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Abstract

The concept of Pregroups was introduced by Stallingsin 1971. Subsequently the concept of Pregroups
was developed by many other researchers. Stallings originally defined a set with a binary operation
satisfying five axioms, namely, P1, P2, P3, P4, and P5. It has been proved later that P3is a
consequence of the other axioms. Stallings has also linked this construction of a Pregroup to Free
Product of Groups.

This construction is developed to include a new axiom called P6, which enabled to define a length
function on the universal group of Pregroups. Applications of Pregroups with length functions led to
direct proof of many other problems in combinatorial group theory.
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1. INTRODUCTION

Stallings [ 1], in 1971 introduced the concept of a pregroup. Subsequent work is done by Hoare [ 2],
Nesayef [ 3 ], Chiswell [ 4 ], and many others. Five axioms are originally introduced by Stallings [ 1 ], namely
P1, P2, P3, P4, and P5. Itis proved in [ 3 ] that P3 is a consequence of the other axioms.Stallings extended
his construction to link Pregroups to free products of groups in [ 5 ].

In section one of this paper, we introduce the concept of length function and list all the axioms of length
function which are needed in the latter sections. We also introduce the definition and some important
properties of pregroups. In section two, we introduce a new axiom called P6 and prove that some axioms

are equivalent to the other ones.

We also investigate some basic properties ofPregroups restricting our attention to P6. Finally we show that
the universal group of a Pregroup satisfying P6 has a length function given by Lyndon [ 6 ] and prove some

consequence results as a result of imposing P6.

2. LENGTH FUNCTION

Definition 2.1: A length function | | on a group G, is a function giving each element x of G, a real number
|x|, such that for all x,y , z € G, the following axioms are satisfied.

Al'le| = 0, where e is the identity elements of G.

A2 x| = x|



A4 d(x,y) < d(y,z) = d(x,y) = d(x,z), where d(x,y) = % (x| + |yl = |xy™Y
Lyndon showed that A4 is equivalent to: d(x,y) = min{ d(y, z),d(x,2z)} and to
d(y,z),d(x,z) 2m=d(x,z) =m.
Al',A2 and A4 imply |x| = d(x,y) =d(y,x) =0
Assuming, A2 and A4 only, it is easy to show that:
i. d(x,y) = |e|, where e is the identity element of G.

ii. [x] = le|

iii. dCx,y) < x| =3 el
A3 State that d(x,y) = 0, is deductible from A1, A2 and A1’ is a weaker version of the following axiom:
Allx] =0, ifand only if x = 1in G.

The following results are introduced by Lyndon [ 6 ].
(1) dxy,y) +dCx,y™) = Iyl
(2) d(x,y™) +d(y,z7") < |yl Implies lxyz| < lx| = |yl + |zl
(3) dx,y™ ™) +d(y,z7Y) < |y| Impliesd(xy,z™1) = d(y,z™1)
(4) d(x,y) +dx™hy™) = |x| = |yl Implies|(xy~")?| < |xy~*))
It follows from (2), that for any x,y € G, d (x,y) = |y| —d (x y™1,y™1) < |y| by A3.
Since d(x,y) =d (y,x), we get d (x,y) < min{|x|, |y|}, as stated that dx,y)+dx ™ty H)>|x|l=
lyl =2x=y
The following definitions are introduced in [ 7 ].

Definition 2.2 A non-trivial element g of a group G is called non-Archimedean if |g?| < |g|.
Definition 2.3 Let G be a group with length function. An element x # 1 in g is called Archimedean if
|x] < |x?].
The following Axioms and results were added by Lyndon and others
A0 x#1 = |x| < |x?|
CO0 d(x,y)is always an integer
C1 x#1,|x?*| < |x| implies |x| is odd
C2 For no xis |x?| = |x|+1
C3 if |x| is odd then |x?| = |x|

C1' if |x| is even and |x| # 0, then |x?| > |x|
NO |x?| < |x| impliesx* =1 isx =x7!
N1*G is general by {x € G : |x| < 1}
The following two constructions are also added by Lyndon [ 6 ], where the set of all Non-Archimedean
elements in G is denoted by N:
N={x€G: |x?[ < |X]} cooereiriiieeeeeiiiee e 1)
M={xy €G:lxy|+ |yx| <2|x| =2|y]} «oovririiiiiiinn. (2)

Lyndon showed that M < N. However, the nature of the elements of M and N is investigated in [ 8 ].



