British Journal of Mathematics & Computer Science
X(X): XX-XX, 20XX

SCIENCEDOMAIN international

www.sciencedomain.org

Small random perturbations for dynamical systems with
reflecting boundary in Besov-Orlicz space

D.M. RAKOTONIRINA *!, H.J. ANDRIATAHINA *** and T.J.
RABEHERIMANANA **3

1.2,3 Mention: Mathematics and Informatica,
Sciences and Technology Domain,

Antananarivo University, B.P. 906, Ankatso 101,

Original Research

Article
Received: XX December 20XX
Accepted: XX December 20XX
Online Ready: XX December 20XX
Abstract
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1 Introduction

Let (X*¢, a®) be the solution of the equation definied by :
t t t
Xi=x+ \@/ o(X5)dW, + / be(X5)ds +/ v(X$)dal (1.1)
0 0 0

with X; € D (D is a regular connected open set of R? ), af is a continuous increasing process
increasing only on {s; X € 0D} and v(x) is a non-tangent vector field on 9D.

We suppose that b., b are vector fields defined on R? and ¢ a matrix field d x [ on R? satisfying the
following conditions:

i) o etb. are bounded lipschitzian.

ii) be — b uniformly when e — 0.
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W is a brownian motion with value in R’ defined on the filtered probability space (Q, F, F:, P).

In this paper, we want to establish the LDP of the equation (1.1) on the Besov-Orlicz space. The
case 0D = @ has been studied by Freidlin, M. and Wentzell, A. (1984) see also Varadhan, S.R.S
(1984), Azencott, R. (1980) and Stroock, D.W. (1984) for the uniform norm, then in Ben Arous, G.
and Ledoux, M. (1994) see also Baldi, P. and Caramellino, L. (2011), they have shown the LDP of
this equation for the Hélderian norm and Eddahbi, M., Nzi, M. and Oukinine, Y. (1999) on the Besov-
Orlicz space. The general case has been studied by Anderson, R.and Orey, S. (1976) and Doss, H.
and Priouret, P. (1983) for a regular domain, then Dupuis, P. (1987) for a convex domain and Sheu,
S.S. (1998) for a non regular domain that is normally reflected.

Our goal is to prove that we can extend the result of Rajaonarison, L.I. and Rabeherimanana,
T.J. (2014) and Doss, H. and Priouret, P. (1983) and Anderson, R.and Orey, S. (1976) on the large
deviations of the law of X* solution of (1.1) to the topology of the Besov-Orlicz space defined by the
Young function

exp(|z|®) — 1 s11<p<2
Mp(z) =

Eﬁ($)—Eﬁ(0) Si0<ﬁ<1
where Eg(—z) = Eg(x) is the extension of the convex part of exp(z”) on |z, 400 by its tangent at
zp > 0 and the continuity modulus wa (t) = t*(1 + log 1)*.
It is useful in section 1 to present some notions and results on the topology of Besov-Orlicz space.
The section 2 will be devoted to the general results of this work. The last section is devoted to the
proof of the main theorem, the theorem (4.3) and (4.7).

2 Preliminaries

In this section we recall useful facts about the Besov-Orlicz space functions.
Let B, w, denote the Besov-Orlicz space of continuous functions f : [0,1] — R¢ such that ||
J lImg,wa < 00. Forall a > 0, put

B wag (f, )
I f 1ap,wa, = f 1Ing +OS§‘§21 wor ()
where waa(t) = t*(1 +log H)*Va > 0, || f [|m,= inf{r > 0,2[1 + fol Mg (7|f(t)])dt]} and
wir, (f, 1) = suPg<p<; || Anf [|ar, with

Apf(z) = 1io,1-n(@)(f(z + h) — f(2)),Vh € [0,1].

