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Convergence Theorems and Further Theorems in Differential
Transform

Abstract

In this paper, comprehensive proofs of known theorems in Differential Transform Method (DTM) are
presented and the further extended. Convergence of Differential Transform Method for both homogeneous
and nonhomogeneous linear ordinary differential equations are proved. We further establish these these proofs
with examples.

Keywords

2010 Mathematics Subject Classification: 34L.99
Keywords and phrases: Differential transform, inverse differential transform, homogeneous ODE, nonhomo-
geneous ODE.

1 Introduction

Several methods have been devised for solving nonlinear ordinary and partial differential equations. These
development is still evolving. The Perturbation Methods, Adomian Decomposition Method (ADM) ([6, 10, 13,
14, 7]), Variational Iterative Method (VIM) ([26, 5, 28]), Differential Transform Method (DTM) [29, 9, 8, 4, 25],
Homotopy Perturbation Method [17] and Homotopy Analysis Method (HAM) are some of the widely used
methods for solving nonlinear problems. The perturbation methods, ADM, DTM and VIM are very effective in
handling weakly nonlinear problems while HAM can handle weakly as well as strongly nonlinear problems.

Despite the wide applicability of the Homotopy Analysis Method, it requires the solution of some differential
equations and some quadratures. When the problem involved is large, the quadratures become too cumbersome
and uneasy to handle but the DTM has an advantage over this setback. The DTM reduces the problem to a set of
recursive equations that can easily be handled recursively. DTM has been applied to solve linear and nonlinear
systems of ordinary differential equations [18, 8, 16, 12, 3, 4, 2, 21, 5, 13, 19, 25, 20, 23] and it is applied to
solve some biological equations in [27, 24].

Based on the assumption that the reader is familiar with DTM, most authors omit the proofs of some theorems.
This assumption inspires the first part of this paper. Proofs of some important theorems which are often omitted
are presented. These theorems are then extended with proofs. Moreso, we further show that the DTM converges
to the exact solution when the problem involved is linear (whether homogeneous or nonhomogeneous).

Finally, we establish these proofs with some examples.
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2 Differential Transform

The Differential Transform Method is an extension of the Taylor Expansion Method. The Taylor expansion for
a function y(x) about the point x = xp is defined as

v (= a)t d*
W=Y T W) @n
Define the differential transform ([29, 9, 15]) of the function y(x) about x = a as
DT =Y, k| = L 4 2.2
O} =Xl = g5 70| @2)
and the inverse transform as
DT {v, [k ZY (x—xo). (2.3)
We also define the differential transform of y(x) about x = 0 as
DT ()} =Y I = = oyt .4)
YWI=EE= 0 ak |, '
and the inverse transform as
DT {Y [K] Z Y [k] £ (2.5
We define the Mth order approximation of y(x) as
M
y(x) =Y ¥ [k (2.6)
k=0

3 Theorems in Differential Transform

The following theorems and some of the proofs can be found in [29, 25, 9, 15, 1, 11, 22]. In the following
theorems, we shall suppose o, 3,7, ¢ are constants and that

DT {y(x)} =Y [k], DT {a; (x)} = A;[k], DT {f(x)} = F [k], DT {g(x)} = G[k], DT {a(x)} = A[K]
and define the delta function as
5,{,,1:{(1) ];i” G.1)

Theorem 3.1. Linear combination. Linear combination is closed under differential transform i.e. if y(x) =
of(x)+Bg(x), then Y[k] = aF k] + BGIk].

Proof.
1 d*
DT{y(x)} = Hoz(af(x)+Bg(x)) =aF[kl+BG[K.
k! dx =0
O
Corollary 3.2. Scalar Multiplication. If y(x) = af(x), then Y [k] = aF [k].
Proof. This follows from theorem 3.1 by setting § =0 U

Theorem 3.3. Polynomial function. Ify (x) = cx”, then Y [k] = ¢



Proof. By definition

1 df
Y [k] = E ﬁcxn

1 k=n
=C = COp k-
wo |0 k#n

Corollary 3.4. Constant function. If y (x) = c, then Y [k| = ¢y«

Proof. By setting n = 0 in theorem 3.3, the proof is complete.

