Simple Mathematical Model for Malaria Transmission

ABSTRACT

We study an SEIR mathematical model, and applied it to malaria transmission. We discussed the existence
and stability of the Disease-Free Equilibria (DFE) and Endemic Equilibria (EE) of both models. The disease-free
equilibrium was locally asymptotically stable if the reproduction number is less than one and unstable if the
reproduction number is greater than one for SEIR, and malaria transmission model. A Global stability of (DFE)
and (EE) were also considered in the model, using Lassalle’s invariance principle of Lyapunov functions.
Numerical simulations using Matlab Software were conducted to confirm our analytic results. Our findings were
that, Malaria may be controlled by reducing the contact rate between human and mosquito, the use of active
malaria drugs, insecticides and mosquito treated nets can also help to reduce mosquitoes population and

malaria transmission respectively.
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1. Introduction

Malaria is an infectious disease caused by plasmodium parasite and transmitted between humans through
bites of female Anopheles mosquitoes [1].Malaria is an ancient disease having a huge social, economic, and
health burden. It is predominantly present in the tropical countries [2]. Even though the disease has been

investigated for hundreds of years it still remains a major public health problem with 91 countries. The global




record of malaria in 2015 was 212million new cases and 429000 deaths. Across Africa, millions of people still
lack access to the tools they need to prevent and treat the disease [3]. Malaria has for many years been
considered as a global issue, and many epidemiologists and other scientists invest their effort in learning the
dynamics of malaria and to control its transmission. From interactions with those scientists, mathematicians
have developed a significant and effective tool, namely mathematical models of malaria, giving an insight into
the interaction between the host and vector population, the dynamics of malaria, how to control malaria
transmission, and eventually how to eradicate it [1]. A huge set of epidemiology models have been formulated
mathematically, analyzed and applied to many infectious diseases. In 1999[4] developed and analyzed an
SEIRS model to study the dynamics and transmission of malaria, involving variable human and mosquito
populations. According to their results, there is a threshold parameter R, and the disease can persist if and only
if Ry > 1 and the Disease-Free Equilibrium (DFE) always exists and is locally stable if R, < 1, and unstable if
R, > 1. Their model was also globally stable when R, < 1. They confirmed their results with numerical

simulations. Their model provides a frame work for studying control strategies for the containment of malaria.

In 2013[5] used a system of seven-dimensional ODE’S to modeling the transmission of plasmodium falciparum
malaria between humans and mosquitoes with non-linear forces of infection in form of saturated incidence
rates, these incidence rates produce antibodies in response to the presence of parasite causing malaria in both
human and mosquito populations. They investigated the stability analysis of (DFE) and according to their
results, (DFE) was asymptotically stable when R, < 1, and unstable when Ry,>1. They also determined the
existence of the unique Endemic Equlibrium (EE) under certain conditions, and their numerical simulation
confirms the analytical result. In 2013[6] modelled the basic of SEIR model and applied it to vector borne
disease (malaria). They carried out the sensitivity analysis of the model using data from India. According to their
results, the sensitivity analysis was very important, and it is the most sensitive aspect to be taken care of in their
model. In 2011[7] developed an SEIR malaria model with stage-structured mosquitoes. They included
metamorphic stages in the mosquito population and a simple stage mosquito population is introduced, were the
mosquito population is divided into two classes namely, the aquatic stage in one class and all adults in the other
class. According to their results the different dynamical behaviour of the models in their study, compared to
other the bahaviour of most classical epidemiological models, and the possible occurrence of backward
bifurcation make control of malaria more difficult. In this paper, we use SEIR model and apply it to malaria
transmission between mosquitoes and human. We extend the model in [1] by introducing exposed class for
human and mosquitoes. Our main objective of this study is to investigate the stability analysis for disease-free
equilibrium, and endemic equilibrium, and also to study the important parameters in the transmission of malaria
and try to develop effective ways for controling the disease.We assume that the recovered human individuals
do not enter into the susceptible class again, and mosquitoes do not recover from malaria. We study the
stability analysis of the DFE and EE equilibria. The rest of the paper is organized as follows: In section 2, we
present the SEIR model description and derived the basic reproduction number. Model analysis consisting of
the stability analysis of disease- free and endemic equilibria is discussed in section 3. In section 4 we apply the

SEIR model to malaria transmission. We use numerical simulation to show the dynamical behaviour of our



results in section 5. Section 6 is made up of discussion of our results. We ended the paper with a conclusion in

section 7.

