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Fixed Point Theorems for Presic Type Mappings in
Gp-Metric Spaces

Abstract

In this paper, we introduce some fixed point theorems in G,-metric spaces by using the concept of
Presic type mapping. The present results generalizes various known results in the related literature.
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1 Introduction and Preliminaries

In 1922 Banach [1], established fomous fundemantal fixed point theorem, also known as Banach
contraction principle. The Banach contraction principle is the simplest and one of the most versatile
elementary results in fixed point theory. Over the years, various extensions and generalizations of
this principle have appeared in the literature. Matthews [2], introduced the partial metric spaces and
proved a fixed point theorem on this space. After that several fixed point results have been proved
in this spaces, for more details see [3-7]. In 2006, Mustafa and Sims [8] introduced a new structure
called G-metric space as a generalization of the usual metric spaces. Afterwards based on the notion
of a G-metric space, many fixed point results for different contractive conditions have been presented,
for more details see [9—13]. Recently, based on the two above metric spaces, Zand and Nezhad [14]
introduced a new generalized metric spaces G, which as a both generalization of the partial metric
space and G metric spaces. Some of these works may be noted in [15-17].
Now, we mention briefly some fundamental definitions.

Definition 1.1. [14] Let X be a nonempty setand let G, : X x X x X — R™ be a function satisfying
the following properties:

(GP1) 0 < Gp(z,yz,2) < Gp(z,z,y) < Gp(z,y,2),al z,y,z € X;
(GP2) Gp(z,y,2) = Gp(z, z,y) = Gp(y, z,z) . .., (Symmetry in all three variables);

(GP3) Gp(z,y,2) < G(z,a,a)+ Gp(a,y,z) —Gp(a,a,a), forany a, z,y, z € X, (rectangle inequality);
(GP4) z=y==zif Gp(z,y,2) = Gp(x,x,2) = Gp(y,9,y) = Gp(2,2,2);

Then the pair (X, Gp) is called a Gp metric space
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Proposition 1.1. [14]Let (X, G,) be a G,-metric space. Then for any x,y, z and a € X the following
relations are true.

(I) Gp(x,y,z) S Gp(iE,.’E,y) + Gp(.’E,.’L‘,Z) - Gp(:c,x,:r),‘
(”) GP(xvyay) < 2Gp(£E,.’L'7y) - Gp(l‘,l‘,l’),'

(iii) Gp(z,y,2) < Gplz,a,a) + Gp(y, a,a) + Gp(z,a,a) — 2Gy(a, a,a);

(iv) Gp(z,y,2) < Gp(x,a,2) + Gpla,y,2) — Gp(a, a,a).
Definition 1.2. [14] Let (X, G,) be a G,-metric space and a sequence {z } is called a G,, convergent
tox e X if

lim Gp(z,Tn,Tm) = Gp(x,z, ).
n,m—oo

A point z € X is said to be limit point of the sequence {z,} and written z,, — z.

Thus if z,, — z in a G, metric space (X, G,), then for any € > 0, there exists ¢ € N such that
|Gp (2, Zn,2m) — Gp(z,z,2)| <€ foralln,m > £.

Proposition 1.2. [14] Let (X,G,) be a G,-metric space, then for any sequence {z,} in X, the
following are equivalent that
(i) {zn} is G, convergent to x;
(i) Gp(n,zn,x) — Gplx,z,2) @SN — 00;
(i) Gp(zn,z,2) = Gp(z,z,2) 85N — .

Definition 1.3. [14] Let (X, G,) be a Gp-metric space.
(i) A sequence {z,} is called a G, Cauchy if and only if limp, m—o0 Gp(Tn, Tm, m) €xists and
finite.
(i) A G, metric space (X, G,) is said to be G,, complete if and only if every G, Cauchy sequence
in X is G, convergent to zeX such that
Gp(z,2,2) = limp m—oo Gp(Tn, Tm, Tm).
Lemma1.1. [15]Let (X,G,) be a G, metric space. Then
(i) fGp(z,y,2) =0thenz =y =z,
(i) Ifx # y then Gp(z,y,y) > 0.

