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Abstract. The eigenvalue problem plays an important
role in contemporary methods of exploratory data analysis.
As an example, the principal component analysis (PCA)
widely used in data exploration, is based on finding the ei-
genvalues and eigenvectors of the covariance matrix.

The paper presents a new method of the eigenvalue prob-
lem solution which uses the basis exchange algorithms. The
basis exchange algorithms, similarly to the linear program-
ming techniques are based on the Gauss-Jordan transfor-
mation of the inverted matrices. The proposed approach to
the eigenvalue problem may also be connected to the regu-
larization of feature vectors which constitute squared matri-
ces by single unit vectors. The proposed approach is based
on inducing a linear dependence among regularized vectors.
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pendency.

1 Introduction

Exploratory data analysis is typically aimed at discovering patterns
(regularities) in large, multivariate data sests [1]. Patterns can be
discovered by using variety of data mining tools [2]. Observed patterns
may allow to extract useful knowledge from a given data set. Principal
component analysis (PCA) is one of the fundamental, widely used
method of data exploration [3]. The origins of the Principal
Components Analysis (PCA) are linked to the works of Pearson (1901)
[4], and Hotelling (1933) [5]. One of the best modern reference to PCA
is provided by Jolliffe (2002) [6].
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The principal component analysis (PCA) involves computation of the
eigenvalues and eigenvectors of the covariance matrix created on the
basis of the given data set [7]. Many computational techniques of the
eigenvalue problems solutions and their applications in data exploration
have been proposed and developed [8]. Apart from PCA, the eigenvalue
solutions are used in Correspondence Analysis (CA), or Canonical Cor-
relation Analysis (CCA). However, new computational methods are still
developed which could allow to improve the efficiency of large,
multivariate data exploration.

A new method of the eigenvalue problem solution is proposed in the
paper. The presented method of the eigenvalue problem solution uses
the matrices inversion techniques based on the basis exchange
algorithm [9]. A crucial role in the proposed approach is played by
induced linear dependency among regularized vectors [10]. The
approach is linked to the regularization techniques of squared matrices
by unit vectors, and it should be useful, among others, in colinear
biclustering aimed on the flat pattern extraction [7], [11].

2. Eignvalue problem in principal component analysis

Let us consider the data set C composed of m feature vectors x; =
[Xj1,eXjn] -

C= {Xl,..., Xm} (1)

Feature vectors x; can be considered as points in the n-dimensional
feature space F[n] (x; € F[n]).

We assume that m objects O; (j = 1,...., m) are represented in a
standardized manner by the n - dimensional feature vectors x;.
Components Xx;; of the feature vector x; may represent numerical results
of measurements of n different features x; (i = 1,...,n) of the j - th object
Oj (Xj'i E{O,l} or Xji € Rl).

The data set C (1) can be characterized by the mean vector m and the
covariance matrix S [3]:



m = Zj Xj /m (2)
and
S= (- m)(x-m)'/(m-1) 3)

The PCA exploratory techniques are aimed at identifying unknown
trends in multidimensional data sets. The PCA method is expected to
reduce the dimensionality of multivariate data while preserving the
variance as much as possible.

The basic idea of the PCA method is to describe the variation of a set
of multivariate data in terms of a set of new uncorrelated variables,
each of which is a particular linear combination of the n features x;. A
linear transformation of the feature vectors x; (1) is applied that new
variables are uncorrelated and have the greatest variability.

The PCA method is based on the solution of the eigenvalue problem
with the symmetric covariance matrix S (3) of the dimension n x n [3]:

S Ki = Ai K (4)

where K; = [Ki,....kin]" is the i-th eigenvector (i = 1,..., n) and A; is the
i-th eigenvalue (A; > 0).

The eigenvectors k; should have the unit lentgh:
(vie{l,...n} ki'ki=1 (5)

Two eigenvectors k; and ki (4) of the symmetrical matrix S are
perpendicular if their eigenvalues A; and A; are different (A = Ai) [6]:

(vizi') if Ai#Ai, thenki'ki =0 (6)
The eigenvectors k; are usually set according to decreasing eigenvalues
Ais
ki, Ko, ..., Ky (7
where



The eigenvector k; defines the i-th principal component y;:
(ViE {19-“: n }) yi = kiTX = ki,lxl +....+ ki,an (8)

In accordance with the above transformation, each feature vector x; can
be projected on the point y;; of the line y; (8). It has been shown that the
variance o of the vectors X; projected on the line y; (5) is equal to A2
[6]:

(vie{l,...n}) o =Zj(yi;- w)’/ (m-1)=Ar? ©)

where p; is the mean value of the points y;; = kiTx,- (5).

