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 7 

This paper presents a reverse converter for the moduli set {2
2n+1

-1, 2
n-1

, 2
2n

-1} using a Chinese 
Remainder Theorem (CRT) algorithm and reverse method of data conversion. We compare our result 
with other converters found in literature that have the same Dynamic Range (DR) and our proposed 
algorithm has a better performance in terms of speed.  
. 
Aims: The aim of this study is to design a reverse converter for the moduli set {2

2n+1
-1, 2

n-1
, 2

2n
-1}, 

determine the speed and compare it with other moduli set with the same DR in literature. 
 
Methodology: We applied Chinese Reminder Theorem algorithm for data conversion. 

 8 
Keywords:  Reverse Converter, Moduli set, Chinese Remainder Theorem, Dynamic Range, Data 9 
conversion.  10 
 11 
 12 

1. INTRODUCTION   13 

 14 
Residue Number System (RNS) is an unconventional number system with high potential for 15 
accelerating the speed of arithmetic operations. The implementation of addition and multiplication in 16 
parallel and fast architecture is possible in RNS due to its inherent carry-free properties [1], [2].  In 17 
addition to these properties, it has also received a considerable attention in literature due to its 18 
modularity and fault tolerance [3]. The RNS is considered as one of the efficient alternative number 19 
system capable to increase the speed in hardware implementation of Digital Signal Processing (DSP) 20 
[4][ 5][6]. 21 
 22 
Many moduli sets are in use in RNS with different Dynamic Range (DR).  The most popular 3n-bit DR 23 
moduli set known as traditional moduli set is {2

n
-1, 2

n
, 2

n
+1} [7]. Others are {2

n-1
, 2

n
-1, 2

n
+1}, {2

n-1
-1, 24 

2
n
-1, 2

n
} [8]. The dynamic range of 3n-bits produced by this moduli set will not be able to be used by 25 

any application with higher DR. 4n-bit DR 4 moduli set such as {2
n
-1, 2

n
, 2

n
+1, 2

n+1
+1}, {2

n
-1, 2

n
, 2

n
+1, 26 

2
n+1

-1}, {2
n
-1, 2

n
, 2

n
+1, 2

n-1
-1} [9] were suggested. In order to raise parallelism in RNS arithmetic, 5n-27 

bit moduli set were suggested {2
n
, 2

2n
-1, 2

2n
+ 1}, {2

n
-1, 2

n
, 2

n
+1, 2

2n
+1} etc. were also proposed [10].   28 

 29 
RNS has three main parts; binary to residue conversion (forward conversion), arithmetic operations 30 
and residue to binary conversion (reverse conversion)[7]. Obviously, RNS to Binary conversion is 31 
either based on Chinese Remainder Theorem (CRT) or Mixed Radix Conversion (MRC) [11] - [15]. In 32 
this paper we discuss a reverse conversion using Chinese Remainder Theorem method. The rest of 33 
this paper is organized as follows: In section 2, we give a background to RNS, in section 3, we 34 
discuss the proposed converter, in section 4 we present the hardware realization, in section 5 we 35 
discuss the performance evaluation and finally we give the conclusion of the paper in section 6.  36 
 37 

2. BACKGROUND  38 
 39 
Residue Number System (RNS) is the representations of a large integer number with a set of smaller 40 
integer numbers in order to make computation fast and efficient. RNS history may be traced back to 41 
1599 years; it begins with a Chinese Scholar, Sun Tzu [16] with Chinese riddle as follows: What is the 42 
number such that when divided by 7, 5 and 3 will have the remainders of 2, 3 and 2 respectively? The 43 
procedure of obtaining the solution to the riddle is known as Chinese Remainder Theorem (CRT).  44 
 45 
 46 
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2.1 RNS representation 47 
Residue Number System is defined by a set of relatively prime integers called the moduli. The moduli 48 
set is represented as {m1, m2, m3… mn} where mk is the k

th
 modulus. Each integer can be represented 49 

as a set of smaller integers called the residue [17]. The residue numbers are represented by {r1, r2, r3, 50 
… rn} where  rk  is the  k

th
 residue. The residue rk   is defined as the least positive remainder when X is 51 

divided by the modulus mi. The RNS of X with respect to the moduli mi is denoted by |X|mi = ri 52 
 53 
Dynamic range in RNS is the product of all the moduli sets denoted by  i.e M = m1m2m3… 54 

mn [18]. An RNS with a dynamic range M will have a unique representation between 0 and M-1 [19] 55 
 56 

