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Convergence Analysis of a Non-overlapping DDM for
Optimal Absorbing Boundary Control Problems Governed
by Wave Equations

Abstract

A non-overlapping domain decomposition method (DDM) is described to solve optimal boundary
control problems governed by wave equations with absorbing boundary condition. The whole
domain is divided into non-overlapping subdomains, and the global optimal boundary control
problem is decomposed into local problems in these subdomains. An integral mean method
is utilized to present an explicit flux calculation on the inter-domain boundary T' in order to
communicate the local problems on the interfaces between subdomains. We establish the full
parallel and discrete schemes for solving these local problems, and prove the stability of the
schemes. A priori error estimates in suitable natural norms are derived for the state, co-state
and control variables.
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1 Introduction

Optimal control problems governed by wave equations are widely used in many fields, such as in
medical science [Clason et al. (2009)], seismic wave [Komatitsch and Tromp (1999)] and acoustic
wave [Banks et al. (1988)], and so on. Generally speaking, these optimal control problems aim to find
a control variable which makes the state variable tend to an expected target state in the process
of optimizing (maximize/minimize) the objective functional and meanwhile, the state and control
variables are subjected to wave equations. References [Kroner et al. (2011)] and [Gugat and Keimer
(2009)] considered some numerical methods for optimal control problems governed by wave equations.

As well known, for the problem on large domain, the traditional numerical methods, such as finite
element methods, always produce large amounts of calculation which can be settled efficiently by
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the method of parallel computations. A natural way in parallel computations is the non-overlapping
domain decomposition method (DDM). References from [Lions et al. (1973)] to [Benamou (1999)]
discussed the applications of non-overlapping DDM for optimal boundary control problems governed
by PDEs. This method can divide the whole domain into many subdomains, and decompose the
global problem into many local problems, which are independent in the subdomains and can be
calculated parallel. Hence, this method can reduce much amounts of calculation. An important
character of this method is how to build inter-domain boundary conditions of state/co-state variables
between subdomains. For an example, for optimal boundary control problems governed by hyperbolic
equations, reference [Benamou (1999)] presented an iterative non-overlapping DDM, utilized Robin
condition as the inter-domain boundary condition and proved the convergence of the method.

When calculating solutions to the problem in an unbounded domain, it is often essential to
introduce artificial boundaries to limit the area of computation. Important fields of applying artificial
boundaries are local weather prediction [Roache (1972); Elvius and Sundstrom (1973)], geophysical
calculation involving acoustic waves [Boore (1972)] or elastic waves [Kelly et al. (1974)], and so
on. For wave equations, Engquist et al. [Engquist and Majda (1997)] developed the theory of
absorbing boundary condition, which is a kind of artificial boundaries and consists of the time and
space derivatives of the function. This boundary condition not only guarantees stable difference
approximations but also minimizes the (unphysical) artificial reflections which occur at the boundaries.
Cowsar, Dupont and Wheeler [Cowsar et al. (1996)] proposed the mixed finite element method for
linear hyperbolic equation with absorbing boundary condition. In [Bamberger et al. (1997)], Bamberger
at al. discussed a domain decomposition method for the acoustic wave equation with absorbing
boundary condition.

Lagnese et al. [Lagnese and Leugering (1997)] studied a time-domain decomposition method for
an optimal boundary control problem governed by wave equations with absorbing boundary condition.
The objective functional consisted of the final time values of both the function and the time derivation
of the function. They decomposed the global optimal control problem into local problems on each time
interval, built inter-domain boundary conditions for state/co-state variables between subdomains, and
proved the convergence of the method.

The purpose of this ppaer is to present another type of non-overlapping DDM for the model
problem in [Lagnese and Leugering (1997)]. Different from the methods in references from [Lions et al.
(1973)] to [Benamou (1999)] and based on our former work [Ma et al. (2009)], we utilize an integral
mean method to present an explicit flux calculation on the inter-domain boundary T" and establish
the non-overlapping domain decomposition scheme. This type of non-overlapping DDM has been
presented for parabolic equation in references from [Ma et al. (2009)] to [Sun and Ma (2014)], wave
equation [Sun and Ma (2010)] and convection-diffusion equation [Ma and Sun (2011)]. Nevertheless,
we did not extend this method to optimal boundary control problems governed by wave equations,
especially with absorbing boundary condition. This paper is one of our sequent research papers. To
our best knowledge, there is no similar work on this topic.

An outline of this paper is as follows. In §2, we introduce the optimal boundary control problem
governed by wave equations with absorbing boundary condition, and deduce the co-state equation
and the optimality condition. In §3, we recall the non-overlapping DDM by using the integral mean
method in [Ma et al. (2009)]. Then, we utilize this method to establish the full discrete schemes, and
prove the stability of the schemes. In §4, we derive a priori error estimates in suitable natural norms
for the state, co-state and control variables. Finally, we draw the conclusions in §5.

2 Optimal boundary control problem

Let © C R? be a bounded convex domain with smooth boundary 992 and [0, T] be a time interval. Let
N=TnyUTlp, I'nNTp =g,I'y and I'p be Neumann and Dirichlet type boundary, respectively.
Throughout the paper, the standard notations [Adams (1975)] are used for the Lebesgue space
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L™(Q), 1 <m < oo and the Sobolev space H*(Q2), 0 < s < co with the associated norms || - ||s and
seminorms | - |s. We will assume C' to be a generic positive constant independent of mesh size h
(to be defined in the next section), but may depend on the size of Q and can take different values at
different places.

Denote the state space by W = L?(0,T;V) with V = H*(Q) and the control space by X =
L2(0,T; M) with M C L*(I'y). We consider the following optimal boundary control problem governed
by wave equations with absorbing boundary condition [Lagnese and Leugering (1997)]:

. e 2 0y 2 o 2
= £ T) — —2(T) — - 241
min J) = min( ([ ) =o'+ [ e S [y e
where, the state variable y € W and control variable v € X satisfy
2
TVGD  Aywt) + ey = fa,0), in © x (0,7)
Oy(z,t) 9y _
57 + 9t = u(x,t), on 'y x (0,7),
y(z,t) =0, on T'p x (0,T), (2.2)
y(ﬂ?,o) = yl(l'), m Qv
1o} )
5 (@,0) = ya(@), in Q.

