	݂݅		1ᇱܥ ് 0	, |ଶݔ|	݄݊݁ݐ ൐  |ݔ|

|ଶݔ|		0ܰ ൑ ଶݔ	ݏ݈݁݅݌݉݅	|ݔ| ൌ ݔ	ݏ݅		1 ൌ  ଵିݔ

ݔሼ	ݕܾ	݈ܽݎ݁݊݁݃	ݏ݅	ܩ	∗1ܰ ∈ ܩ ∶ 	 |ݔ| ൑ 1ሽ 

The following two constructions are also added by Lyndon [ 6 ], where the set of all Non-Archimedean 

elements in G is denoted by N: 

ܰ ൌ ሼݔ ∈ ܩ ∶ 	 |ଶݔ| ൑     ሽ ………………………………….. (1)|ݔ|

ܯ ൌ ሼ	ݕݔ	 ∈ ܩ ∶ |ݕݔ| ൅	|ݔݕ| ൏ |ݔ|2 ൌ  ሽ  ……………………    (2)|ݕ|	2

Lyndon showed that ܯ ⊆ ܰ. However, the nature of the elements of M and N is investigated in [ 8 ]. 
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3. PREGROUPS 

Definition3.1  A Pregroup is a set P containing an element called the identity element of P, denoted by 1, 

a subset D of PXP and a mapping D → P, where ( x , y )→ x y,  together with a map i : P → P where i (x) = x-

1, satisfying the following axioms: 

We say that x y is defined if ( x , y )∈ D, i.e. x y∈ P. 

P1. For all x ∈ P, 1x and x1 are defined and 1x = x1 = x. 

P2. For all x∈ P, x-1x = xx-1 = 1. 

P3. For all x ,y ∈P, if x y is defined , then y-1xis defined and (x y )-1= y x. 

P4. Suppose that x, y, z∈ P. If x y and y z are defined, then x ( y z ) is defined, is which case  

       x ( y z ) = ( x y ) z.  

P5. If w, x, y, z ∈P, and if w x, x y, y z, are all defined the either w ( x y ) or (x y) z is defined.  

3.1 THE AXIOM P6 

In this section we restrict our attention to a special type of pregroups, which satisfy a certain condition, 

namely P6.  To do this we introduce the following theorems, which are given in [ 3 ]. 

Theorem 3.1  The following two statements are equivalent in P. 

P6(1):   If ሺݔଵ	, ,	ଵܽݔ ଶሻ is reduced andݔ ܽିଵݔଶ are both defined, then ܽ ∈  ଴ܣ

P6(2):   If ሺݔଵ	, 	ܽ  ଶ is  defined forݔ	ଵሻݔܽ	ଶሻ is reduced and ሺݔ ∈ 	ܲ  then 		ܽݔଵ ∈  .଴ܣ	

Proof     suppose ሺݔଵ	, ܽ ଶ is defined for someݔ	ଵሻݔܽ	ଶሻ is reduced and let ሺݔ ∈ ܲ. 

,	ଵሻିଵݔܽ	ଵሺݔ ሺ	ܽݔଵሻ	ݔଶ are both defined so 		ܽݔଵ 		∈  .଴  , and P6 (1) → P6(2)ܣ	

Conversely, suppose ሺݔଵ	, ,	ଵܽݔ ଶሻ is reduced andݔ ܽିଵݔଶ are both defined for some ܽ	 ∈ ܲ. 

Since ሺݔଵ	, ,	ଵܽݔ) ଶሻ is reduced, thenݔ ܽିଵݔଶ ) is reduced. 

Since ݔଵିଵሺݔଵܽሻ is defined and equals toa, and ሼݔଵିଵሺݔଵܽሻሽܽିଵݔଶ is defined and equals to ݔଶ, then by P6 (2) 
ଵܽሻݔଵିଵሺݔ ∈ 	ܽ	 .i. e	଴,ܣ ∈  .  ଴ܣ	

Therefore P6 (1) ⇔ P6(2) 

We denote the equivalent statements P6(1) and P6(2) in theorem 3.1,by P6  and the pregroup which satisfies 
P6, by P* .  

The following construction is introduced in [ 9 ]. 

Definition 3.2 Let P* be a pregroup satisfying P6.  TheUniversal group, U ( P* ) is the set of all equivalence 

classes of reduced words in P*. 

We define now a length function on ܷ	ሺܲ∗ሻ.  Before we achieve this,we introduce the following result, which 

generalizes the condition P6 (2). 

Theorem 3.2 Let ܽ௡ିଵ		, … , ܽଵ be any sequence, and ݔଵ	, … ,  ௡ be reduced, both on ܲ∗.  Ifݔ

ܽ௡ିଵ		, … , ܽଵݔଵ	, … , ,		௡ is defined, then ܽ௡ିଵݔ … , ܽଵݔଵ	, … , ௡ݔ ∈ ,	଴ܣ	 ݊	 ൒ 2 
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Proof  The only way in which ܽ௡ିଵ		, … , ܽଵݔଵ	, … , ,		௡ is defied is by ሾܽ௡ିଵݔ … , ܽଵݔଵ	, … ,  .௡ being definedݔ௡ሿݔ

Then also by theorem 2.1 either ሾሺܽ௡ିଵ		, … , ܽଵݔଵ	, … ,  ,௡ is defied, so by P6(2)ݔ௡ିଵሿݔ௡ିଶሻݔ

ሺܽ௡ିଵ		, … , ܽଵݔଵ	, … , ௡ିଵݔ௡ିଶሻݔ 		 ∈ ܽ௡ିଶ	ܽ௡ିଵሺ	଴, or ሾܣ	 …ܽଵݔଵ ଴ݔ ௡ is defined, whereݔ௡ିଵሻሿݔ		…		 ൌ 1. 

