UNDER PEER REVI EW

Oscillation of Second Order Difference Equation With a
Superlinear Neutral Term

Original Research
Article

Abstract

This paper deals with oscillation of certain class of second order difference equation with a
superlinear neutral term. Using comparison method some new oscillation criteria are obtained.
Examples are included to illustrate the main results.
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1 Introduction

In this paper, we are concerned with the oscillatory behavior of nonlinear difference equation with a
superlinear neutral term

AlanA(Tn + PrTo_1)) + qnazi+14 =0, n>ngo (1.1)

where ng is a nonnegative integer, subject to the following conditions:
(H1) a€[1,00)and g are ratios of odd positive integers;
(H2) {an}.{pn} and {g,} are positive real sequences for all n > no;
(Hs) kis a positive integer and [ is a nonnegative integer.

Let ¢ = max{k,l}. By a solution of equation (1.1), we mean a real sequence {z,} defined
for all n > no — 6, and satisfies equation (1.1) for all n > ng. A solution of equation (1.1) is
called oscillatory if its terms are neither eventually positive nor eventually negative, otherwise, it is
nonoscillatory otherwise. If all solutions of the equation are oscillatory then the equation itself called
oscillatory.
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In the last few years, there has been a great interest in investigating the oscillatory and asymptotic
behavior of neutral type difference equations, see Agarwal, RP. et al. (2005, 2000); Gyori, |. and Ladas, G.
(1991); Yang, J. et al. (1997) and the references cited therein.

In Tang, XH. et al. (2001), X.Liu considered the equation of the form

A(Tn — PnTo_i) + qmnid =0, n>no (1.2)

and studied the oscillatory behavior of equation (1.2).
In Thandapani, E. et al. (2004a), Thandapani et.al investigated the oscillation of all solutions of
the equation
A(a”ﬂA(x’ﬂ - pnx%—k)) + an§+1_l =0,n2>no (1 3)

where p is a real number, k& and [ are positive integers, 0 < o < 1 and S are ratios of odd positive
integers.
In Yildiz, MK. and H.Ogurmez (2014), Yildiz and Ogunmez considered equation (1.1) with m = 2
which has the form
A2(xn + PnZp_k) + qnmfl_l =0, n>no (1.4)
where {p.} is a real sequence, {¢.} is a nonnegative real sequence, and o > 1 and g are ratios of
odd positive integers. They also investigated the oscillatory behavior of solutions of equation (1.4).

In Thandapani, E. et al. (2004b), the authors considered equation (1.1) and obtained criteria for
the oscillation of solutions when 0 < o < 1 and either

i i:oo, (1.5)

or

> ERP (1.6)

using some inequalities and Riccati type transformation.

Thus, we see that many oscillation results known for the equation (1.1) when the neutral term is
sublinear and very few results available for the equation (1.1) when the neutral term is superlinear.
Therefore in this paper we obtain some new oscillation criteria for the equation (1.1) when the
neutral term is superlinear. The results established here are new and complement to that of in
Thandapani, E. et al. (2004a,b); Vidhyaa, KS. et al. (2017); Yildiz, MK. and H.Ogurmez (2014); Zhang, Z. et al.
(2001). Example are included to illustrate the main results.

2 Oscillation Results

In this section, we obtain sufficient conditions for the oscillation of all solutions of the equation (1.1).

We set
n—1 1
«
Zn = _ = —_
n Tn + PnTpn—k, R, Z as
s=ng
and

B, = (M'"“R,"™ — p,) > 0 for all constant M > 0.

From the nature of equation, we only need to give proofs for the case of eventually positive solutions
since the proofs for the eventually negative solutions would be similar. We begin with the following
theorem.
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Theorem 2.1. Assume that (H,) — (Hs) and (1.5) hold. If

oo

> @Bl =00 (2.1)

n=ni
holds, then every solution of equation (1.1) is oscillatory.