Based on the equation (7) we can see that the first principal
components y; (8) include the greatest parts of the vectors x; variability.
The covariance Cov(y;, yi') of the new variables y; and yi (8) is equal to
zero [6]:

(vi=1) Cov(ynyr) =Zj (¥ - w) (¥i; - i) =0 (10)

It follows from the above equation that the new variables y; and y; (8)
are uncorrelated.

The eigenvalues A; and the eigenvectors k; are computed on the basis
of the equation (4). The equation (4) can be presented in the below
form [8]:

(S- Aihki=0 (11)
The determinant |S - A; I| equal to zero is the condition necessary for a
non-trivial solution k;= 0 of the equation (11):

IS- Al[=0 (12)

The characteristic equation (12) is solved in order to find the matrix's
S eigenvalues ;. Based on this, the eigenvectors k; (7) can be found.

The Singular Value Decomposition (SVD) is currently the primary
method of the eigenvalue problem solution for the Principal Compo-
nents Analysis [8].



3 Eigenvectors extracted from inversed matrix

Let us consider the non-singular matrix S composed of n rows s; =
T .
[Si2,---» Sjinl (s e R™:

S =1s1, Sa..., Sn]" (13)

Referring to the eigenvalue equation (11) with the matrix S let us
introduce the below regularized matrix S;:

Sy =[si- ey, So-Aeg,...,Sn-hen] = [z, Zov.., Z0] (14)

where A is the regularization parameter (. € RY), gj is the j-th unit vec-
tor, and z; is the regularized vector:

(vje{l,...,n}) zj=sj-\eg (15)

The non-singular matrix S, (14) and the inverse matrix S;™ can be
created in an iterative manner from the unit matrix |1 = [es,..., ey] [9].
During the first step (k = 1) the matrix S,(1) = [z, €a,..., €5]" can be
created by changing the unit vector e; to z;. Similarly, during step k, the
matrix S,(k) = [Z1,..., Zk, €x+1...., €n]" can be created by changing the
vector e to zx (15).

Let us assume that for some index i (i € {1,..., n}) the below non sin-
gular matrix S'(n - 1) has been created in an iterative manner from the
unit matrix | = [ey,..., ey] during the first n - 1 steps of the matrix S,
(14) inversion:

S'(n-1)=[z,..., Zi1, &, Zis1, ..., Zn]T (16)

where (Vje{l,...,n-1}) zj=s;j- A g (15).

Only one unit vector e; remains in the matrix S'(n - 1) (16). The in-
verse matrix S'(n - 1) can be represented in the below manner [9]:

Stn-Dr=[r'(n-1),....r0N-1),....r'(n-1)] (17)



The regularized vectors z; = sj- A €; (15) and the i-th column ri(n - 1)
of the inverse matrix S'(n - 1)™ (17) fulfil the below equations:

(Vie{l,...n}) z'rih-1)=(i-re)'ri(n-1)=1 (18)
and
(Vi=i) z'r(n-1)=(5-1e)'ri(n-1)=0 (19)

The equations (18) and (19) result from the definition of the inverse
matrix S'(n - 1)* (17). These equations are similar to the eigenvalue
equation (11) which can be represented in the below form:

(Vje{l,...n}) (si-riej)ki=0 (20)

where s; is the j-th row of the matrix S (11), A; is the i-th eigenvalue and
kiis the i-th eigenvector of the matrix S (11) (L <i<n).

Comparing the equations (20) with the equations (19) we can remark,
that the unit length vector ri'(n - 1) /|| ri'(n - 1)|| (17) would become the
eigenvector of the matrix S (11) if the i-th equation (18) will be
changed to:

(si-re) ri(n-1)=0 (21)

The matrix S, (14) could be obtained from the matrix S'(n - 1) (16)
through the replacement of the the i-th unit vector e; by the regularized
vector s; - A ei. During such replacement the inverse matrix S'(n - 1)
(17) should be transformed in the inverse matrix S,™. The Gauss-
Jordan transformation can be used in a computation of the inverse ma-
trices resulting from repalcement of single vectors in the matrices S, (k)
= [z,..., Zk, €x+1,..., €n]". The inverse matrices Sk(k)'1 can be computed
efficiently in successive steps k by using the basis exchange algorithm
based on the Gauss-Jordan transformation even in the case of high di-
mensional vectors [12].