2.2 Data Conversion Methods 57 
 58 
Data conversion is an important topic in RNS. Data need to be converted from binary to RNS before 59 
any operation can be performed on them. However, the success of hardware realization depends on 60 
both data conversion and choice of moduli. Data conversion is divided into two categories: (i) Forward 61 
conversion and (ii) Reverse conversion.   62 
Forward conversion:  This is the conversion of binary number to RNS. In binary system, forward 63 
conversion can be represented as  64 

m         65 

For any n-bit non negative integer X in the range 2
n
-1, the hardware computation of forward 66 

conversion is based on Look up Table (LUT)  [20].  67 
 68 

2.3 Reverse Conversion in Residue Number System 69 

 70 
Reverse conversion is the conversion of residue number system to a conventional number (binary 71 
numbers). Reverse conversion is one of the complex parts of RNS [21]. The success of reverse 72 
conversion depends on forward conversion [22]. Reverse conversion is based on two popular 73 
algorithms: Chinese Remainder Theorem (CRT) [23],[24] and Mixed Radix Conversion (MRC) [25] 74 
algorithms. The use of CRT entails a large modular adder whereas MRC is a sequential process that 75 
requires a number of Look–Up Table (LUT) [26]. 76 
 77 
The Chinese Remainder Theorem is a very useful algorithm for reverse conversion; it assumes that a 78 
number will have a unique representation in RNS if we chose appropriate moduli for the RNS. The 79 
algorithm involves computation of inverse and is given by 80 

 = i Mi
-1

|mi Mi |M       81 

 82 

2.4 Moduli Choice  83 
The following points are to be carefully considered in the choice of RNS moduli 84 

♦ The moduli must be relatively primed.  85 

♦ The smaller the moduli, the faster the arithmetic operations.  86 

♦ To avoid overflow, the dynamic range should be large enough. 87 
 88 

♦ Efficiency of the RNS moduli should be considered and high efficiency is more 89 

desirable, example the RNS (15|13|11) require 12 bits it can represent 212 = 4096, 90 

whereas only 2145. numbers are presented the efficiency is 52%. 91 

♦ Select prime numbers in sequence until a desired dynamic range is obtained.  92 

♦ Moduli numbers can be restricted to power of 2. 93 

 94 

3. THE PROPOSED ALGORITM 95 
In this section, we proposed a reverse converter algorithm for the moduli set 2

2n+1
-1. 2

n-1
, 2

2n
-1 using 96 

Chinese Remainder Theorem (CRT). 97 
If we assume m1 = 2

2n+1
-1, m2= 2

n-1
 and m3 = 2

2n
-1  then, the following theorem hold to be true: 98 

 99 

Theorem 1: The moduli set {22n+1 – 1, 2n-1, 22n-1} are pairwise relatively prime numbers 100 

 101 

Proof:  Using Euclid’s theorem gcd (m1,m2) = gcd(m2, |m1|m2) = 1 102 
gcd (2

2n+1
 – 1, 2

n-1
) = gcd(2

n-1
,| 2

2n+1
 – 1|2

n-1
) 103 
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= gcd(2
n-1

, -1)  = 1 104 
Then,  gcd (2

2n+1
 – 1, 2

2n
-1) = gcd(2

2n
-1,|2

2n+1
 – 1|2

2n
-1) 105 

To evaluate |2
2n+1

 – 1|2
2n

-1 106 
|2

2n+1
 – 1|2

2n
-1 = |2

2n+1
 |2

2n
-1  |– 1|2

2n
-1 107 

= |2 x  2
2n

|2
2n

-1  - |– 1|2
2n

-1 108 
=  |2|2

2n
-1  x  2

2n
|2

2n
-1  - 1 109 

= 2 x |2
2n

-1  + 1 |2
2n

-1 -1   110 
= 2 – 1  111 
=1 112 

Implies gcd(2
2n

-1, 1) = 1 113 
Also  114 
gcd (2

2n
 – 1, 2

n-1
) = gcd(2

n-1
,|2

2n
 – 1|2

n-1
) 115 

if  |2
2n

 – 1|2
n-1

 =  -1 116 
then  gcd(2

n-1
,|2

2n
 – 1|2

n-1
) =  gcd(2

n-1
, -1) =1 117 

 118 
By the above proof, it is confirmed that 2

2n+1
 - 1, 2

n-1
,  2

2n
-1 are relatively prime since the greatest 119 

common divisor (gcd) are 1. Therefore, our proposed moduli set can be used in RNS and we can 120 
proceed to determine its reverse converter.  121 
The confirmation of Theorem 1, is an assurance that our proposed moduli set can be used in 122 
RNS. We can therefore proceed to design its reverse converter. 123 
 124 
Lemma 1: The residue of a negative number in modulo (2