Theorem 3.5. Exponential function. Ify (x) = e®*?, then Y [k] = e’ ‘,i—]:

Proof. By definition

Theorem 3.6. Trigonometric functions. Ify (x) = sin (ax+ b) and y (x) = cos (ax+ b) then
a . [(kn a* km
Y [£] = 4y sin <2+b) and Y[k]fﬁcos (2 +b)

respectively.

Proof. By definition

1 df
Y[k] = E ﬁSlﬂ(ﬂX“‘b)

— K 2

and similarly,

k k
Y[k = %cos (;—i-b).

Theorem 3.7. nth derivative. If y (x) = 4, f (x), then

X"

Y [k] = (ﬁ(k—i—r)) Flk+n].

r=1

Proof. By definition

1 dk+n

= T k+n
=0 k! dx

Y]
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x| —=
Ny
x»‘ S
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x=0

n 1 dktn
= (E(kw)) ((Hn)! el

r=1

1 km k km
aksin(ax+b+>‘ :asin<—|—b
x=0

0> = (ﬁ(k+r)> Flk+n].

3.2)

O

Corollary 3.8. The differential transform of f'(x), f"(x), f"" (x) are (k+1)F[k+1], (k+1)(k+2)F[k+2],

(k+1) (k+2) (k+3) F [k+ 3] respectively.

Proof. These results are obtained by simply setting n = 1,2, 3 respectively in theorem 3.7.



Theorem 3.9. Convolution theorem. If the convolution of F [k] and G [k] is defined as

Fkl@ Gk =Y F[r]Glk—r]

r=0

then

DT{f(x)g(x)} =FK®G[k =Gk @ F K
Proof. Let

y(x) =f(x)g(x)

then

k k r k—r

Y= g 00| =Y 20 S|
k 1 dr 1 dkfr k
= r;) r!dxrf(x)’xo mmg(x) L :;)F[r]G[k—r]
by interchanging the roles of f and g, we also have
k k
Y k| = ;)G[r]F[kfr] = ;)F[kf 1G[r]

Hence,
DT {f(x)g(x)} =Fk|@G[k] =Gk F [K].

Theorem 3.10. Suppose
n
=1/
i=1

then
kn72

ki
= i Z Z Fl[rl]F2[r2]"'Fn71[rnfl}Fn[kn,ﬂ

1=0 V2=0 r,,,1=0
where

p
kp:kfnr,', 1<p<n
i=1

Proof. By definition

1 dk n
Yk = k! dx* (Hf’ )
t x=0

L& (ko an da [
Y = — LI _
[ ] k! r=0 <k1 Iry! dxn U (X)’xo dxki (lllfl (X)>
k k n
1 da
= Z’Fl[ (k'dxkl (Il )
repeating this process again, we have

ky n
ZF1 ri] ZFz r <1 jk (Hfi(x)>

rl =0 rz()

SO,

(3.3)

3.4)

(3.5)



and continuing in this manner for n — 1 times, we have

dkn 1

1
Y[k = ZFlrlezrz ZFnlrn1<k e w (X)) )
"1=0 r2=0 r,,10 -1 dxm x=0
= ZFlrlezrz ZFnlrnl [kn—1]
r1=0 ry=0 rp_1=0
k k2 kn—]
= Z Z Z F [rl}FQ[U]"'anl[rnfl]F[knfly
r1:0r2:0 rn,I:O
Theorem 3.11. Suppose
d” dn'l
y(x) = f () e ()
then
k n m
Y [k] = Z (H(r+i)> <H(k—r+j)> Flr+n)Glk—r+m].
r=0 \i=1 j=1
Proof. By definition
1d" [a dan
Y| = —— (=
1 dr 4" dk—r am
N Hr:O "dx" (dx”f(x)) dxk=r <dx’”g (x))
k 1 dmr 1 dmtker
= ;KHM”J@O<&OMW%’ﬁ”>

thus,
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Flr+n]Glk—r+m)

—r—+m)! dxk=rtm

(k=r+1)

Theorem 3.12. If y(x) = (1+x)" then Y [k] =" Cy
Proof. By definition
v o= L avyr| = e -
k! dxk +=0 x=0
Theorem 3.13. If
X
o) = [
then
Y[k = 0 k=0
= F[kk—l] k>0

)