Proposition 1.3. [14] Every G,-metric space (X, G,) defines a metric space (X, dg,,) as follows:
de(z,y) = Gp(x7y7 y) + Gp(y7 z, 1’) - Gp(m,x,m) - Gp(%?h y)! fOf a”m7 ) € X.

2 Main Results

Considering the convergence of certain sequences S. B. Presic [18] generalized Banach contraction
principle as follows:

Theorem 2.1. [18] Let (X, d) be a complete metric space, k a positive integerand T : X* — X a
mapping satisfying the following contractive type condition

d(T(ach:c% .4.,.’£k)7T({L‘2,$3, ...7$Ck+1)) < qld(xl,:pg) + qu(:v%xg) + ...+ qkd(:ck,xk+1) (21)

for every x1,xa, ..., xp+1 in X where q1, q2, ..., qx are non negative constants such that 1 + q2 + ... +
gr < 1. Then there exist a point z in X such that T'(z,x,...,x) = x. Moreover, if 1, x2, ..., zx, are
arbitrary points in X and forn € N,

Tntk = T(Tn, Tty ooy Tntb—1) (m=1,2,...)



then the sequence {z,};~, is convergent and
limz, = T(lim 2y, lim zy, ..., lim z,).

Remark that condition (2.1) in the case k£ = 1 reduces to the well-known Banach contraction
mapping principle. So, Theorem2.1 is a generalization of the Banach fixed point theorem.
Ciri¢ and Presic [19] generalized Theorem 2.1 as follows:

Theorem 2.2. [19] Let (X, d) be a complete metric space, k a positive integer and T : X* — X a
mapping satisfying the following contractive type condition

d(T(z1, 2, ...y ), T(x2, 23, .o, Thg1)) < A 1111?<xk{d(x¢,x¢+1)} (2.2)

where \ € (0,1) is constant and x1, 2, ...,xr+1 in X. Then there exist a point x in X such that
T(z,z,...,x) = x. Moreover, if x1,x2, ..., xx, are arbitrary points in X and forn € N,

Tntk = T(Tn, Tty s Tngh—1) (M=1,2,...)
then the sequence {z,};= is convergent and
limz, = T(limzy,limz,, ..., limz,).
If in addition we suppose that on a diagonal A ¢ X*
d(T(u,u, ..., u), T(v,v,...,v)) < d(u,v) (2.3)
holds for all u,v € X, with u # v, then z is the unique point in X with T (z,z, ...,z) = x.

Nazir and Abbas [20], proved common fixed point theorems of Presic type in partial metric space.
Also Dhasmana [21] showed a unique common fixed point theorem is obtained in settings of G-metric
spaces by using the concept of Presic fixed point theorem. Further, Gairola and Dhasmana [22]
proved common fixed point theorems of Presic type in G-metric space which extends the result of
Cirié-Presic [19], Dhasmana [21] and George-Khan [23].

We will carry this idea to G,-metric spaces, which is a generalization of partial metric spaces.

Theorem 2.3. Let (X,G,) be complete G,-metric spaces, k € Z* and T : X* — X a mapping
satisfying the following contractive type condition

Gp(T (21,22, k), T (02,235 o0y Tt1), T (3, @45 0y Thp2)) < A max {Gp (i, Tig1, Tiv2)} (2.4)

where X\ € (0,1) is constant and z1, x2, ..., xx, are arbitrary elements in X. Then there exists a point
x in X such thatT (z,z,...,x) = x. Moreover, if x1,x2, ..., xk+2 are arbitrary points in X andn € N,

Tn+k = T(Lljn, Tn+1, ~--71'n+k—1) (n = 1, 2, ) (25)

then the sequence {z,};>, is convergent and

lim z, = T(limx,, imx,, ..., limx,).
n— o0
If in addition we suppose that
Gp(T(uyuy...;uw), T(v,v,...,v), T(w,w,...,w)) < Gp(u,v,w) (2.6)

holds for all u,v,w € X, withu # v # w, then x is the unique point in X withT(z,z,...,x) = x.



Proof. z1,x2,...,xx, be k arbitrary in X. Using these points define a sequence (x,) as follows:
$n+kIT(LEn,ZIZ’n.H,...,LEnJrk,l), (n:1,2,...).

