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Abstract7

Dengue disease is a mosquito-borne infectious tropical disease caused by the dengue8

viruses of four serotypes, DEN 1 - DEN 4. It is transmitted between people by the bite9

of female adult Aedes mosquitoes. In the present work, we study a vector host epidemic10

model of dengue disease by considering control measures of the disease. The aim of the11

study is to observe the effects of control measures on the dengue disease development.12

Explicit formula for the metric, basic reproduction number R0 is obtained using Next13

Generation Matrix method. Stability of the disease free equilibrium and sensitivity anal-14

ysis of model’s parameters are discussed in terms of basic reproduction number. It is15

observed that the disease free equilibrium is locally and globally stable when R0 < 116

and unstable when R0 > 1. Numerical results are carried out to illustrate the impact of17

control measures in the disease transmission.18
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1 Introduction23

Dengue disease is a vector borne infectious disease which is threating about 2.5 billion24

people of the world’s population especially of tropical and subtropical countries [12].25

Four serologically different viruses DEN 1 - DEN 4 cause dengue disease. These viruses26

are transmitted to humans by the bites of Aedes mosquitoes. A person infected by one of27

the four serotypes of viruses never get infected by that serotype again but loses immunity28

to other three serotypes of the viruses [9].29

Different mathematical models have been proposed and analyzed to understand the30

transmission dynamics of infectious diseases. In recent years, modeling has become a31

valuable tool in the analysis of dengue disease transmission dynamics and to determine32
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the factors that influence the spread of disease to support control measures. Many re-33

searchers [4, 6, 7, 10, 14, 16, 19] have proposed SIR epidemic model [21] to study the34

transmission dynamics of dengue disease. Incubation periods in hosts and vectors have a35

significant influence in transmission dynamics of dengue disease. So, mathematical stud-36

ies [2, 15, 17] of dengue disease have been made to study dengue disease transmission37

dynamics with different incubation periods.38

There is no specific medicine to cure dengue disease. Awareness programs can be helpful39

in reducing the prevalence of the disease. Different epidemic models [8, 13] have been40

proposed to study the impact of awareness in controlling dengue disease. Prevention of41

mosquitoes bites is one of the ways of preventing dengue disease. The mosquitoes bite42

humans during day and night when lights are on. So, to get rid of mosquitoes’ bite,43

people can use mosquito repellents. If infected hosts feel they have symptoms of the44

disease and approach the doctor in time for the supportive treatment, they can recover45

fast. This type of awareness can help controlling the disease. Another way of controlling46

dengue is destroying larval breeding sites of mosquitoes and killing them. Spray of insec-47

ticides may be applied to control larvae or adult mosquitoes which can transmit dengue48

viruses.49

In the present work, we have considered followings as control measures:50

(i) some susceptible hosts use mosquito repellents to avoid mosquitoes’ bite; (ii) some51

infected hosts seek for the supportive treatment timely and recover fast; (iii) some in-52

fected hosts use mosquito repellents to avoid mosquitoes’ bite; (iv) spray of insecticides53

is applied to control larvae and adult mosquitoes.54

2 Formulation of the model55

In the model, total host (human) population, Nh is divided into four classes: Sh (sus-56

ceptible), Eh (exposed), Ih (infectious), Rh (recovered) and total vector (mosquito) pop-57

ulation, Nv is divided into three classes: Sv (susceptible), Ev (exposed), Iv (infectious).58

We assume that the fraction u1 of susceptible hosts use mosquito repellents to avoid59

mosquitoes’ bite. So, the fraction (1 − u1) of susceptible hosts interact with infectious60

mosquitoes. The fraction u2 of infectious hosts seek for the timely supportive treatment61

and recover fast by the rate rγh (r > 1). The fraction r1u2 (r1 is the proportionality62

constant) of infectious hosts use mosquito repellents to avoid mosquitoes’ bite. u3 is a63

control variable that represents the eradication effort of insecticide spraying. It follows64

2



that the recruitment rate of mosquito population is reduced by a factor of 1− u3. Also,65

it is assumed that the mortality rate of mosquito population increases at a rate r2u3 (r266

is the proportionality constant).67

Figure 1: Flow chart of the model.

