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1 Introduction
Let (Xε, aε) be the solution of the equation definied by :

Xε
t = x+

√
ε

∫ t

0

σ(Xε
s )dWs +

∫ t

0

bε(X
ε
s )ds+

∫ t

0

ν(Xε
s )daεs (1.1)

with Xε
t ∈ D̄ (D is a regular connected open set of Rd ), aεt is a continuous increasing process

increasing only on {s;Xε
s ∈ ∂D} and ν(x) is a non-tangent vector field on ∂D.

We suppose that bε, b are vector fields defined on Rd and σ a matrix field d × l on Rd satisfying the
following conditions:

i) σ et bε are bounded lipschitzian.

ii) bε → b uniformly when ε→ 0.
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W is a brownian motion with value in Rl defined on the filtered probability space (Ω,F ,Ft, P ).

In this paper, we want to establish the LDP of the equation (1.1) on the Besov-Orlicz space. The
case ∂D = ∅ has been studied by Freidlin, M. and Wentzell, A. (1984) see also Varadhan, S.R.S
(1984), Azencott, R. (1980) and Stroock, D.W. (1984) for the uniform norm, then in Ben Arous, G.
and Ledoux, M. (1994) see also Baldi, P. and Caramellino, L. (2011), they have shown the LDP of
this equation for the Hölderian norm and Eddahbi, M., Nzi, M. and Oukinine, Y. (1999) on the Besov-
Orlicz space. The general case has been studied by Anderson, R.and Orey, S. (1976) and Doss, H.
and Priouret, P. (1983) for a regular domain, then Dupuis, P. (1987) for a convex domain and Sheu,
S.S. (1998) for a non regular domain that is normally reflected.

Our goal is to prove that we can extend the result of Rajaonarison, L.I. and Rabeherimanana,
T.J. (2014) and Doss, H. and Priouret, P. (1983) and Anderson, R.and Orey, S. (1976) on the large
deviations of the law of Xε solution of (1.1) to the topology of the Besov-Orlicz space defined by the
Young function

Mβ(x) =

 exp(|x|β)− 1 si 1 ≤ β ≤ 2

Eβ(x)− Eβ(0) si 0 < β < 1

where Eβ(−x) = Eβ(x) is the extension of the convex part of exp(xβ) on ]xβ ,+∞[ by its tangent at
xβ > 0 and the continuity modulus wα,λ(t) = tα(1 + log 1

t
)λ.

It is useful in section 1 to present some notions and results on the topology of Besov-Orlicz space.
The section 2 will be devoted to the general results of this work. The last section is devoted to the
proof of the main theorem, the theorem (4.3) and (4.7).

2 Preliminaries
In this section we recall useful facts about the Besov-Orlicz space functions.
Let BMβ ,wα denote the Besov-Orlicz space of continuous functions f : [0, 1] → Rd such that ‖
f ‖Mβ ,wα<∞. For all α > 0, put

‖ f ‖Mβ ,wα,=‖ f ‖Mβ + sup
0≤t≤1

wMβ (f, t)

wα,λ(t)

where wα,λ(t) = tα(1 + log 1
t
)λ,∀α > 0, ‖ f ‖Mβ= inf{τ > 0, 1

τ
[1 +

∫ 1

0
Mβ(τ |f(t)|)dt]} and

wMβ (f, t) = sup0≤h≤t ‖ ∆hf ‖Mβ with

∆hf(x) = 1[0,1−h](x)(f(x+ h)− f(x)), ∀h ∈ [0, 1].

We will use the equivalent of Cieleski, Z., Kerkyacharian, G. and Roynette, B. (1993). Let χ1, χj,k, j =
0, 1..., k = 1...2j , suppχj,k = [(k−1)/2j , k/2j ] be the set of Haar functions over the interval [0, 1], and
let ϕ0(t) = 1, ϕ1(t) = t, ϕj,k(t) =

∫ t
0
χj,k(s)ds be the set of Schauder functions. For all continuous

functions f : [0, 1]→ Rd, its development in series of Schauder is given by

f(t) = f0ϕ0(t) + f1ϕ1(t) +
∑
j,k

fj,kϕj,k(t)

where f0 = f(0), f1 = f(1)− f(0) and

fj,k = 2
j
2
[(
f(

2k − 1

2j+1

)
− f

(2k − 2

2j+1

))
−
(
f
( 2k

2j+1
− f

(2k − 1

2j+1

))]
are the coefficients of f in this base.
Let B0

Mβ ,wα
be the subspace of BMβ ,wα corresponding to the sequences fj,k such that
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B0
Mβ ,wα

=
{
f ∈ C([0, 1],Rd); ‖ f ‖M2,wα< ∞, limj∧p→∞ 2

−j( 1
2
−α+ 1

p
)
p−γ(1 + j)−λ ‖ fj,. ‖p= 0

}
where

‖ fj,. ‖p=
( 2j∑
k=1

|fj,k|p
) 1
p et βγ = 1

B0
Mβ ,wα

is a separable Banach space.
For all p0 ≥ 1, the norms ‖ f ‖Mβ ,wα and ‖ f ‖∗ are equivalent (cf.Cieleski, Z., Kerkyacharian, G.
and Roynette, B. (1993)) where

‖ f ‖∗= max
(
|f0|, |f1|, sup

p≥p0
sup
j≥0

2
−j( 1

2
−α+ 1

p
)
p−γ(1 + j)−λ ‖ fj,. ‖p

)
for all 1

p0
< α ≤ 1

2
and α > 0.