k
 -1) is the one’s complement of t where 125 

0 ≤ t < 2
k
 -1.  126 

Lemma 2: The multiplication of a residue number t by 2
s
 in modulo (2

k
 -1)is carried out by k bit 127 

circular left shift where s is a natural number [27] 128 
Let our m1 = 2

2n+1
 - 1, m2 = 2

n-1
, m3 = 2

2n
-1, The CRT is given by 129 

 = i Mi
-1

|mi Mi |M       (1) 130 

where M = ; Mi  |M1
-1

 x M1| = 1     (2) 131 

M1 ;  M2  M3                   (3)  132 

 133 
Theorem 2:  Given the moduli set 2

2n+1
 - 1,   2

n-1
,   2

2n
-1  where m1 = 2

2n+1
 - 1, m2 = 2

n-1
, m3 = 2

2n
-134 

1, the following hold to be true: 135 

| |m1 = -2
n+3

           (4)  136 

| |m2 = 1             (5)   137 

| |m3 = 2
n+1

           (6) 138 

 139 
Proof 140 

(i) Equation (4) is true only if we can demonstrate that   (2
n-1

)(2
2n

-1)( -2
n+3

) =1 w.r.t  2
2n+1

 – 1 141 
|(2

n-1
)(2

2n
-1)( -2

n+3
)|2

2n+1 
– 1 = (2

2n
-1)( -2

2n+2
)|2

2n+1 
– 1 142 

= |(2
-1

2
2n+1

-1)|2
2n+1 

– 1 ( -2
1
2

2n+1
)|2

2n+1 
– 1 143 

=  |((2
-1

2
2n+1

-1+1)-1)|2
2n+1 

– 1 (-2
1
2

2n+1
-1 +1)|2

2n+1 
– 1 144 

= (2
-1

(1) -1)(-2
1
)  145 

=(-2
-1

)(-2
1
) 146 

=1. 147 
(ii) Equation (5) is also true only if we can demonstrate that   (2

2n+1
-1)(2

2n
-1)(1) =1 w.r.t  2

n-1
  148 

|(2
2n+1

-1)(2
2n

-1)|2
n-1

 = (2
1
2

n
2

n
-1)( 2

n
2

n
-1)| 2

n-1 
149 

= |(2
1
2

1
2

1
2

n-1
2

n-1
)-1)( 2

1
2

1
2

n-1
2

n-1
-1)| 2

n-1 
150 

=   (0-1)(0-1) 151 
= (-1)(-1)  152 
= 1 153 

(iii)  Equation (6) is also true only if we can demonstrate that   (2
2n+1

-1)(2
n-1

)( 2
n+1

) =1 w.r.t  2
2n

-1 154 
|(2

2n+1
-1)(2

n-1
)( 2

n+1
)|2

2n
-1 = |(2

2n+1
-1)(2

2n 
)|2

2n
-1 155 

= |(( 2
1
(2

2n
-1+1)-1) |2

2n
-1 )(2

2n 
-1+1)|2

2n
-1 156 

=|(2
1
(1)-1)( 1)  157 

=2 -1 158 
= 1 159 

From equation (1)  160 
 = i Mi

-1
|mi Mi |M   =  Mi

-1
|mi   x  Xi  - M x K 161 
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M = (2
2n+1

 – 1)(2
n-1

)(2
2n

-1) 162 
M1 = (2

n-1
)(2

2n
-1) 163 

M2 = (2
2n+1

 – 1)(2
2n

-1) 164 
M3 = (2

2n+1
 – 1)(2

n-1
) 165 

X =| M - M x K 166 

X =  - M x K 167 

= (  + ) X1 + (
 
X2+ (  X3|M –M x K 168 

= (  + ) X1 + (
 
X2+ (  X3|M – (2

n-1
)(2

2n+1
 – 1)(2

2n
-1) x 169 

K 170 
=2

n-1
{(-  + ) X1 + (

 
X2+ ( ) X3} – (2

2n+1
 – 1)(2

2n
-1) x 171 

K 172 
By computing the floor values in modulo 2

n-1
 173 

 = |(-  + ) X1 + (
 
X2+ ( ) X3|M’      (7) 174 

where M’ = (2
2n+1

 – 1)(2
2n

-1) 175 
 176 

  = |(- )X1 + X2|M’ + )X3|M’     177 

= |(-  X1|M’ + X2|M’ + )X3|M’            (8)
 