Proof. Assume to the contrary that equation (1.1) has an eventually positive solution {z, }, say z,, >
0, Tn—r > 0,and z,—; > 0 for all n > n; for some n1 > no. From equation (1.1), we have

AlanAz,) = —qnaszﬂfl <0, n>n. (2.2)

In view of condition (1.5), it is easy to see that Az,, > 0 for all n > n;. Now

n—1
asA\zs
Zn = Zng + Z E— > RpanAzn, (2.3)
s=nq
and hence
A (;—") <0 forall n>mn. (2.4)

It follows from the definition of z,,, and using ;—" < M > 0forall n > ni, we have

[e% 11—« [e%
Zn = PnTn—k = (2n © —DPn)2n

Ty =
> (Ml_aR’}L_a —Pn)zn, N> N1 (2.5)

Substituting (2.5) into (2.2) yields
AlanAzy,) + anSJrlflzzflfl <0, n>ni. (2.6)

Summing equation (2.6) from n; to n, we obtain

n
B B
Z asByi1 1201 < any Az,

s=nj

Since z, > K > 0, the last inequality contradicts (2.1) as n — oo. This completes the proof of the
theorem. O

In the next theorem, we reduce the oscillation of equation (1.1) to that of a first order delay
difference equation.

Theorem 2.2. Assume that (H.) — (Hs) and (1.5) hold. If the first order delay difference equation
Awn + %Bfoleilfzwzikz =0, n2=mn0 (2.7)
is oscillatory, then every solution of equation (1.1) is oscillatory.

Proof. Assume to the contrary that equation (1.1) has an eventually positive solution {z, }, say z,, >
0, n—r > 0,and x,—; > 0 for all n > ny > ng. Proceeding as in proof of Theorem 2.1, we obtain
(2.6). Now use (2.3) in (2.6), we have

A(anAzn) + an,ijl,leilfl(anﬁ*lflAszﬁlfl)aB S 07 n 2 ni.
Set w, = a,Az,. Then {w,} is a positive solution of the inequality
Awn + q”BrBLJrlfleilflwzilfz <0, n>mni.

It follows from Lemma 2.7 of Thandapani, E. et al. (2012), the corresponding difference equation (2.7)
also has a positive solution, which is a contradiction. The proof is now completed. O
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Remark 2.1. Employing sufficient conditions for the oscillation of all solutions of equation (2.7), one
can obtain easily verifiable criteria for the oscillation of all solutions of equation (1.1).

Corollary 2.3. Assume that (H,) — (Hs) and (1.5) hold. Ifaf = 1,1 > 2, and
= -1\
lim inf Y ¢.BY, Royi > (T) (2.8)
noee s=n—I+1
hold, then every solution of equation (1.1) is oscillatory.

Proof. Condition (2.8) and Theorem 7.5.1 of Gyori, |. and Ladas, G. (1991) implies oscillation of
equation (2.7). The assertion now follows from Theorem 2.2. This completes the proof. O

Corollary 2.4. Assume that (H,) — (H3) and (1.5) hold. If o8 < 1, and
Z anf-‘-l—szil—z = (2.9)
n=ni

hold, then every solution of equation (1.1) is oscillatory.

Proof. Condition (2.9) and Theorem 1 of Tang, XH. et al. (2001) implies oscillation of equation (2.7).
The assertion now follows from Theorem 2.2. The proof is now completed. O

Corollary 2.5. Assume that (H.) — (Hs) and (1.5) hold. If a8 > 1,1 > 2, and there exists a
A > = log a8 such that

lgr_r)linf [ang-;-l—lRffq—l exp(fekn)} >0 (2.10)
hold, then every solution of equation (1.1) is oscillatory.

Proof. Condition (2.10) and Theorem 2 of Tang, XH. et al. (2001) implies oscillation of equation (2.7).
The conclusion now follows from Theorem 2.2, and the proof is completed. O

Our next results are for the case where (1.6) holds in place of (1.5). We let

=1
A”:Z(Z'

s=n

We will also need the condition

WAL
EHZ(KI*“—’7 - ’“)>o 2.11)

for all constant K > 0 and all n > n1 > ny.