3. PREGROUPS

Definition3.1 A Pregroup is a set P containing an element called the identity element of P, denoted by 1,

a subset D of PXP and a mapping D — P, where (x,y )— xy, together withamapi:P — P wherei (x) = x

" satisfying the following axioms:

We say that x y is defined if (x, y )€ D, i.e. x ye P.

P1. For all x € P, 1x and x1 are defined and 1x = x1 = x.

P2. For all xe P, x'x=xx"=1.

P3. For all x ,y €P, if x y is defined , then y'1xis defined and (x y )‘1= Y X.

P4. Suppose that x, y, ze P. If x y and y z are defined, then x (y z ) is defined, is which case
x(yz)=(xy)z

P5.Ifw, x,y,z €P, and if w x, x y, y z, are all defined the either w ( x y ) or (x y) z is defined.
31 THE AXIOM P6

In this section we restrict our attention to a special type of pregroups, which satisfy a certain condition,
namely P6. To do this we introduce the following theorems, which are givenin [ 3 ].
Theorem 3.1 The following two statements are equivalent in P.

P6(1): If (x;,x,) is reduced and x,a ,a"'x, are both defined, then a € 4,

P6(2): If (x;,x,) is reduced and (ax,) x, is defined for a € P then ax, € A,.

Proof suppose (x,,x,) is reduced and let ( ax,) x, is defined for some a € P.

x(ax;)™t, (ax,) x, are both defined so ax; € 4, ,and P6 (1) - P6(2).

Conversely, suppose (x; ,x,) is reduced and x,a,a'x, are both defined for some a € P.
Since (x; ,x,) is reduced, then (x;a,a'x, ) is reduced.

Since x7(x;a) is defined and equals toa, and {x;'(x,a)}a'x, is defined and equals to x,, then by P6 (2)
xt(xa) € Ag,i.e. a € A, .

Therefore P6 (1) & P6(2)

We denote the equivalent statements P6(1) and P6(2) in theorem 3.1,by P6 and the pregroup which satisfies
P6, by P*.

The following construction is introduced in [ 9 ].
Definition 3.2 Let P* be a pregroup satisfying P6. TheUniversal group, U ( P* ) is the set of all equivalence

classes of reduced words in P*.

We define now a length function on U (P*). Before we achieve this,we introduce the following result, which

generalizes the condition P6 (2).

Theorem 3.2 Leta,_, ,..,a, be any sequence, and x, , ..., x,, be reduced, both on P*. If

Ap_q e, Q1Xq , ..., Xy is defined, then a,,_y ,...,ay%;, ..., x, € Ag,n =2



Proof The only way in which a,,_; ,...,a;xq, ..., x, is defied is by [a,_; , ..., a; %, ..., x,]x,, being defined.
Then also by theorem 2.1 either [(a,_1 , ..., @1X1 , .o, Xn_2)Xn_1] %, is defied, so by P6(2),

(@pog » s QX e Xp_2)Xn_qy € Ag, OF [ay_1(ap_g..aiXy ... x5_1)]x, is defined, where x, = 1.

Since (ay_5 , ..., @1Xy , ..., Xn_1)X, is not defined by theorem 2.1, then by P6(2)

An-q (@2 - @X; . Xy_q) € Ag

Theorem 3.3 Let U (P*) be the universal group of a pergroup P* and left g, h € (P*). Let

g =% .Xy , A=y . y,m,n =2 beinreduced forms. Let a; = x,_j4q ... (nYml) - Yimiiz, be defined for
1 <i <sforsomes <m,s <n.

If agypmls is defined then a; € A, for all i < s. Hence by symmetry if s < n and x,,_sa, is defined, then a; € 4,.
Proof a; = x,_;11G;_1 Ylis1sfor 1 <i < s,wherea, = 1. Then by theorem2.1 either x;2;,1(a;i—1 Yimtis1) iS
defined (1)

or (x72141Qim1) Yimtis is defined (2)

If (1) holds , then [ ;241 (@i—1 Yimtiz1)] Yimt: is defined

Thena;_y ity , Yimiiis reduced. Soby P6 (2) [x,_i4q(@ioy yintic)] =@ € 4,

If (2) holds, then [( x,_;11ai—1) Ymtis1] Yimkiis defined.