68

Figure 1 describes the dynamics of dengue disease together with control measures. The69

system of differential equations which describe the present SEIR - SEI vector host model70

is given by71

dSh

dt
= µhNh − (1− u1)

bβh
Nh

ShIv − µhSh

dEh

dt
= (1− u1)

bβh
Nh

ShIv − (νh + µh)Eh

dIh
dt

= νhEh − [ru2γh + (1− u2)γh + µh]Ih

dRh

dt
= [ru2γh + (1− u2)γh]Ih − µhRh (2.1)

dSv

dt
= (1− u3)πv − (1− r1u2)

bβv
Nh

SvIh − (r2u3 + µv)Sv

dEv

dt
= (1− r1u2)

bβv
Nh

SvIh − (r2u3 + νv + µv)Ev

dIv
dt

= νvEv − (r2u3 + µv)Iv

Parameters of the model are described in Table 1.72

Total host population, Nh = Sh+Eh+Ih+Rh, total vector population, Nv = Sv+Ev+Iv.73

dNh

dt
= 0 and

dNv

dt
= (1− u3)πv − (r2u3 + µv)Nv.74
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So, Nh remains constant and Nv approaches the equilibrium
(1− u3)πv
(r2u3 + µv)

as t→∞.75

Introducing the proportions76

sh =
Sh

Nh

, eh =
Eh

Nh

, ih =
Ih
Nh

, rh =
Rh

Nh

, sv =
Sv

(1− u3)πv/(r2u3 + µv)
,77

ev =
Ev

(1− u3)πv/(r2u3 + µv)
, iv =

Iv
(1− u3)πv/(r2u3 + µv)

78

Since rh = 1 − sh − eh − ih and sv = 1 − ev − iv, the system of equations (2.1) can be79

written as the equivalent five dimensional non-linear system of ODEs:80

dsh
dt

= µh(1− sh)− αshiv
deh
dt

= αshiv − βeh
dih
dt

= νheh − γih (2.2)

dev
dt

= δsvih − (ε+ νv)ev

div
dt

= νvev − εiv

Here, α =
bβhπv(1− u1)(1− u3)

Nh(r2u3 + µv)
, β = νh + µh, γ = ru2γh + (1− u2)γh + µh,81

δ = (1− r1u2)bβv, ε = r2u3 + µv.

Table 1: Model parameters and their description

Symbols Description

µh death rate of host population

νh host’s incubation rate

γh recovery rate of host population

βh transmission probability from vector to host

πv recruitment rate of vector population

µv death rate of vector population

νv vector’s incubation rate

βv transmission probability from host to vector

b biting rate of vector

82
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3 Basic Reproduction Number83

Basic reproduction number, R0 is the expected number of secondary infections caused84

by a single infectious individual during their entire infectious lifetime.85

Mathematical expression for the basic reproduction number is obtained using Next Gen-86

eration Matrix Method [5, 20]. The basic reproduction, R0 number is obtained as87

R0 = ρ(FV −1) =

√
αδνhνv

βγε(ε+ νv)
(3.1)

Here,88

F =


0 0 0 α

0 0 δ 0

0 0 0 0

0 0 0 0

 , V =


β 0 0 0

0 ε+ νv 0 0

−νh 0 γ 0

0 −νv 0 ε

 (3.2)

3.1 Equilibrium points of the model89

Two possible equilibrium points of the model areE0 = (1, 0, 0, 0, 0) and E1 = (s∗h, e
∗
h, i
∗
h, e
∗
v, i
∗
v)90

where, s∗h =
(βγε+ δµhνh)(ε+ νv)

δνh[εµh + (α + µh)νv]
, e∗h =

µhβγε(ε+ νv)(R2
0 − 1)

βδνh[εµh + (α + µh)νv]
, i∗h =

µhβγε(ε+ νv)(R
2
0 − 1)

βδγ[εµh + (α + µh)ν + v)]
,91

e∗v =
µhβγε

2(R2
0 − 1

ανv(βγh + δµhνh)
, i∗v =

µhβγε(R2
0 − 1)