We will use the equivalent of Cieleski, Z., Kerkyacharian, G. and Roynette, B. (1993). Let x1, xj.x,J =
0,1....k = 1.2 suppx;x = [(k—1)/27, k/2’] be the set of Haar functions over the interval [0, 1], and
let po(t) = 1,p1(t) = t,05k(t) = fO’ X;.k(s)ds be the set of Schauder functions. For all continuous
functions f : [0,1] — R, its development in series of Schauder is given by

F(t) = foo(t) + fron(t) + > fikeik(t)
7,k
where fo = f(0), fi = f(1) — f(0) and

fir =28 (PO 1)~ UGy — 1))

are the coefficients of f in this base.
Let Bﬁ%wa be the subspace of B, ,w, corresponding to the sequences f;, i such that
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. (i _atly _ N
B?ﬂa,wa = {f € C([O7 1]7Rd);” f ||A[27wu< Oo7hmj/\P*>002 G +p)p ’Y(l +]) A H fj;- ”P: 0}
where
2d

I i o= (S 1fsl?) 7 et By =1

k=1

B?wﬁ,wa is a separable Banach space.
For all po > 1, the norms || f ||ars,w, and || f ||* are equivalent (cf.Cieleski, Z., Kerkyacharian, G.
and Roynette, B. (1993)) where

« _i(l_galy _ e
| f "= max (| fol, |f1], sup sup2 /=% 2™ (1 + )7 | £ )
p>po j=>0

forall L <a<landa>0.
j2) 2

Consider the following norm that are crucial in the proof of our results :

Fle s HO=10)

o<s<t<1i w(t—s)
this is dominated by the norm

| l-=max (If()],sup sup 2Ly,

>0 0<k <2i V147

It is easy to see that there exist D1 > 0 and D, > 0 such that || f ||ars,0w< D1 || fI""< D2 || f ||+

3 Definitions and general results

In this section, we recall some definitions and results.

Definition 3.1. A function I : E — [0; +o0] is called a rate function if it is semi-continuous lower
(s.c)ie. Vf, — f,then I(f) < limy— 400 inf I(fy). Thus, if for any a < oo, T'y = {z € E,I(z) < a}
is compact, then I is a good rate function.

Definition 3.2. For a function I, the probability family {P}.-o satisfy the LDP with a good rate
function | if we have:

i) For every openset O of £
lim i%fa log P-(0) > —I(0)
e—>

ii) For every closed set F of
limsupelog P.(F) < —I(F).

e—0

where I(A) = ;1612 I(x)

Mellouk, M. and Millet, A. (1998) have proved the following Schilder theorem

Theorem 3.1. Let P° be the law of eW on B?qum equipped with the norm |||| a5, w.. , then P satisfy
the LDP with the good rate function :

I(f) =

+00 outside

{ LI 1f(s)ds if feH
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Theorem 3.2. Let Q° be the probability measure family on a Polish space E satisfying the LDP with
a good rate function X and let F : E — E' be a continuous function. Denote by Q°=Po F~! the
image measure family of P¢, then {Q°} satisfy the LDP with the good rate function X define by

AMy)= inf A(z).

z:F(z)=y
Let us recall the two lemmas, cf Eddahbi, M., Nzi, M. and Oukinine, Y. (1999).

Lemma 3.3. There exist a constant C = C; such that for all A\ > 0 and u > 0 with A > 4iu > 0 and
A > 2+/log 2 we have

PLIW 2 AW 1< ] < Cmax(1,1((57:)?) exp (= Fin(50)

Lemma 3.4. There exist a constant C' = Cy such that for all u > 2+/log 2 and all process K on [0, 1]

2

PU [ KW, 72 | K |<1] < Coxp (— ).
0

4 Main results and discussion

1-Case of the half-space

We take for D = R} the set of (21, ..., 2p), 21 > 0; e1 = (1,0, ...,0). Consider (X¢,a®) the solution of
t t

Xi=zx+ \/E/ o (X5)dws —l—/ b(X:)ds + era; (4.1)
0 0

(X' >0,e1 = (1,0, ...,0)
and a; a continuous increasing process verifying

¢
ag = 0 and ai = / 1(p1—0) (X7 )das.
0

We give on R a fields of matrix p x d,o(z) and fields of vectors b.(z),b(z) satisfying the set of
conditions (L):

(i) o and b. are Lipschitz.