Consider the following norm that are crucial in the proof of our results :

‖ f ‖∗∗= sup
0≤s<t≤1

|f(t)− f(s)|
w(t− s)

this is dominated by the norm

‖ f ‖∗= max
(
|f(1)|, sup

j≥0
sup

0≤k ≤2j

|fj,k|√
1 + j

)
.

It is easy to see that there exist D1 > 0 and D2 > 0 such that ‖ f ‖M2,w≤ D1 ‖ f ‖∗∗≤ D2 ‖ f ‖∗.

3 Definitions and general results
In this section, we recall some definitions and results.

Definition 3.1. A function I : E −→ [0; +∞] is called a rate function if it is semi-continuous lower
(s.c.l) i.e. ∀fn → f , then I(f) ≤ limn→+∞ inf I(fn). Thus, if for any a <∞, Γa = {x ∈ E, I(x) ≤ a}
is compact, then I is a good rate function.

Definition 3.2. For a function I, the probability family {P ε}ε>0 satisfy the LDP with a good rate
function I if we have:

i) For every open set O of E
lim inf
ε−→0

ε logPε(O) ≥ −I(O)

ii) For every closed set F of E
lim sup
ε−→0

ε logPε(F ) ≤ −I(F ).

where I(A) = inf
x∈A

I(x)

Mellouk, M. and Millet, A. (1998) have proved the following Schilder theorem

Theorem 3.1. Let P ε be the law of εW on B0
M2,wα equipped with the norm ‖‖M2,wα , then P ε satisfy

the LDP with the good rate function :

I(f) =


1
2

∫ 1

0
|ḟ(s)|2ds if f ∈ H

+∞ outside .

3
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Theorem 3.2. Let Qε be the probability measure family on a Polish space E satisfying the LDP with
a good rate function λ and let F : E → E′ be a continuous function. Denote by Qε = P ε ◦ F−1 the
image measure family of P ε, then {Qε} satisfy the LDP with the good rate function λ̃ define by

λ̃(y) = inf
x:F (x)=y

λ(x).

Let us recall the two lemmas, cf Eddahbi, M., Nzi, M. and Oukinine, Y. (1999).

Lemma 3.3. There exist a constant C = Cl such that for all λ > 0 and µ > 0 with λ > 4lµ > 0 and
λ > 2

√
log 2 we have

P
[
‖W ‖∗∗≥ λ, ‖W ‖≤ µ

]
≤ C max(1, l

(( λ
4lµ

)2)
exp

(
− λ2

C
ln(

λ

4lµ
)
)
.

Lemma 3.4. There exist a constant C = Cl such that for all u > 2
√

log 2 and all process K on [0, 1]

P
[
‖
∫ .

0

KsdWs ‖∗∗≥ u, ‖ K ‖≤ 1
]
≤ C exp

(
− u2

C

)
.

4 Main results and discussion

1-Case of the half-space
We take for D = R+

p the set of (x1, ..., xp), x1 ≥ 0; e1 = (1, 0, ..., 0). Consider (Xε, aε) the solution of

Xε
t = x+

√
ε

∫ t

0

σ(Xε
s )dws +

∫ t

0

b(Xε
s )ds+ e1a

ε
t (4.1)

(Xε
t )1 ≥ 0, e1 = (1, 0, ..., 0)

and aεt a continuous increasing process verifying

aε0 = 0 and aεt =

∫ t

0

1(x1=0)(X
ε
s )daεs.

We give on R+
p a fields of matrix p × d, σ(x) and fields of vectors bε(x), b(x) satisfying the set of

conditions (L):

(i) σ and bε are Lipschitz.

(ii) bε converge uniformly to b when ε tends to 0.

Under (L), thre is existence and uniqueness of solutions of (4.1). Recall the construction given by
Anderson, R. & Orey, S. Anderson, R.and Orey, S. (1976). For w = (w1, ..., wd) ∈ C(R+,Rd), denote

Ew = w̃1 et Γ(w) = (w1 + w̃1, ..., wd) (4.2)

where w̃1(t) = − infs≤t(w
1(s) ∧ 0),

with x ∧ y = inf(x, y).
Then, Γ verify

sup
s≤t
|Γsw − Γsw

′| ≤ 2 sup
s≤t
|w(s)− w′(s)|

and if Xε
t is solution of

Xε
t = x+

√
ε

∫ t

0

σ(ΓsXε)dws +

∫ t

0

b(ΓsXε)ds. (4.3)

4
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We have Xε
t = ΓtXε and aεt = EtX

ε
, where we have noted (Γtw) = (Γw)(t) and (Etw) = (Ew)(t).