Since ypli, ymi; is reduced, then by P8(2), (Xn_i41ai_1) Ymbisr = @i € 4o

Corollary 3.1 In theorem 3.3,x,_s a; (asymts) is defined if and only if ( x,_s a;) asymts is defined.

Proof By theorem 2.3,a; € A, in either case. Then x,_s a; and a,y;,;1, are defined. by P4. Thenthe result
follows.

From Theorems2.2 and 2.3 and Corollary 2.1, with the same notations, we have shown that:

Corollary 3.2 gh™ = x; . Xy_sQymls . ymlis is reduced, if and only if a, ¢ A,.

The proof of this Corollary is similar to the main theorem in [ 10 ].

3.2 P* PREGROUPS AND LENGTH FUNCTION

Theorem 3.4| |:U(P*) —» R given in definition 3.2 is a length function on U(P*)

Proof A1', A2 are clearly satisfied, so we prove A4 is also satisfied.

Let g,h,k € U(P*). The result is trivial if any one of |g]|, ||, |k| is zero. So let

g=%X ...Xxp,n 21, h=y,....yy,m =21and z=2z,...z,z = 1, be reduced where x, ,y,and z, & 4,,
ie.lgl=n,lhl=mand | k|=7.

Clearlyd (g,h) =0. Supposed(g,h),d(h,k)=s



Case 1: s is aninteger
There exists ag, such that, gh™ = x; ... x,_sa5ymts ... Y7, Where
As = Xp_s41 - xn)’r;lls w Ym-s+1, and,ag € 4y
Similarlyhk™ = y; ... Ym_shszpls .. zit and by € Aghs = Vm_ss1 - YmZit o Zp5i1
Gh™t =%y Xz 2Tt = Xy e X Vi e YimbsrVimbstr e Ym 27 21
= Xy o Xp_g Qg bgzpl ..oz7t
Sinceagbs € Ay, thend (g,k) =s
Case 2: sis not an integer
Letd (g,k),d (h,k) 2r—§=s, r=1
Then gh™ = x; .. Xyop G Vmts - Y71, Where a, = yiliiq o XYt o Yimbtest
hk™ = y; . Yy by 27 ... 27, Where by = Yp_riq o Ym

z;t... z;2.,; and a,, b, are not necessarily in A,, moreover q; is defined for all i < .

-1 -1 -1 -1 -1 -
gh™h=x1 . . . XnzZp . Z0 = X1 . . XnVmer+1 Ymersr- - Ym Zp e 21

=% . . . Xp,a bz ..zt
Let (a, , b,) be reduced. By theorem 2.3, a,_; € 4, .
Therefore x,,_,,, a,_, is defined and, x,_,11 ar_1 = ((Cn_ri1 Go1)Vmirs1)Ymer+1 = GVmeri1 -
Similarly y;;L,.1b, is defined, Then by 6(1), ¥_r+1 € A4,, SO a contradiction.
Hence a,b, is defined, thus |gk™!|<n—r+¢f—r+1,ie.d(g k) =1 —% =s
Therefore A4 is satisfied, and so | | is a length function.
3.3 APPLICATIONS OF P* PREGROUPS
LetP=GU {G t; G} U {G t; G}and suppose that the product xy of two elements x and y of P is defined if
and only if at least one of {x,y,xy}is in G. Thusx y € 4, , provided we exclude the case when

G*=<c,tlrelc, tct P =a(c),t? = ¢’ € C >, in which case 4, = G*

The axioms P1,P2 and P3 are clearly satisfied. For P4, let x,y,z € P , and suppose xy, yz are defined, and

x( yz ) is also defined. If (xy) z is not defined, then

xy &G,z ¢ Gand (xy)z ¢ G(1)
Thus

xy is defined = either xory € G (2)



If yz is defined theneither y or yz € G 3)

If X(yz) is defined theneither x or yz or x(yz) € G 4)

Since (xy)z € G and the products x(yz) and (xy)z are equal in G*, therefore x(yz) ¢ G

Case 1: Ifx € G, thenyz ¢ G, soy € G by (3), and hence xy € G, so a contradiction.

Case 2: Ifx ¢ G,thenyz € G,soy € G, by (2), and yz € G by (4). Therefore, z € G also a contradiction.
Hence (xy)z is defined, i.e P4 is satisfied.

For P5, letw,x,y x € Pand letw x, xy, y z be defined and suppose neither w(xy) nor (xy)z is defined. Then
w &G ,xy € G andw (xy) € G since xy is defined. Then either x or y € G.