(i) be converge uniformly to b when ¢ tends to 0.

Under (L), thre is existence and uniqueness of solutions of (4.1). Recall the construction given by
Anderson, R. & Orey, S. Anderson, R.and Orey, S. (1976). For w = (w', ...,w?) € C(RT,R?), denote

Ew =" et D(w) = (w' + @, ..., w") (4.2)

where @' (t) = — inf,<;(w'(s) A 0),
with z A y = inf(z, y).
Then, T verify

sup |Tsw — Dsw'| < 2sup |w(s) — w'(s)]
s<t s<t

and if X¢ is solution of

t t
Xf—atvE [ o Xdu. + [ HE. X 43)
0 0
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We have X; = '/ X¢ and af = F; X, where we have noted (T';w) = (T'w)(t) and (Eyw) = (Ew)(t).
The existence and uniqueness of solutions of X¢, solution of (4.3) will result from the following
assumptions:

for any w € C(R+,R), put

We have:

i) &: is a non-anticipative functional with value in Mgy and b; is a non-anticipative functional
with value in R¢, cf Anderson, R.and Orey, S. (1976) for the definition.

ii) Input w is jointly measurable in w and there exist a constant M > 0 such that

sup [Be(w)] < M(1+2 sup |w.)

0<s<t 0<s<
sup |bs(w) — bs(w')| < M(1+2 sup |ws —wi|), Vw,w’ € C(Ry,R).
0<s<t 0<s<t

i) Input o, (w) is jointly measurable in w and there exist a constant K > 0 such that

sup [5.(w)] < M(1+2 sup [w.])

0<s<t 0<s<t
sup |5s(w) — &s(w')| < M(1+2 sup |w—w']),Vw,w’ € C(R4,R).
0<s<t 0<s<t

We are interested in the following if, on the one hand, X is still a solution of the differential
equation in the space B}, ., and on the other hand, to etablirsh the LDP associated with its law.
For all A > % from the theorem 2 in Mellouk, M. (1994) and the remark | in Eddahbi, M., Nzi, M. and
Oukinine, Y. (1999), we easily have the existence of solutions X; in B}, ... Forall0 < X < 1, the
theorem 2 in Mellouk, M. (1994) shows that X} almost certainly belongs to B}, .. -

Now, let h € #([0, 1], R?) be the absolutely continuous functions space with fol |hs|?ds < oo and
define g = S.(h) if and only if :

gt =z + /t{U(gs).hs +b(gs)}ds + er.as; (ge)1 =0 (4.4)
0

and as continuous increasing process, ap = 0 et fol 1z,=0(gs)das = as.
We have g, = I':k and a; = E.k where k is solution of

ke =2+ / t{a(I‘k)hs + b(T'sk)}ds. (4.5)

Put k = S, (h). Define X : BYy, ... — [0, +0o0] by

A(h) = inf{A(h); h € H([0,1],R?) such that h = S(h)}. (4.6)

Theorem 4.1. Assume that (L) is satisfied. Then the family P = P o (X=)~" of laws of X* satisfy a
LDP with the good rate function .

Consider the rates functions on By;2 " and B3;2"
{ At (g,a) = inf{\(k); 3k € B?Mz,wa such that g =T k and a = Ek}

inf) = +o0
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and

{ At (g) = inf{A(k); Ik € BYy, ... such that g =T k}
(4.8)

inf( = +o0
where v, E, X are define in (4.2), (4.6) and
_i(l_qyly _ N
Biistar = {f € CU0, 1, B 5 RY); || £ [[asy,wa < 00, limjnpsoe 277/ 7T 2 p 0 (14 5) 72 || . 1=

Mo, weq
0}
Bt = 10 € CU0 LR 1| £ ag i < 00, limjapoe 279905 (1 4 )7 | .. [lp=0}.
Theorem 4.2. i) Let Q" be the law of (X<, a%) solution of (4.1), Q" € My (BYH" ) the probability
measure space on Byt
Then Q¢ satisfy a LDP with the good rate function A+ define in (4.7).

i) Let Q¢ be the law of X¢, solution of (4.1), Q° € Ml(BR’,jfwu) the probability measure space on
B?V’Ij+wa °

Then Q¢ satisfy a LDP with the good rate function X+ define in (4.8).