The Gauss - Jordan transformation linked to the replacement of the the
i-th unit vector e; by the vector s; - A e; in the matrix S'(n-1)
(16) can be given in the below manner []:



ri(n) =@/ ri(n-1)"(si- 1 e)) ri(n - 1) (22)

and (vj = i) _ _
rj(n) = rj(n- 1) - ri'(n - 1)7(si- A &) ri'(n) = _ (23)
=r'(n-1) - (r'(n-1)"(si- A &) / ri'(n - 1)(si- A &) ri'(n - 1)

where r,-i(n - 1) are the columns of the inverse matrix S'(n - 1) (17).

Remark 1: The condition (20) results in the division by zero in the
equation (21).

The Gauss - Jordan transformation (21) cannot be used during the re-
placement of the unit vector g; in the matrix S'(n - 1) (16) by the vector
si - A e if the condition (20) is met. The inverse matrix S, (14) does
not exists in this case. The condition (20) has also an interesting geo-
metric interpretation as the move in the parameter space along the par-
allel hyperplane h; = {w: (sj- A &)'w = 1} [7].

The condition (20) allows to compute the prognosed values A" of the
parameter A:

(Vief{l,...,n}) ri(n-1)"(si- A" e) =0 (24)
thus _ _ _
M= r(n-D)Tsi/r(n-D)Tei=ri'(n-1)Tsi /i (25)

where ri'(n - 1)=[riy,..., ria] " (ri(n - 1)e R").

Definition 1: The prognosed value A (25) is consistent with the i-th
eigenvalue A; if it is equal to the parameter A used in the regularization
Zj = sj- A €j (15) of the vectors s;j (13).

AP =0 (26)

Theorem 1: If the prognosed value A" (25) is equal to the regularized
value A (26), then the i-th eigenvalue A; of the matrix S=
[s1,..., sn]" (13) is equal to A

A=A 27)



and is linked to the below eigenvector k; (5):
ki=ri'(n-1)/1r'(n-1)| (28)
where r;'(n - 1) is i-th column of the inverse matrix S'(n - 1) (17).

The thesis of this theorem results directly from the construction
described previously.

3 Itterative fitting of eigenvalues

Changing the vector e; to s; - A; & in the non-singular matrix S'(n - 1)
(16) causes the matrix S; = [S1- A €1, S2- Aj €2,..., Sn= A en]” (16) singu-
larity if the condition (20) is fulfilled. The matrix S,' obtained from the
non singular matrix S'(n - 1) (16) becomes singular if the i-th vector s; -
Ai € is a linear combination of the remaining vectors s - A; ej (j #1)
[12]:

(Vie{l,...,n}) si-Ai€i= ai1(S1-Ai€r)+... + cin(Sn- Aien) (29)
where ;= [Si1...., sin] ' (Si € R"), (Vje{l,...,n}) aij € R, and a;; = 0.

Definition 2: The linear dependency (29) of the vector z; = s;- A; €j on
the remaining n — 1 vectors z; =s;- A; €j (] # i) can be induced by using
the consistent value A" (26) of the parameter A (A = A;") in the regulari-
zation (15).

Remark 2: The linear dependence (29) of the regularized vector s; - A;
ej on the remaining n — 1 vectors s;- A; €; (j # i) results in the appearance
of the condition (20).

The problem of fitting the prognosed parameters A" (25) on the basis
of the consistency condition (26) is now analysed. Let us firat consider
fitting the regularization parameter A (15) in an iterative procedure.

The proposed iterative procedure is based on the Theorem 1. The
procedure starts with inversion of the matrix S, (14) composed of the n



Z;

regularized vectors zj = sj - Ao € (15), where Ao is a large value of the
paramter A (Lo € RY). A large value Aq of the paramter X is expected to
give the nonsingular matrix S, (n) (15) [7]:

S3(n) = [S1- Ao®1ye., Si- AoBis +vvs Sn-Ao€n]” (30)
The inverse matrix S, (n)™ is represented below as:
SNt =[ru,....ri, ..., 1o (31)

The rows (Si- Aoej) " (30) and the columns r; of the matrix S,™(n) (31)
fulfil the inverse equations (18) and (19).