In equations (2.1)-(2.2), 7 is the unit outward normal vector on 'y, f(z,t),y1(z) and y2(x) are
known functions, zo (), z1(x) are known target functions, v and « are positive given wight coefficients.
The boundary condition on T'y is called as absorbing boundary condition, which includes the time
and space derivatives of the state y. Here, we consider the objective functional J(u) with final time
values of both y and dy/dt. The overall idea of equation (2.1) is to drive y and dy/dt as close as
possible to the target state zo(z) and z1(x) respectively, while the second term penalizes excessive
control cost.

According to the optimal control theory in references from [Lions (1971)] to [Liu and Yan (2008)]
and [Lagnese and Leugering (1997)], we can obtain the adjoint equation of

%—Ap(ac,t)—i—cpzo7 in Qx(0,T),

% —dip =0, on Ty x (0,T),

p(x,t) =0, on I'p x (0,T), (2.3)
P, T) =2 (D) = 21),  in 9,

%(z,T) = —v(y(T) — 2o0), in Q.

where, p € W is called the co-state variable of y. And, d; : L*(0,T; M) — (H'(0,T; M))* is a
bounded linear operator satisfying [Lagnese and Leugering (1997)]

T
< dtp; ¢ >ryx(0,1)= —/0 (n%?)Mdt, Vo € H'(0,T; M).
where, space (H'(0,T; M))* is the dual space of space H'(0,T; M), < -, - >ry x(0,7) denotes the
inner product in the (H'(0,T;M))*, H'(0,T; M)) duality pairing. We note that d;p is not the time
derivative dp/dt of p in the sense of distributions.
And we know that when the objective functional J reaches its optimum, the control variable
u € X should satisfy ( references from [Lions (1971)] to [Liu and Yan (2008)] )

J/(u)(a—u):/ (au+plry)(@—u) >0, Vi € X. (2.4)

'y x(0,T)



UNDER PEER REVI EW

[Z

Figure 1: Subdomains ©; and inter-domain boundary T'.

This inequality is called as the optimality condition.

Then, the optimal boundary control problem (2.1)-(2.2) is equivalent to an optimality system,
which consists of of the state equation (2.2), the co-state equation (2.3) and the optimality condition
(2.4). We can get the solutions of equations (2.1)-(2.2) by solving the optimality system (2.2)-(2.4).

3 Non-overlapping DDM

3.1 Approximation schemes

To avoid large amounts of computational work by the traditional numerical methods to the optimality
system (2.2)-(2.4), we will build a non-overlapping domain decomposition scheme.

For simplicity and without losing generality, we only discuss the case of two subdomains. But
the algorithms and theories can be extended to the case of many subdomains. Divide € into two
non-overlapping subdomains Q;(: = 1,2) by an inter-domain boundary I" (see Figure 1)

Q=0UQ:, Q1 NQe=T.

LetT'p,; =TpndQ;and 'y ; = TnNOQ, Tpi # 0, T, # 0. Define o to be the unit normal vector
on I', which points from Q; toward Q.. We suppose that this decomposition guarantee the global and
local problems hold enough regularities.

Let 7" be a quasi-uniform partition of subdomains Q;(i = 1,2) and T" = Ty U T¥. Define
Q = U,.rn7. Here, h denotes the maximal diameter of element 7 € T". For two neighboring
elements 7,7 € T", they have either only one common vertex or edge. Let V" c V is a finite
element space satisfying

Vh={v e H(Q): v, e Pi(r), VT e T"},
where P;(7) denotes the polynomials of degree less than or equal to 1 on 7. Denote W" =
L0, T; V")

Similarly, let 73} ; be a quasi-uniform partition of I'n,; and T3} = T{}, U T{} ,. Let hy denote the
maximal diameter of element 7, € T{. For two neighboring elements 7, 7{; € T, they have only
one common vertex. Let M" c M is a finite element space satisfying

M"={v € L*(Tn) : v|ry € Po(r), ¥ 70 € TS}
where Py (1) denotes the polynomials of degree 0 (i.e., constant) on 7. Denote X" = L?(0,T; M").

From definitions above, we note that functions v in W" have a well-defined jump [v] on T':

[v](z) = lim v(z+ Aor) — lim v(z + Aop). (3.1)
A—0t A—0—

To construct the scheme, for a small given constant 0 < H < min{diam(Q1), diam(Q2)}, we
introduce an integral mean value of a given function v € H*(Q) on T" as (Ma et al. (2009))

I .
Uy = 5H /_Hv(w + AUr)d\, YzonT. (3.2)
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Figure 2: The strip domain G with width 2.

Generally, near the intersection of the boundary 92 and inner boundary T, the value of v outside
may be needed to calculate the integral mean value vy in (3.2). For a given function v € L*(2), we

define ([Ma et al. (2009)] )
Bo(x) = v(z), =z € Q, (3.3)
’U(i’), x §Z Q7 -

where £ € Q denotes the symmetric point of 2 ¢ Q with respect to 9Q. By (3.3), we know 7y has
the value on a strip domainG = {yly = © + Avr, A € [-H, H], zonT}, see Figure 2.
Let At be time step size, N = T'/At, t* = nAt,n = 1,--- , N. For a given function v, we adopt
the following notations. Set
vn+l +,U'n

’Un = ’U(tn), ,Un+% = #’

vn,9 = 0’[}”+1 —+ (1 — 20)’[)” + 9””717 9 € (07 1)3

8 ,Un B ,Un+l _ ,Un 8 vnfl B ,Un _ ,Unfl (34)
t - At ) t - At )
6vn _ vn+l _ ,Un—l 821}” _ ,Un+1 _ 2’(}” 4 ,Un—l
2N ‘ (At)?

By using of the integral mean non-overlapping DDM scheme in [Ma et al. (2009)], we can define
the full discrete schemes for the optimality system (2.2)-(2.4): Find the approximation solution {Y™,
UYL, € VP x M" satisfying

N—-1
sy =35 [ wrArace T Y sl + [ oy - al)
n=1 I'n Q2 2

—TAH <Y -2l GY YT =2, e 4 < VY =20 VN —20),, >1

Iz T, H

KH™! - -
+ D) {< [YN — Z()]7 [YN — Zo] >r 4+ < [OtYN t_ 21], [(%YN T Z1] >F}}7
(3.5)
and
1 1 JE—
(BFY™,0) + (VY™3, Vo) + (Y5, v)+ < Y ol >r
+ <V s (Y] >0 +KH P < [Y"], [v] >r
= (M, 0)+ < U™ v >p, — < 6Y™, 0 >y, in (3.6)
YO =y (2), in Q,
0Y° = ya(z), in Q,
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where Vv € V' = {v € V" v|r, =0};

1, ifG C Q,

XDF:(VEX)'VFa forX:KU; K:{Q’ ’LfG¢Q

OnT'n, 6Y" is used to approximate dy /9t in order to keep second order convergence rate for At.