Proof. In Anderson, R.and Orey, S. (1976), we have I'Y) — ¢ = (E%,0, ..., 0), it suffices to show that
T" is continuous and to apply the principe of contractions.
Let ¢; and vz, two elements of ([0, 1], R?)

wary (1 — Taa, 5)
wa 1 (8)

| Tpr — T2 (| My 00 =l T91 — T2 ||, + sup
0<s<1
but
1 1
| Ttpy —To [a, = inf {7 >0, ;[1 +/ My (7|Tstpr — Dstha|)ds] }
0
with
Mo(7|(Dstpr — Tsipa)(s)]) = exp {(r|Tsthr — Tura|)?} — 1

< exp {(275;12 [¥1(s) —2(s)])*} — 1

exp { (27 | 91 — 2 [l )°} — 1
Me(27 || 1 — 92 ||oo)
= Ma(m || Y1 — 2 ||oo)

where 71 = 27, we have
[ TY1 — Do lama < 2 || b1 — 2 ||,

and
wa, (Y1 —Tip2,8) = sup || Ap(Thr — T'2) ||as,
0<h<s
with
1 1
| ApTpr — Tpa |[a, = inf {7 >0, ;[1 +/ Ma(7|ApT stp1 — Data)ds] },
0
|ART s —Dotba| = [1jo,1-n) () (Dspnths — Dspntha) — (Dsthr — Tstha)) |
< Asup[yi(s) —¥a(s)]
= 4| ¥ -2 e
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then

Mo (7|ART 591 — Tstha|) Ma(47 || Y1 — 2 o)

<
< My(m2 || th1 — 2 ||oo)

where 72 = 47, we have
| AnTr = T2 [, < 4[| Y1 — Y2 [y
then
wary (1 — Taa, 5)
0<s<1 Wa, 2 ()

< Cllr =92 as, -

Finally, we have
| T1 — T2 (| Moywa < K || b1 — 2 ([ Mz wa -
O

Theorem 4.3. Assume L, forany r > 0, A > 0 and p > 0, there exist o, a, 7 > 0 such that for all
| h|[n< A, ife < eo, |2 — 2| < F, we have:

r
P X° =g llarsw + [l 0" = a [lanz0> p3 || VEW = h[|< @) < exp(=2).

Proof. Given the Lipschitz character of I" and E, it suffices to show the following proposition:

Proposition 4.1. For allr >,p > 0 and for all A > 0, there exist o, o, 7 > 0 such that for all
| h||u< A, ife < eo, |2 — 2| < 7, we have:

. r
P(I X™ =k [latz wa> ps | VEW [[< @) < exp(=2).

Let us first deal with the case h = 0. The important step of the proof then lies in the following
property: for all r,a > 0 and for all p > 0, there exist o > 0 such that if || & ||% < a and for all ¢ small
enough,

S .
P \@/ o(LsXT)dWs a0 p, | VEW [[< @} < exp(=2).
0

For any n € N, we consider the approximation sequence of the process X; " defined by X; " = Yfk
ift e [£ 2] forall k € {0,1,...,n — 1}. Note that the application I extends to the functions r.c..I.
so, in particular, to the processes X" with the same property :

| Ty = Do [|< K || 1 — 2 [[ag,00
We have forany v > 0,n € N

A={] \/g/'g(rsyf) M2, p, || VEW || a} C A1 U A2 U As
0

with Ar = { || Ve [5o(NX7) — U(F Ys’")}dB larw> 5, X° =X <9} A= { | X -

X" >~} and As = { || VE [; o(DsX™")dWs |lary,0> 5, (| VEW H< a}
In Doss, H. and Priouret, P. (1983), we have for all » > 0 and for all v > 0 there exist 9 and n such
that for all 0 < € < &9, we have:

P(A2) < exp(~)

Ason || X° — X" ||< 9, || Ve[o(Ts X)) — (T X)) |2 2 < 4e M 242
Consequently by lemma (3.4), we get
2

P(A;) <Cexp (- C;;Qs)
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To estimate the last term P(As), we have

| x/E/ (LX) dW: s = VeI Do (X8 )W i1 A) = Wt A ] a0
0 j=0
< VEY oKXW (k1 A) = Wty A D] a0
j=0
< 2VEMn || W™
because the norm || . ||as,,w is dominated by the norm || . ||**.