The existence and uniqueness of solutions of Xε
t , solution of (4.3) will result from the following

assumptions:
for any w ∈ C(R+,R), put

σ̄t(w) = σ(Γtw)

b̄t(w) = b(Γtw)

We have:

i) σ̄t is a non-anticipative functional with value in Md×k and b̄t is a non-anticipative functional
with value in Rd, cf Anderson, R.and Orey, S. (1976) for the definition.

ii) Input w̄ is jointly measurable in w and there exist a constant M > 0 such that

sup
0≤s≤t

|b̄s(w)| ≤M(1 + 2 sup
0≤s≤t

|ws|)

sup
0≤s≤t

|b̄s(w)− b̄s(w′)| ≤M(1 + 2 sup
0≤s≤t

|ws − w′s|), ∀w,w′ ∈ C(R+,R).

iii) Input σt(w) is jointly measurable in w and there exist a constant K > 0 such that

sup
0≤s≤t

|σ̄s(w)| ≤M(1 + 2 sup
0≤s≤t

|ws|)

sup
0≤s≤t

|σ̄s(w)− σ̄s(w′)| ≤M(1 + 2 sup
0≤s≤t

|w − w′|), ∀w,w′ ∈ C(R+,R).

We are interested in the following if, on the one hand, X
ε
t is still a solution of the differential

equation in the space B0
M2,wα and on the other hand, to etablirsh the LDP associated with its law.

For all λ ≥ 1
2
, from the theorem 2 in Mellouk, M. (1994) and the remark I in Eddahbi, M., Nzi, M. and

Oukinine, Y. (1999), we easily have the existence of solutions Xε
t in B0

M2,wα . For all 0 ≤ λ < 1
2
, the

theorem 2 in Mellouk, M. (1994) shows that Xε
t almost certainly belongs to B0

M2,wα .
Now, let h ∈ H([0, 1],Rd) be the absolutely continuous functions space with

∫ 1

0
|ḣs|2ds < ∞ and

define g = Sz(h) if and only if :

gt = z +

∫ t

0

{σ(gs).ḣs + b(gs)}ds+ e1.at; (gt)1 > 0 (4.4)

and as continuous increasing process, a0 = 0 et
∫ 1

0
1x1=0(gs)das = at.

We have gt = Γtk and at = Etk where k is solution of

kt = z +

∫ t

0

{σ(Γk)ḣs + b(Γsk)}ds. (4.5)

Put k = Sx(h). Define λ̄ : B0
M2,wα → [0,+∞] by

λ̄(h̄) = inf{λ(h);h ∈ H([0, 1],Rd) such that h̄ = S(h)}. (4.6)

Theorem 4.1. Assume that (L) is satisfied. Then the family P̄ ε = P ◦ (Xε)−1 of laws of Xε satisfy a
LDP with the good rate function λ̄.

Consider the rates functions on B0,d++
M2,wα

and B0,d+
M2,wα

λ̄+(g, a) = inf{λ̄(k); ∃k ∈ B0
M2,wα such that g = Γ k and a = Ek}

inf ∅ = +∞
(4.7)

5
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and 
¯̄λ+(g) = inf{λ̄(k);∃k ∈ B0

M2,wα such that g = Γ k}

inf ∅ = +∞
(4.8)

where γ, E, λ̄ are define in (4.2), (4.6) and
B0,d++
M2,wα

= {f ∈ C([0, 1],Rd,+ × R+); ‖ f ‖M2,wα<∞, limj∧p→∞ 2
−j( 1

2
−α+ 1

p
)
p−γ(1 + j)−λ ‖ fj,. ‖p=

0}
B0,d+
M2,wα

= {f ∈ C([0, 1],Rd,+); ‖ f ‖M2,wα<∞, limj∧p→∞ 2
−j( 1

2
−α+ 1

p
)
p−γ(1 + j)−λ ‖ fj,. ‖p= 0}.

Theorem 4.2. i) Let Q
ε

be the law of (Xε, aε) solution of (4.1), Q
ε ∈ M1(B0,d++

M2,wα
) the probability

measure space on B0,d++
M2,wα

.
Then Q̄ε satisfy a LDP with the good rate function λ̄+ define in (4.7).
ii) Let Qε be the law of Xε, solution of (4.1), Qε ∈ M1(B0,d+

M2,wα
) the probability measure space on

B0,d+
M2,wα

.
Then Qε satisfy a LDP with the good rate function ¯̄λ+ define in (4.8).

Proof. In Anderson, R.and Orey, S. (1976), we have Γψ − ψ = (Eψ, 0, ..., 0), it suffices to show that
Γ is continuous and to apply the principe of contractions.
Let ψ1 and ψ2, two elements of C([0, 1],Rd)

‖ Γψ1 − Γψ2 ‖M2,wα=‖ Γψ1 − Γψ2 ‖M2 + sup
0≤s≤1

wM2(Γψ1 − Γψ2, s)

wα,λ(s)

but

‖ Γψ1 − Γψ2 ‖M2 = inf
{
τ > 0,

1

τ

[
1 +

∫ 1

0

M2(τ |Γsψ1 − Γsψ2|)ds
]}

with

M2(τ |(Γsψ1 − Γsψ2)(s)|) = exp
{

(τ |Γsψ1 − Γsψ2|)2
}
− 1

≤ exp
{

(2τ sup
s≤t
|ψ1(s)− ψ2(s)|)2

}
− 1

= exp
{(

2τ ‖ ψ1 − ψ2 ‖∞
)2}− 1

= M2(2τ ‖ ψ1 − ψ2 ‖∞)