Since ሺܽ௡ିଶ		, … , ܽଵݔଵ	, … ,    is not defined by theorem 2.1, then by P6(2)	௡ݔ௡ିଵሻݔ

ܽ௡ିଵ	ሺܽ௡ିଶ 			…		ܽଵݔଵ ௡ିଵሻݔ		…			 	 ∈  ଴ܣ	

Theorem 3.3 Let ܷ	ሺܲ∗ሻ be the universal group of a pergroup ܲ∗ and left ݃, ݄ ∈ ሺܲ∗ሻ.  Let  

݃ ൌ ଵݔ ,		௡ݔ… ݄ ൌ ଵݕ ,݉,	௠ݕ	…	 ݊	 ൒ 2  be in reduced forms.  Let ܽ௜ ൌ ௡ି௜ାଵݔ … . ሺݔ௡ݕ௠ିଵሻ	…	ݕ௠ି௜ାଵ
ିଵ  be defined for 

1	 ൑ ݅	 ൑ 	ݏ for some ݏ ൏ ݉	, 	ݏ ൑ ݊. 

If ܽ௦ݕ௠ି௦
ିଵ  is defined then ܽ௜ ∈ ݅ ଴ for allܣ	 ൑ 	ݏ Hence by symmetry if .ݏ ൏ ݊ and ݔ௡ି௦ܽ௦ is defined, then ܽ௜ ∈  .଴ܣ

Proof ܽ௜ ൌ ௠ି௜ାଵݕ	௡ି௜ାଵܽ௜ିଵݔ
ିଵ ,for 1 ൑ ݅	 ൏ whereܽ଴,ݏ ൌ 1.  Then by theorem2.1 either 	ݔ௡ି௜ାଵ

ିଵ ሺܽ௜ିଵ	ݕ௠ି௜ାଵ
ିଵ ሻ is 

defined                        (1) 

or ሺ	ݔ௡ି௜ାଵ	
ିଵ ܽ௜ିଵሻ	ݕ௠ି௜ାଵ

ିଵ  is defined                                                   (2) 

If (1) holds , then ሾ	ݔ௡ି௜ାଵ	
ିଵ ሺܽ௜ିଵ	ݕ௠ି௜ାଵ

ିଵ ሻሿ	ݕ௠ି௜	
ିଵ  is defined  

Thenܽ௜ିଵ	ݕ௠ି௜ାଵ
ିଵ 	, 	௠ି௜ݕ	

ିଵ is reduced.  So by P6 (2)  ൣ	ݔ௡ି௜ାଵሺܽ௜ିଵ	ݕ௠ି௜ାଵ
ିଵ ሻ൧ = ܽ௜ 		 ∈  ଴ܣ	

If (2) holds, then ൣ൫	ݔ௡ି௜ାଵܽ௜ିଵ൯	ݕ௠ି௜ାଵ
ିଵ ൧	ݕ௠ି௜	

ିଵ is defined. 

Since  	ݕ௠ି௜ାଵ
ିଵ 	, 	௠ି௜ݕ	

ିଵ  is reduced, then by P6(2) , ൫	ݔ௡ି௜ାଵܽ௜ିଵ൯	ݕ௠ି௜ାଵ
ିଵ ൌ 	ܽ௜ ∈  ଴ܣ

Corollary 3.1 In theorem 3.3,ݔ௡ି௦	ܽ௦ (	ܽ௦ݕ௠ି௦
ିଵ ሻ is defined if and only if ( ݔ௡ି௦	ܽ௦ሻ	ܽ௦ݕ௠ି௦

ିଵ   is defined.  

Proof By theorem 2.3,ܽ௦ ∈ ௠ି௦ݕܽ௦	 ܽ௦ and	௡ି௦ݔ ଴ in either case. Thenܣ	
ିଵ  are defined. by P4. Thenthe result 

follows. 

From Theorems2.2 and 2.3 and Corollary 2.1, with the same notations, we have shown that: 

Corollary 3.2  ݄݃ିଵ ൌ ଵݔ … . ௠ି௦ݕ௡ି௦ܽ௦ݔ
ିଵ 	… . ௠ି௦ݕ

ିଵ  is reduced, if and only if ܽ௦ ∉  .଴ܣ	

The proof of this Corollary is similar to the main theorem in [ 10 ]. 

3.2  P* PREGROUPS AND LENGTH FUNCTION 

Theorem 3.4| | ∶ ܷሺܲ∗ሻ 	→ Թ   given in definition 3.2 is a length function on ܷሺܲ∗ሻ 

Proof         1ܣᇱ	,  .are clearly satisfied, so we prove A4 is also satisfied 2ܣ

Let  ݃	, ݄	, ݇ ∈ ܷሺܲ∗ሻ. The result is trivial if any one of |݃|	, |݄|	, |݇| is zero.  So let  

݃ ൌ ଵݔ … . ,	௡ݔ ݊	 ൒ 1, ݄ ൌ ଵݕ … . 	݉,	௠ݕ ൒ 1 and  ݖ ൌ ଵݖ … . ,	ݖ 	ݖ ൒ 1, be reduced where ݔଵ	, ଵݖ  ଵandݕ 	∉  , ଴ܣ	

 i.e. |		݃	| ൌ ݊	, |݄| ൌ ݉	ܽ݊݀		|		݇	| ൌ ℓ . 