By using lemma (3.3), we have:

p 2 p p
< —_ - 4.
P(As) < Cmax (1, (75 0)") x (= Gyanrms 8 (Tgnma ) (4.9)
where C' is a constant wich depends only on of I and M.
For a given » > 0 and p > 0, we choose v > 0 small enough such that C%Q > r, then we choose n
large enough such that

P(A1) < Cexp (- 1)

and then we choose (s log (srfm=)) > Cr in (4.9), wich complete the proof of proposition. [

In the general case, the following lemma allows us to reduce the proof to that of case h = 0. In
this operation, the fields b., € > 0, take the form

be(s,z) = be(x) + o(x)h(s)
b(s, ) = b(x) + o(x)h(s).
Lemma 4.4. Forall h € H, let X< and k be processss such that : for allt € [0,1]
X0+t \/E/Ot (D, XF)AWE + /Ot(bg(rsﬁ) + o(TXF).in(s))ds,
where W¢ of the same law as W
ki =z+ /Ot(a(l“sk).h(s) + b(Dsk))ds
then, for all a,r, p > 0, there exist o, , 7 > 0 such that iffo1 \h\zds <a,e<eo, |z —z| <7, we have
PUIX — ks> p. | VEWS [[< 0} < exp(~7)
Proof. We have:
Xi—k = x—2+ /t(bs(rsﬁ) — bo(Tsk))ds + /t(bE(Fsk) — b(Tsk))ds
0 0
+ /Ot o(TsX¢?) — o(Dsk))hsds + /Ot Veo (D X2)dWs.

Put I; = fot Veo(T's X¢)dWs, for § > 0 such that || If ||<|| If ||**< 6 and SUp,cpa |be (z) — b(x)| < 9.
Then

t
I 37 = e 1< Jo = 2|+ sup [bo(a) = ba)|+ | 7 1|1 |1+ el sup [ — ulds:
z€RA 0 u<s
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By Gronwall’'s lemma, if ¢ < g et |z — 2| < 7 < , we have

t
I X5 = ke [|< (Jo — 2] + sup |be(x) — bx)[+ || I} || ) exp (M/ (1+ |ha|)ds)
0

zeRD
then
| X5 —kell < 3dexp(M(14 || b [l))
6C.
And then,
| X5 —ke | < =2+ I ™
+ H/(bE(I‘SF)Jra(FSF))hSf(b(Fsk)+a(Fsk).hs)ds [
0
<z =2+ [ I |7+ sup [be(x) — b(z)|
rERD
C e v M(1 4 |hs]) [ Xz —kal
0<u<v<1 |U - ’LLD
M . €
< 36+ sup 7/ (14 |hs])| X s — kslds.
o<u<v<t W(v —u) Jy,

From Cauchy-Schwartz inequality and expression (4.10), we have

I X7 —ke | < 36+2M>1+ || h|2)0C sup Yo%
o<u<o<t wW(v —u)

< oC

where C' is a constant wich depends only on of 4, M and .

Lemma 4.5. Forall A > 0, the mapping

Mo, wq

— 1 [t
REF x (B, . N {h € ([0, 1], R); 5/ lhalds < A}) — B
0

wich to (z,h) — (g, a) solution of (4.4) is continuous.