α(βγh + δµhνh)
92

Here, the first equilibrium point is disease free equilibrium (DFE) point which always93

exists in the absence of infective population. The second point if exists is called endemic94

equilibrium point. This point exists if R0 > 1.95

Thus, we have Theorem 1:96

Theorem 1 (Existence of Equilibrium Points). System of equations (2.2) always has97

a disease free equilibrium point. If R0 > 1, the system of equations (2.2) has a unique98

endemic equilibrium point.99

Theorem 2 (Local Stability of DFE). The DFE of the system of equations (2.2) is100

locally asymptotically stable if R0 < 1 and unstable if R0 > 1.101

Proof. The Jacobian matrix of the system of equation (2.2) about DFE is obtained as

the block structure

J =

[
A B

0 F − V

]
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Matrix J is triangular matrix. So, the stability of the system of equations (2.2) depends102

on the matrices on diagonal, A = [−µh] and F−V . Matrix A has the eigenvalue −µh < 0.103

Matrix F is non-negative matrix, V is non-singular M− matrix [1]. Spectral abscissa of104

the matrix F − V , s(F − V ) < 0⇔ ρ(FV −1) < 1 [20]. But, R0 = ρ(FV −1). Therefore,105

all the eigenvalues lie in the left half plane if R0 < 1. Hence, DFE of the system of106

equations (2.2) is locally asymptotically stable if R0 < 1.107

If R0 > 1 then s(F − V ) > 0 showing that at least one eigenvalue lies in the right half108

plane. So, DFE of the system of equations (2.2) is unstable if R0 > 1.109

110

Theorem 3 (Global Stability of DFE). The DFE of the system of equations (2.2) is111

globally asymptotically stable if R0 < 1.112

Proof. In the present model, sh ≤ 1 and sv ≤ 1. So, from the system of equations (2.2),113

for the dynamics of infective population114

deh
dt

≤ αiv − βeh
dev
dt

≤ δih − (ε+ νv)ev

dih
dt

= νheh − γih (3.3)

div
dt

= νvev − εiv

Corresponding linear system of equations of (3.3) is115

deh
dt

= αiv − βeh
dev
dt

= δih − (ε+ νv)ev

dih
dt

= νheh − γih (3.4)

div
dt

= νvev − εiv

The system of linear equations (3.4) can be written as116

d~u

dt
= K~u (3.5)

where K = F − V and ~u = [eh, ev, ih, iv]
T .

IfR0 = ρ(FV −1) < 1, then s(F−V ) < 0 [20], thus each positive solution of (3.4) satisfies

lim
t→∞

eh = 0, lim
t→∞

ev = 0, lim
t→∞

ih = 0 and lim
t→∞

iv = 0. DFE of the system of equations
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(3.4) is globally asymptotically stable since the system is linear. Using the comparison

theorem [18, 11], with

g(~u) = (F − V )(~u) for ~u = [eh, ev, ih, iv]
T

and observing that F −V has all off-digonal entries non-negative, all the variables of the

system of equations (2.2) are non-negative, we arrive at:

lim
t→∞

eh = 0, lim
t→∞

ev = 0, lim
t→∞

ih = 0, lim
t→∞

iv = 0 and lim
t→∞

sh = 1.

Hence, the DFE, (1, 0, 0, 0, 0) is globally asymptotically stable if R0 < 1.117

4 Sensitivity Analysis118

Sensitivity analysis is performed to determine the importance of each parameter to the119

transmission dynamics of dengue disease. The analysis helps to measure the relative120

change in a variable when a parameter changes. Such information is very important121

to study transmission dynamics of the disease and to optimize control measures of the122

disease. In order to decide the most influential parameter among the control measures123

in the present model, we have taken the base line values displayed in Table 2.