2. MATHEMATICAL MODEL
2.1 Model Description and Basic Reproduction Number

The Population of our model is divided into four compartments: Susceptible Humans (S), Exposed Humans (E),
Infectious Humans (1) and Removed Humans (R). The interaction between the four compartments is shown in

the schematic diagram in figure1, below:
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Figure1: schematic diagram of Malaria transmission.
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Model Assumptions

The following assumptions were made in the model:

(i) The number of infected people increases at a rate proportional to both the number of
infectious and the number of susceptible.

(i) Humans move from Exposed to Infectious compartments with progression rate a;

(iii) The rate of removal of infectious to recovered compartment is proportional to the number of

infectious.

(iv) A human can die at any stage by natural causes. Therefore p is taken as natural death rate.

(v) The recovered human individuals do not enter into the susceptible class again, and mosquitoes
do not recover from malaria.

The model equations are given by:

(4S5 _ A _ _
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With $>0,E>0,/=>=0andR >0



where, A is the recruitment rate of the population, g effective infection rate u is the natural death rate, § is the

disease induced death rate, a,is developing rate of exposed (humans) becoming infectious and a,is the
recovered rate of humans.

Table1: Parameters Descriptions for the SEIR Model.

—— T

A Recruitment rate of susceptible.

B Infection rate(effective infection rate)

a, Developing rate of exposed (humans) becoming infectious
a, Recover rate of human.( removal rate)

u Natural death rate

é induce death rate

The variable R of the system (2.1)does not appear in the first three equations in the analysis; we only consider
the first three equations of the system (2.1) as:

as

IfE—A—BSI—pS
dE

4; = BSI — (ay + WE (2.2)
%zalE—(az +u+6)l

Adding above three equations of system (2.2), we have:

S(S+E+I+R) =(S+E+I+R) (2.3)
S (S+E+I+R)=A—uN —ayl — 6l
S(S+E+I+R) SA—uN
It follows that: lim,,, Sup S+E+1+R) < % (2.4)

Thus the feasible region of the system (2.2) is given by

r'={S,EI):S+E+I+R SA,S >0,E>=0,I>=0,R =0}
is positively invariant. Next, we discuss the basic reprodulétion number of the system (2.2) by using the next
generation matrix approach [8]. It is clear to see that the system (2.2) has the disease-free equilibriumE, =
(S,o, 0).
Let X = (S,E, DT, then system (2.2) can be written as
X =FX)-V(X),

Where
BIS (a1 + WE
FX)=1|0 And V(X) =|—aE + (ay, + u+ 8)I
0 —A+ BSI + pS




The Jacobian matrices of F(y) and V(y) at the disease-free equilibrium, E, are respectively

0 BA 0 (a; +u) 0 0
u —
DF(E) =g o of DV(E)=| ~% (atp+0) 0
0 0 0 0 w
i _[F O [V 0]
Let: T—[O o] And v_[gl 7,
BA
Where: F = IO ul And V = [(al 1) 0 ]
The reproduction number is given by the spectral radius of FV 1! that is
1
o — o |
e o Bl @w |
0 0 l(; a 1 J
(y +w)(az +u+6) (az+p+9)
_ alﬁA
Ro = p(aq +p) (ez+p+6) (2.3)

Theorem 1: The disease-free equilibrium E, (% 0, 0) of the system (2.2) is asymptotically stable if R, < 1 and

unstable if Ry > 1.

3. MODEL ANALYSIS

3.1 Disease-free Equilibrium

A
In this section, we investigate the local geometrical properties of the disease-free equilibrium E, = (;, 0,0) by

considering the linearized system of ODE’s(2.2), by taking the Jacobian matrix and obtained

—BI — 0 —BS
JSE.D=| BI —(ay + 1) BS (3.1
0 aq —(a, +u+96)

The local stability of the equilibrium may be determined from the Jacobian matrix (3.1). This implies that the

Jacobian matrix for the disease-free equilibrium is given by

LI
JE)=10 —(ay+u) ﬁ;_A l (3.2)
l 0 aq —(a, +u+5)J



The determinant of (3.2) is given by

|- —2 0 —[Z—A |
lJ(Eq) —All=| o —(ay + 1) - A BA =0 (3.3)
u
0 aq —(a,+pu+6)—42

Lemma 1: The disease-free equilibrium Eo is locally asymptotically stable.