Proof. Let z,, — x in R+, )
ha — hin BSy, . N {h € H([0,1],R¥); L [} |hs|?ds < A}. Let &} be the solution of (4.5) relative x,
and hy.

n war, (k' — ke, t)
I = b =l 87 = gy + s 222 bt

But || k* — ki |[a=inf {7 > 0,211 + fo Ma (7|} — ke|)dt] } with
t
kP — kel = | / {(o(Tsk™) — o(Tsk))AZ + b(Tsk™) — b(Dsk) + o(Tsk) (A — hse) bds|.
0
By the triangular inequality, using the hypothesis (L), we have :
t t t
ki — ke| < M| / (h% — hs)ds| + M| / (Tok™ — Tok)ds| + M| / (Tsk™ — Dsk)hZds|.
0 0 0

By using Schwartz’s inequality, we obtain

t

t
|k — k| < M(/ |h? — hal?ds)? +2M [ sup|(k7 — ko)|(1 + he)ds.
0

0 s<t
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Therefore, Gronwall’s lemma implies
1 1
|kt — k| < (M| R" =R |l3q0,1,m%) ) exp {2M22 (1 +24)2 }
= K| h" —h ”’H([O,l],Rk)

where K is a constant depends on A.
Then

Ma(rlk —kal) < Ma(TK | B" = h |l3o,1),25) )
= Ma(7s | A" = h o0 -5 )

where 73 = 7K, we have
| ki — ke [a < K || ™ — h || a -

And then,
wr, (K" — k,t) = sup || An(ky — ki) [lm,
0<h<t
where L
| An(kf — ke) ||ar,= inf {7 > 0, - [1 +/ Mo (1|A(ki — ke)|dt] }
0
with
ARk — k] < ks — kegs| + |kt — kel
n 1 1
< (2M || A" = b llygqog,re) ) exp {2M22 (14 24)2 }

K’ H h" —h HH([O,l],Rk)

where K’ is a constant wich depends on A. Then,
Ma(r|A(KY — ko)) < Ma(rK' || A(hi = h) llago..2%) )
= M (7'4 || A(h? - h) ||7-¢([0,1],1Rk) )
where 7, = 7K’. We obtain,
| An(ki® = ke) s < K| B" = R ||, -
Finally, we have:

wary (k' — ke, 1)

ki — ke || Mo 0 = ki —k 3
| ki — ke ||a12,wa0 | ki — ke [[az, +02121 war(®
< CIR" = h Mz w.
where C constant depending only on of A. O

2-Case of an open of R?
Let D be an open conex of R?. We suppose that there exist a function « of class C? such that
D = {u>0},0D = {u = 0}, Vu(z) # 0 Vz € 8D (4.10)
We consider on 9D a vector field v(x) of class C} satisfying
< Vu(z),v(z) >= >0,V € 0D (4.11)

Under these assumptions, there exist, for all V2 € 9D a local map (U, ¢) containing = with ¢ =
(¢1, 02, ..., ¢p) Of class C2, UN D = {¢1 > 0} and ¢*v = 55-/¢(x). A map will be canonical at the

10
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edge.
We then consider the equation (1.1) and also the set of hypotheses (L) for the coefficients o and
be(x) tends to b uniformly over D satisfying, for all z,y € D:

lo(z)| < M, |b(x)| < M, |o(x) —o(y)| < Klz—yl, [be(x) = be(y)| < Kz —yl.

Under these assumptions, there is existence and uniqueness of the solutions (X*¢,a®) of the
equation (1.1) with a7 a continuous increasing process defined by

¢
ag =0eta; = / lop(X:)das
0

and they are defined on R™, (see Doss, H. and Priouret, P. (1983)).
Let (V, ) be a canonical map at the edge and U an open of D such that U ¢ V, we define on
]RP

5(z) =J(@)o(,2)e " (2),2 € p(U), J(¢) Jacobien de ¢, b'(z) = L' (¢ (2)),

(4.12)
z € o(U)
Lstpi = %E(V@i)*O’J*V@i + Vpibe (4.13)
that one extends over all the space R” to functions satisfying (L).
We then denote X7 (to, ©0), a; (to, Zo) the solutions of
~ t t ~ ~
X5 =0+ \@/ (X5 )dws + / B(XS)ds + exis, (X > 0. (4.14)
to to
a; continuous increasing process, a;, = 0,
t ~
i = / xy oy (X5)da2
to
Then for u < v, we have a.s. on {X: € U} Vs € [u,v],
@(Xg) = X?_u(u,w(Xs(u))), ag —ay, = di—u(u7§0(XZ)) Vs € [u7 U]'
For h € H([0,1],R?), with § [ |ds < a, we define (h,a.) as solution of
t . t _
gt =2 —|—/ {o(gs).hs + b(gs)}ds —|—/ v(gs)das, avec g: € D, (4.15)
0 0