Clearly ݀	ሺ݃	, ݄	ሻ 	൒ 0.		 Suppose ݀	ሺ݃	, ݄	ሻ	, ݀	ሺ݄	, ݇	ሻ ൒  ݏ
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Case 1:   s   is an integer  

There exists ܽ௦, such that,  ݄݃ିଵ ൌ 	 ଵݔ ௠ି௦ݕ௡ି௦ܽ௦ݔ	…	
ିଵ  ଵିଵ, whereݕ	…		

ܽ௦ ൌ ௡ି௦ାଵݔ ௠ି௦ݕ௡ݔ	…
ିଵ ,and			௠ି௦ାଵ,ݕ	… ܽ௦ ∈  ଴ܣ

Similarly݄݇ିଵ ൌ ଵݕ	 ℓି௦ݖ௠ି௦ܾ௦ݕ	…	
ିଵ ଵିଵ and ܾ௦ݖ	…		 ∈ ଴ܾ௦ܣ ൌ ௠ି௦ାଵݕ	 	ℓݖ	௠ݕ	…	

ିଵ ℓି௦ାଵݖ	…		
ିଵ  

݄݃ିଵ ൌ ଵݔ	 	ℓݖ	௡ݔ	…	
ିଵ ଵିଵݖ	…		 			ൌ 	 ଵݔ 	௠ݕ	௡ݔ	…	

ିଵ ௠ି௦ାଵݕ	…		
ିଵ ௠ି௦ାଵݕ

ିଵ 	ℓݖ	௠ݕ	…
ିଵ … .  ଵିଵݖ

ൌ	ݔଵ ℓି௦ݖܾ௦	ܽ௦			௡ି௦ݔ	…	
ିଵ  ଵିଵݖ	…		

Sinceܽ௦ܾ௦ ∈ ,	݃	ሺ	଴, then ݀ܣ ݇ሻ ൒  ݏ

Case 2:   s is not an integer  

Let ݀	ሺ	݃	, ݇ሻ	, ݀	ሺ	݄	, ݇ሻ ൒ ݎ െ ଵ

ଶ
ൌ ,	ݏ 	ݎ ൒ 1 

Then   ݄݃ିଵ ൌ ଵݔ	 ௠ି௦ݕܽ௥	௡ି௥ݔ	…	
ିଵ ܽ௥	 ଵିଵ , whereݕ	…		 ൌ ௡ି௥ାଵିଵݕ	 	௠ݕ௡ݔ		…	

ିଵ ௠ି௥ାଵݕ	…		
ିଵ  

݄݇ିଵ ൌ ଵݕ	 ℓି௦ݖ		ܾ௥	௠ି௥ݕ	…	
ିଵ ܾ௥	 ଵିଵ, whereݖ	…		 ൌ ௠ି௥ାଵݕ	  ௠ݕ		…	

	ℓݖ
ିଵ ℓି௥ାଵݖ	…

ିଵ  and ܽ௥	, 	ܾ௥ are not necessarily in ܣ଴, moreover 	ܽ௜ is defined for all ݅ ൑  .ݎ

݄݃ିଵ ൌ ℓݖ		௡ݔ			.					.				.			ଵݔ	
ିଵ ଵିଵݖ	…		 ൌ ௠ି௥ାଵݕ	௡ݔ			.					.				.			ଵݔ	

ିଵ .				.					.	௠ି௥ାଵݕ ℓݖ			௠ݕ
ିଵ  ଵିଵݖ	…		

ൌ	ݔଵ			.				.					.			ݔ௡ି௥	ܽ௥		ܾ௥	ݖℓି௥
ିଵ  ଵିଵݖ	…		

Let (ܽ௥		, ܾ௥) be reduced.  By theorem 2.3, ܽ௥ିଵ		 ∈  . ఖܣ	

Therefore ݔ௡ି௥ାଵ		ܽ௥ିଵ is defined and,  ݔ௡ି௥ାଵ		ܽ௥ିଵ ൌ ሺሺݔ௡ି௥ାଵ		ܽ௥ିଵሻݕ௠ି௥ାଵିଵ ሻݕ௠ି௥ାଵ ൌ ܽ௥ݕ௠ି௥ାଵ . 

Similarly ݕ௠ି௥ାଵ
ିଵ ܾ௥ is defined, Then by 6ሺ1ሻ, ௠ି௥ାଵݕ	 ∈  .ఖ, so a contradictionܣ	

Hence ܽ௥ܾ௥  is defined, thus  |݃݇ିଵ| ൑ ݊ െ ݎ ൅ ℓ െ ݎ ൅ 1, i.e. ݀ሺ݃, ݇ሻ ൒ ݎ െ
ଵ

ଶ
ൌ  ݏ

Therefore A4 is satisfied, and so | |  is a length function. 

3.3  APPLICATIONS OF P* PREGROUPS 

Let ܲ ൌ ܩ ∪	ሼܩ			ݐ௜				ܩሽ 	∪ 	൛ܩ			ݐ௝				ܩൟand suppose that the product xy of two elements x and y of P is defined if 

and only if at least one of ሼݔ	, ,	ݕ ݕ	ݔሽ is in G. Thusݕݔ ∈  ଴ , provided we exclude the case whenܣ

∗ܩ ൌ	൏ ܿ	, ,	ܿ	݈݁ݎ|	ݐ ଵିݐܿݐ	 ൌ ,	ሺܿሻ	ߙ ଶݐ ൌ 	 ܿᇱ 	 ∈ ܥ ൐,		in which case ܣ଴ ൌ  ∗ܩ	

The axioms P1,P2 and P3 are clearly satisfied. For P4, let ݔ, ,ݕ 	ݖ ∈ 	ܲ  , and suppose xy, yz are defined, and 

x( yz ) is also defined.  If (xy) z is not defined, then 

ݕݔ ∉ ,	ܩ 	ݖ ∉ 	ݖ	ሻݕݔand ሺ ܩ ∉  (1)ܩ

Thus 

xy is defined ⇒	either x or ݕ ∈  (2)   ܩ
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If yz is defined theneither y or ݖݕ ∈  (3)  ܩ

If X(yz) is defined theneither x or ݖݕ	ݎ݋		ݔሺݖݕሻ ∈  (4)    ܩ

Since ሺݕݔሻݖ ∉ ሻݖݕሺݔ therefore ,∗ܩ and the products x(yz) and (xy)z  are equal in ܩ ∉  ܩ

Case 1:   Ifݔ ∈ ݖݕthen ,ܩ ∉ ݕ so , ܩ ∈ ݕݔ by (3), and hence ܩ ∈  .so a contradiction ,ܩ		

Case 2:    If ݔ ∉ ݖݕ then ,ܩ ∈ ݕ so ,ܩ ∈ ݖݕ by (2), and ,ܩ ∈ ݖ	,by (4).  Therefore ܩ ∈  .also a contradiction ܩ

Hence (xy)z is defined, i.e P4 is satisfied. 