It follows that the characteristic equation of J(E,) computed from equation (3.3) is given by

A
B+ Q@uta+ay+8)A%+ (4u + 2au + 2au + 2u8 + a6 + aja, — ay %)/1

+(ud + agu? + au® + Su? + adu + ajayu — a BA) =0
We can write the characteristic equation above as:

B+a2+a,A+a;=0 (3.4)
Where:

a;=3u+a;+a, +96
3 pA
a, =4p° + 2a4 + 2a,u + 2u6 + a6 + a1, —0(17

as = u3 + au? + ayp? + Sp? + a,6u + ajau — a fA

Using the Routh-Hurwitz criterion [9], it can be seen that all the eigenvalues of the characteristic equation (3.4)
have negative real part if and only if:

al > 0, az > 0, a3 > 0, alaz - a3 > O (3.5)
Theorem 2: E, is locally asymptotically stable if and only if inequalities (3.5) are satisfied.
3.1.1 Global Stability of Disease-free Equilibrium.

To investigate the global stability of E, we consider the Lyapunov function [10]:

V= 0{1E + (0{1 + ﬂ)] Then

av dE di

ot (ay +#)E= a,[BST — (a; + WE] + (a1 + W[ E — (az + p + 6]
= [y BS — (a1 + W (az + p + 81

< (alTBA—(al+y)(a2 +u+6)>1 =(a; +wW(a, +u+38)[Ry—1]1 <0,if Ry < 1.

dl
The maximal compact invariant setin {(S,E,I) € I': == 0} Using Lasalle’s invariance principle [10]. We

have the following theorem.



Theorem 3: if R, < 1, then the disease- free equilibrium E, is globally asymptotically stable and the disease
dies out, but if Ry > 1, then E, is unstable.

3.2 Existence of Endemic Equilibrium

In this section, we consider a situation in which there is persistence of malaria in the population. We denote

E™ = (S8, E",I") as the endemic equilibrium of the system (2.2). We also obtain

o — (a1 +p)(az+p+6) E* = a fA—p(ay+p)(az +1u+6) and I* = ai BA-p(ay+u)(az+u+6)
a1 ’ ai1B(a1+u) Bay+u)(az+u+s)

From system of ODE’s (2.2) and the linearized system we obtained:

—BI" — 0 —BS*
JEE™)=| BI —(a1 + 1) BS”
0 a, —(a, +u+6)
‘_ﬁalﬁl\—u(fxﬁu)(az +tu+d) 0 g (a1 + Waz +u+6)
B(a +w(ay +p+96) a B
JEY) = ﬁalﬁ/\—u(aﬁu)(az +u+8) (a4 ) ﬁ(al + (e +u+6)
Bla; + W) (a; +pu+6) 1T . f
| 0 aq —(a, +u+96) |
__[alﬂA —wlay +p)(a; +p+96) —u 0 _[(a1 +w(a; +p+ 5)]
(a1 + wW(a, +u+9) ay
J(E™) = a; A — play + u)(a, + u+6) —(ay + ) (a; + wW(a, +p+96)
(a1 +w)(az +pu+9) L ay
i 0 aq —(ay +u+6) |

We determine the local stability of the positive equilibrium E**, by using the following lemma.

Lemma 2 [11, 12]: Let H be a 3 x 3 real matrix. If tr(H), det (H) and det (H'?!) are all negative, then all the
eigenvalues of H have negative real part.

Definition 1 [11,12,14] Let B be a real m x m matrix. The second additive compound matrix of B = (b;;) for

m = 3 is defined as

by1 + by, by —by3
B[Z] = b32 b11 + b33 b12 (3~6)
—bsq by, by; + b33

Theorem 3: The positive equilibrium E** of the system (2.2) is locally asymptotically stable if R, > 1.