Table 2: Sensitivity Analysis of Control Measures

Parameters → u1 u2 u3 r r1 r2

Baseline Values→ 0.1 0.1 0.1 1.1 0.1 0.1

Sign→ -ve -ve -ve -ve -ve -ve

Sensitivity Indices→ 0.056 0.009 0.337 0.054 0.005 0.281

124

We use the normalized sensitivity index following Chitnis et al. [3], the normalized125

forward sensitivity index of a variable u that depends on a parameter p is defined as126

Υp
u =

∂p

∂u
× u

p
. In the present work, we take p = R0 and u = u1, u2, u3, r, r1, r2.127

Negatives signs of sensitivity indices in Table 2 shows that values of basic reproduction128

number, R0 get decreased with the increase in the level of control measures u1, u2, u3,129

r, r1, r2. The table shows that more influential control measures are u1 (use of mosquito130

repellents to avoid mosquitoes’ bite), u3 (control variable that represents the eradication131

effort of insecticide spraying) and r (recovery rate improving factor). The greatest value132

of sensitivity index shows that the control measure, u3 is the most sensitive control133

measure and this measure is the most influential control measure for the present case.134
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5 Numerical Results and Discussion135

In the present work, we have used SEIR - SEI epidemic model with control measures.136

The simulations are carried out in order to explore the impacts of control measures on137

the dengue disease dynamics. Following parameter values are used in the model for sim-138

ulation purpose139

Nh = 5071126, πv = 2500000, νh = 0.1667, µh = 0.0045, µv = 0.02941, γh = 0.328833,140

bβh = 0.75, bβv = 0.375, νv = 0.1428 [17].141

Figure 2 shows that many susceptible humans remain uninfected over a time when con-142

trol measures are implemented. When human becomes aware of control measures such143

as: using mosquito repellents, applying insecticides, seeking doctor for timely treatment144

and avoiding mosquitoes’ bite, only few humans get infected of the disease (Figure 3).145

From Figure 2 and Figure 3 , we see that many hosts can be saved from being infected146

of the disease when control measures are implemented properly.

Figure 2: Dynamics of susceptible hosts with and without implementation of control measures.

147

Basic reproduction number, R0 is a metric which tells that the disease dies out if R0 < 1148

and the disease takes hold if R0 > 1. Figure 4 - Figure 6 are simulated to study the149

impact of control measure in determinig the value of R0. The figures show that R0150

decreases with the increase in level of control measures. That means, the prevalence of151

disease can be reduced with the implementation of control measures. Sufficient increase152

in level of control measures causes the basic reproduction number to be less than unity.153

154

Figure 7 - Figure 10 are simulated to describe the sensitivity of the control measures155

on the transmission dynamics of dengue disease. The figures show the change in the156

8



Figure 3: Dynamics of infectious hosts with and without implementation of control measures.

Figure 4: Basic reproduction number, R0 against control measures, r1 and r2.

population of infectious hosts with the change in level of control measures. Among all157

control measures, the control measures r, u1, u3 are seen more sensitive to the disease158

transmission. Figure 10 shows that the most sensitive control measure is u3 (control159

variable that represents the eradication effort of insecticide spraying).160

161
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Figure 5: Basic reproduction number, R0 against control measures, u1 and u3.

Figure 6: Basic reproduction number, R0 against control measures, r and u3.

6 Conclusion162

Dengue disease is becoming more prevalent worldwide and spreading in new areas. So,163

there is an urgent need to develop mosquito management strategies and control strategies164

of the disease. In the present study, we have used SEIR-SEI epidemic model to study the165

influence of control measures in transmission dynamics of dengue disease. There is no166

vaccine and effective treatment of dengue disease. So, we have introduced some control167

measures in the model which can help in reducing of burden of the disease.168

Basic reproduction number is a metric, which determines whether the disease comes169
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Figure 7: Dynamics of infectious hosts with various values of control measure, r.

Figure 8: Dynamics of infectious hosts with various values of control measure, u1.