For P5, let ݓ, ,ݔ ݔ	ݕ ∈ ܲ	and let w x , x y, y z   be defined and suppose neither w(xy) nor (xy)z is defined.  Then  

	ݓ ∉ ,		ܩ 	ݕݔ ∉ ሻݕݔሺ	ݓ and  ܩ 	∉ ݕ	ݎ݋	ݔ since xy is defined.   Then either ܩ ∈  .ܩ

Case 1:    If ݔ ∈  then x (yz) is defined, so by P4 (xy)z is also defined and x(yz) = (xy)z  ܩ

Case 2:   If  ݕ ∈  .then (wx)y is defined , so by P4 w(xy)  is defined hence P5 is satisfied  ܩ

For P6 suppose (x , y) is reduced, i.e non of the terms, x , y ,xy is in G, and suppose that ܽݔ	, ܽିଵ	ݕ are both 

defined.  Supposealso thatܽ ∉ ݔ since ,ܩ ∉ ܽݔ then ,ܩ ∈ ݕand similarly  ܽିଵ ,ܩ ∈  .ܩ

Henceሺܽݔሻሺܽିଵݕሻ ∈ ݕݔ so ,ܩ ∈  .that is xy is defined, so a contradiction ܩ

Therefore 	ܽ ∈  .and P6 is satisfied ,ܩ

NoteThe following cases are given in [ 8 ].  

If ܬ ൌ ∅and ܰ ് ∅, then we get an H.N.N extension, in which case ܰ	 ∩	ܲ∗ ൌ 	ܯ and ܩ ଴ܣ	∩ ൌ ܯ ∩  all = ܩ

elements of the associated subgroups. 

If  ܬ ൌ ∅, then we get a qusai- H.N.N. extension, ( excluding |ܬ| ൌ 1	, ܫ ൌ ∅ ), we have . 

ܰ	 ∩	ܲ∗ ൌ 	ܩ ∪	൛݃	൫ݐ௝ܥ௝൯ൟ݃ିଵ 	 ∶ ݃		 ∈ ,		ܩ	 ݆ ∈ 	ܯ  and	ܬ ଴ܣ	∩ ൌ 	 ൛ܩ௝	, ,	௜ܣ  . ௜ൟܤ

Theorem 3.5   If  ∪	ሺܲ∗ሻ  is the universal group of a pergroup ܲ∗ then N consists of conjugates of 

elements of ܲ∗ ∩ ܰ.  i.e. 				݃ ∈ ܰ	 ⇔ ݃ ൌ ,	ଵିݔ	ܽ	ݔ ݔ ∈	∪ ሺܲ∗ሻ and, ܽ ∈ ܲ∗ ∩ 	ܰ.  Moreover if |݃| is even than 

ܽ ∈ |ݔ| ଴  andܣ ൌ
|௚|

ଶ
 and |ݔ| ൌ

|௚|ିଵ

ଶ
,	 if |݃| is odd. 

ProofSuppose 	݃ ∈ ܰ, and let  ݃ ൌ ଵݔ	 |݃| ௡ be reduced, thenݔ	…	 ൌ ݊	 or ݃ ൌ 0 if ݊ ൌ 1 and ݔଵ ∈  .଴ܣ

The result is trivial if ݊ ൌ 	݊ so let 	,1	ݎ݋	0 ൐ 1. 

Case 1:  If n is even,then put n = 2s, 	ݏ	 ൒ 1, ݃ଶ ൌ ଵݔ	 ௦ାଵݔ௦ݔ	… ଵݔ௡ݔ	… ௦ାଵݔ௦ݔ	…  ௡ݔ	…

Since|݃ଶ| 	൑ 	 |݃|, then  ݃ଶ ൌ ଵݔ	 ௦ାଵݔ௦ݔ	… ௦ܽ		݁ݎ݄݁ݓ		௡ݔ	… ൌ ௦ାଵݔ ଵݔ௡ݔ	… ∈ᇱ		௦ݔ	…  ଴ܣ

By theorem 2.3, and since |ݔ௦ܽ௦ݔ௦ାଵ| ൑ 2, then 

݃ ൌ ଵݔ ௦ାଵݔ௦ݔ	… ଵݔ௡ݔ	… ଵݔ௦ሺݔ	… ௦ሻିଵݔ	…	 ൌ 	 ሺݔଵ ௦ሻݔ	…	 ܽ௦ሺݔଵ  ௦ሻିଵݔ	…	

= a conjugate of an element of ܣ଴. Moreover, ܽ௦ଶ ∈ .݅			,	଴ܣ ݁. |ܽ௦ଶ| ൌ 0 ൌ 	 |ܽ௦| , so ܽ௦ ∈ ܰ . 
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Case 2:   If n is odd, then let݊		 ൌ 	ݎ2	 ൅ ݎ , 1 ൒ 1 . 

݃ଶ ൌ .				.				.		௥ାଵݔ	௥ݔ		.					.					.	ଵݔ .				.				.		௥ାଶݔ		௥ାଵݔ	௥ݔ		.					.					.ଵݔ௡ݔ  		௡ݔ

Since|݃ଶ| 	൑ 	 |݃| , then  

݃ଶ ൌ .				.				.		௥ାଶݔሻ		௥ାଵݔ		ܽ௥		௥ାଵݔሺ	௥ݔ		.					.					.	ଵݔ .				.				.		ଵݔ	௡ݔ		.					.					.		௥ାଶݔ௡,   where ܽ௥ݔ |		௥ାଵݔ		ܽ௥		௥ାଵݔ| and		௥ݔ ൑ 1. 