Remark 3.1. In the scheme (3.8), the flux on T is computed explicitly from Y™, so that Y"*! can be
computed on Q; and Q- fully parallel once Y™, Y™~ ! have been got. From the convergence analysis
in Section 4, we will see that this scheme has good approximations.

From the optimal control theory in references from [Lions (1971)] to [Liu and Yan (2008)], we can
deduce the full discrete schemes for the adjoint equation (2.3): Find P € V" satisfying

(0P, w) + (VP™,Vw) + ¢(P™ %, w)+ < PL__ [w] >r

+ < Wi, [P"] >0 +KH ™' < [P"], [w] >r=< 6P",w >ry, in Q,

(3.7)
PN =@y Nt =21, in Q,
0PN = (YN — ), in Q,
for Vw € Vg and for the optimality condition

<aU™i + P —U™% >p, >0, Va e M". (3.8)

Hence, we establish the full discrete schemes (3.6)-(3.8) for the optimality system (2.2)-(2.4).

3.2 Stability of approximation schemes

To prove the stability of the full discrete schemes (3.6)-(3.8), we need the following notations and
lemmas. For functions ¢ € H'(Q1) U H'(Q2), we define [Ma et al. (2009)]

I10111* = (Yo, Vo) + KH ™" < [¢],[¢] >r, (3.9)
and a bilinear form
b(, ) = (V, V) +2 < Yoy, (W] >r +KH ! < [¥],[Y] >r - (3.10)
Lemma 3.1 (Ma et al. (2009)). There exists a positive constant Co = 1 — - such that for constant
H>0
b(v,v) > Colllglll*, Vo € V" (3.11)

Define an "energy” norm ( [Sun and Ma (2010)] )
I 12, = 18" P + b7 E ) 4 el
2 . (3.12)
— B0 {2 <8y (0] >r +KHT < [0i97], [0:97] >r ).

We turn to prove that the "energy” norm (3.12) is nonnegative under a time step constraint. To
this end, we need the following inverse estimate ( [Brenner and Scott (1996)] )

V] < Cah™ ||, (3.13)

and the trace inequality
I[9)132y < Csh™Hlw]2. (3.14)
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Lemma 3.2 (Sun and Ma (2010) ). Denote L = H/h. There exists a positive constant C, such that
for constant H > 0,

IeIZ, > S0P + b0t E, pm ) 4 elpm P, (3.15)
provided that At < C1H, where C, = , /m .
Lemma 3.3. If f =0, U = 0, there exists a positive constant C' such that for n =1,2,--- | N, the full
discrete schemes (3.6) and (3.7) hold the following estimates in “energy” norm
Y"IE < 1Y e, (3.16)
IP™7HE, < 1P, - (3.17)

Proof. Estimate (3.16) can be obtained similarly from the proof of Lemma 3.5 in [Sun and Ma (2010)].
In equation (3.6), we take v = §Y™ to get that

(D2Y™,5Y™) + (VY™ T, VoY™) + (Y™, 6Y™)+ < vt [5Y ] >

+< (SYV"FH,[Y ’Z] Sr+KH P < [Y" ’Z],[dY | >r + <0Y",6Y" >ry
n n n n,l n -1 'n,l n n
=< YgFH —YﬁnH,[éY > +< 6Y§F’H,[Y 1YY" >r+KH ~<[Y™"1 —Y"],[6Y"] >r
(3.18)
By the notations (3.4), we have the following results.
(i)
n n n—1
(OFY",5v"™) = ol ™| — oy ). (3.19)
(ii)
1 1
(VY™1 VoY") 4+ c(Y™1,6Y™)
(3.20)
n—+ n,, n-+ n,,
= S AR = Uy E )+ Sy - Py
(iii)
< Yﬂr LY Sr 4+ < OVE YT sr +KH < Y] [5YT] >r
"7'+ n+s — nt+i n+l
= s 2 <V A s K < [ R @:21)
—2< Y;;H?,[Y" 3 >p —KH ' < [y 2 [y 2] >r .
(iv)
yn n n n, 1 n -1 n,L n n
<YVFH - Yo [0Y"] >r +<OVE Y"1 —Y"|>r +KH ~ <[Y™"1 =Y"], [6Y"] >r
- §{2 <OYR 0" >r+KHT < [0,Y"],[0,Y"] >r
—2< YL [0Y" T >e —KH T < [0Y" T [0:Y" T >r )
(3.22)
Combining the above equalities (3.19)-(3.22) together, we can see that
[Y™2, + 208 < 6Y", 6" >ry=[[Y" Iz, (3.23)
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Then, we have estimate (3.16).
Now, we turn to prove estimate (3.17). In equation (3.7), we take w = —§P" to have

1
(0FP",~6P") + (VP™%,~V(5P™)) + o(P™%, ~§P")+ < Py | [-6P"] >

n ml -1 ml n ”a =y
+<=0Pp [P >r +KH T <[PUA][=0P"] > H{< Py — PR,
[6P"] >+ <OPF_,[P"5 = P"| >r +KH ' < [P™3 — P"],[6P"] >r}

=< 5Pn, —6P" >y -

(3.24)

By the notations (3.4) and direct calculations to the terms on the left-hand side of equation (3.24),

we have the following results.
(1)

2 pn n o n _ n—1
(0P, ~6P") = — o {10 — 0P ).

(2)
(VP"% —V6P"™) + ¢(P™, —5P™)

n—1 " n—1
= (VP3| = [VP 2P} = S { PR — P E P

2At 2AtL

(3)

<P [P™3] >p +KH ™' < [P™3],[-6P"] >r

VFH’

[<6P"] >p + < —0P%

vr,g’

n+2
Zaea

- {2< PLT2 [P"*3] Sp4KH ™Y < [P"3], [P 3] >p

2At

—2 < P2 [PYTH] sp —KH ' < [PPTE] [P >r}.