Theorem 2.6. Let o8 > 1, and (H:1) — (Hs), (1.6) and (2.11) hold. If there exists a positive
nondecreasing real sequence {p.} such that

. ~ As— A s 2
’nli)n;o sup Z [quSBerlfl B #pp)} = (2.12)
s=n1 s
and )
. S [ e afK; P AL
i sup D7 AT g Bl - S =00 (2.13)
s=n 4CLS s+1

hold for all constants K1 > 0, then every solution of equation (1.1) is oscillatory.
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Proof. Assume to the contrary that equation (1.1) has an eventually positive solution such that z,, >
0, zn—x > 0,and x,,—; > 0 for all n > n1 > ne. From equation (1.1) that (2.2) holds. We then have
either Az, > 0 or Az, < 0 eventually. If Az, > 0 holds, then we can proceed as in the proof of
Theorem 2.1, we obtain (2.6). Define

A
wn = pn T 0> (2.14)
Zn—l
Then w, > 0forn > ny, and
AlanAz,)  Apn n Az2?
Aw, = pn (aﬂ ) + P Wn41 — p W41~z !
Zpt1—1 Pr+1 Pr+1 n—l
af
s Apn Pn Az,Z,
< @Bt Pn+1wn+1 B Pn+1wn+l oB (219)

By Mean value theorem, we have

Az*P < aﬂzﬁffilAzn_l

and using this in (2.15) gives
Apn Pn 2
Awn<fnnBB L+ ——wnpi1 —af—s—"—"—w ,m>n 2.16
S —Pndnb, 1, il +1 ﬂpi+1an7l n+1 Z ni ( )

where we have used a,, Az, is positive and decreasing and z, is increasing. Using the completing
the square in (2.16) yields

7an71(APn)2 n>ni.

B
AIUn S _pnann+1_l + 40lﬁpn ) =

Summing the last inequality from n; to n, we obtain

n

8 as—1(Aps)*
2 {psquS“’l T dafp. ) =M

s=nq

which contradicts (2.12) as n — co. Next assume that Az,, < 0 for all n > n,. Define

Wl s (2.17)

Un = =
208

Thus u,, < 0 for all n > nq, and from (2.2) we have

anAzn
b

Azs < s> n.

as

Summing the last inequality from n to j, we obtain
1
Zj+1 — Zn S anAZn Z ;gy

and then letting j — oo gives
“"Azﬂ > _1, n > ni. (2.18)
Thus
—anAZn(—anAZn)aﬂ_lA%ﬂ

208

<1
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for n > n1. Since —a, Az, > 0 and (2.2) and (2.17) hold, we have

1 o8
T TeB-1 <updy” <0, (2.19)
where L = —an, Az,,. On the other hand from (2.18), we obtain
A (i") >0, n>n. (2.20)
An
From the definition of z,, and (2.20), we have
Tn = Zn — DPnlp_k > Zn — DnZn—k > Zn — Dn Z;k Zn
nAp
> (Klfo‘—p > k)zf{,nan, (2.21)
A
where we have used z, < K for K > 0 and all n > n;. From (2.21) and (2.2), we have
AlanAzy) + anfLHflzzflfl <0, n>mni. (2.22)
From (2.14), we have
ap
Au, = A(aZgAZn) — U, Afg , m>ny. (2.23)
Zn+1 Zn41
By Mean value theorem
af < ozﬂznJrl Az, if af>1; 204
Azn *{ aBz2P Az, i af <1, (2.24)
and so combining (2.23) with (2.24) and then using the fact that Az, < 0 gives
2
Auy < —quBED, —aBKPTIASPTIE >y (2.25)
an
since 22— >1and 4= > K > 0 for all n > n;. Multiplying (2.25) by A +1 and then summing it from
niton — 1 we have
Z A% Aug + Z A g B+ Z aBKPTL AP 1A§‘fl us <0. (2.26)
s=nq s=nq s=ny
Using summation by parts formula and Mean value theorem, we have
n—1 n—1
« «@ «@ uS
ST A Ay > AV un — AT, + Y aBAST! - (2.27)
s=nq s=n1y
From (2.26) and (2.27), we obtain
n—1
[e3 @ [e3 [e3 ofp— un
Anﬁunﬁ A Bunl + Z Asfl 1q5 s+1 l + Z aﬁASﬁ 1(17
s=mn1 s=n1q
n—1 u2
£ Y apKpTA AT <0
s=n1
which on using completing the square yields
n—1 1—aB qaB—1
8 O[ﬁK A 1 af
_Z AS—HqSESH L 4a<A?+1 : Laﬂil A v
s=n1y
when using (2.19). This contradicts (2.13) as n — oo, and the proof is now completed. O
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Corollary 2.7. Letaps > 1 and (H,) — (Hs), (1.6) and (2.11) hold. If condition (2.13) and( > 2 hold,
and there exists a A > (%1) log a8 such that (2.10) holds then every solution of equation (1.1) is
oscillatory.