= M2(τ1 ‖ ψ1 − ψ2 ‖∞)

where τ1 = 2τ , we have
‖ Γψ1 − Γψ2 ‖M2≤ 2 ‖ ψ1 − ψ2 ‖M2

and

wM2(Γψ1 − Γψ2, s) = sup
0≤h≤s

‖ ∆h(Γψ1 − Γψ2) ‖M2

with

‖ ∆hΓψ1 − Γψ2 ‖M2 = inf
{
τ > 0,

1

τ

[
1 +

∫ 1

0

M2(τ |∆hΓsψ1 − Γsψ2|)ds
]}
,

|∆hΓsψ1 − Γsψ2| =
∣∣1[0,1−h](s)

(
(Γs+hψ1 − Γs+hψ2)− (Γsψ1 − Γsψ2)

)∣∣
≤ 4 sup

s≤t
|ψ1(s)− ψ2(s)|

= 4 ‖ ψ1 − ψ2 ‖∞

6
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then

M2(τ |∆hΓsψ1 − Γsψ2|) ≤ M2(4τ ‖ ψ1 − ψ2 ‖∞)

≤ M2(τ2 ‖ ψ1 − ψ2 ‖∞)

where τ2 = 4τ , we have
‖ ∆hΓψ1 − Γψ2 ‖M2≤ 4 ‖ ψ1 − ψ2 ‖M2

then

sup
0≤s≤1

wM2(Γψ1 − Γψ2, s)

wα,λ(s)
≤ C ‖ ψ1 − ψ2 ‖M2 .

Finally, we have
‖ Γψ1 − Γψ2 ‖M2,wα≤ K ‖ ψ1 − ψ2 ‖M2,wα .

Theorem 4.3. Assume L, for any r > 0, A > 0 and ρ > 0, there exist ε0, α, r̃ > 0 such that for all
‖ h ‖H≤ A, if ε 6 ε0, |z − x| < r̃, we have:

P (‖ Xε − g ‖M2,w + ‖ aε − a ‖M2,w> ρ; ‖
√
εW − h ‖< α) ≤ exp(−r

ε
).

Proof. Given the Lipschitz character of Γ and E, it suffices to show the following proposition:

Proposition 4.1. For all r >, ρ > 0 and for all A > 0, there exist ε0, α, r̃ > 0 such that for all
‖ h ‖H≤ A, if ε 6 ε0, |z − x| < r̃, we have:

P (‖ Xε − k ‖M2,wα> ρ, ‖
√
εW ‖< α) ≤ exp(−r

ε
).

Let us first deal with the case h = 0. The important step of the proof then lies in the following
property: for all r, a > 0 and for all ρ > 0, there exist α > 0 such that if ‖ h ‖H≤ a and for all ε small
enough,

P{‖
√
ε

∫ .

0

σ(ΓsX
ε
)dWs ‖M2,w≥ ρ, ‖

√
εW ‖≤ α} ≤ exp(−r

ε
).

For any n ∈ N, we consider the approximation sequence of the process X
ε,n
t defined by X

ε,n
t = X

ε
tk

if t ∈
[
k
n
, k+1
n

]
for all k ∈ {0, 1, ..., n − 1}. Note that the application Γ extends to the functions r.c.l.l.

so, in particular, to the processes X
ε,n
t with the same property :

‖ Γψ1 − Γψ2 ‖≤ K ‖ ψ1 − ψ2 ‖M2,w .

We have for any γ > 0, n ∈ N

A =
{
‖
√
ε

∫ .

0

σ(ΓsX
ε
) ‖M2,w≥ ρ, ‖

√
εW ‖≤ α

}
⊂ A1 ∪A2 ∪A3

with A1 =
{
‖
√
ε
∫ .
0
[σ(ΓsX

ε
) − σ(ΓsX

ε,n
)]dBs ‖M2,w≥ ρ

2
, ‖ Xε − Xε,n ‖≤ γ

}
, A2 =

{
‖ Xε −

X
ε,n ‖≥ γ

}
and A3 =

{
‖
√
ε
∫ .
0
σ(ΓsX

ε,n
)dWs ‖M2,w≥ ρ

2
, ‖
√
εW ‖≤ α

}
.

In Doss, H. and Priouret, P. (1983), we have for all r > 0 and for all γ > 0 there exist ε0 and n such
that for all 0 < ε < ε0, we have:

P (A2) ≤ exp(−r
ε

)

As on ‖ Xε −Xε,n ‖≤ γ, ‖
√
ε[σ(ΓsX

ε
)− σ(ΓsX

ε,n
)] ‖∗∗2 2 ≤ 4εM2γ2.

Consequently by lemma (3.4), we get

P (A1) ≤ C exp
(
− ρ2

Cγ2ε

)

7
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To estimate the last term P (A3), we have

‖
√
ε

∫ .