VFH’

<p™i P [P™% — P"] >

Ur H vr o H’

FKH ™ <[P — P, [-6P"] >r

[ SP" >r + < (SPJLFH,
= 77{2 < (915P~ [atpn} >r +KH < [atpn] [atPn] >r
—2< azpq Lo P T >r —KH P < [0,P" 71, [0, P >r)
By the above equalities (3.25)-(3.28), it follows
|P"|2, — 2At < 6P",6P™ >ry= ||P"1|2,.

From this equation, it follows the estimate (3.17).

Remark 3.2. The results (3.16)-(3.17) show that the full discrete schemes (3.6)-(3.7) keep the conservation

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)
O

of "energy” under the condition f = 0, U = 0. This means that the schemes (3.6)-(3.7) are stable.

4 Error estimates

4.1 Auxiliary lemmas

First, the following approximation properties exist.
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Lemma 4.1 (Ma et al. (2009)). For smooth enough function v, there hold estimates

P —vll2@ry < V2H| VY| L2, (4.1)
[0 = vllzee @y < CH?|Jvllw2.0 (0, (4.2)
and . 1
_ _ 1.0 1 6
v(z) —vu(x) = 6H vglg(:v) 120H /UD#(Z') +o(H”), Yz on T, (4.3)

where V2 (z) and Uga (z) are the second and fourth order normal derivatives of v on T', respectively.
Define an average operator IT,, : M — M" on element r; satisfying
1
Mpul,y, = 7/ u, Yue M,y € T}, (4.4)
[Tu] Jrpy
where |7v| is the measure of element 7.

Lemma 4.2 (Zhu and Yuan (2009)). For the average operator 11, there exists a positive constant C
independent of hy such that

¢ = bl L2(ryy < Chullllm(ry), ¥ ¢ € H' (10). (4.5)
Similar to the method of reference [Fu and Rui (2009)], we introduce an auxiliary problem: Find
intermediate variables {Y" (u), P"(u)}’_, € V" x V" n=1,2,--- N satisfying Vv, w € Vg
(OFY ™ (), 0) + (VY™ (u), Vo) + (Y™ (u), v)+ < Vi (u), [v] >r
+ < T, Y ()] >r +KH ™ < [Y"(w)], [v] >r
= (7 0)+ < uE v Sry — < Y™ (w),v STy, in Q, (4.6)
YO(u) =y, in Q,
0 Y°(u) = y2, in Q,
and . N -
(OF P™(u), w) + (VP™ 7 (u), Vw) + c¢(P™7 (u), w)+ < Py (W), [w] >r
+ < Wop 7, [P"(w)] >r +KH ™' < [P"(w)], [w] >r
=< dP"(u),w >ry, in Q, (4.7)
PY(u) = PN + (YN () -Y"), in Q,
PV (u) = 9, PN+ (0 YV T (u) — YN, in Q.
Let

¢("=P"—P*u), & =p"—P*(u), n=N,N—-1,---,0.

It is clear to see that 8° = 6! =0, ¢V =0V, 9,V = 9,0V 1.

{ gn:Yn_Yn(u)7 nn:yn_yn(u)’ n:O71727"'7N7

Lemma 4.3. Let {Y",P"} and {Y"(u), P"(u)} be the solutions of the full discrete schemes (3.6)-
(3.8) and the auxiliary problem (4.6)-(4.7), respectively. Then, there exists a positive constant C
independent of hy such that

ni2 n 2 2
Jmax 00" P+ max [6"° < Cllu = Ullao sy “9)
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2 2 2
o nax l[0:C™ 17 + o nax IC"17 < Cllu=Ulliz0, 752205y (4.10)
where
N-1 . 1y
flu — UHlZQ(O,T;L?(FN)) = Z Atflu™ T = U™ %20
n=1

Proof. Subtracting equation (4.6) from equation (3.6), we obtain Vv € V!

(920", v) + (VO™ 5, Vo) + c(0™7F,v)+ < 02, [v] >r

vr g’

+ < Tipp, 10"] >0 +KH L < [07],[0] >r (4.11)
= <UMT — M Spy — < 80",0 Sy

Take v = §0™ in equation (4.11) to have

(026™,66™) + (VO™3,V660™) + c(6™%,50™)+ < 67, [66"] >r
+ <00z (0" >0 +KH N < [0"],[60"] >r (4.12)
= < U™T —u™i,50" >p — < 507,80 >r,.
By the notations (3.4), we know
e(6™,56") = S0P — 0P, (4.13)
From the proof of Lemma 3.3, equations (3.12) and (4.13), it follows
the left-hand side of equation (4.12) = ﬁ{na”uil — 10" M3, T (4.14)
Analyzing the right-hand side of equation (4.12), we get
| <U™E —u™1,60" >y | < {0077 + 00" PY + CIU™E = u T oy, (415)
and
| <60™,60™ >ry | < C{0:0™* + 10:0" 7}, (4.16)

where 0 < e < 1 is chosen.
Combining estimates (4.14)-(4.16) together, multiplying both sides by 2A¢, summing time up to
n, and using the initial condition #° = ' = 0, we find

072, < CAEY {106 + 06|} + Car S (Ut — a2y, (4.17)
=1 =1
Then, from Lemmas 3.1, 3.2 and the discrete Gronwall lemma, it follows
L1071+ Colllo™ 31 + <l P < CarST [0 —utH agey . (4.18)
=1
Furthermore, since there exist 4"+ = g"+3 £L9,6™ and 63 = 0, we achieve

o™t < catS” (6. (4.19)

=1

Then, estimate (4.9) can be derived by equations (4.17)-(4.18).

10
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Next, we turn to prove estimate (4.10) similarly. Subtracting equation (4.7) from equation (3.7),
we see Yw € V!

(OF¢C"™,w) + (V™ 1 , Vw) + c(¢™ i ,w)+ < ¢ >r

Gy W]

+ < Wi, [C"] >r +KH < [¢"], [w] >r (4.20)

= <", w>ry.