For simplicity set v, = Gp(%n, Tn+1,Tn+2). We shall prove by induction that for each n € N;

Y < MO™ (2.7)

where 6 = A+ and M = max{%, 7%, ..., 2¢}. According to the definition of M we can writing for
n=12,..k

Tn < M9n7 Tn41 < M0n+17 sy Yn+k—1 < M0n+k_1-
Then we have:

Ytk = Gp(Tntk, Tntk+1, Tntk+2)

= GP(T(a?n, Tn+41y -0y xn+k_1), T(an, Tn42y -0y $n+k), T($n+2, Ln43y ey mn+k+1)).

By (2.4)

Ytk = GP(T(xTH Tn41y -y xn+k71)7 T(‘T’rr‘rla Tn+42y ey anrk), T(xn+27 Tn+43y ey -Tn+k+1))
< A max{'yn, Yn41, Vn+25 -+ ’Yn+k71}
< Amax{M@"™, Mo" ", . Mo" T}

asf =\

Ytk SAMO™ (as0< 0 < 1)
= Mo"t*

and the inductive proof of (2.7) is complete. Next using (2.7) for any n, m,l € N we have the following
argument:

Gp(Tn, Tm, x1) <Gp(Tn, Tnt1,Tnt1) + Gp(Tnt1, Tnt2, Tny2) + ...

+ Gp(wi-1, 71, 1) — {Gp(Tnt1, Tnt1, Tnt1) + Gp(Tnt2, Tnto, Tny2)+
o+ Gp(Ti-1, T1-1,T1-1) }

<Gp(Tn, Tn+1, Tnt2) + Gp(Tnt1, Tnt2, Tnt2) + oo + Gp(Ti—2, Ti—1, T1)

=Yn + Ynt+1 + ... V-2

<MO™ + MO + .+ Mo
MOo™

= 1-0

by which we conclude that (z,) is a G, Cauchy sequence. Since (X, G,) is complete G, metric
space, there exists z € X such that {x, } sequence converges z € X. So,

lim  Gp(@n,Tm, ) = lim Gp(zn,z,2) = Gp(z,z,z) = 0.
n,m,l—oo n— 00



Then for any integer n we have

Gp(Tntt,Tntk, T(x, 2y oy x)) = Gp(T(2,2, .., ), T(Tny Tt 1y ooy Trh—1, L(Tny Tt 1y ooy Tnth—1))
<Gp(T(z,x,....z), T(x, ..., xn), T(T, ..., Tn))+
Gy (
Gp(T(2y ooy Ty Tig1), T(Ty ooy Ty Ty Tty Trg2), T(Zy ooy T, Ty Tt 1, Tng2))
F oo+ Gp(T (2, Tny ooy Tt b—2)s T (T, Tty ooy Tt b—1)s T(Tny Tty oovs Tt b—1))
—{Gp(T(zy .o,y @n), T(Ty ooy, T ), T(Ty oy T, ) )+
Gp(T(Zy ooy Ty Ty Tit1), T (T ooy Ty Ty Tg1 ), T(Xy ooy Ty Ty Trag1) )+
i+ Gp(T (23T, oy Tgk—2), T (T Ty vty Tgk—2), T (T, Ty ooy Tgk—2)) }
<Gp(T(z,zy....x), T(x) ..., 2, xn), T(zy ..., )+
Gp(T(xy .oy, 0 ), T(Ty ooy T, Ty Tt1), T(T, ooy Ty Ty Trg1) )+

Gp(T(Zy ooy, Ty Tnt1), (T4 ooy Ty Ty Tty Trg2), T(Zy ooy T, Ty Tt 1, Trg2))

T(
T(xy oz, @n), T(Ty ooy &, Ty Tn1), T(Xy ooy Ty Ty Trage1) )+

F oo+ Gp(T (2 Zny ooy Tt b—2)s T (T, Trt1y ooy Tt b—1)s T (T, Tty oovy Trgb—1))
<Amax{Gp(z,z,x), Gp(x, Tn,xn)} + Amax{Gp(z,z,x), Gp(x, Tn, Tn), Gp(Tn, Tnt1, Tnt1) }+
+ . + dmax{Gp(z,z, ), Gp(T, Tn, Tn), Gp(Tn, Tnt1, Tnt1), -y Gp(Tntk—2, Tntk—1, Tntk—1)}-
Taking the limit when n tends to infinity we obtain
Gp(z,z,T(z,z,..,x)) < AGp(z,z,x)
that is,
Gp(z,z, T(x,2,)....;)) <0
which implies
T(z,x,...,z) = .
Thus we proved that;
limz, = T(im z,, lim z,, ..., lim z,,).