0

σ(ΓsX
ε,n

)dWs ‖M2,w =
√
ε ‖

n∑
j=0

σ(X
ε,n
tj )[W (tj+1 ∧ .)−W (tj ∧ .)] ‖M2,w

≤
√
ε

n∑
j=0

‖ σ(X
ε,n
tj )[W (tj+1 ∧ .)−W (tj ∧ .)] ‖M2,w

≤ 2
√
εMn ‖W ‖∗∗

because the norm ‖ . ‖M2,w is dominated by the norm ‖ . ‖∗∗.
By using lemma (3.3), we have:

P (A3) ≤ C max
(
1,
( ρ

16lMnα

)2)
exp

(
− ρ2

Cε16M2n2
log
( ρ

16lMnα

))
(4.9)

where C is a constant wich depends only on of l and M.
For a given r > 0 and ρ > 0, we choose γ > 0 small enough such that ρ

Cγ2
> r, then we choose n

large enough such that
P (A1) ≤ C exp

(
− r

ε

)
and then we choose

(
ρ2

16M2n2 log
(

ρ
16lMnα

))
> Cr in (4.9), wich complete the proof of proposition.

In the general case, the following lemma allows us to reduce the proof to that of case h = 0. In
this operation, the fields bε, ε > 0, take the form

bε(s, x) = bε(x) + σ(x)ḣ(s)

b(s, x) = b(x) + σ(x)ḣ(s).

Lemma 4.4. For all h ∈ H, let Xε and k be processss such that : for all t ∈ [0, 1]

Xε
t = x+

√
ε

∫ t

0

σ(ΓsXε)dW ε
s +

∫ t

0

(bε(ΓsXε) + σ(ΓXε).ḣ(s))ds,

where W ε of the same law as W

kt = z +

∫ t

0

(σ(Γsk).ḣ(s) + b(Γsk))ds

then, for all a, r, ρ > 0, there exist ε0, α, r̃ > 0 such that if
∫ 1

0
|ḣ|2ds ≤ a, ε ≤ ε0, |z − x| < r̃, we have

P{‖ Xε − k ‖M2,w≥ ρ, ‖
√
εW ε ‖≤ α} ≤ exp(−r

ε
)

Proof. We have:

Xε
t − kt = x− z +

∫ t

0

(bε(ΓsXε)− bε(Γsk))ds+

∫ t

0

(bε(Γsk)− b(Γsk))ds

+

∫ t

0

σ(ΓsXε)− σ(Γsk))ḣsds+

∫ t

0

√
εσ(ΓsXε)dWs.

Put Iεt =
∫ t
0

√
εσ(ΓsXε)dWs, for δ > 0 such that ‖ Iεt ‖≤‖ Iεt ‖∗∗≤ δ and supx∈Rd |bε(x)− b(x)| ≤ δ.

Then

‖ Xε
t − kt ‖≤ |x− z|+ sup

x∈Rd
|bε(x)− b(x)|+ ‖ Iεt ‖ +M

∫ t

0

(1 + |ḣs|) sup
u≤s
|Xε

u − ku|ds.

8
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By Gronwall’s lemma, if ε ≤ ε0 et |x− z| < r̃ < δ, we have

‖ Xε
t − kt ‖≤

(
|x− z|+ sup

x∈Rd
|bε(x)− b(x)|+ ‖ Iεt ‖

)
exp

(
M

∫ t

0

(1 + |ḣs|)ds
)

then

‖ Xε
t − kt ‖ ≤ 3δ exp(M(1+ ‖ h ‖H))

= δC.

And then,

‖ Xε
t − kt ‖

∗∗ ≤ |x− z|+ ‖ Iεt ‖∗∗

+ ‖
∫ .

0

(bε(ΓsXε) + σ(ΓsXε))ḣs − (b(Γsk) + σ(Γsk).ḣs)ds ‖∗∗

≤ |x− z|+ ‖ Iεt ‖∗∗ + sup
x∈Rd

|bε(x)− b(x)|

+ sup
0≤u≤v≤1

∫ v

u

M(1 + |ḣs|)|Xε
s − ks|

w(|v − u|) ds

≤ 3δ + sup
0≤u≤v≤1

M

w(v − u)

∫ v

u

(1 + |ḣs|)|X
ε
s − ks|ds.

From Cauchy-Schwartz inequality and expression (4.10), we have

‖ Xε
t − kt ‖

∗∗ ≤ 3δ + 2M(1+ ‖ h ‖H)δC sup
0≤u≤v≤1

√
v − u

w(v − u)

≤ δC

where C is a constant wich depends only on of h, M and l.

Lemma 4.5. For all A ≥ 0, the mapping

Rd,+ ×
(
B0
M2,wα ∩

{
h ∈ H([0, 1],Rk);

1

2

∫ 1

0

|ḣs|2ds ≤ A
})
→ B0,d++

M2,wα

wich to (x, h)→ (g, a) solution of (4.4) is continuous.

Proof. Let xn → x in Rd,+,
hn → h in B0

M2,wα ∩
{
h ∈ H([0, 1],Rk); 1

2

∫ 1

0
|ḣs|2ds ≤ A

}
. Let knt be the solution of (4.5) relative xn

and hn.

‖ knt − kt ‖M2,wα=‖ knt − kt ‖M2 + sup
0≤t≤1

wM2(knt − kt, t)
wα,λ(t)

.

But ‖ knt − kt ‖M2= inf
{
τ > 0, 1

τ

[
1 +

∫ 1

0
M2(τ |knt − kt|)dt

]}
with

|knt − kt| =
∣∣ ∫ t

0

{
(σ(Γsk

n)− σ(Γsk))ḣns + b(Γsk
n)− b(Γsk) + σ(Γsk)(ḣns − ḣs)

}
ds
∣∣.