Case 1: If x € G then x (yz) is defined, so by P4 (xy)z is also defined and x(yz) = (xy)z

Case 2: If y € G then (wx)y is defined , so by P4 w(xy) is defined hence P5 is satisfied.

For P6 suppose (x, y) is reduced, i.e non of the terms, x, y ,xy is in G, and suppose that xa,,a™! y are both
defined. Supposealso thata € G, since x & G, then xa € G, and similarly a~'y € G.

Hence(xa)(a™'y) € G, so xy € G that is xy is defined, so a contradiction.

Therefore a € G, and P6 is satisfied.

NoteThe following cases are givenin [ 8 ].

If ] = ¢and N # @, then we get an H.N.N extension, in whichcase N n P*=Gand M n A, =M nG = all
elements of the associated subgroups.

If ] =@, then we get a qusai- H.N.N. extension, ( excluding |J/| =1,] = @ ), we have .
NnP=6U{gtC)lgt:g9 €G.,jejand M n 4, = {G;, 4;, Bi}.

Theorem 3.5 If U (P*) is the universal group of a pergroup P* then N consists of conjugates of

elementsof P"NN. iie. geEN ©g=xax~!, xeuU(P*)and, a € P*n N. Moreover if |g| is even than

aed, and x| =2 and|x| =92 if|g| is odd.

ProofSuppose g € N, and let g = x; ... x, be reduced, then |g| =n org =0ifn=1and x; € 4.
The result is trivialif n =0o0r 1, soletn > 1.

Case 1: Ifniseventhenputn=2s, s =1, g2 = Xy ... XgXgpq o XpXq e XsXgpq o Xp

Since|g?| < |gl, then g% = x; ... XsXs1q ... X, Where A = Xgyq - XpXq1 ... X5 € A

By theorem 2.3, and since |x;asxs44| < 2, then

g = X1 e XgXgpq oo XnXq oo Xs(21 oo X)7E = (27 o Xg) a@g(og o x5)71

= a conjugate of an element of A,. Moreover, a? € 4,, i.e.|a?| =0= |a;| ,s0a; €N .



Case 2: Ifnisodd, thenletn = 2r +1,r>1.

GE=X X Xpgre - XpXie . XpXpig Xpgz o - Xp

Since|g?| < |g|, then

GP=x X (g @ Xy Wygz o - Xp, WhET@ GrXpip . . . XXy . X @nd X @ Xppq | S L
By Theorem 2.2 , a, € A,.

9 =X X Xpgy Xpyp o o XX o X (R o LX)

g =@« )0 a)(x . o X)L X0, = b € PR\ A,

Since |x,41 ar %41 | < 1and since a, € A,, then b? = x,,; a, %41 a, and [b?| < 1, i.e. [b?| < |bl.Hence b
€ PxNN .

Conversely, suppose, g= (x; . . .xg)a(x;. . .x;)"',wherea€Px*nN

If x; a x;,~1 is defined, then put x5 a x,” = a,, soa € 4,, by theorem 2.3.

Ifla;| =0, then |[a?| =0,s0a; € PxNN .

Let |a,| =1. a? = x;,a%x;, where a? € A,.

Suppose (x; a?x;') is reduced, i.e. |a?| = 2.Apply P6(1) on (xs a®x;1) .

Since (x; a?)(a™*x;1) and (x, a®x; 1) are both defined, then x; a € 4, , so a contradiction.
Thus x; a?x;! is defined, i.e. |a?| < |a;|,s0a, € PxNN .

If x5_, a;x52; is also defined, then we apply the same argument and so on until we have
g =04. . .x)b(x;. . .x.)"',where bEP+xNN,and x,bx:"is not defined.
Ifb € A4,,then |g| =2r,b? € A4, and |g?| = |(x; ... X)) b2(x; .. x)}| < 2r,sog€N.
Ifb ¢ A,,andx,. band bx;! are not defined then |g| = 2r + 1.

Since |b?| < 1,then |g?| = |Cx; .. x5) b2(xy ... x)7H < 2r+1=gl, sog EN.
Finally, if b & A, and either x,.b or bx; ! is defined, then |g| = 2r.

Since b € N then |b?| < |b |,s0 b? is defined.