In equation (4.20), taking w = —3§¢™ and similarly to the derivation of equation (4.9), we know

the left-hand side of equation (4.20) 2At{||g” Yz = 1€ 12, T (4.21)
and
| <8¢, =6¢" >ry | < C{IOC |1 + 110:C" P} (4.22)
Thus, we get
2At{l\é‘" HIE = 1CMIE Y < G0 P + 10717 (4.23)

For equation (4.23), multiplying both sides by 2A¢, summing time up to n, we obtain

N
Mg, < NCVIE Ay {1121 + 119" I7Y
L=n (4.24)

1671 + cat Y {10 I* + 12 I}

l=n

IA

Then, from Lemmas 3.1, 3.2, the discrete Gronwall lemma and equation (4.9), it follows
1 n— ntl n+l
5 l16:¢ P+ ColllK™F 21 +ell¢" 2 1* < Cllu = Ullfao,riL2on - (4.25)

By ¢" ' = ("7 — ALg,¢", itis easy to bound

N N
IS THE<NICY I+ A Y10 < 11671+ Ay 19l (4.26)
l=n l=n
Then, estimate (4.10) follows from equations (4.25)-(4.26). O

4.2 The error estimate of v — U
We turn to derive the error estimate of w — U bounded by p — P(u).

Lemma 4.4. Let{y,p,u} and {Y, P,U} be the solutions of the optimality system (2.2)-(2.4) and the
full discrete schemes (3.6)~(3.8), respectively. Assume u € L*(0,T; H'(T'n)), p € W, there exists
a positive constant C' independent of hy such that

lu—Ullf2om2mryy < Chir + Clp — P20 7.2 ) (4.27)

Proof. By direct calculation, we have

2 'n,,l n,l 2
allu = Ullzo,1;22(ry)) :C“Atz lu™% = U™ 722,
1 1 N-l 1 1
= ZAt<a app™a T U™ >FN+ZAt<aUn’Z+P"’Z(u),

n=1

N-1
1 1 1 1
Un,z _un,z >Sry AL Z < Pn,4(u) _pn,47un,4 _ ™1 >Sry

n=1

11
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N—-1
1 1 1 1
< AY <artt s PR @O utd ey
n=1
Nl 1 1 1 1
FAL Y < PN (u) —pm uhE = U™ Sy
n=1
Rl 1 1 1 N-l 1 1 1
< ALY <aUMEL Tt — ™1 >p +AEY L <phE T —u™d Spy
n=1 n=1
v 1 1 1 1 Nt 1
FAL ST < phE = P (u),w T — T Sry +AE Y < P (u)— (4.28)
n=1 n=1
1 1 1 Nt 1 1 1 1
PMa um —Iu™ 1 >py +AE Y < P (u) — P UMT —u™T >py
n=1
N-—-1
1 1 1 1
FAL ST < P (u) - pt u T - UM >y
n=1

6
= ZL
=1

Now, we analyze the terms I; to I one by one. By the definition of operator I1,, in equation (4.4),

there holds
N-1

1 1 1
Li=AtY  <aU™T Iu™T —u™ >p =0 (4.29)
n=1
From Lemma 4.2, we know
N 1 1
I < Chgaty (™|l ) + Ilu™ % |5 ry)) < Chi, (4.30)
n=1
and
N-1 . . ) , N-1 L,
I; < CAt nZl lp™* — P™%(u)||z2ry) + ChuAt 7;1 lu™ %221 ) (4.31)
< Clp- P(u)HlQQ(O,T;LQ(Q)) + Chi.
By Lemmas 4.2 and 4.3, we see
N-—-1 . - 5 N—-1 -
L < sAtZl | P53 (u) — P™ 7| + CAth Z_jl 0™ T 310 4.32)
< €|U- UHZQQ(O,T;LQ(FN)) + Ch,
where ¢ is an arbitrary positive constant.
It is now to bound the term I5. In equation (4.11), we take v = ("'% to obtain
2 n  .m,t n,L n,+ nil npl —_— n. 1
(D707, ¢ 3%) + (VO™ 3, V¢ 5) 4 e 5, ¢+ < B [C] >r
n 1 — =
+ <G 0" e+ KH T <07, (¢ > (4.33)

vr H’
n,t n,L n,t n sn,t
= <U"T —u™1,("T >p, —<60",("% >py.
By ¢° = 0" = 0,¢" = 0V,0,¢V"! = 90", sum time up to n and utilize the discrete Green

formula to have

1

N-1 N-1
AL ST (8207, ¢m ) = ALY (9", 0, (4.34)
n=1 n=1

12
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Z At{< 01’1‘ H’ [Cn 4] >r +< Cur‘ H’ [en] >T +KH71 < [On]v [Cny%] >F}

- (4.35)
= Z A< 0L 1M > + < T [074) >r+KHT < (074, 7] >
Hence, we find
N-l 1 1 1
Iy = = > At<(MT,UMT —u™MT >py
n=1
= - Z AH{(B70",C"5) + (V™3 V¢ 5) + (03, ¢+ < B3 [C73] >r
: n -1 n n,1 n sn,x
+<<ﬂ L0 >0 +KHT <[0°] 3] >p 4+ < 60", (M F >y}
= - Z {(9FC™,0™ %) + (VC3, V0™ 3) 4 e(¢VF, 075+ < G L [073) >r (4.36)
n=1
n,1 1 n om L
<O ¢ >r AKH T < [ 107 ] >r 4 < 66™,¢F >ry )
N—-1 . .
= =) A<M 0" >ry + < 60",¢MT oy}
n=1
= —<CN_7 oN2 >ry
< 0.
It is easy to bound the last term as
Iy < C[P(u) - P||122(0,T;L2(Q)) +ellu— UHl22(0,T;L2(FN))' (4.37)
By estimates (4.28)-(4.37), taking ¢ < %, we derive
flu — U||l22(O,T;L2(FN)) < Chy +Cllp - P(“)Hﬂ(o T;L2(Q))- (4.38)
Then, the proof of Lemma 4.4 is completed. O
4.3 The error estimates of y — Y (u) and p — P(u)
We adopt the standard elliptic projection @ € V" ofw € V
(V(w — @), V) + c(w —w,0) =0, Yove V™ (4.39)
From references from [Ciarlet (1978)] to [Schatz and Wahlbin (1979)], we know that
Lemma 4.5. For elliptic projection (4.39), there exists the following L°°-norm error estimate
[w—wllLee @) + [[(w = @)l Lo (@) + (W = D)eell Lo ()
(4.40)