 By Theorem 2.2 , ܽ௥ ∈   .ఖܣ

݃ ൌ .				.				.		௥ାଶݔ		௥ାଵݔ	௥ݔ		.					.					.	ଵݔ .				.				.ଵݔሺ		௥ݔ		.					.					.ଵݔ௡ݔ  ሻିଵ	௥ݔ

݃ ൌ ሺݔଵ	.					.					.		ݔ௥	ሻሺݔ௥ାଵ		ܽ௥ሻሺ	ݔଵ		.				.				. ,௡ሻିଵݔ ௥ାଵܽ௥ݔ ൌ ܾ		 ∈ 	ܲ  		.ఖܣ		\∗

Since |ݔ௥ାଵ		ܽ௥		ݔ௥ାଵ		| ൑ 1 and since ܽ௥	 ∈ ఖ, then  ܾଶܣ	 ൌ |and |ܾଶ		ܽ௥		௥ାଵݔ		ܽ௥		௥ାଵݔ ൑ 1	,		i.e. |ܾଶ| ൑ |ܾ|.Hence b 

∈ 	ܲ ∗	∩ ܰ	 . 

Conversely, suppose,  gൌ ሺ	ݔଵ		.				.				. .				.				.		ଵݔ	௦ሻܽሺݔ ܽ ௦ሻିଵ , whereݔ ∈ ܲ ∗	∩ ܰ	 

If ݔ௦		ܽ		ݔ௦ିଵ is defined, then put  ݔ௦		ܽ		ݔ௦ିଵ ൌ ܽଵ	,	 so ܽ ∈  . by theorem 2.3	,	ఖܣ	

If |ܽଵ| ൌ |then |ܽଵଶ ,	݋ ൌ so ܽଵ ,	݋ 		 ∈ 	ܲ ∗	∩ ܰ . 

Let  |ܽଵ| ൌ 1.   ܽଵଶ ൌ  where  ܽଶ	௦ିଵ,ݔܽଶ	௦ݔ ∈  	.ఖܣ	

Suppose ሺݔ௦	ܽଶݔ௦ିଵሻ is reduced, i.e. |ܽଵଶ| ൌ 2.Apply P6(1) on ሺݔ௦	ܽଶݔ௦ିଵሻ	. 

Since ሺݔ௦	ܽଶሻሺܽିଵݔ௦ିଵሻ and ሺݔ௦	ܽଶݔ௦ିଵሻ are both defined, then ݔ௦		ܽ ∈   ., so a contradiction	ఖܣ	

Thus ݔ௦	ܽଶݔ௦ିଵ is defined, i.e. |ܽଵଶ| ൑ |ܽଵ|	, so ܽଵ ∈ 	ܲ ∗	∩ ܰ . 

If  ݔ௦ିଵ	ܽଵݔ௦ିଵିଵ  is also defined, then we apply the same argument and so on until we have  

݃ ൌ ሺݔଵ	.					.					.		ݔ௥	ሻ	ܾ	ሺݔଵ	.					.					.		ݔ௥	ሻିଵ, where 	ܾ ∈ ܲ ∗	∩ ܰ , and  ݔ௥	ܾ	ݔ௥ିଵ is not defined. 

If ܾ ∈ |݃| , then	ఖܣ	 ൌ ,	ݎ2 ܾଶ ∈ |ఖ and  |݃ଶܣ ൌ หሺݔଵ ௦ሻݔ	…	 ܾଶሺݔଵ ௦ሻିଵหݔ	…	 	൑ ݃ so	,	ݎ2 ∈ ܰ. 

If ܾ	 ∉ 	 ௥ିଵݔ	ܾ ܾ and		௥ݔ , and	ఖܣ	 are not defined then |݃| ൌ ݎ2 ൅ 1. 

Since  |ܾଶ| ൑ 1	,	then |݃ଶ| ൌ หሺݔଵ ௦ሻݔ	…	 ܾଶሺݔଵ ௦ሻିଵหݔ	…	 ൑ ݎ2 ൅ 1 ൌ |݃|,	 so ݃ ∈ ܰ. 

Finally, if ܾ	 ∉ |݃| ௥ିଵ is defined, thenݔܾ ௥ܾ orݔ ௢ and eitherܣ ൌ   .ݎ2

Since ܾ ∈ ܰ then |ܾଶ| 	൑ หܾ ห	,so ܾଶ is defined. 

Consider ݃ଶ ൌ ሺݔଵ ௦ሻݔ	…	 ܾଶሺݔଵ ,	௥ݔ , and suppose	௦ሻିଵݔ	…	 ܾଶ	,  :௥ିଵ  is reduced. Thenݔ

Either (i)ܾݔ௥ିଵ is defined, then apply P6 (2) on  ሺܾଶ	,  		.௥ିଵሻݔ

Since ሺܾିଵ, ܾଶሻݔ௥ିଵ ൌ ௥ିଵ is defined, then ܾିଵݔ	ܾ ∈ ܾ ଴ , soܣ	 ∈  .଴ and so a contradictionܣ	

Or (ii) ݔ௥ܾ	 is defined, and this is similar to (i)  

Therefore  ݔ௥		, ܾଶ	, |௥ିଵݔ௥ܾଶݔ| .௥ିଵ is not reduced, i.eݔ 	൑ 2 
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Therefore, |݃ଶ| 	൑ ݎ2 ൌ 	 |݃|	, ݅. ݁	. ݃	߳	ܰ. 