Proof: We construct a second additive compound matrix J/(E*)of J(E**) and obtain



—(BI" + 2p + a4) ps* Bs*
21(g*) = a, —(BI" + 2u+a, + &) BS (3.7)
0 prr —Cu+a+a, +96)

Then from the above:

tr(J(E™) =—(BI"+3u+a;+a, +8) <0
—[But+a; +a, +8) + a1 A — play + w(a, +u+6)<0
If Gu+a, +a, +8) + a;BA > u(ay +w)(a, +u+6)
det(J(E™)) = —[u(ay + p)(az +p+68) — a;fA] < 0
If ulay + w(ay, +u+6) > apA
Next, we calculate the determinant of][z] (E**) in (3.7) and obtained:

det]J12 (E*)]

—[a?g + aged + b*g + cga + cged + b — 2aghb — bged — cgb —dg —a] < 0
If a’g + aged + b%*g + cga + cged + b > 2agb + bged + cgb + dg + a
Where a = a;fA, b =p(a; +wW(a, +u+6),c=Qu+ ay)(a; + wW(ay, + u+96)
d=(,+wW(a,+u+8),e=Qu+a,+38),9=a; +2u+a, + 6 Note thatif Ry > 1
Thus det[J21(E*)] < 0. This completes the proof.

3.2.1 _Global Stability of Endemic Equilibrium

To discuss the global stability of E* we consider the following lyapunov function [ 10,14].

v=(s-s—s'mi)+(E-F - Ens) + 22 (1-1" = I'In )

aq

d d(s S$* — S S>+d<E E* — E*l E)+”+a1d(1 I —I I)
dt ~ dt s )T d "E )T T dt T

w= (-9 (1-9a+sr(-9a

By the expression A = S*I* + uS™ of system (2.2) and substituting the derivatives of ODE’s (2.2).

= (1-%) = pSI—us1+ (1= %) [BSI = (@ + WE]+
%(1—7)[a1E—(cx2+ﬂ+5)1]
av

&= (1 _ 5_*) [BS*I* + uS* — BSI — uS] + (1 - —) [BSI — (a; + WE]

+En (1 — —) [a E — (ay +p + 6)I]

aq

= (=) (s =59 +p5°1 = psil + (1= ) [BSI — (@ + WE]



+ﬂ(1 —17) [ E — (ay + p+ 6)I]

aq

Since a1 E* = (ay + u + &) this implies that:
+a I I
BS*I _H m 1(az +u+6)I =6S1T—- (g +,u)TE* = [BS*] — (ay +,u)E*]7 =0

1

av 5-5)2 . sy ST E”
L= [ 430 + WE = BSTTE - SIE — (ay + )

(5-5")2 s* SE'I" EI
—y[ ]+(0{1+;1)E[3 ————————— ]<0

S*E I E I

Since the arithmetic mean is greater than or equal to the geometric mean of the quantities

S SErEL thatls —+iE—I—+E—I——3>Othen——0 holds when S = S*,E = E*
S’'S*E 1’ S*E I dt

And I =1I", so that the maximal compact invariant setin {(S,E,I) € r:4 E = 0} is singleton {E*} using

Lasalle’s invariance principle , we have the following theorem

Theorem 4: If R, > 1 the endemic equilibrium E*of the system (2.2) is globally asymptotically stable.

4. APPLICATION OF THE MODEL TO MALARIA TRANSMISSION

4.1Model Description and Basic Reproduction Number

The model is formulated for both human population as well as mosquito population at time t. We divide the
human population into four classes: Susceptible S, , Exposed Ey, Infectious I, and Recovery Human Ry, and

that of the population the mosquitoes is divided into three classes they are susceptible S, Exposed Ey,,

Infectious I,, respectively.



The interaction between the human and mosquitoes is shown in the schematic diagram in figurel,

below:
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Figure2: schematic diagram of Malaria transmission between Humans and Mosquitoes.

The model equations are given by:
das
(=% = Ay — BuSuly — uuSu

dt
dditH = BuSyly — (a1n + pu)En
% = a;yBy — (@on + Uy + 6) Iy
{ 8 = aply — PRy (a.1)
ddi: = Ay — BvSvly — pySy
dditv = BvSvly — (v + wy)Ey
\%/ = avEy —pyly

With the initial condition: S (0) = S;(0),E5(0) = E5(0), I4(t) = I4(0), Ry (t) = Ry(0),

Sy(t) = Sy(0), Ey(0) = Ey(0), I, (¢) = I,(0).



Table2: Parameters Description of the Malaria Transmission Model.

Parameter Parameters Description

Ay Recruitment rate for human
A, Recruitment rate for mosquito
ah Developing rate of exposed (humans) becoming infectious
sy Recover rate of human.( removal rate)
Uy Natural death rate for human
é induce death rate for human
ay Developing rate of exposed (mosquito) becoming infectious
Iy Natural death rate for mosquito
qu Probability of transmission of infection from an infectious mosq to a susceptible hum
qv Probability of transmission of infection from an infectious hum to a susceptible mos
v Mosquito biting rate
By Infection rate qy X n,, of human
By Infection rate q, X 1y, mosquito

Mosg=mosquito , hum=human.