< Ch2| In Al{|lwllw2.00 ) + l[wellwz.00 () + llweellw2.00 ) }-

As we have shown, the full discrete schemes (3.6) and (3.8) include two special terms on the
inter-domain boundary I" by integral mean method to present explicit flux calculation. The standard
elliptic projection (4.39) is insufficient for deriving optimal error estimates. To get optimal error

13



UNDER PEER REVI EW

estimates, a new elliptic projection which includes the terms of inter-domain boundary was introduced
in [Ma et al. (2009)]. This new elliptic projection wr € V" of the solution w € V is defined as follows:
Yo € Voh

(V(w —wr), Vo) + c(w — wr,v)+ < (W — wr) . g, [v] >T

L (4.41)
+ < Upp g [w —wr] >r +KH " < [w —wil, [v] >r= 0.
Lemma 4.6 (Ma et al. (2009)). Forw — wy, there exists error estimate
[w —wi| < C{R* + H?||w — || =},
[(w = wr)e]| < C{R® + HY?||(w — @)el L=},
(4.42)

I(w = wr)ull < C{R* + H'2||(w — @)e|ze},
IV(w = wr)ee|| < C{h+ H?|[V(w = @)ee]| o},

where W is the elliptic projection defined by equation (4.39).
Lemmad.7. Let{y,p},{Y (u), P(u)} be the solutions of the optimality system (2.2)-(2.4) and auxiliary

problem (4.6)-(4.7), respectively. Supposing that y,p € L*(0, T; H*(Q)) N H?(0,T; L*(Q)) and
H= O(h% ), there exists a positive constant C' independent of h, H and At such that

n n 2 2 5/2

(max [[0m” |+ max "] < C{(AL)" + A+ H™7}, (4.43)
n n 2 2 5/2

(ax (|97 + max [I€%]] < C{(AD)" + A7+ HY 7, (4.44)

provided that At < C1H, where constant C is defined by Lemma 3.2.

Proof. Step 1. By equation (2.2), we have the weak formulation Vv € Vi

n,L
(02y",v) + (Vy™ 3, Vo) + c(y™ T, v)+ < yo ¥ [o] >r
82

ol (4.45)
= (f"’%,v)—i— <u™i - 8ty”’i7v >ry +H(07y" — th : , V),
where
n 82 n,% gntl 84
loFy" = 3P < a0 [ 15 e < c(an’ (4.46)
tn—

follows from reference [Dupont (1973)].
Let yr € V" is the elliptic projection of y by equation (4.41). Define 8 =y — yr, p = Y (1) — y1.
Combining equations (4.41) and (4.45) together, we know

N

n,t n,
(afy?,v) + (VU[ *, Vo) + C(y]

+ < T il >r +KH ™ < [yf], [v] >r

s+ <Y [0] >0

aQyn,%

1 n,L n n,: n
= (i) 4 <uiv>ry + <0y — Oy >ry +H(07Y" — o ,v) (4.47)
__ n 1
+ <Yh , — Voo V] >r + <wp —ypt U] >0 — <68, v >y

—(V(B™F — B"),Vv) — (8287, v) — c(BF,v)— < Sy}, v >ry.

14
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Subtracting equation (4.47) from equations (4.6), we obtain
(070", 0) + (Vp™3, V) + c(p™ 5, 0)+ < pB . [0] >r
+ <V [P"] > +KHT < [p"], [v] >r
= (V(FVE = 5Y), Vo) + (B, 0) - <R — Y 0] 1 (4.48)
<l B S @) — @ - O
+ < 0™ v >ry — <0y — Oy” d Sry — < 0p", v STy -

Taking v = dp™ in equation (4.48), we analyze the terms one by one. Similarly to the derivation
of equation (4.14), it follows

the left-hand side of equation (4.48) = 2At{“p 12, — "I} (4.49)

It is easy to see that the following estimates exist

(V(B™F = 8"),V6p™)| < {IIVe" 2|7+ [Vp "2 |2} + C(A1)?||VZ 8”12,
le(B™%,6p™) < CUIO" 12 + 180" 12} + CHIB™ 512 + 18772 |17},
| <68",00" >y | < CLB™ 1+ 100" 17} + C{IIBB™I* + [10:8™ 1),
<o 0" s | < OO+ 0" ), (4:50)
@78",60™)] < %{||3tpn||2+||5tp”_1||2}+0\|3?ﬁ"||27
|(5t2y"—%7 Pl < %{||3tpn||2+||5tﬂn_1||2}+C(At)3,
and
| <upt — u5 105] > |
< R = gy + S T U, ey (451)
< s ABRE I e + mp"-%mm(p)} + OBy D lzce
where, t € (t"~',¢"*1), arbitrary constants e > 0and 0 < pu < 1.
Noticing that there exists
|3yaif_ m:&/ﬁm (at |77l ‘8 Y 1 rydr| < C(A1. (4.52)
Then, we know
| < aggj —8y",6p" >ry | < CLO" I+ 100" P + C(AD) (4.53)
From Lemma 4.1, we also know
| <Y, — Yo [00"] >r |
< Qit{fﬁ 1By — 9 By + BRET [ = o A2} (4.54)
< ga ACH I Bne oy + K H I ey + 100" 22}

15
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Collecting the above analysis together, we derive
1

2 —12 H -1 +3112 L2
o 12 = 1" IR = S KH T ™ ey + " 32y}

n+1 n—21 n n—
< CUPEIP + IV I+ o + o™ 1)
3 2 an 2 2 2 on 2 n+i2 n—1,2 (4.59)
+C{(AY)” + [19: 8717 + (AD)Z[IVO B™ |7 + 18" 2 |7 + 18" =]

n n— CH5 n n
H0B" 1P + 108" 1P} + S e Bz ) + 195 vz.o0 o -

Since 0 < p < 1, multiplying both sides of equation (4.55) by 2At, we find

(L= wllp" |z, — (L+ w)llp" 12,

CAH|IVp™ 2|2 4 [Vp" 2|2 + [|0ep" |12 + 10" 1%}

FCAH (A + 926" + (AP VB2 + 1872 |2 + | 8722
+0:B™I1” + [|0:8" 12} + CH®.

IA

(4.56)

An—1

Define A = ﬁ—ﬁ Then, we see 0 < A < 1. Multiplying both sides of equation (4.56) by T

we have
N P R [
< CAHIVP R IV R+ 0™ |12 + 100" 1%}
+OAH(AL)” + 078" |1* + (A [VOF 8" |1 + 1872 |* + (18"~ 2
08" |” + 108" 7} + CH.