Now suppose that (2.6) holds. To prove the uniqueness of the fixed point, let us assume that for some
Y,z € X, x # y # zwe have

Ty, y, . y) =y, T(z,2y.02) = 2
Then by (2.6),

Gp(a:7 Y, Z) = GP(T(xv Ly eeny 1‘), T(y7 Yoy y)7 T(Zz Zyaeny Z)) < Gp(a:7 Y, Z)7 (28)
which is a contraction. So, x is the unique point in X such that T'(z, z, ...,z) = =. O
Corollary 2.4. Let (X,G,) be complete G,-metric spaces, k € Z* and T : X* — X a mapping
satisfying the following contractive type condition

k
Gp(T (21,22, s k), T2, T3, o0y Tt 1), T (3, Tay ooy Thy2))) S Y NiGp(@i, Tig1, Tiya)  (2.9)
=1

where A1, A2, ..., \x are non-negative constants, Zle Xi € (0,1) and z1, 2, ...,x, are arbitrary
elements in X. Then there exists a pointx in X such thatT (z,x, ...,z) = x. Moreover, ifx1,x2, ..., Tpt2
are arbitrary points in X andn € N,

Tnt+k = T(Z’n, Tn+1, ~-~7xn+k71) (n = 1, 2, ) (210)



then the sequence {z,};~, is convergent and

lim z, = T(limz,, imzy,, ..., limz,).
n— oo

If in addition we suppose that
Gp(T(u,u,...;uw), T(v,v,...,v), T(w,w,...,w)) < Gp(u,v,w) (2.11)
holds for all u,v,w € X, withu # v # w, then z is the unique point in X with T (z,z,...,z) = x.

Remark 2.5. Theorem 2.3 is generalization of corollary 2.4, as the condition (2.9) implies the conditions
(2.4) and (2.6). Actually,

MGy (71,22, 3) + Ao Gp(T2, T3, Ta)+ -+ - + MeGp (i, Tig1, Tiv2) (2.12)
< Az 4o ) max {Gp(@s, Tig1, Tiv2) ) (2.13)

and A1 + A2 + - -+ + A\, < 1. Beside, for any u, v, w € X, with u # v # w, from (2.9) we have

Gp(T(uy ty ooy ), T(v, 0, .y v), T(w,w, ooy w)) < Gp(T(u,uy .oy w), T(w, wy ooy uy v), T(w, wy ..oy u, v))+
Gp(T(uyty ooy u, ), T(uy ty ooy u, v, 0), T(Uy U,y ooy Uy 0, ) + o
Gp(T(v,w,...;w), T(w,w, ...,w), T (w,w, ...,w))—
{Gp(T(uyty ooy, ), T (U, Uy ooy u, v), T(Uyu, ...y u, v))+
Gp(T(uyty ooy, 0,0), T (Uy Uy ooy y 0, 0), Ty Uy oy uy 0, 0)) + oot

Gp(T(uyw, .c.;w), T(u, w, ..., w), T(u, w, ..., w)) }
<Gp(T(wyty ey ur), T (Uy Uy ooy uy v), Ty, .y uy v))+
Gp(T(uyty ooy uy 0), T (s ty ey, 0, 0), T(Uy U,y ooy Uy 0, 0)) + oo

Gp(T(v,w, ...;w), T(w,w, ...,w), T (w,w, ...,w))
<M Gp(u,v,w) + A2Gp(u,v,w) + -+ - + M Gp(u, v, w)
=M1+ A2+ + Ak)Gp(u, v, w) < Gp(u,v,w)

and, as a result, (2.9) implies (2.6).

3 Conclusion
Nazir and Abbas [20], proved common fixed point theorems of Presic type in partial metric space.

Further Dhasmana [21] showed fixed point theorem by using Presic type mapping in G-metric spaces.
Our works generalizes several similar results in the literature.
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