Theorem 3.6  The equivalent elements of N in ܷሺܲ∗ሻ are the same conjugates of ܲ∗ i.e. |݃| ൌ |݄|, 

then ݃	~	݄	 ⇔ ݃ ൌ ,		ଵିݔܽݔ ݄ ൌ 	 ,ܽ ܾ , where	~	ଵ and ܽିݔܾݔ ܾ ∈ ܲ∗	, 	ݔ ∈ ܷ	ሺܲ∗ሻ 

Proof   Suppose ݃	~	݄ in N, then |݄݃ିଵ| ൑ 	 |݃| ൌ |݄| 

Let ݃ ൌ	ݔଵ ,	௡ݔ	… ݄ ൌ ଵݕ	  .௡ be reducedݕ	…

Case 1: The result is trivial if  |݃| ൌ |݄| ൌ 0,1 

Case 2:   If n is even, then put ݊ ൌ ,	ݏ2 ݏ ൒ 1 

Then, ݃ ൌ	 ሺݔଵ ଵݔ௦ሻܽ௦ሺݔ… ,	௦ሻିଵݔ… ܽ௦ ∈ ݄ ଴ andܣ ൌ 	 ሺݕଵ ଵݕ௦ሻܾ௦ሺݕ… ,	௦ሻିଵݕ… ܾ௦ ∈  .଴ܣ	

݄݃ିଵ ൌ 	 ሺݔଵ ଵݔܽ௦ሻሺ	௦ݔ௦ିଵሻሺݔ… ଵݕ௦ሻିଵሺݔ… ଵݕ௦ିଵሻሺݕ௦ሻሺܾ௦ିଵݕ…  ௦ିଵሻିଵݕ…

Since |݄݃ିଵ| 	൑ ݊ ൌ ଵݔthen by theorem 2.3,ሺ ,	ݏ2 … ௦ݕ௦ሻିଵሺݔ ௦ሻݕ… ൌ ܽ௦ ∈  ଴, andܣ

ଵݕ ௦ݕ… ൌ ሺݔଵ  ܽ	௦ሻݔ…

Thus݄ ൌ ሺݔଵ ଵݔ௦ሻܾܽ௦ܽିଵሺݔ	… ௦ሻିଵ, where ܾܽ௦ܽିଵݔ	… ൌ ܾ ∈  ଴ܣ

Hence g, h are the same conjugates, moreover,|	ܽ௦ܾିଵ| ൌ 0	, for 	ܽ௦	, ܾିଵ	 ∈  ଴ܣ

Case 3:  If n is odd and݊ ൌ ݎ2 ൅ 1	where ݎ	 ൒ 1,	then we have: 

݃ ൌ	 ሺݔଵ … ଵݔܽ௥ሻሺ	௥ାଵݔ௥ሻሺݔ ,	௥ሻିଵݔ… ܽ௥ 		 ∈ ,			଴ܣ	 ܽ௥	௥ାଵݔ 		 ∈ 	ܲ∗ 	∖  ଴ܣ	

Also  ݄ ൌ 	 ሺݕଵ ଵݕܾ௥ሻሺ	௥ାଵݕ௥ሻሺݕ… ,	௥ሻିଵݕ… ௥ܾ		݁ݎ݄݁ݓ 		 ∈ ,			଴ܣ	 ܾ௥	௥ାଵݕ 		 ∈ 	ܲ∗ 	∖  ଴ܣ	

Since |݄݃ିଵ| ൑ ݎ	2 ൅ 1 then |ሺݔ௥ାଵ	ܽ௥ሻሺݔଵ ଵݕ௥ሻିଵሺݔ… |ܾ௥ሻିଵ	௥ାଵݕ௥ሻሺݕ… ൑ 1. 

Since ሺݔ௥ାଵ	ܽ௥ሻሺݔଵ ଵݕ௥ሻିଵ and ሺݔ…  :ܾ௥ሻିଵ are reduced, it follows that	௥ାଵݕ௥ሻሺݕ…

ሺݔଵ … ଵݕ௥ሻିଵሺݔ ଵݔ௥ሻ is defined and by theorem 2.3 we have, ሺݕ… ଵݕ௥ሻିଵሺݔ… ௥ሻݕ… ൌ ܾ ∈  ଴ܣ

Thus ሺݕଵ ௥ሻݕ… ൌ ሺݔଵ  .ܾ	௥ሻݔ…

So ݄ ൌ ሺݔଵ ଵݔܾ௥ሻܾିଵሺ	௥ାଵݕሺ	ܾ	௥ሻݔ… ܾ௥ሻܾିଵ	௥ାଵݕ௥ሻିଵwhere bሺݔ… 		∈ 	ܲ∗ 	∖  .଴ܣ	

Hence g and h are conjugates of elements of ܲ∗ ∖  ଴ determined by the same element of ሺܲ∗ሻ. Moreoverܣ

|ܾ௥ሻܾିଵ	௥ାଵݕሺ	ܽ௥ܾ	௥ାଵݔ| ܾ௥ሻܾିଵ , since	௥ାଵݕሺ	ܾ	~	௥ାଵܽ௥ݕ ൑ 1 and |ܾ| ൌ 0 

Conversely, suppose݃	 ൌ 	 ሺݔଵ … ଵݔሺ	ܽ	௥ሻݔ ,	௥ሻିଵݔ… ܽ		 ∈ 	ܲ∗ 	∩ ܰ , ݄ ൌ 	 ሺݔଵ ଵݔሺ	ܾ	௥ሻݔ… ,	௥ሻିଵݔ… ܽ ∈ ܲ∗ 	∩ ܰ , 

where ܽ	~	ܾ. 

Similar arguments show that: ݔ௥	ܽ	ݔ௥ିଵ is defined where ݎ ൌ
|௚|

ଶ
  if |݃| is even , and ݎ ൌ

|௚|ିଵ

ଶ
   if g is odd.                          