As a result of the replacements of the n unit vectors e; by the regular-
ized vectors z; = sj - Ao & (15) the complete inverse matrix S, (n)™ (31)
can be obtained. A temporary replacement of the vector z; = s;- Ao €j by
the unit vector g; in the matrix S, (n) (31) allows to compute efficiently
the i-th column ri'(n - 1) of the matrix S,'(n - 1) (17) in accordance
with the Gauss - Jordan transformation (23):

ri‘(n - 1) = (1/ riTei) ri = (1 / rii) I (32)
where ri=[fi1,..., tin] " is the i-th column r; of the matrix S, (n)™ (31).

The i-th column ri'(n - 1) (17) of the matrix S,'(n - 1) (31) allows to
compute the prognosis A" (25) for each eigenvalue A;:

(Vie{l,...,n) AP=ri(n-1)'s/ri(n-Dlei=ri's; /1 (33)

The proposed iterative procedure is based on the comparisons of the
prognosed value A (33) with the actual value Ao used in the definition
of the regularized vectors zj = s; - Ao €j (15). The below rules based on
comparison of the difference |A" - Ao| with a small parameter ¢ (¢ > 0)
are proposed:

if [\ -2 >¢, thendo=AP, (Vie{l,..,n})zi=si-hoej,and  (34)
the new matrix S;'(n - 1) (31) is designed from the vectors



| if AP - %ol <e then A=A, and the procedure is stopped. (35)

In accordance with above rules the iterative procedure is stopped if the
difference |A" - Ao| becomes small. In this case the last prognosed value
AP (25) can play the role of the i-th eigenvalue ;.

4 Fitting eigenvalues through inducing linear dependency

Alternative procedure of the eigenvalues A; computation is considered
here. The proposed procedure is not iterative and is linked directly to
the induced linear dependency (29) between the regularized vectors s; -
Ai€j (15). The equation (29) describes the linear dependency of the i-th
vector s - A ej on the remaining n - 1 vectors sj- Aj € (j #1). This
equation can be formulated for each of the n vectors sj=s;- Aj e (i =
1,..., n) in the below manner:

(Vie{l,...,n}) (36)
Si-j1S1-...-0QinSh= Ai (ei -Qi1€1-... - Qin en)
where a,; = 0.

Multiplying both sides of the equality (36) for particular values of the
index i by the unit vectors ¢; (j = 1,..., n) we obtain the below set of
equations:

(Vie{l,...,n}) a7
Si1- 111" .. = QinSn1=-Aj Qi1
Si2 - 01512~ ... = QlinSn2= - Aj Qli2
Siji = 0i,1S1,i= ... = OlinSn,i = A
Sin-1- Qi1S1,n-1- ... = QinSnn-1= = Aj Qlin-1

Sin - i1S1n= -+ = QinSnn =~ Aj Qin



The i-th equation in the set (37) allows to determine the parameter A;
in the below manner:

(Vie{l,...,n}) (38)
Ai = Siji - 0i1S1,i= --. = QinSni

The sets of equations (37) can be represented without the parameter A;
in the below manner:

(Vie{l,....,.n}) (39)
Si1- 01511~ - =~ QinSn1 = - (Siji - ®i1S1,i- --. = CinSn,i) Ui
Si2 - 0i1S1,2- .. = Qi;nSn2= - (Siji - ®i,1S1,i- --. = CinSn,i) U2
Sin - i1S1,n- .- = QinSnn = - (Si,i - ®i1S1,i- --. = Qi;nSn,i) Ain

The i-th set of n - 1 equations (39) contains n - lunknown variables
aij for each value of the index i.The set of parameters contains a..,...,
and o, unknown variables without the coefficient o ; which is equal to
zero (ai; = 0). The equations (39) contain both linear as well as quad-
ratic variables o ;.