By the triangular inequality, using the hypothesis (L), we have :

|knt − kt| ≤M
∣∣ ∫ t

0

(ḣns − ḣs)ds
∣∣+M

∣∣ ∫ t

0

(Γsk
n − Γsk)ds

∣∣+M
∣∣ ∫ t

0

(Γsk
n − Γsk)ḣns ds

∣∣.
By using Schwartz’s inequality, we obtain

|knt − kt| ≤M(

∫ t

0

|ḣns − ḣs|2ds)
1
2 + 2M

∫ t

0

sup
s≤t
|(kns − ks)|(1 + ḣs)ds.

9
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Therefore, Gronwall’s lemma implies

|knt − kt| ≤
(
M ‖ hn − h ‖H([0,1],Rk)

)
exp

{
2M2

1
2 (1 + 2A)

1
2
}

= K ‖ hn − h ‖H([0,1],Rk)

where K is a constant depends on A.
Then

M2(τ |knt − kt|) ≤ M2

(
τK ‖ hn − h ‖H([0,1],Rk)

)
= M2

(
τ3 ‖ hn − h ‖H([0,1],Rk)

)
where τ3 = τK, we have

‖ knt − kt ‖M2≤ K ‖ h
n − h ‖M2 .

And then,
wM2(kn − k, t) = sup

0≤h≤t
‖ ∆h(knt − kt) ‖M2

where

‖ ∆h(knt − kt) ‖M2= inf
{
τ > 0,

1

τ

[
1 +

∫ 1

0

M2(τ |∆(knt − kt)|dt
]}

with

|∆hk
n
t − kt| ≤ |knt+s − kt+s|+ |knt − kt|

≤
(
2M ‖ hn − h ‖H([0,1],Rk)

)
exp

{
2M2

1
2 (1 + 2A)

1
2
}

= K′ ‖ hn − h ‖H([0,1],Rk)

where K′ is a constant wich depends on A. Then,

M2(τ |∆(knt − kt)|) ≤ M2

(
τK′ ‖ ∆(hnt − h) ‖H([0,1],Rk)

)
= M2

(
τ4 ‖ ∆(hnt − h) ‖H([0,1],Rk)

)
where τ4 = τK′. We obtain,

‖ ∆h(knt − kt) ‖M2≤ K
′ ‖ hn − h ‖M2 .

Finally, we have:

‖ knt − kt ‖M2,wα = ‖ knt − kt ‖M2 + sup
0≤t≤1

wM2(knt − kt, t)
wα,λ(t)

≤ C ‖ hn − h ‖M2,wα

where C constant depending only on of A.

2-Case of an open of Rp

Let D be an open conex of Rp. We suppose that there exist a function u of class C2b such that

D = {u > 0}, ∂D = {u = 0},∇u(x) 6= 0 ∀x ∈ ∂D (4.10)

We consider on ∂D a vector field ν(x) of class C2b satisfying

< ∇u(x), ν(x) >> β > 0,∀x ∈ ∂D (4.11)

Under these assumptions, there exist, for all ∀x ∈ ∂D a local map (U, φ) containing x with φ =
(φ1, φ2, ..., φp) of class C2, U ∩D = {φ1 > 0} and φ∗ν = ∂

∂φ1
/φ(x). A map will be canonical at the

10
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edge.
We then consider the equation (1.1) and also the set of hypotheses (LD) for the coefficients σ and
bε(x) tends to b uniformly over D satisfying, for all x, y ∈ D:

|σ(x)| ≤M, |b(x)| ≤M, |σ(x)− σ(y)| ≤ K|x− y|, |bε(x)− bε(y)| ≤ K|x− y|.

Under these assumptions, there is existence and uniqueness of the solutions (Xε, aε) of the
equation (1.1) with aεt a continuous increasing process defined by

aε0 = 0 et aεt =

∫ t

0

1∂D(Xε
s )daεs

and they are defined on R+, (see Doss, H. and Priouret, P. (1983)).
Let (V, ϕ) be a canonical map at the edge and U an open of D̄ such that Ū ⊂ V , we define on

Rp

σ̃(z) = J(ϕ)∗σ(., z)ϕ−1(z), z ∈ ϕ(U), J(ϕ) Jacobien de ϕ, b̃i(z) = Lεϕi(ϕ−1(z)),

z ∈ ϕ(U)

(4.12)

Lεϕi =
1

2
ε(∇ϕi)∗σσ∗∇ϕi +∇ϕibε (4.13)

that one extends over all the space Rp to functions satisfying (L).
We then denote X̃ε

t (t0, x̃0), ãεt (t0, x̃0) the solutions of

X̃ε
t = x̃0 +

√
ε

∫ t

t0

σ̃(Xε
s )dws +

∫ t

t0

b̃(Xε
s )ds+ e1ã

ε
t , (X̃ε

t )1 ≥ 0. (4.14)

ãεt continuous increasing process, ãεt0 = 0,

ãεt =

∫ t

t0

1(X1=0)(X̃
ε
s )dãεs

Then for u < v, we have a.s. on {Xε
s ∈ U} ∀s ∈ [u, v],

ϕ(Xε
s ) = X̃ε

s−u(u, ϕ(Xε(u))), aεs − aεu = ãεs−u(u, ϕ(Xε
u)) ∀s ∈ [u, v].