We also consider the following equations:

Ny (@) = Sy(®) + Ey(®) + Iy () + Ry (0) (4.2)
Then the derivative of Ny (t) with respect to t is given by:
ANy _ dSu o\ dEu o dlu |, dRH
dt dt dt dt dt

ar < Ay — uuNy — 81y

. A
lim,_,.. Ny(t) <=2
“H

Thus the feasible region of the system (4.1) for the human is given by

A
™ = {(Su, B, Iy Ri): Sy + Eyp + Iy + Ry < —, Sy > 0,E,; = 0,1, > 0,R;; = 0}
u

H
s positively invariant and let: Ny, (t) = Sy (t) + E, () + I, (t) . (4.3)
The derivative of Ny, (t) with respect to t is given by:
Ny _ dsy | dEy  dly
dt ~ dt + dt + dt
dNy <A v
ar v Uy Ny

. A
lim,o Ny(t) <2
2374

Thus the feasible region of the system (4.1) of the mosquito is given by
A
I ={(Sy,Ey,Iy):Sy + Ey, + I, < H—V,SV > 0,Ey = 0,1, = 0} is positively invariant.
v
It is easy to see that the system (4.1) has the disease-free equilibrium

A A
Eopy = (H_H' 0,0,0, #—V ,0,0). The basic reproduction number R, for the human and mosquito will be derived by using
H v

the next generation matrix in [6,8] as R, = /R,y R,y ,and R, for the model (4.1) is calculated and it is given by:



R, = \/ a1va1uBuBy (4.4)

papv? (py+ary)(up+aig)(Up+aig+8)
Theorem 5: The disease-free equilibrium Eg, (Lﬁo 0,0,%,0,0) of the system of the ODE’s (4.1) is
H 14

asymptotically stable if R; < 1 and unstable if R; > 1.

4.2 Model Analysis

4.2.1 Disease-free Equilibrium

In this section, we investigate the local geometrical properties of the disease-free equilibrium
Eonv (L\—:O 0,0,L\—Z,0,0) by considering the linearized system of ODE’s (4.1),by taking the Jacobian matrix and

obtained.
o J2
]HV(SHI EH'IH' RHISVI EV'IV) - 1 ]3 (45)
Where:
—Buly — tu 0 —BuSu 8 8 05(2)}1
Jo = 0 —(a1y + uy) BuSu J1 = 00 ol
0 A1y _(a2H + 14554 + 6) 0 0 0
—Uy 0 0 0
0O 0 0 O
0 —PByly — uy 0 —PBySy
=|0 0 0 O0fand =
)2 [ ] J3 0 0 —(ay +uy)  BySy
0 0 0 O
0 0 ay —HUy

The local stability of the disease-free equilibrium determined from the Jacobian matrix (4.5). This implies that

the Jacobian matrix of the disease-free equilibrium is given by:

Jo ]
JEow) = [ 7] (+6)
1 3 A
[_.UH 0 —ﬁH—H —I 0 0 O{ZH
' e 00 0
. — A —
Where: fo—i 0 —(ay +py) B Jl’fl_ 00 0]
0 A1y —(ayy + uy +6) 00 0
[—MH 0 0 O]
00 00 - AV|
J,=|0 0 0 o0|and J;=| |
0 0 0 O 0 0 —(ay+uy) ﬁv
0 0 a1y

The determinant of (4.6) is given by:



Jo J2

1 J3
Where:
[—py —2 0 —B, 2 1 0 0 ayy
| o | 00 0
— A —
]O_l 0 —(aum+uw)— 12 But J =g o0 o |
0 A1y —(azy +uy +86)—2 00 0
[—Hu — A 0 0 0 ]
00 0 0 | 0  —uy—A O —ﬁv’;—VI
=10 0 0 O and J3 = | Av |
0000 | © 0 —(aw+uw) -2 B |
l 0 0 a1y —ly — /1J
The eigenvalues of the (4.7) are given by:
Clearly Ay = —uy( repeated) ,A, = —u;, are negatives and
/14 + C1/13 + Czlz + C3/1 + C4 = 0 (48)

By Using the Routh-Hurwitz criterion [9], it can be seen that all the eigenvalues of the characteristic equation