Theorem 2: If the matrix S'(n - 1) (16) is not singular, then a solution
Air of the i-th system of n equations (37) is equal to the eigenvalue A;
(4) of the matrix S = [sy,..., sn]" (11):

Ai = A (40)
The eigenvalue A; (40) can be linked to the below eigenvector k; (28):

ki=ri(n-1)/| ri'(n-1) || (42)
where ri'(n - 1) is the i-th column of the invers matrix S'(n — 1) (16).
Proof: If the parameter A;' is the solution of the i-th system of n

equations (37), then the i-th vector z(i) = sj - A’ & is the linear
combination (29) of the remaining n — 1 vectors zj(i) = sj- Ai' & (j # 1).

11



If the matrix S'(n - 1) (16) is not singular, then the inverse matrix S'(n
- 1)* (17) can be computed by using the iterative basis exchange
procedure based on the Gauss - Jordan transformation [12]. The i-th
column ri'(n - 1) of the inverse matrix S'(n - 1)* (17) fulfils the
equations (19):

(Vj e{l,...,n:j=i}) ri(n-1)"(s;-Ai'e) = 0 (42)

The solution A’ of the i-th system (37) allows to fulfill the equation (42)
also by the i-th vector zi(i) = si- A’ &i:

ri(n-1)"zi(i)=ri'(n - 1)"(s;- Ai'e)) = 0 (43)
The above equality results from the linear dependency (29) of the i-th
vector z;(i) = si - Ai’ ej on the remaining n — 1 vectors zj(i) = s;-
A € (_| * I)

Taking into account the equations (42) and (43) we realize that the
parameter A; obtained from the equation (37) is the eigenvalue A; of the
matrix S = [sa,..., o] (11) with the eigenvector k; given by (41). [

5 Examples of eigenvalues calculations

Examples of computation of eigenvalues of two and tree dimensional
matrices by using the induced linear dependency () are provided in this
section. These simple examples should help to work out the intuition
behind the calculation technique proposed in this paper.

Example 1: Let us consider the below symmetric matrix A; and the
regularized matrix A;" (14):

Ai=[6 21 A/=[6-2 2] (44)
12 3] | 2 3-2]

The induced linear dependency (29) of the columns of the regularized
matrix A’ leads to the below equations with the parameters o (o € RY)
and 2 (x e RY):



2=a((6-2) and (3-4) =2« (45)
thus
r=3-2aand 20> +30—-2=0 (46)

Two eigenvalues A, and 1, of the matrix A; are obtained from the above
equations:

Mm=7 for o =-2 and =2 for ap =2 ap (47)
Example 2: The non-symmetric matrix Az is considered:

A=12 11 A/=[2-% 1] (47)
12 3] | 2 3-2]

The equations of the induced linear dependency (29) have now the be-
low form:

1=a(2-2) and (3-1) =2« (48)

Two eigenvalues A; and A, of the matrix A, are obtained from these
equations:

AM=4 for a;=-1/2 and A, =1 for ap, =1 (49)

Example 3: The below matrix Az of the dimension 3 « 3 is considered:

[ 2 2 -1] [2-2 2 -1] (50)
A= -5 9 -3 A= -5 9-3 -3
| -4 4 1] -4 4 1-2]

The induced linear dependency (29) of the first column of the matrix
A3’ from the other two columns gives the below equations:

2-A =2 0p-0g (51)
-5 :(9-7n)0L2—3(X3
-4 :4(124'(1-7\,)0(

This system of equations has the solution with two eigenvalues :

13



Mm=4 for agi=-1,and oz =0 or (52)
A =5 for O = - 2, and O32 = 0

The induced linear dependency (29) of the second column of the matrix
A3’ from the other two columns results in the equations:

2 = (2-7\,) ol - 03 (53)
9-A :-5(11—30L3
4=-4os+(1-2)ag

Three eigenvalues i1, A2 and A3 of the matrix Az can be obtained from
the above equations:

M=3 for cu;=-2,and oz =0 or (54)
=4 for 1,2 = 0, and 032 = 1
A =5 for 13 =- Y, and 32 = v

6 Repeated eigenvalues

Let us now consider the below nonsingular matrices S;'(k) created in
the successive k steps (1< k < n - 1) from the unit matrix | =[es,..., €n]
through exchange the unit vectors ex by the regularized vectors z(i) =
Sk- Ai' ex (15) [9].