For h ∈ H([0, 1],Rd), with 1
2

∫ 1

0
|ḣ|2ds ≤ a, we define (ht, at) as solution of

gt = z +

∫ t

0

{σ(gs).ḣs + b(gs)}ds+

∫ t

0

ν(gs)das, avec gt ∈ D̄, (4.15)

at continuous increasing process, a0 = 0 and
∫ 1

0
1x1=0(gs)das = at.

Under the assumption LD, it is easily to etablish the existence and uniqueness of the solution of
(4.15) on R+. Put

g̃s = σ(gs)ḣs + b(gs), (4.16)

u(gt)− u(z) =

∫ t

0

∇u(gs)g̃sds+

∫ t

0

∇u(gs)das (4.17)

We remark if t0, t1 are such that gt0 ∈ ∂D, gt1 ∈ ∂D and gt ∈ ∂D if t0 < t < t1, we have∫ t1

t0

∇u(gs)g̃sds = 0 since as is flat on ]t0, t1[.

11
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By using the same arguments that Doss, H. and Priouret, P. (1983), we have the formulas:

ct =

∫ t

0

∇u(gs)ν(gs)das = −
∫ t

0

∇u(gs)g̃s1∂Dgsds (4.18)

at = −
∫ t

0

∇u(gs)g̃s
∇u(gs)ν(gs)

1∂Dgsds (4.19)

where g̃s = σ(gs)ḣs + b(gs).
By (4.11), on a:

Lemma 4.6. Doss, H. and Priouret, P. (1983) Let T,A > 0 and K a compact and let (gt, at) the
solutions of (4.15) with z ∈ K et ‖ h ‖H≤ A, then

i) gt and at are absolutely continues with ġt and ȧt in L2([0, T ]).

ii) there exist of constants C1(T,A,K) and C2(T,A,K) such that:

sup
t≤T
|gt| ≤ C1(T,A,K),

∫ T

0

|ġs|2ds ≤ C2(T,A).

We have, (Xε, aε) and (g, a) denoting the solutions of (1.1).

Theorem 4.7. For all r, A, ρ > 0 and K compact of D, there exist ε0, α, r̃ > 0 such that if ‖ h ‖H≤ A,
ε ≤ ε0, |x− z| ≤ r̃, z ∈ K, we have :

P (‖ Xε − g ‖M2,w + ‖ aε − a ‖M2,w> ρ, ‖
√
εW − h ‖< α) ≤ exp(−r

ε
)

Theorem 4.8. For all r, A, ρ > 0 and K compact of D, there exist ε0, α, r̃ > 0 such that ‖ h ‖H≤ A,
ε ≤ ε0, |x− z| ≤ r̃, z ∈ K, we have :

P (‖ Xε − g ‖M2,w + ‖ aε − a ‖M2,w> ρ, ‖
√
εW − h ‖< α) ≤ exp(−r

ε
)

Proof. By lemma (4.6)

‖ g ‖M2,w = ‖ g ‖M2 + sup
0≤t≤1

wM2(g, t)

wα,λ(t)

≤ C(T,A,K)

because

‖ g ‖M2= inf
{
τ > 0,

1

τ

[
1 +

∫ 1

0

M2(τ |gt|)dt
]}

with

M2(τ |gt|) = exp{(τ |gt|)2} − 1

≤ exp
{(
τC1(T,A,K)

)2}− 1

then
‖ g ‖M2≤ C

′
1(T,A,K), ∀ τ > 0

and

wM2(g, t) = sup
0≤h≤t

‖ ∆hg ‖M2

12
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with

‖ ∆hgt ‖M2 = inf
{
τ > 0,

1

τ

[
1 +

∫ 1

0

M2(τ |∆hgt|)dt
]}
,

|∆hgt| =
∣∣1[0,1−h](t)

(
gt+h − gt

)∣∣
≤ 2C1(T,A,K)

thus
M2(τ |∆hgt|) ≤ exp

{(
2τC1(T,A,K)

)2}− 1

then
wM2(g, t) ≤ C′′1 (T,A,K)

and then

sup
0≤t≤1

wM2(g, t)

wα,λ(t)
≤ sup

0≤t≤1

C′′1 (T,A,K)

wα,λ(t)

= C′′′1 (T,A,K).

We can build δ > 0, 0 < α < β and of maps (U1, ϕ1),...(Uq, ϕq) such that :

i) The Ui are open of Rd, canonical maps at the edge.

ii) The Ui cover B(0, C), closed ball with center 0, of radius C.

iii) For all x ∈ D ∩B(0, C), B(0, δ) ⊂ Ui for some i.

iv) For all i and x, y ∈ Ui, α ≤ |ϕ(x)−ϕi(y)||x−y| ≤ β.