(4.57)

Summing time up to n, we obtain

n

Ant 1 1 _
S AIVA TP IV 2P + 0P + 11017}
=1

A" < 20At

n 1 458
FOALS {(A0)? + 262 + (A2 VAR + 873 |12 (4.58)

=1
_1 _
HIBT2ZIP + 1087 + 188 P} + CHP.

Choosing 1 = 17
3.1 and 3.2, there holds

we know A" = (1+ 2)" < e*. By the discrete Gronwall lemma, Lemmas

1 1
§||6tp”||2 + Colllp"|II* +cllp" = |I?

< OALY (AP + |028'17 + (A0 VOB > + 118721 + |18 2|2 (4.59)
=1
+aB'|2 + 18871} + CH®.
At 82,3
Using the equality 828" = (At)‘Q/ (At — |r\)w(tl + 7)dr ([Dupont (1973)] ), we derive
—At
AR < O sy,
=1 58 (4.60)
AtZHV&fﬁlH2 < CHWHQH(O,T;H%Q))-
=1

16
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By the equality p" ' = p"*3 + 419,p" and p? = 0, there exists

n
" < ALY (9]l

=1

(4.61)

Putting equations (4.59)-(4.61) together and using Lemma 4.6, we can obtain estimate (4.43).
Step 2. This next step is to estimate the error between p and P(u). The weak formulation of

equation (2.3)is Vw € V'

nl
(B2p" w) + (Vp™ 3, V) + c(p™ ¥, w)+ < py*, [w] >r
1
n 1 6 e
= <dtp T4 w>FN (atp - o2 7w)7
where ||07p" — \| < C(A)®.

8t2

(4.62)

Define the elliptic projection pr of p by equation (4.41). Let ¢ = p — pr,¥ = P(u) — pr. There

exists

(OFpY,w) + (Vp?’%,Vw) + c(p"’%,w)

+ <P g (W] >r + < W, [pF] >r +KH T < [pi], [w] >r
82p"‘%
ot?
+ < PR — Phos[w] >r (06" w) = (V("1 = "), V)

I

1 n n n,
= <dp"T —p",w>ry +(07p" — ,w)— < py = pi, [w] >r

l n n
—c(p™ T, w)+ < 8", w >ry + < IpT,w >ry -

Subtracting equation (4.63) from equation (4.7), we have

1

(3t2¢n w) + (qu"%, Vw) 4 (™1, w)

+ < 9% w] >t + < Wi, W] >r +KH T < [@"], [w] >r

vr,g’
1 1

W dpi Ppma !

- ar , W >T —(afpn - T )+ < p17r4H pgr, [w] >r

— Pl [w] >r (020", w) + (V(p™T — "), Vu)

1
n n n,L dn7z
— <" w>ry + <", w >Sp (™ w)+ < pdt

= <dp

—<p4

YI'H

nd
—dipt,w STy -

(4.63)

(4.64)

Taking w = —4§9™ in equation (4.64), similarly to the derivation of equation (4.14), we have

the left-hand side of equation (4.64) 2At{||z/;” Yz - 1" IE T
We analyze the terms on the right-hand side of equation (4.64) one by one to obtain

n, 1 n n n— nti n,,
(™%, =89™)| < C{Iw" II” + 100" 11"} + CLlle™ 2 11 + o™ 2117,
| <", =09" >ry | < CLIO™ P + 100" 17} + CLIO™ 1 + |0 |17},
| <0y, —0" >ry | < C{IO™ 1P + 100" 1%,

dp™ i

n,+ n n n—
T~ G =0y >y | < C{lo" P + [l Y,

| <

(4.65)

(4.66)

(4.67)
(4.68)

(4.69)
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1

pha
dt

| < op" — , =6 >r | < C(AL)? + C{llow™ 1> + o™ H)I1*} (4.70)

from equation (4.53).
Similarly to the derivation of equation (4.55), combining the above analysis, we get
A B, — 12 — S K sy + 10" ) B}
9AL (0 g — e} — AL (0 L2(Tn) (7 12(Cy)

O™ I* + 18ew™ M I* + V™ 2| + [ V"~ 2||* + C{(A)* + 187 ™[I} (4.71)

CH?®
2At’

IN

n ntl n—1 n n—
HAL VLI + 1" 217 + "2 |7 + 180" I + 100" 71"} +

where 0 < pu < 1, e is an arbitrary positive constant.
Since 0 < p < 1, multiplying both sides of equation (4.71) by 2At, we have

(= @lle" g = A+l
CAL)o™ > + 10" 1> + [ V"2 + | V"2 |}
+OAH{(AL) +1|87"|1” + (A1) (VO " ||

IN

4.72)

Hle™ 2P+ "2 7+ 10e™|1* + 0™ 1P} + CHP.

We still define \ = }f—‘; Multiplying both sides of equation (4.72) by A" and summing time up

1—p
to n, we see
A" I,
N 1 1
< CINIE +CAtY {1012 + 0w 2+ Vo' 22+ Vet E )P
N - 1 1
+OALY {(AL)® + 107! |12 + (A2 V' |1 + [l 2 1 + o' 2|17
l=n
+H10e' |1 + 100" 1?} + CHP (4.73)
N
_ _1 1
< ClpME + At {llow! |7 + (|0 1P + 1V 2|12 + Vet E 7}

l=n
N
+OAL S {(A)? + (102! |2 + (A2 VOER |2 + [l T2 1 + [l |12

l=n
o' |1 + 10! H*Y + CH.
Similarly to Step |, by the discrete Gronwall lemma and Lemmas 3.1 and 3.2, we obtain
1 n—1)2 n+i2 n+i2
SHOe™ 1™+ Col [ 2 ||+ cll™ 2|

N
Cllp™ (&, +CAt Y _{(A6)* + (1076 |* + (A1)*|[ Vo7 ' |1® (4.74)

IN

l=n

1 _1 _
Hle T2+ ' Z ] 4 100" + 10w 1Y + CH®.