SU(K) = [za(i),..., Z«(i), €xs,..., €0]" (55)

The k-th matrix (basis) S;'(k) contains k regularized basic vectors z(i)
=sj- A € (J € Jk), and n - k unit vectors e;. It is assumed here that the
regularized vectors zk(i) = sk- Ai’ ex (15) are defined by the solution Ay’
of the i-th system of equations (37).

It can be seen, that the k’-th unit vector ey (k' > k) in the matrix S,'(k)
(55) should not be replaced by the vector z(i) = sk - Ai’ ex (15) if the
below condition similar to (24) is met:

rie' (k)" (sie- A’ &) = 0 (56)



where r'(K) is the k’-th column of the inverse matrix S,'(k)™* (55):
Sk =r'K),..., ri'(K),..., 1 (K)] (57)

Lemma 1: The regularized vector zx(i) = sk - Ai’ ex (K" # 1) can-not be
inserted into the matrix (basis) S;'(k) (55) while preserving this matrix
nonsigularity, if the vector z(i) is a linear combination (29) of the k
basic vectors zj(k) =sj- A’ ¢ (j = 1,..., K):

Sk-Ai' e = ouea (S1-Ai' er) ...+ ek (Sk- A’ ex) (58)

Proof: In accordance with the Gauss-Jordan transformation (22) the
regularized vector zi(i) = sk - Ai’ éx (15) can not be inserted into the
matrix S;'(k) (55) if the condition (56) occurs.The Gauss Jordan trans-
formation (22) cannot be used with the condition (56) because the
division by zero appears.

The colums rj'(k) (i’ & Ji) of the inverted matrix Sy'(k)" (57) and the
basic vectors zj(k) = sj- Ai’ € (j € J) in the matrix S;'(k) (55) fulfill the
equations (19):

(V' J) (V€ ) ri'()7(si- M &) =0 (59)

Therefore, if the vector z,(i) = sk - Ai'ex (k' Ji) is a linear combination
(58) of the basic vectors zj(k) = sj- Ai' €j (j € J) then the condition (59)
appears. We can also infer that the linear dependency (58) is necessary
for the condition (59) appearing [12].[]

Theorem 3: If the k'-th regularized vector z(i) = sk - Ai’ ex (K" & Ji)
defined by the solution A" of the i-th system (37) fulfills the condition
(59) then then the k’-th eigenvalue A of the matrix S = [sy,..., Sa]" (13)
is equal to A’

e = A (60)
and the k’-th eigenvector ki of the matrix S can be determined as
Kie = 1’ (K) /[l ric' () (61)

15



where ri'(K) is the k'-th column of the inverse matrix S;*(K)™" (57)
which is linked to the k'-th unit vector ex (kK'e Ji) in the basis S;'(k)
(55).

Remark 4: Each regularized vector zi(i) = Sk - Ai’ ex (K'¢ Jk) which is
a linear combination (48) of the k basic vectors zZi(k) = sj- A
ei (j € Jy) allows to determine the k’-th eigenvalue A (60) and the ei-
genvector ki (61) of the matrix S.

If none of n - k regularized vector zj(i) = sj- A’ € (j ¢ Jk) can be

inserted into the basis S;'(k) (55), then the repeated eigenvalues Ay = 2’
(60) are linked to n - k eigenvectors ki (61) of the matrix S.

7 Concluding remarks

The eigenvalue problem (4) has been decomposed in the proposed

method into subproblems linked tosingle regularized vectors Si-
Lei (i=1,...,n) (14) The equation (29) describes the induced linear
dependency of the i-th regularized vector s; - A € @i=1,...,n)

on the remaining n - 1 vectors s;- A ¢ (j # i). The equation of linear
dependency (29) of the i-th regularized vector s;- A e (14) allows to
find the i-th eigenvalue A; (38) through solving the set of quadratic
equations (39). In accordance with Theorem 2 the i-th eigenvalue A;
(40) allows to determine the eigenvector k; (41) on the basis of the i-th
column ri'(n - 1) of the inverse matrix S'(n - 1)™* (17).

The induced linear dependency (29) between the regularized vectors s;
- A & (15) plays a crucial role in the proposed solution of the eigenvalue
problem. The considered approach to the eigenvalue problem can be
linked to the regularization techniques of squared matrices by single
unit vectors [7]. The presented approach should be useful, among
others, in collinear biclustering based on the flat patterns extraction
[11].
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