Consider g% = (x; ... x;) b*(x; ... x;)™!, and suppose x,.,b?,x;t is reduced. Then:

Either (i)bx; ! is defined, then apply P6 (2) on (b?,x;1).
Since (b™%,b%)x;1 = b x; 1 is defined, then b~ € 4,,s0b € A, and so a contradiction.

Or (ii) x,-b is defined, and this is similar to (i)

Therefore x, ,b?,x7 ! is not reduced, i.e. |x,.b?x; | <2



Therefore, |g?| <2r = |g|, i.e.geN.

Theorem 3.6 The equivalent elements of N in U(P*) are the same conjugates of P* i.e. |g| = |h],
theng~h & g=xax~' ,h= xbx"*and a~ b, where a,b € P*,x €U (P*)

Proof Suppose g ~ hin N, then |gh™| < |g| = |h|

Letg = x; ... x,,h = y, ... y, be reduced.

Case 1: The result is trivial if |g| = |h] = 0,1

Case 2: Ifniseven,thenputn=2s,s>1

Then, g = (x; ...xg)ag(x; ..x)™ a3 € Agand h = (y; ... ¥)bs (¥ ... ¥5)™L, bs € Ay

gh™t = (e xs-1) (s @) Gy v X) T 01 - ) (05 Y D 0y v Ys-) ™

Since |gh™!| <n = 2s, then by theorem 2.3,(x; ... ;)™ (¥ ... ¥s) = as € 4,, and

V1Y = (X1 x5) a

Thush = (x4 ... x5)absa™t(x; ... x;)~%, where absa™ = b € A,

Hence g, h are the same conjugates, moreover,| a;b™!| = 0, for a,, b™! € 4,

Case 3: If nis odd andn = 2r + 1 where r > 1, then we have:

9= (g x) g1 @)y o X)7h 0 € Ay L Xpyp @, € PT\ A

Also h= (1 .y ) Wrs1 b)(y1 . 3)7" , where b, € Ay ,yri1br € P*\ 4

Since |gh™!| < 27 + 1 then |(xryq @) (g o) 7 (V1 oY) O b)Y < 1

Since (x,41 a;)(x; .. x,)"t and (y; ... ) (¥r41 by) ™! are reduced, it follows that:

(%1 .. %:)"2(yy ... y,) is defined and by theorem 2.3 we have, (x; ...x,) *(y; ..») = b € 4,
Thus (y; ...y) = (x4 ...x,) b.

So h = (x1 .. %) b (41 b)b™ (xy .. x,)"'where b(y,.41 b )b~ € P* \ A,.

Hence g and h are conjugates of elements of P* \ 4, determined by the same element of (P*). Moreover

Yre1ar ~ b (rpq b)b™", siNCE |%Xp41 b (Vryq b)b™'| < 1and b =0

Conversely, supposeg = (x; ..x.) a (x; ..x,)"t,a € P NN,h= (x; ..x.) b (x; ..x,)"t,a€P" NN,

where a ~ b.

Similar arguments show that: x,. a x;! is defined where r = 'ZJ if|gliseven,andr = MT_l if g is odd.

Since a~b ,either a,b € Ajora,b & A, So we consider the possible cases.

Case1: Ifa,b€ Ajthenab™t € Ay and|g| = |h| =27.

|gh™* = [(x1 . %) b (x1 ... ,)7Y < 2r ,s0 g ~h.



Case2: Ifa,b ¢ Ay and both x,,b,x;! are reduced, then |g| = |h| =2r +1and |a| = |b| =1

Since |ab™!| < |a| = |b| = 1 by assumption, then |gh™| = [(x; ... x,)ab™*(x; ..x,)"| < 2r+1 ,s0g ~h

Case 3: Ifa,b ¢ A, and either x,.a is defined (1)
Or ax; ! is defined (2)
i.e. |gl = 2r and either x,.b is defined (3)
Or bx; ! is defined 4)
ie. |gl=2r

Suppose ax; ! is defined, and (x,, a) is reduced, since a € N , then |a?| < 1 and then x, a~* and a? are both

defined. So applying P6(1) to (x, a~%,aa), then a € A, so contradiction.

Hence x, a and a x;! are both defined. Similarly x,. b and b x;* are both defined
So |gh™t| = |(xq ... xp@) (g .. ,.b) 7Y < 21
Therefore g ~h.