at continuous increasing process, ap = 0 and fol 1z,=0(gs)das = az.
Under the assumption L, it is easily to etablish the existence and uniqueness of the solution of
(4.15) on R*. Put .
Gs = 0(gs)hs +b(gs), (4.16)
t t
u(ge) —u(z) = / Vu(gs)gsds +/ Vu(gs)das (4.17)
0 0
We remark if ¢o, t1 are such that g., € 9D, g+, € 9D and ¢g: € 9D if to < t < t1, we have

ty
/ Vu(gs)gsds = 0 since as is flat on ]to, t1].
to

11
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By using the same arguments that Doss, H. and Priouret, P. (1983), we have the formulas:

t ¢

ct :/ Vu(gs)v(gs)das = —/ Vu(gs)gslopgsds (4.18)
0 0

¢

_Vulgs)ds s (4.19)

"7 ) Valge)v(ge)

where g. = o(gs)hs + b(gs)-
By (4.11), on a:

Lemma 4.6. Doss, H. and Priouret, P. (1983) Let T, A > 0 and K a compact and let (g:,a:) the
solutions of (4.15) with z € K et || h ||u< A, then

i) g+ and a. are absolutely continues with g, and a. in L*([0, T)).
i) there exist of constants C1(T, A, K) and C»(T, A, K) such that:

T
suplgi| < C1(T, A, K), / 19 |%ds < Cs(T, A).
t<T 0

We have, (X*¢,a%) and (g, a) denoting the solutions of (1.1).

Theorem 4.7. Forallr, A, p > 0 and K compact of D, there exist o, o, 7 > 0 such that if | h || < A,
e<eo, |lv—2 <7 z€ K, wehave :

€ € T
P(I X* = g llats0 + |1 a° = a atz0> p, [| VEW = R [|[< @) < exp(—2)

Theorem 4.8. Forallr, A, p > 0 and K compact of D, there exist eo, o, 7 > 0 such that | h ||u< A,
e<eo, lx—2z2 <7 z€K, wehave :

r
P(I X* = g a0 + |1 a° = allarsw> p, | VEW = h || < @) < exp(=2)

Proof. By lemma (4.6)

_ Wi, (g,t)
I gllrsw = gl +OS;:21 “wan()
< C(T,AK)
because
1 1
g = inf {7 > 0. 21+ [ Ma(rlgi)ar]}
0
with
Ma(rlge]) = exp{(r]g:])’} —1
< exp{(TCL(T, A, K))*} — 1
then
H g ||1\J2§ Ci(T7A7K)7 VT > O
and

wa,(g,t) = Sup | Ang llar,

12
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with
1 1
| Bngi sy = inf {7> 0. 2[1+ [ Ma(ringil)ad] .
0
|Ange] = |Loa—n(t)(ge4n — gt)|
< 204(T, A, K)
thus )
M (7|Ange|) < exp {(QTCl(T,A,K)) } -1
then
wl\JQ (g7t) S C{l(TvAvK)
and then
1
sup wIWZ(g’t) S up C11 (T7A7K)
o<t<1 Wa,x (1) o<t<1  Wa,n(t)
= CO{'(T,A K).

We can build § > 0,0 < @ < 8 and of maps (Ut, ¢1),...(Uy, ¢q) such that :
i) The U; are open of R¢, canonical maps at the edge.
) The U; cover B(0, C), closed ball with center 0, of radius C.
iii) Forallz € DN B(0,C), B(0,8) C U; for some i.
)

iv Foralliandx,yeUi,ag%f;ﬁ@” <B.