Figure 9: Dynamics of infectious hosts with various values of control measure, u2.
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Figure 10: Dynamics of infectious hosts with various values of control measure, u3.

under control or becomes more prevalent. Results in the present work show that DFE170

of the model is locally and globally stable when R0 < 1; unstable and endemic equilib-171

rium point exists when R0 > 1. Value of basic reproduction number can be reduced by172

increasing the level of control measures. Also, the simulated results show that very few173

hosts get infected of the disease in the presence of control measures. That means preva-174

lence of the disease get decreased with the proper implementation of control measures.175

Sensitivity analysis is made to identify the more influential control measures among the176

control measures used against the disease. In the present case, the eradication effort of177

insecticide spraying is found to be the most influential control measure to decrease the178

prevalence of the disease and to bring the disease under control.179

References180

[1] A. Berman and R. J. Plemmons, Non-negative matrices in mathematical sciences,181

Academic press, New York, 1979.182

[2] M. Chan and M. A. Johansson, The incubation periods of dengue viruses, PLoS183

ONE 7 (2012), e50972.184

[3] N. Chitnis, J. M. Hyman, and J. M. Cushing, Determining important parameters185

in the spread of malaria through the sensitivity analysis of a mathematical model,186

Bulletin of Mathematical Biology 70 (2008), 1272–1296.187

[4] M. Derouich, A. Boutayeb, and EH. Twizell, A model of dengue fever, BioMed188

central 2 (2003), 1–10.189

12



[5] O. Diekmann, J. A. P. Heesterbeek, and J. A. J. Metz, On the definition and com-190

putation of the basic reproduction ratio R0 in models for infectious diseases in het-191

erogeneous populations, Journal of Mathematical Biology 28 (1990), 365–382.192

[6] L. Esteva and C. Vargas, Analysis of a dengue disease transmission model, Math.193

Biosciences 150 (1998), 131–151.194

[7] G. R. Phaijoo and D. B. Gurung, Mathematical study of dengue disease transmission195

in multi-patch environment, Applied Mathematics 7 (2016), 1521–1533.196

[8] S. Gakkhar and N. C. Chavda, Impact of awareness on the spread of dengue infection197

in human population, Applied Mathematics 4 (2013), 142–147.198

[9] D. Gubler, Dengue and dengue hemorrhagic fever, Clin Microbiol Rev 3 (1998),199

no. 11, 480–496.200

[10] L. Esteva and C. Vargas, A model for dengue disease with variable human population,201

J. Math. Biol. 38 (1999), 220–240.202

[11] V. Lakshmikantham, S. Leela, and A. A. Martynyuk, Stability analysis of non-linear203

systems., Dekker, Florida, 1989.204

[12] World Health Organization, Dengue Bulletein, 36 (2012), 146–160.205

[13] G. R. Phaijoo and D. B. Gurung, Mathematical model on analysis of awareness in206

controlling dengue disease, International Journal of Advanced Research 4 (2016),207

999–1006.208

[14] S. T. R. Pinho, C. P. Ferreira, L. Esteva, F. R. Barreto, V. C. Morato E Silva, and209

M. G. L. Teixeira, Modelling the dynamics of dengue real epidemics, Phil. Trans. R.210

Soci. 368 (2010), 5679–5693.211

[15] P. Pongsumpun, Transmission model for dengue disease with and without the effect212

of extinsic incubation period, KMITL, Sci. Tech. J. 6 (2006), 74 –82.213

[16] T. Sardar, S. Rana, and J. Chattopadhyay, A mathematical model of dengue trans-214

mission with memory, Commun Nonlinear Sci Numer Simulat 22 (2015).215

[17] S. Side and M. S. M. Noorani, SEIR model for transmission of dengue fever in216

selangor Malaysia, International Journal of Modern Physics 9 (2012), 380 – 389.217

13



[18] H. L. Smith and P. Waltman, The theory of chemostat, Cambridge university press,218

New York, 1995.219

[19] E. Soewono and A. K. Supriatna, A two-dimensional model for the transmission of220

dengue fever disease, Bull. Malaysian Math. Sc. Soc. 24 (2001), 49–57.221

[20] P. van den Driessche and J. Watmough, Reproduction numbers and sub-threshold222

endemic equilibria for compartmental models of disease transmission, Math. Biosci.223

180 (2002), 29–48.224

[21] W. O. Kermack and A. G. McKendrick, A contribution to the mathematical theory225

of epidemics, Proceedings of the Royal Society of London 115 (1927), 700–721.226

14


	Introduction
	Formulation of the model
	Basic Reproduction Number
	Equilibrium points of the model

	Sensitivity Analysis
	Numerical Results and Discussion
	Conclusion
	Bibliography