Since 	ܽ	~	ܾ	 , either  ܽ	, ܾ		 ∈ 		 ,	ܽ ଴ orܣ ܾ	 ∉  . So we consider the possible cases	଴.ܣ		

Case 1:    If ܽ	, ܾ ∈ ଴ then ܾܽିଵܣ	 ∈ |݃|଴ andܣ	 ൌ 	 |݄| ൌ  .ݎ	2

|݄݃ିଵ| ൌ |ሺݔଵ ଵݔሺ	ܾ	௥ሻݔ… |௥ሻିଵݔ… ൑  .݄~	݃ so , 	ݎ2		
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Case 2:   If ܽ	, ܾ	 ∉ ,	௥ݔ ଴ and bothܣ	 ܾ	, |݃| ௥ିଵ are reduced, thenݔ ൌ |݄| ൌ ݎ2 ൅ 1 and  |ܽ| ൌ 	 |ܾ| ൌ 1 

Since |ܾܽିଵ| ൑ 	 |ܽ| = |ܾ| ൌ 1 by assumption, then |݄݃ିଵ| ൌ |ሺݔଵ … ଵݔ௥ሻܾܽିଵሺݔ … |௥ሻିଵݔ ൑ ݎ2		 ൅ 1	 , so ݃	~݄ 

Case 3:   If ܽ	, ܾ ∉  ௥ܽ  is defined                                (1)ݔ ଴ and eitherܣ	

                                  Or ܽݔ௥ିଵ is defined                                                                 (2) 

i.e. |݃| ൌ  ௥ܾ  is defined                                                                   (3)ݔ and either  ݎ2

                                   Or ܾݔ௥ିଵ is defined                                 (4) 

i.e. |݃| ൌ  ݎ2

Suppose ܽݔ௥ିଵ is defined, and ሺݔ௥, ܽሻ is reduced, since ܽ ∈ ܰ , then |ܽଶ| ൑ 1 and then ݔ௥ ܽିଵ and ܽଶ are both 

defined.   So applying P6(1) to ൫ݔ௥ ܽିଵ, ܽܽ൯, then ܽ ∈  .଴ so contradictionܣ

Hence  ݔ௥ ܽ  and ܽ	ݔ௥ିଵ are both defined. Similarly ݔ௥ ܾ  and ܾ	ݔ௥ିଵ are both defined 

So |݄݃ିଵ| ൌ |ሺݔଵ ଵݔ௥ܽሻሺݔ… |௥ܾሻିଵݔ… ൑  ݎ2		

Therefore ݃	~݄. 

Theorem 3.7  If ܷሺܲ∗ሻ is the universal group of a pregroup ܲ∗ 	്  ଴, then the elements of M are conjugatesܣ	

of elements of length zero in ܷሺܲ∗ሻ,	 i.e. ݄		 ∈ 	ܯ	 ⟹ ݄݃ ൌ ݔ ଵ, whereି	ݔܽݔ ∈ ܷሺܲ∗ሻ and 	ܽ ∈  ଴ܣ

Proof  Let ݃ ൌ	ݔଵ … ,	௡ݔ ݄ ൌ ଵݕ	 |݄݃| ௡ be reduced, and supposeݕ… ൅	 |݄݃| ൏ ,	|݃|	݄݊݁ݐ			,	|݄|	2	 |݄| ൒ 1. 

case 1:     If n= 1, then ݃ ൌ ଵݔ 	∉ ݄ ଴ andܣ	 ൌ ݄ଵ 	∉ |ଵݕଵݔ|      since			଴,ܣ	 ൅	 |ଵݔଵݕ| ൏ |ଵݔ|	2 ൌ |ଶݕ|	2 ൌ 2, 

Then at least one of |ݔଵݕଵ|or |ݕଵݔଵ| is zero 

Suppose |ݕଵݔଵ|=0 , i.e. ݕଵݔଵ 		∈ ݄݃ ଴ , thenܣ	 ൌ ଵିଵݔଵݔଵݕଵݔ ൌ ଵݔଵݕ ଵିଵ= conjugate ofݔଵሻݔଵݕଵሺݔ ∈  .଴ܣ

Similarly, if  |ݔଵݕଵ| ൌ 0 , then hg is a conjugate of ݔଵݕଵ. 

Case 2:     If ݊ ൒ 2, then lets be the maximum such that 

݄݃ ൌ ଵݔ ௦ାଵݕ௡ି௦ܽ௦ݔ	…  ௡                                                                    (1)ݕ	…

ݏ ൑ ݊ . Then either (1) is reduced in which case 

|݄݃| ൌ 2݊ െ ݏ2 ൅ 1                                                                                   (2) 

Or ܽ௦ 	∈  ௦ାଵ is not defined in which caseݕ௡ି௦ܽ௦ݔ ଴ andܣ	

|݄݃| ൌ 2݊ െ where ܽ௦  ,ݏ2 ൌ ௡ି௦ାଵݔ	 ଵݕ௡ݔ	…  ௦   (3)ݕ	…

Similarly, let r be the maximum such that  

݄݃ ൌ ଵݕ ௥ାଵݔ௡ି௥ܾ௥ݕ	…  ௡                                                                      (4)ݔ	…

Then either (4) is reduced, so |݄݃| ൌ 2݊ െ  (5)                                       1+ݎ2

Or ܾ௥ ∈ |݄݃| ௥ାଵ is not defined, soݔ௡ି௥ܾ௥ݕ ଴ andܣ ൌ 2݊ െ  (6)ݎ2

Where ܾ௥ ൌ ଵݔ௠ݕ	௠ି௥ାଵݕ  ௥ݔ	…
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If (2) and (5) hold, then 2݊ െ ݏ2 ൅ 1 ൅ 2݊ െ ݎ2 ൅ 1 ൏ 2݊ 

2݊ െ ݏ2 െ ݎ2 ൅ 2 ൏ 0 ⇒ ݎ ൅ 	ݏ ൐ 	݊ െ 1 

	ݎ ൐ 	݊ െ ݏ ൅ 1 and ݏ	 ൐ 	݊ െ ݎ ൅ 1 

If other cases hold, then it is clear that ݎ	 ൐ 	݊ െ 	ݏ and ݏ ൐ 	݊ െ  ݎ

Subcase1:   If (2) and (5) hold, then: 