Let z1,22,..,24 € ¥ € D N B(0,C) be such that the balls B(z;, $) cover D n B(0,C) and let
Vi = B(z:, 2). We fix A, T,r, then for all p > 0, there exist 7(p), e0(p), a(p) such that if || b [|%< A,
0<s<t<Tandif forsomeig([s,t]) C Vi, we have, for e < eo(p)

P X% =g apawfsn + 11 0% = @ lag 0, 5,0> £, | XS = gs| + aS — as| < #(p),
| VEW = h||[< a) <exp (— =)

This results from theorem (4.3) because thanks to (i:3) and (iv), such a probability is evaluated in a

map (Ui, ;) of the p < 5. Let us define to = 0,t1 = inf{t > to;|g: — 2| > 3},..., tiy1 = inf{t >

tilge — ge,| > 2}, as || g |lamw< C(T, A, K), we thus build a sequence to = 0 < ... < t,, = T with
m < N = N(T,a,K) and g([ti, ti+1]) C Vi = B(=s, 3) for some i. Then
Pl X° =g Mz + |1 6° = @ ||aty w017 25 || VEW — B [|< @)
<P(1 X° =g IMow,or) + | ° = @ llasg,0.11> & 1| VEW — b [|< @)
<SP X° =g I wiorn] + | 6° = a s w,0.61> 55 | VEW = h[|< @)
+Zm ! P( ” X —yg Hl\/lm’w,[ti;twﬂ + H a®—a ||M2,w7[ii,ti+1]> Pm—i,
X5 — gol + a5 — aul < pm—isr, | VEW — I [ < @) ,
where p1 = £, piy1 = inf{F(p:), pi }.
Put
a= inf{a(p1)7 sy a(pn)},éo = inf{g(pl), a(p")}ﬂ: = lnf{F(pl)v f(pn)}v
ife <eo, |z —2 <7,

r+1
)s

P X =g lzw + I a° = allanw> p, | VEW = h[|< @) < Nexp (- —

it suffices to choose e < &, for that Nexp ( — “H) <exp (— £) O

13
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Put g = T(h) when (g, a) is the solution of (4.15). Define A{’ : BY;” , — [0, +oo| by
A (g,a) = inf{\(h); h € H([0,1],R") such that g = T(h)} (4.20)

where .
2 [y Ih(s)ds sihe™H
A(h) =

400 outside

and then, put g = Ta (h). Note that Y’ : BY;” , — [0, +oc| by
A2 () = inf{\(h); h € H([0,1], R¥) such that g = Ta(h)}

If A2(g) < oo, 3h € H([0,1],R¥) with A(h) < oo and a, only increasing on {s : g, € D} and
satisfying [ a21sp(gs)ds < oo such that (4.15). We have

A5 (9) = inf {A7(g,a),a(.) = [; Bslop(gs)ds; Bs mesurable > 0,
(4.21)
[ B21ap(gs)ds < oo}

—e¢,D

Theorem 4.9. ) Let@E’D be the law of (X<, a®) solution of (4.1), Q
measure space on By,D .

Then @E"D satisfy a LDP with the good rate function \P define in (4.20).

ii) Let QP be the law of X¢ solution of (4.1), Q°" € Ml(BRfj, w,, ) the probability measure space
onBYY .

Then Q* satisfy a LDP with the good rate function \Y define in (4.21).

€ My(BYPT ) the probability

Mz, wa

Proof. This theorem results from theorem (4.8). O

Proposition 4.2. For all A > 0, the mapping
1
D x (Biy,w, N {h € H([0,1],R"); %/ |he|?ds < A}) — B2,
0

wich to (z,h) — (g, a) solution of (4.15) is continuous.

Proof. This proposition results from lemma (4.5) and the collations of the theorem (4.8). O

5 CONCLUSIONS

The first section established the aim of the work which prove the large deviations of small random
perturbation for dynamical systems with reflecting boundary in Besov-Orlicz space. The second
section concerned the topology of Besov-Orlicz space and some definitions and results are given
in the third section to establish the main theorems wich extend the result of Rajaonarison, L.l. and
Rabeherimanana, T.J. (2014) on the Besov-Orlicz space for the case Y = Z = 0.
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