Proof. Let f (x) be the anti-derivative of f (x), then

and

When k=0,

and when k£ > 0, we have

1 d* . . 1 d&! Flk—1]
Yk = —— —f(0 = = — =
H = gaaF@-FO)| = giere| =55
O
Theorem 3.14. If y(x) = f (ax) then
Y [k] = d"F [k]
Proof. By using the inverse differential transform, we have
fx) =Y FlK#*
k=0
and clearly,
flax) = Z F K] (ax)* = Z d“F [k] x*
k=0 k=0
and the differential transform is
Y [k] = DT {f (ax)} = d“F [K].
O
Theorem 3.15. Y [k] and Y, [k] are related by the relations
Y[k = Zer~Ya [7] (—a)r_k and Y, [k] = Zer~Y [7] a*
r=k r=k
Proof. If
v =L & 3.6
a[]—ﬁﬁ)’(x) ) (3.6)

X=a

then the inverse differential transform is

yx) = Y Yalk (x—a)".

k=0
By substituting the Binomial expansion, we have
¥ = Y YY) G (—a) T = Y Y G Yk (—a)
k=0 r=0 k=0r=0
= Y Y G (—a) = Y <Z*Ck-Ya [r](—a)f—"> 2
k=0r=k k=0 \r=k



and therefore

oo

Y [k] = grck.ya [r] (—a)*.

Similarly,

yx) = ;)Y[k]xk = Y YK @x—a+a)

By substituting the Binomial expansion, we have

y(x)

I
Mz I

and therefore

4 Main Results

Theorem 4.1. If

then

Proof. Let ¥ (x) be the anti-derivative of f (x) g(x), then

| re0d =50

<

—
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and

1 dF

Y = g F0e@ar

When k=0,

and when k£ > 0, we have

1 d*

YW = oo G -5(0)

1 1 dk1

= Em Wf(x)g(x)

x=0

By applying the convolution theorem 3.9, we have

x=0
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Theorem 4.2. [nitial conditions. If

dx”y(x) » =o thenY [n] = wE
Proof. By definition
Y=L L
K dxe |
and so, when k = n, we have
Vil = ()
"= n! dx”y * =0
and inserting the initial condition, we have
o
O
Corollary 4.3. Ify(0) = &, y' (0) = o1, ¥ (0) = 02, Y (0) = 03, then Y [0] = 0, Y [1] = vy, Y [2] = 5 and
Y[3]=3%.
Proof. This is a direct consequence of theorem 4.2 by simply setting n = 0, 1,2, 3 respectively. O

Theorem 4.4. Boundary conditions. If
y(b) =P then B =Y YI[kb".
k=0

Proof. By definition of the inverse differential transform

and so, by substituting x = b, we have

Remark 4.5. In application, we take the Mth order approximation and we therefore set

M

B=Y rks

k=0

Theorem 4.6. If a,b are constants in the first order ordinary differential equation,
dy
a+by=0,y(0)=a, 4.1

then the differential transform method converges to the exact solution.

Proof. The differential equation has a general solution
¥(x) = e /e
Taking the differential transform of equation 4.1, we have

alk+1)Y [k+1]4+bY[k] =0, Y[0] = &

and on rearranging, we have

Ylk+1] = ——



Solving this recurrence relation, we have

Y k] = % <_ab>koc

and thus, the solution obtained from the differential transform method is

W) = i;(j’)kaxk

k=0
_ gy L\
N = k! a
_ ae—bx/a
O
Theorem 4.7. If a,b,c are constants in the second order ordinary differential equation,
d’y  dy :
— +b— =0,y(0)= 0)=a 4.2
a3 +b+cey=0,y(0) =00,y (0) = (4.2)
then the differential transform method converges to the exact solution.
Proof. Taking the differential transform of equation 4.2, we have
alk+1)(k+2)Y [k+2]+b(k+ 1) Y [k+1]+cY [k] =0, Y[0] = 0, Y [1] = o “4.3)
and the differential transform solution is .
y(x)= Z Y [k]xF. (4.4)
k=0
Substituting the series 4.4 in the original problem 4.2, we have
aY k(k=1D)Y KX+ Y kY k] +c Y YK =0
k=2 k=2 k=2
and on rearranging, we have
Y (a(k+1)(k+2)Y k+2]+b(k+1)Y [k+ 1] +cY [k]) x* =0,
k=0
and comparing coefficients gives
alk+1)(k+2)Y[k+2]+b(k+1)Y [k+ 1]+ cY [k] =0. 4.5
Hence, the recurrence relation from the DTM is satisfied. O
Theorem 4.8. Ifa;’s (Vi=1,2,---,n) are constants in the nth order homogeneous ordinary differential equa-
tion, _
0,0 0, (0 d =12 1 (4.6)
r5 . — Y, = s 1.7 =0, 1=1,2,---,n— .
aoy+r:):la 75 =0.)(0) =00, —=5y(x) i n
then the differential transform method converges to the exact solution.
Proof. Taking the differential transform of equation 4.6, we have
L 4 . . o .
apY [k] + Zla, H(HZ) Yik+r=0, Y[0] =00, Y[ =—,i=12 n—1 4.7)
r= i=
and the differential transform solution is -
y() =Y YK (4.8)
k=0