݄݃ ൌ ሺݕ௦ ௦ݕ௡ሻିଵݕ	… ଵݔ௡ݕ	… 	௡ି௦ାଶݔ	௡ି௦ାଵݔ	… ଵݕ௡ݔ	…  ௦ିଵݕ	…

௦ݕ ௡ݕ	… ൌ 	 ሺݕ௦ ௡ሻିଵܾ௡ି௦ାଵݕ	… …	ܽ௦ିଵሺݕ௦  ௡ሻݕ	…

Since ݊ െ ݏ ൅ 1 ൏ then ܾ௡ି௦ାଵ 	,ݎ ∈ ଴ , and since ܽ௦ିଵܣ	 ∈ ܽ௦ିଵ	଴, then ܾ௡ି௦ାଵܣ ∈  ଴.  So gh is a conjugate of anܣ	

element of 	ܣ଴. 

Subcase 2:   If (3) and (5) or (6) hold, then  

݄݃ ൌ ሺݕ௦ାଵ ௦ାଵݕ௡ሻିଵݕ	… ଵݔ௡ݕ	… 	௡ି௦ାଵݔ	௡ି௦ݔ	…  ௡ݔ	…

ଵݕ ௦ିଵݕ	௦ݕ	… 	௡ݕ	… ൌ 	 ሺݕ௦ାଵ 	௡ሻିଵܾ௡ି௦ݕ	… …	ܽ௦	ሺݕ௦ାଵ  ௡ሻݕ	…

Since ݊ െ ݏ ൏ 	then ܾ௡ି௦ ݎ ∈ 	଴, and since ܽ௦ܣ ∈ 	ܽ௦		 then ܾ௡ି௦	଴,ܣ ∈  ଴, then gh= conjugate of an element ofܣ

ܾ௡ି௦		ܽ௦	 ∈  .଴ܣ

Subcase3:    If (2) and (6) hold, then  

݄݃ ൌ ሺݕ௡ି௥ାଵ ௡ି௥ାଵݕ௡ሻିଵݕ	… ଵݔ௡ݕ	… 	௥ାଵݔ	௥ݔ	… ଵݕ௡ݔ	… ௡ି௥ାଵݕ	௡ି௥ݕ	…  	௡ݕ	…

						ൌ 	 ሺݕ௡ି௥ାଵ ௡ି௥ାଵݕሺ	ܽ௡ି௥	௡ሻିଵܾ௥ݕ	…  .௡ሻݕ	…

Sinceܾ௥	ܽ௡ି௥	 ∈ ݏ  ଴ forܣ ൐ ݊ െ 	ܽ௡ି௥	then gh= conjugate of an element of ܾ௥ 	,ݎ ∈  .଴ܣ

Therefore, the elements of M are conjugate of zero length elements of ܷሺܲ∗ሻ 

Since ݊ െ ݏ ൅ 1 ൏ 	then ܾ௡ି௦ାଵ ݎ ∈ 	଴, and since ܽ௦ିଵܣ	 ∈ 	ܽ௦ିଵ	ܾ௡ି௦ାଵ	଴, thenܣ	 ∈  ଴ , so gh is a conjugate of anܣ
element of ܣ଴. 

Subcase 4   If (3) and (5) or (6) hold, then  

݄݃ ൌ ሺݕ௦ାଵ ௦ାଵݕ௡ሻିଵݕ	… ଵݔ௡ݕ	… 	௡ି௦ାଵݔ	௡ି௦ݔ	… ଵݕ௡ݔ	… ௦ାଵݕ	௦ݕ	…  	௡ݕ	…

							ൌ 	 ሺݕ௦ାଵ 	௡ሻିଵܾ௡ି௦ݕ	… …	ܽ௦	ሺݕ௦ାଵ  ௡ሻݕ	…

Since ݊ െ ݏ ൏ 	then ܾ௡ି௦ ݎ ∈ 	଴ , and since ܽ௦ܣ ∈ 	ܽ௦		଴ then ܾ௡ି௦ܣ ∈  .଴ܣ	

Therefore, gh= conjugate of an element of ܾ௡ି௦		ܽ௦	 ∈  ଴ܣ

Subcase 5:    If (2) and (6) hold, then  

݄݃ ൌ ሺݕ௡ି௥ାଵ ௡ି௥ାଵݕ௡ሻିଵݕ	… ଵݔ௡ݕ	… 	௥ାଵݔ	௥ݔ	…  ௡ݔ	…

ଵݕ ௡ି௥ାଵݕ	௡ି௥ݕ	… 	௡ݕ	… ൌ 	 ሺݕ௡ି௥ାଵ ௡ି௥ାଵݕሺ	ܽ௡ି௥	௡ሻିଵܾ௥ݕ	…  ௡ሻݕ	…

Sinceܾ௥	, ܽ௡ି௥	 ∈ ݏ  ଴ forܣ	 ൐ ݊ െ 	ܽ௡ି௥	then, gh = conjugate of an element of ܾ௥ ݎ ∈  .଴ܣ	
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Therefore, the elements of M are conjugate of zero length elements of ܷሺܲ∗ሻ. 

4. CONCLUSION 

This paper shows that a special type of pregroups which satisfy an additional condition namely P6 can be 

occupied with Length Function defined by Lyndon [ 6 ].  Therefore, it will have all the combinatorial group 

properties which are open for investigation. This paper also proved the following: 

(1) The elements of N consists of conjugates of elements of ܲ∗ ∩ ܰ. 

(2) The equivalent elements of N in ܷሺܲ∗ሻ are the same conjugates of ܲ∗. 

(3) The elements of M are conjugate of elements of length zero in ܷሺܲ∗ሻ. 
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