(4.8) have negative real part if and only if:

{ Cl > 0, CZ > 0, C3 > 0, C4_ > 0, C1C2 - C3 > 0, C1C2C3 - C32 - C12C4 > 0,

4.9
€1CyC3Cq — CoC3%Cy > 0 49)

Where: ¢; = a4 + 2uy + a, + 6 + 2uy + a3.

azPy Ay _ BuAn
Hy Hu

C3 = 10y + @y iy + @18 + Aoy + py® + Suy + 2010ty + 20 iy piy + 204 Sty + 20 pry pryt+

+2uyly® + a3 + @y azpy + a1a38 + aazuy + asuy® + ayazdpy® + 2a38u  uy + ag®uy®

Cy = 2aquy + 4uypy + 20y + 280y + ajaz + ayaz + Sag + +2azuy + aspy —

tasduy,d — ayazByAy  2asupPvAv  az’ByAv  az8fyAy  2uyBuln  a3Buly
35V Hy Hy Hy Hy HH HH
asz; Py A
_ 3 3 3 3 3, 2 3 3PVAVByAR
C4 = 1 ApQ3Uy"~" + A3y Uy + A1 a36Uy” + Qaziy Uy + azpy”uy” + Sazpuy uy + i
. azfynby _ ﬂHAHuVZ _ arapazfy Ay . aluHﬁVAV _ aiazéfy, Ay _ a2a3ﬂHﬁVAV _ a3ﬂH2ﬁVAV _ 5“3ﬂHﬁVAV
Hy Hy Hy Hy Hy Hy Hy Hy

It can be seen that all the eigenvalues have negative real parts and therefore the disease-free equilibrium is
Locally Asymptotically Stable.



4.2.2 Endemic Equilibrium

In this section, we consider a situation in which all the steady states coexist in the equilibrium. We denote

E*yv = Su L En' In' Ry’ Sy’ Ev', Iy") as the endemic equilibrium of the system (4.1). We also obtain

_ (ayy +ug)(azy + py +96) E = a1 Pulu — bu(@iy + pu)(@zy + uy +96)

SH* = yEH
A1 Pu A1 pipPu (g + Uy)
% _ a1gBAR—BH(@1g+up)(@g+tu+6) R.* = a1 BuAu—bu(aig+up)(@oy+ug+8y)]
5 H —

Bu(aig+up)(@zy+up+35) , HHBH (@ g +u) (A2 +uy+5) ,

_ by(agy + py) . qyBvAv —pyv(agy HHy) o, aqyBvAv — pyT (v + py)
=—— " E = I =

oy By oy By(oyy + py) wy By (ary + py)

The local stability of the endemic equilibrium determined from the Jacobian matrix (4.5). This implies that the

Jacobian matrix of the endemic equilibrium is given by:

i Su” Bi' " R, Sy B 1) = JE ) = [0 (4.10)
Where:
~Buly” — 0 ~BuSu" 8 8 a(Z)H
Jo = 0 —(aiy + uy) BuSu™ s 1= 00 ol
0 A1H —(azy + py +96) 00 O
0 0 0 O . x
0 —Byl,” — 0 —ByS
L=|0 0 0 0 and [, = Bvly Uy ﬂv*v
0 0 —(a +uy)  ByvSy
0 0 0 O
0 0 A1y —Hy
The eigenvalues of the (4.10) are given by:
_ _ [Carp+un)(azn+pun+s) _ _ _ _%wvyay .
Clearly 1, = [ . + yH] Ay = —uy, Az = oL negatives and
/14 + d1/13 + dzlz + d3l + d4_ = 0 (411)

By Using the Routh-Hurwitz criterion [9], it can be seen that all the eigenvalues of the characteristic equation

(4.11) have negative real part if and only if:

{dl > 0, dz > 0, d3 > 0, d4 > 0, dldz - d3 > 0, d1d2d3 - d32 - d12d4 > 0, (4 12)

dyd,dsd, — dods®d, > 0
Where: dy = aq, + py + 8 + ayy + 3uy + a1y

dy = Q1@ + 4@y + 281y + gy + 25y + 4un” + Suy + 2uply + 2upayy +

Aaply + AapQqy + Aogly + Spy + 6agy + Suy + Uyayy + pyky + Bragy + Briy



ds = a1y phy + Qs gy + Qs gy + Ayl + Qg payy + Agiy® + Sa gy

+éa yary + 8aiypy + aypivary + Aigpviy + APy @iy + A Pyity + Qoplviy + Hpdap Qv

+up?azy + Hphy + Hplogy + B + Sy + Supagy + Sug® + 2pg’py + 2agviyiy +

utvHy + Q2pPriy + dapPrity + ZpnPrary + ZupPriy + Suyay + Sy +8fyary +

+8Byity + a1y doylly + A1 Qapiy + Al + Aiplgtyy + Qpiy® + Sayyagy + Saguy +

Ha@onty + HpQap @y + M’ Qo + Mg’ ly + Bg’agy + Wg® + Sugpy + Sagypy + Spy® + Suy

dy = 2Q15Qp0y iy + 201y Qo iyiy + @1y aopiy By + aip@iy vy + @i’y + @By
+ayyipByiy + 8a iy + Say gy + 8ayByaiy + Sy Bylly + azpipiyy + @i’y
+at By v+ @ uByity + Miiyeuy + iy + Br?Byaay + He?Byity + Spuiy ey + Spy’py

+8UuBvoyy + SulyBy + a1y aiy By + a1pQapByiy + Qppndiyily + @ pia’iy + @iy By

+ayyinfyiv+8ay vy +8a g +8ayy Byany + 8ayy By iy iy Gty iy +ity oy iy Hiy? agyily +
ty 0oy By oy Uy Qop By + py iy + +uy? Byayy + Byity + Supiyayy + Sy + SppByoayy +

SunPByagy + SupPyiy.

5. NUMERICAL SIMULATIONS

In this section, we present the numerical simulation of our models. All the parameters used in this section are

displayed in table3, table 4 and under Figures.

Table 3: Parameters Values of Model1

A Recruitment rate of susceptible. 1.2 [17]

B Infection rate(effective infection rate) 0.001 Assumed
a, Developing rate of exposed (humans) 0.1 Assumed
a, Recover rate of human.( removal rate) 0.0035 [6]

u Natural death rate 0.03 [17]

) induce death rate 0.089 [17]



Table 4: Parameters Values of Model2

Recruitment rate for human 1.2 Assumed
Recruitment rate for mosquito 0.7 Assumed
Developing rate of exposed (humans) becoming infectious 0.1 Assumed
Recover rate of human.( removal rate) 0.0035 [6]
Natural death rate for human 0.01146 Assumed
induce death rate for human 0.068 Assumed
Developing rate of exposed (mosquito) becoming infectious 0. 083 [6]
Natural death rate for mosquito 0.05 [18]
Probability of transmission of infection from an infectious mosq to a susceptible hum 0.022 [16]
Probability of transmission of infection from an infectious human to a susceptible mosquito 0.24 [16]
Mosquito biting rate 0.29 [15]
Infection rate qy X% n,, of human 0.00638 [16]
Infection rate q, X 1y, mosquito 0.0696 [16]

5.1 Sensitivity Analysis of the Basic Reproduction Numbers

We investigate the nature of the model by conducting sensitivity analysis of the reproductive

numbers R,, R, for model (2.1) and (4.1) respectively.

(a) Atthe disease-free equilibrium for (2.1): A = 1.2, = 0.001, a; = 0.1, a, = 0.0035,u = 0.03,6 = 0.089 ,
Ry < 1.
If the value of g is increased to 0.08 or more and the values of a4, a,, 4 , A and § maintains
same then R, > 1.
(ii) If the value of A is increased to 10 or more and the values of a;, a,, 1,3 and §
maintains same then R, > 1.
(b) At the endemic equilibrium for
(4.1):8, = 0.0696, By = 0.0064, a;;, = 0.083, a5 = 0.1,uy = 0.01146, u, = 0.05,5 = 0.068 , R, > 1.
(i) If the values of B, and B, is decreased to 0.000064 and 0.000696 respectively or more and the values
of the others parameters maintains same then R; < 1.
(ii) If the values of a,4 and aq,, is decreased to 0.001 and 0.00083 respectively or more and

the values of the others parameters maintains same then R; < 1.
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Figure3: Time responses of the state variables S, E, I, and R with initial conditions s(0) = 0.83,
E(0) =0.08,1(0) = 0.07,R(0) = 0.02, against the time and R, = 0.2512.Where the
parameters: A = 1.2, = 0.001,a; = 0.1,a, = 0.0035, = 0.03,5 = 0.089.
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Figure4: Time responses of the state variables S, E, I, and R with initial conditions s(0) = 0.83,