Let x1, x2, ..., xq ∈ x ∈ D ∩ B(0, C) be such that the balls B(xi,
δ
4
) cover D ∩ B(0, C) and let

Vi = B(xi,
δ
2
). We fix A, T, r, then for all ρ > 0, there exist r̃(ρ), ε0(ρ), α(ρ) such that if ‖ h ‖H≤ A,

0 ≤ s ≤ t ≤ T and if for some i g([s, t]) ⊂ Vi, we have, for ε ≤ ε0(ρ)

P
(
‖ Xε − g ‖M2,w,[s,t] + ‖ aε − a ‖M2,w,[s,t]> ρ, |Xε

s − gs|+ |aεs − as| ≤ r̃(ρ),

‖
√
εW − h ‖< α

)
≤ exp

(
− r+1

ε

)
This results from theorem (4.3) because thanks to (iii) and (iv), such a probability is evaluated in a
map (Ui, ϕi) of the ρ < δ

2
. Let us define t0 = 0, t1 = inf{t > t0; |gt − z| > δ

4
},..., ti+1 = inf{t >

ti; |gt − gti | > δ
4
},... as ‖ g ‖M2,w≤ C(T,A,K), we thus build a sequence t0 = 0 < ... < tm = T with

m ≤ N = N(T, a,K) and g([ti, ti+1]) ⊂ Vi = B(xi,
δ
2
) for some i. Then

P
(
‖ Xε − g ‖M2,w,[0,T ] + ‖ aε − a ‖M2,w,[0,T ]> ρ, ‖

√
εW − h ‖< α

)
≤ P

(
‖ Xε − g ‖M2,w,[0,T ] + ‖ aε − a ‖M2,w,[0,T ]>

ρ
2
, ‖
√
εW − h ‖< α

)
≤ P

(
‖ Xε − g ‖M2,w,[0,t1] + ‖ aε − a ‖M2,w,[0,t1]>

ρ
2
, ‖
√
εW − h ‖< α

)
+
∑m−1
i=1 P

(
‖ Xε − g ‖M2,w,[ti,ti+1] + ‖ aε − a ‖M2,w,[ti,ti+1]> ρm−i,

|Xε
s − gs|+ |aεs − as| ≤ ρm−i+1, ‖

√
εW − h ‖< α

)
,

where ρ1 = ρ
2
, ρi+1 = inf{r̃(ρi), ρi}.

Put
α = inf{α(ρ1), ..., α(ρn)}, ε0 = inf{ε(ρ1), ...ε(ρn)}, r̃ = inf{r̃(ρ1), ...r̃(ρn)};

if ε ≤ ε0, |x− z| ≤ r̃,

P
(
‖ Xε − g ‖M2,w + ‖ aε − a ‖M2,w> ρ, ‖

√
εW − h ‖< α

)
≤ N exp

(
− r + 1

ε

)
,

it suffices to choose ε ≤ ε1 for that N exp
(
− r+1

ε

)
≤ exp

(
− r

ε

)

13
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Put g = T (h) when (g, a) is the solution of (4.15). Define λD1 : B0,D
M2,w

→ [0,+∞[ by

λD1 (g, a) = inf{λ(h);h ∈ H([0, 1],Rk) such that g = T (h)} (4.20)

where

λ(h) =


1
2

∫ 1

0
|ḣ(s)|2ds si h ∈ H

+∞ outside

and then, put g = TA(h). Note that λD2 : B0,D
M2,w

→ [0,+∞[ by

λD2 (g) = inf{λ(h);h ∈ H([0, 1],Rk) such that g = TA(h)}

If λD2 (g) < ∞, ∃h ∈ H([0, 1],Rk) with λ(h) < ∞ and as only increasing on {s : gs ∈ ∂D} and
satisfying

∫ 1

0
ȧ2s1∂D(gs)ds <∞ such that (4.15). We have

λD2 (g) = inf
{
λD1 (g, a), a(.) =

∫ .
0
βs1∂D(gs)ds; βs mesurable ≥ 0,∫ 1

0
β2
s1∂D(gs)ds <∞

} (4.21)

Theorem 4.9. i) LetQ
ε,D

be the law of (Xε, aε) solution of (4.1), Q
ε,D ∈M1(B0,D+

M2,wα
) the probability

measure space on B0,D+
M2,wα

.

Then Q
ε,D

satisfy a LDP with the good rate function λD1 define in (4.20).
ii) Let Qε,D be the law of Xε solution of (4.1), Qε,D ∈ M1(B0,D

M2,wα
) the probability measure space

on B0,D
M2,wα

.
Then Qε,D satisfy a LDP with the good rate function λD2 define in (4.21).

Proof. This theorem results from theorem (4.8).

Proposition 4.2. For all A ≥ 0, the mapping

D ×
(
B0
M2,wα ∩

{
h ∈ H([0, 1],Rk);

1

2

∫ 1

0

|ḣs|2ds ≤ A
})
→ B0,D

M2,wα

wich to (x, h)→ (g, a) solution of (4.15) is continuous.

Proof. This proposition results from lemma (4.5) and the collations of the theorem (4.8).

5 CONCLUSIONS
The first section established the aim of the work which prove the large deviations of small random
perturbation for dynamical systems with reflecting boundary in Besov-Orlicz space. The second
section concerned the topology of Besov-Orlicz space and some definitions and results are given
in the third section to establish the main theorems wich extend the result of Rajaonarison, L.I. and
Rabeherimanana, T.J. (2014) on the Besov-Orlicz space for the case Y = Z = 0.
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