Proof. The proof follows from Corollary 2.5 and Theorem 2.6. This completes the proof. O

Theorem 2.8. Let0 < af < 1 and (H1) — (Hs), (1.6) and (2.11) hold. If condition (2.9) holds, and

_ 1
. af—1 B _ _
nh_}rr;o sup E [K Asy1gsE Todin 00 (2.28)

s=nq

for every constant K > 0, then every solution of equation (1.1) is oscillatory.

Proof. Proceeding as in the proof of Theorem 2.6, we see that Az, > 0 or Az, < 0 eventually. If
Az, > 0then by Corollary 2.4, we obtain a contradiction to (2.9). Next, we assume that Az,, < 0 for
all n > n1. Proceeding as in the proof of Theorem 2.6 we obtain (2.22). Define

Uy, = w, n>mni. (2.29)

Zn
Thus u, < 0 for all n > n;. From (2.29) and (2.22), we see that

B8
_ann+1—z _ Ui

Aun S —amg T

n>ni. (2.30)
where we have used z, < K for K > 0 and for all n > n,. Multiplying (2.30) by A,,+1 and then
summing it from n; to n — 1, we obtain

n—1 n—1

Z A‘5+1Aus + Z Kaﬂ 1As+1q.s S+1 l+ Z S+1us < 0

s=mn1 s=n1 s=mn1
Using the summation by parts formula in the first term of the last inequality and rearranging, we obtain

n—1 2
Aptn, — Apqtn, + Z KB 1A9+1qs El,  + Z ( +As+17> <0

5
s=mn1 s=mn1

which on using completing the square yields

n—1

1
af—1
Z |:K Ast19sE 9+1 ! m} <14 Ap tn,
sS=ni
when using (2.18). This contradicts (2.28) as n — oo, and the proof is now complete. O

3 Examples

In this section, we present some examples to illustrate our main results.

Example 3.1. Consider the neutral difference equation

1 1 4(n+1) 2 1
A (g (o)) + (@i D s amrg) o =0nzt @Y
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_ _ _ _ A(n+D) _ _ _ _ ;
Here an = 5.7, Pn = 52 0 = Grityens + s @ =3 B =3, k=2andl = 2. Simple
calculation shows that R, = n?> — 1 and we see that all conditions of Corollary 2.3 are satisfied.
Hence every solution of equation (3.1) is oscillatory. In fact {z,,} = {(—1)"} is one such solution of

equation (3.1).

Example 3.2. Consider the neutral difference equation
13 1 15
A(nAlzn+ —x5_o + —z,/5,=0,n>1 (3.2)
n n

Herea, =n, pp =1, g =1, a =3, =1, k=1and! = 2. Itis easy to see that all

conditions of Corollary 2.4 are satisfied, and hence every solution of equation (3.2) is oscillatory.

Example 3.3. Consider the neutral difference equation

A<(”+1)(n+2)A <$n+n 1

m%a)) +4(n+ 1)’z =0, n > 1. (3.3)

Here a, = (n+1)(n+ 2), pn:m, gn=4(n+2)* a=3, =3, k=1andl = 2. Simple

calculation shows that A, = —+, af =9and E, = (K % — ("174”2 > 0. Further the conditions
(2.12) and (2.13) are satisfied with p,, = 1. Therefore by Theorem 2.6, every solution of equation (3.3)
is oscillatory.

Remark 3.1. In Yildiz, MK. and H.Ogurmez (2014), the authors discussed the oscillatory behavior
of equation (1.1) when a, = 1 and lim, . infg, > 0. But in this paper we derived conditions
for the oscillation of all solutions of equation (1.1) without such assumptions. Hence our results
improve and complement to that of in Thandapani, E. et al. (2004a,b); Vidhyaa, KS. et al. (2017);
Yildiz, MK. and H.Ogurmez (2014); Zhang, Z. et al. (2001).
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