Substituting the series 4.8 in the original problem 4.6, we have

k=0

and comparing coefficients gives

aoZY xk—|—2a,dr<
aoiY[k]xk—F
k=0

aoiY[k]xk—l-
k=0

aOZY xk+ZZa,Y +1]
i(doy —l—zn:a,

k=0

n oo r—1
Y a Y Y[k (
r=1  k=r i

Il
- o

~

k=rr=1 i

©  n

k=0r=1

(ﬁ (k+1)
r=1 i=1

(k

r—

=

Z Y [K] xk>

- z)> £

i Z aY [k] (H (k— i)) X

(

apY [k +Zar (H k—i—l)Y[k—i—r]:O.

Hence, the recurrence relation from the DTM is satisfied.

(k—l—r—l)) xk
0

)Y[k—i—r])xk

Theorem 4.9. For a variable coefficient nth order homogeneous ordinary differential equation

n dry
x)y+};1ar (x) dxr

=0,y0)=a

i

) @y (x)

the differential transform method converges to the exact solution.

Proof. Taking the differential transform of equation 4.10, we have

k r
ZAO Y[k— m+Z<ZOA,[m] (Hl(k—m+j)>Y[k—m+r]>

subject to

Rearranging, we have

5

x=0

=0, i=12,---,n

-1

-1

:O)

(4.9)

(4.10)

4.11)

4.12)



= K n r—1

- ZZ<A0[’"]YV<—M]+Z )Y [k m+]<l‘[(k m+r—j)>>xk
k=0m=0 =i 0
oo k n p

g e e )&

and comparing coefficients, we have

k

Y (Ao[m]Y[k—m]—l—iAr[m]Y[k—m—kr] (ﬁ(k—m—f—j))) =0. (4.13)

m=0 r=1 j=1
Hence, the recurrence relation from the DTM is satisfied. O
Theorem 4.10. [fa;’s (Vi=1,2,---,n) are constants in the nth order nonhomogeneous ordinary differential
equation,

n dr di )
aoy+Za,dr—f() y(0 )—ao,ﬁy(x) =0, i=1,2,---,n—1 (4.14)
r=1 x=0

then the differential transform method converges to the exact solution.

Proof. Taking the differential transform of equation 4.14, we have
P
Yk (k Yk =Fk],Y0l=00,Y]i]=—,i=1,2,--- ,n—1 4.15
ao +Zar<ﬂ +z> k] = FI, V(0] = a0, ¥ )] = Si= 1,2, m *15)

Substituting the differential transforms

y(x)= Y. YK+, f(x) =Y F[K]* (4.16)

k=0 k=0 =1 dx’ =0

> n oo r—1

= aoZY[k])d‘JrZarZY[k]( (kl)>xk_’
k=0 r=1 k=r i=0
> o N r—1

— aOZY[k]JH‘JrZZa,Y[k}( (k,)> —r
k=0 k=rr=1 i=0

= 4o iY[k]ﬂ‘—k i zn:arY (k7] (rl(k+r—z)> Xk
k=0 k=0r=1 i=0

= Z f"‘Z(Zar [k+r] 1k—|—r—z)>xk
k=0

= i(aoy +ZarY k+r]”(k+r—i>>xk

r=1 i

— i<aoy ia,(fl k+l>Y[k+r]>xk

I§
=}

r=1

and comparing coefficients gives

aoY [k +Za, (H k+z>Y[k+r]=F[k}. (4.17)
i=1

Hence, the recurrence relation from the DTM is satisfied. O

11



Theorem 4.11. For a variable coefficient nth order nonhomogeneous ordinary differential equation

n dr y d

ao(x)y—l-zar(x)T:f(x),y(()):a(), Ey(x) :(xiai:1727"'7n—1 (418)

the differential transform method converges to the exact solution.