178 

For hardware convenience,  let compute the value of  using   179 

X =   x 2
n-1

 - Xi           (9) 180 

Form (11) let, 181 
P1 = |- X1|M’          (10) 182 

P2 = | X2|M’               (11) 183 

P3 = )X3|M’  (12) 184 

  = P1 + P2 + P3  (13) 185 

For effective implementation of our hardware, we simplify equations (10), (11) and (12) further.  186 
 187 

3.1 Evaluation of P1, P2 and P3 188 
By applying lemma 2 in the modulo lemma 2 in modulo M’ = ( )(

 
189 

The bit representations of our residues x1,x2 and x3 are as follow: 190 
 191 
P1 = |- X1|M’ =  11..11 x1,2n,x1,2n-1,….x1,1x1,0   111 ..1111         192 
                                    n+3                    2n+1                          n-3  (14) 193 

         n4n+1 194 
  195 

P2 =  | X2|M’               196 
P2 is divided into two parts as 197 
P21 =    |( X2|M’       198 
       = 00…00 x1,n-2x1,n-3 ….x1,1x1,0 000…00             (15) 199 

            n+2              n-1                       2n 200 

         4n+1 201 

P22 = X2|M’               202 
       = - 000…00 x1,n-2x1,n-3 ….x1,1x1,0 000…00              203 
               n-2                 n-2                  2n+3 204 

4n+1 205 

        111…111 x1,n-2x1,n-3 ….x1,1x1,0 111…111              206 

                     n-2           n-2             2n+3                                207 

4n+1 208 

P3 =  | X2|M’               209 
P3 is also divided into two namely P31 and P32 represented below  210 
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P31 = | X2|M’ = 000…00 x3,2n-1x3,2n-2 ….x3,1x3,0 000…00 211 
                                  = (000…00 + 00…00 ) x3,2n-1x3,2n-2 ….x3,1x3,0   212 

  n+1                2n+1                2n 213 
 214 

                                  =  00…00 ) x3,2n-1x3,2n-2 ….x3,1x3,0   215 

             2n+1             2n 216 

4n+1 217 

P32 =|  X3|M’ l= - 000…00 x3,2n-1x3,2n-2 ….x3,1x3,0 000…00              218 

                                    = 111..11 x3,2n-1x3,2n-2 ….x3,1x3,0 111..11              219 

                                           n+1                      2n               n 220 

4n+1 221 

4. HARDWARE REALIZATION  222 
 223 
The hardware implementation of the proposed Reverse converter is based on  (10), (11), (12) and 224 
(13). The variables P1, P2 and P3 are added by carry save adder (CSA) to produce C and S. The 225 
carry propagation is used to add C and S which finally produced the final result as seen in fig 1.  226 
 227 
 228 
 229 
 230 
 231 
 232 
 233 
 234 
 235 
 236 
 237 
 238 
 239 
 240 
 241 
 242 
 243 
 244 
 245 
 246 
 247 
 248 
 249 
 250 
 251 

5. PERFORMANCE EVALUATION AND COMPARISON 252 

 253 
The dynamic range of the proposed converter is 5n bits and it is compared with other converters in 254 
literature with the same Dynamic range. The comparison considered four converters; it compares our 255 
converter with each as can be seen in Table 1. The proposed converter has a better performance in 256 
term of speed than [19] and [13].  [12] has the same delay with our converter and lastly [3] is better 257 
than our proposed converter.    258 
 259 
 260 
 261 
 262 
 263 
 264 
 265 
 266 

  
                 x1             x2                 x3                 
 
            
 
 
      P21     P22         P31   P32       P1   
 
             
 

 
            P2                        P3 
 
 

 
                     S                 C 
                
 
 
 
 

                                 
 

Operand preparation 

 MUX1 MUX2 

(4n+1) bit CSA 

(4n+1) CPA 
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Table-1: Table Of Comparison 267 

Converter Number of 

Moduli set 

Dynamic 

Range 

Delay Remark 

The 

proposed 

Converter 

3 5-n bit 8n+3 The proposed 

Converter 

[19] 3 5n-bit 10n+13 The proposed 

converter is better 

[13] 3 5-n bit 8n+4 The proposed 

converter is better 

[12] 4 5-n bit 8n+3 Same with the 

proposed 

converter 

[3] 3 5-n bit 8n+1 Better than the 

proposed 

converter 

 268 

6. CONCLUSION 269 
 270 
In this paper, a reverse converter for three moduli set {2

2n+1
-1, 2

n-1
, 2

2n
-1} with 5n-bit dynamic range 271 

based on CRT is presented. Comparison of our proposed reverse converter with some converters in 272 
literature that have the same dynamic range [19], [13] showed that our proposed reverse converter 273 
gives a better performance in term of speed.  274 
 275 
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