Theorem 3.7  If U(P*) is the universal group of a pregroup P* # A, then the elements of M are conjugates
of elements of length zero in U(P*), i.e.h € M = gh = xax !, where x € U(P*) and a € 4,

Proof Letg = x; ..x,,h = y, ..y, be reduced, and suppose |gh| + |hg| < 2 |h|, then|gl|,|h| = 1.
case 1: Ifn=1,theng=x; & Ajandh =h; & A, since |x;y;|+ |y1x] <2 || =2 ]y,| = 2,
Then at least one of |x,y,|or |y,x,| is zero

Suppose |y, x,|=0, i.e. y,x; € A, then gh = x;y;x,x7* = x; (y1x,)x7 1= conjugate of y,x, € A,
Similarly, if |x,y;] = 0, then hg is a conjugate of x,y;.

Case 2: Ifn > 2, then lets be the maximum such that

Gh = X1 o Xn_gOsYsi1 o Yn (N

s < n . Then either (1) is reduced in which case

|ghl =2n—-2s+1 2)

Orag € Ay and x,_sa,y,4, is not defined in which case

|ghl = 2n — 2s, where ag = xXp_s4q1 - XpV1 - Vs (3)

Similarly, let r be the maximum such that

Gh =Y1 o YnorbrXpsq o X 4)

Then either (4) is reduced, so |hg| = 2n — 2r+1 (5)

Or b, € Ay and y,_,b,x,,, is not defined, so |hg| = 2n — 2r(6)

Where b, = yin—ri1 YmX1 - Xr



If (2) and (5) hold, then 2n — 2s+ 1+ 2n—2r+1<2n
2n—2s—2r+2<0=>r+s >n-1

r>n—-s+lands >n—-r+1

If other cases hold, then it is clearthatr > n—sands > n—r

Subcase1: [f (2) and (5) hold, then:

hg = Y5 o Yn) ™ Y5 e Y1 oo Xnsi1 Xnogiz - XnY1 o Vo1

Vs oo Yo = s e Y1) " Bnogpr oo Q51 (Y oo Vi)

Sincen—s+1<r, thenb,_s,; € 4, , and since a;_, € Ay, then b, _,, a;_; € Ay,. So gh is a conjugate of an
element of A,.
Subcase 2: If (3) and (5) or (6) hold, then
gh= (ys+1 }’n)_lys+1 v YnXp e Xp_s Xn_st41 - X
Vi VsYs—1+Yn = (ys+1 }’n)_lbn—s o Qg (ys+1 yn)

Since n —s < rthen b,_; € A,, and since ay; € A, then b,_; a; € A,, then gh= conjugate of an element of
b,_s as; € A,
Subcase3: If (2) and (6) hold, then
Ih = Wperat o V) " Vnorat o YaXe oo Xp Xpst oo XgV1 o Yoo Ynerad o Yn
= Wnorst = Yn) 7 br Gy Unergn o Y-
Sinceb, a,_, € A, for s > n —r, then gh= conjugate of an element of b, a,_, € A,.
Therefore, the elements of M are conjugate of zero length elements of U(P*)

Sincen—s+1<rthenb, s, € Ay, and since a;_; € Ay, thenb,_s,1a,_; € Ay, so ghis a conjugate of an
element of 4.

Subcase 4 If (3) and (5) or (6) hold, then
R = a1 e V)™ Wst1 o YnXy oo Xnos Xnosin o Xnd1 o Vs Vsa1 o I

= (Vsy1 o yn)ilbn—s v A5 Vs o V)

Since n —s < rthen b,_; € 4, , and since a; € A, then b,_; a; € A,
Therefore, gh= conjugate of an element of b,,_s as € 4,
Subcase 5:  If (2) and (6) hold, then
R = Wnert1 o V) Wnorst oo YnXy oo Xp Xy o X
Vi Yoor Ynortt o Yo = Onorst o Yo) 7 br Gy (Unorgn o Vo)

Sinceb,,a,_, € A, for s > n —r then, gh = conjugate of an element of b, a,_, € A,.
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Therefore, the elements of M are conjugate of zero length elements of U(P*).
4. CONCLUSION

This paper shows that a special type of pregroups which satisfy an additional condition namely P6 can be
occupied with Length Function defined by Lyndon [ 6 ]. Therefore, it will have all the combinatorial group

properties which are open for investigation. This paper also proved the following:

(1) The elements of N consists of conjugates of elements of P* N N.
(2) The equivalent elements of N in U(P*) are the same conjugates of P*.
(3) The elements of M are conjugate of elements of length zero in U(P*).
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