Proof. Taking the differential transform of equation 4.18, we have

J=1

k n k r
Y Aolm]Yk—m]+ ) (ZAr[m] (H(km+j)> Y[km+r]> =F k], (4.19)
m=0 r=1 \m=0

subject to
(X.
Y[0] = o, Y [i] = ,—",i: 1,2,---,n—1.
l!

Rearranging, we have
k n ,
) (Ao[m}Y[k—m]—l—ZAr[m]Y[k—m+r] ( (k—m—i—j))) =F[k].
m=0 r=1

Substituting the differential transform 4.20

oo oo =

yE) =Y YK a(x) = Y AKX fx) =Y F RS (4.20)

k=0 k=0 k=0

in the original problem 4.18, we have

iF[k]xk = iAo[k}xkiY[k]xk—&—i <iAr[k]xk CZ; (iﬂk]ﬁ))
k=0 k=0 k=0 r=1 \k=0 k=0
ok n = oo r—1
= ) ZAo[m]Y[k—m]xk—i—Z ZAr[k]xk~ Y Yim+r] (H(m+r—j)> x’")
k=0m=0 r=1 \k=0 m=0 j=0
oo n o k r—1
= Ao[m]Y[k—m]xk—l—Z Z Z (Ar[m]Y[k—m+r] <H(k—m+r—])>>xk
k=0m=0 r=1k=0m=0 =0
ok n r—1
= ,;0 Z’O (A() [m]Y[k—m]—i—;A,[m]Y[k—m—I—r] (H)(k—m+r—])>>xk

and comparing coefficients, we have

k n R
) (Ao[m]Y[km]+ZA,[m]Y[km+r] (H(km+j))> =F[k. 4.21)

m=0 r=1 Jj=1
Hence, the recurrence relation from the DTM is satisfied. O

5 Numerical Examples

Example 5.1. Consider the homogeneous second order linear ordinary differential equation

y' 45y +6y=0; y(0) =0,y'(0) = 1.



The general solution is

and to O(7),we have

y = x 2x+6x 53 +120x a2 +0(x") (5.1

We take the Differential Transform and we get
(k+1)(k+2)Y[k+2]+5(k+1)Y [k+1]+6Y [k] =0,
subject to
Y[0]=0,Y[1]=1.
By rearranging, we have
5Y [k+1] 6Y [k]

V2 ==y ~ kT2

so that the 6th order approximation is

5 19 65 211 133
2, P 3 a4 s 1996

M
= Y[k = x—=
¥ k);;,”x e Tt Tt T m

Clearly, this series converges to the exact solution as shown in equation 5.1.

Example 5.2. Consider the equation the nonhomogeneous second order linear ordinary differential equation
Y'+5) +6y=¢"y(0)=0,y'(0) = 1.
The general solution is

1
y = E(Se_zx—9e_3x+ex)
25 161 7
_a 0 s e

5
_ _ 2 ~.3 o
= A Y 0 T 1o

We now proceed to take the differential transform of the problem

(k+ 1) (k+2)Y [k+2]+5 (k+ 1) Y [k+ 1]+ 6Y K] = —, Y[0] = 0,¥ [1] = 1

k!’
on rearranging, we have
1 5Y [k+1] 6Y [K]
Y k+2]= — — .
k2 =05 ™ Tkt kD (kt2)
So that 5 25 161 7
YR|=-2,Y3|==, Y4 =—-F,Y[5]= = =——

2 b
and thus we have the solution as

5 25 161 7
223 24 005 6
VIR TR T10" T 10
which converges to the exact solution.
Example 5.3. Consider the nonhomogeneous first order linear ordinary differential equation

d
(142) 24y = (1+2)¢", y(0) = 0.

The exact solution is




6 Conclusion

The differential transform method reduces the difficulty of solving an ordinary differential equation to a simple
recursive equation that can easily be solved. In these paper, we have proved some theorems whose proofs have
been long ignored. We further extended some of these theorems with proofs.

The later part of this work establishes the convergence of the solution obtained from the DTM to the exact
solution. It is established that for any linear ordinary differential equation, whether homogeneous or nonhomo-
geneous, the DTM gives a solution that converges to the exact solution. Several examples are used to illustrate
these proofs.
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