E(0) = 0.08,1(0) = 0.07,R(0) = 0.02, against the time and R, > 1.Where the parameters:

A=128=008a, =0.1,a, = 0.0035,x = 0.03,5 = 0.089.
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Figure5: Time responses of the state variables S, E, I, and R with initial condition s(0) = 0.83
E(0) = 0.08,1(0) = 0.07,R(0) = 0.02 , against the time and R, > 1.Where the parameters:
A =10, =0.001,a, =0.1,a, = 0.0035,u = 0.03,5 = 0.089.
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Figure6: Time responses of the state variables Sy, Ey, Iy, and Ry, with initial conditions s(0) = 0.8
E(0) =0.1,1(0) = 0.08,R(0) = 0.02, against the time and R, < 1.Where the parameters:
Ay = 1.2, 8 = 0.001, a;; = 0.1, a5 = 0.0035, py = 0.03,5 = 0.089.
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Figure7: Time responses of the state variables Sy, Eyy, Iy, and Ry with initial conditions s(0) = 0.8
E(0) =0.1,1(0) = 0.08,R(0) = 0.02, against the time and R, > 1.Where the parameters:
Ng =1.2,84 =0.08,a15 = 0.1, 2,y = 0.0035, uy = 0.03,6 = 0.089.
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Figure8: Time responses of the state variables Sy, Ey, and I, with initial conditions S, (0) = 0.7
E,(0) = 0.2,E,(0) = 0.1, , against the time and R, < 1. Where the parameters:
Ay = 0.7, By = 0.0696,a,, = 0.083, 1, = 0.165.
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Figure9: Time responses of the state variables Sy, E,, and I;,, with initial conditions S,,(0) = 0.7
E,(0) = 0.2,E,(0) = 0.1, , against the time and R, > 1.Where the parameters:
Ny = 0.7, B, = 0.696, a;, = 0.083, u, = 0.165.
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Figure10:

Relationship among Ry,and a; when Ry<1.

Figurei1:

Relationship among R,anda, when R,<1.
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Figure12:

Relationship among Ry,and A when R,<1.

Figure13:
Relationship among R,and & when R,<1.
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Figure17:
Relationship among R,;and § when R,<1.




6. DISCUSSION OF RESULTS

In this paper, we studied the dynamics of an SEIR Model (2.1) and applied it to malaria transmission
between human and mosquito, we derived the basic reproduction number and discussed the existence and
stability of Disease-Free Equilibrium (DFE) and Endemic Equilibrium (EE) of model (2.1) and applied them to
model transmission between human and mosquitoes (4.1). Our analysis shows that if the reproduction number
is less than one then the (DFE) is locally asymptotically stable, this implies that only susceptible is present and
the other populations reduces to zero, and the disease dies out. And if the reproduction number is greater than
one then (DFE) is unstable, for (2.1) and (4.1) respectively. This has been verified numerically by simulations in
figures (3,6,8). And if the reproduction number is greater than one then the (EE) is unstable stable, this implies
that all the populations are exists, for (2.1) and (4.1) respectively. This situation has been verified numerically by
simulations in figures (4,5,7,9) respectively. And the figures (10,11,12,13) ,(14,15,16,17) shows the graphs of
Ry <1land R, <1 interms of a,,0,,6, A and §, a,y, By, By respectively.

Our Sensitivity analysis shows that the most effective parameters are infection rate f3, infection rate of human
By » infection rate of mosquito B, for model (2.1) and (4.1) respectively, the Simulation results show that in
epidemic situation of model (4.1), both the populations human and mosquitoes will be exists and get infected.
These results are helpful in predicting malaria transmission, and how to find effective way of malaria prevention
and control in the model.

Clearly, from the numerical simulations, the (DFE) is asymptotically stable whenever the reproduction number
less than one and the (EE) is unstable when the reproduction number is greater than one of model (2.1) and
(4.1) respectively. We notice that in order to reduce the basic reproduction number below one, we need to

focused on reduction of the contact between mosquitoes and human.

7. CONCLUSION

Our model shows that, Malaria cannot only controlled by reducing the infection rate between the human, but
also by reducing the contact rate between the mosquito and human, and the use of active malaria drugs,
insecticides, and, treated bed nets would reduce the mosquito population, and that keep the human population

stable.
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