Hence, similarly to the proof of Lemma 3.2 and equation (4.43), we finally prove estimate (4.44)
exist. -

By the results of Lemmas 4.3, 4.4 and 4.7, we obtain the following error theorem.
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Theorem 4.8. Let{y,p,u}, {Y, P,U} be the solutions of the optimality system (2.2)-(2.4) and the full
discrete schemes (3.6)-(3.8), respectively. Assuming that the conditions in Lemmas 4.3, 4.4 and 4.7
be held, there exists a positive constant C' independent of h, hy and At such that

(max [0y = Y)" |+ max [ly" = Y"| < Clho + 1+ H? + (A1)}, (4.75)
 max [|10:(p — P)"|| +  max, [p" — P"|| < C{hu +h*> + H*? + (A1)*}, (4.76)

provided that At < C1H, where constant C is defined by Lemma 3.2.

Remark 4.1. From Theorem 4.8, we can know that the full discrete schemes (3.6)-(3.8) have convergence
orders on At, h and H as same as that of [Sun and Ma (2010)]. Since the schemes use implicit
Galerkin methods in the sub-domains and explicit flux calculations on the inter-domain boundary I"

by an integral mean method. The time step constraint At < C;H in Lemma 3.2 is still needed to
preserve stability, which is similar to that of reference work [Dupont (1973)].

5 Conclusions

We have presented a non-overlapping DDM to solve optimal boundary control problems governed by
wave equations with absorbing boundary condition. An integral mean method is utilized to present an
explicit flux calculation on the inter-domain boundary T" in order to communicate the local problems on
the interfaces between subdomains, which helps to compute the local problems on each subdomain
fully parallel. We establish the full discrete schemes for solving these local problems, and prove the
stability of the schemes. In Theorem 4.8, a priori error estimates are derived for the state, co-state
and control variables that show the full discrete schemes (3.6)-(3.8) have convergence orders on At,
h and H as same as that of [Sun and Ma (2010)].

References

Clason, C. Kaltenbacher B. and Veljovic, S. (2009). Boundary optimal optimal control of the Westervelt
and the Kuznetsov equation. J. Math. Appl. 356, 738-751.

Komatitsch, D. and Tromp, J. (1999). Introduction to the spectral ellement method for three
dimemsional seismic wave ropagation. Int. J. Geophys. 139, 806-822.

Banks, H.T. Keeling, S.L. and Silcox, R.J. (1988). Optimal control techniques for actice noise
suppression, in Decision and Control, proceedings of the 27th Conference on Dicision and Control,
Austin, Texas, 3, 2006-2011.

Kréner, A. Kunisch, K. and Vexler, B. (2011). Semi-smooth Newton methods for optimal control of the
wave equation with control constraints. SIAM J. Cont. Optim. 49, 830-858.

19



UNDER PEER REVI EW

Gugat, M. and Keimer, A. (2009). Optimal distributed control of the wave equation subject to state
constraints. ZAMM Z. Angew. Math. Mech. 89(6), 420-444.

Lions, J.L. Bensoussan, A. and Glowinski, R. (1973). Méthode de décomposition appliquée au
contréle optimal de systemes distribués, in 5th IFIP Conference on Optimization Techniques,
Lecture Notes in Computer Science 5, Springer Verlag, Berlin, Germany.

Leugering, G. (1999). Dynamic domain decomposition of optimal control problems for networks of
strings and Timoshenko beams. SIAM J. Control Optim. 37(6), 1649-1675.

Leugering, G. (2000). Domain decomposition of optimal control problems for dynamic networks of
elastic strings. Comput. Optim. Appl. 16(1), 5-27.

Benamou, J. D. (1996). Domain decomposition methods with coupled transmission conditions for the
optimal control of systems governed by elliptic partial differential equations. SIAM J. Numer. Anal.
33(6), 2401-2416.

Hou, L.S. and Lee, J. (2011). A Robin-Robin non-overlapping domain decomposition method for an
elliptic boundary control problem, Int. J. Numer. Anal. Mod. 8(3), 443-465.

Benamou, J.D. (1999). Domain decomposition, optimal control of system governed by partial
differential equations, and Sysnthesis of feedback laws, J. Optimiz Theory App. 102(1), 15-36.

Roache, P. J. (1972). Computational Fluid Dynamics, Hermosa Press, Albuguerque, N.M.

Elvius, T. and Sundstrom, A. (1973). Computationally efficient schemes and boundary conditions for
a fine mesh barotropic model based on the shallow water equations. Tellus 25, 132-156.

Boore, D. M. (1972). Finite difference methods for seismic wave propagation in heterogeneous
materials. Methods of Comp. Physics (Seismology) 11, 1-37.

Kelly, K. R. Alford, R. M. Treitel, S. and Ward, R. W. (1974). Applications of finite difference methods
to exploration seismology, Proc. Roy. Irish Acad. Conf. on Numerical Analysis, Academic Press,
London and New York, 57-76.

Engquist, B. and Majda, A. (1997). Absorbing boundary conditions for the numerical simulation of
waves. Math. Comput. 31(139), 629-651.

Cowsar, L. C. Dupont, T. F. and Wheeler, M. F. (1996). A priori estimates for mixed finite element
approximations of second-order hyperbolic equations with absorbing boundary conditions. SIAM
J. Numer. Anal. 33(2), 492-504.

Bamberger, A. Glowinski, R. and Tran, Q. H. (1997). A domain decomposition method for the acoustic
wave equation with discontinuous coefficients and grid change. SIAM J. Numer. Anal. 34(2), 603-
639.

Lagnese, J. E. and Leugering, G. (1997). Time-domain decomposition of optimal control problems for
the wave equation. Systmes & Control Letters, 48, 229-242.

Ma, K. Y. Sun, T. J. and Yang, D. P. (2009). Parallel galerkin domain decomposition procedures for
parabolic equation on general domain. Numer. Meth. Part. D. E. 25(5), 1167-1194.

Ma, K. Y. and Sun, T. J. (2010). Galerkin domain decomposition procedures for parabolic equations
on rectangular domain. Int. J. Numer. Meth. Fl. 62(4), 449-472.

20



UNDER PEER REVI EW

Sun, T. J. and Ma, K. Y. (2011). Dynamic parallel Galerkin domain decomposition procedures with
grid modification for parabolic equation. Int. J. Numer. Meth. FI. 66(12), 1506-1529.

Sun, T. J. and Ma, K. Y. (2014). Domain decomposition procedures combined with H'-Galerkin mixed
finite element method for parabolic equation. J. Comput. Appl. Math. 267, 33-48.

Sun, T. J. and Ma, K. Y. (2010). Parapllel Galerkin domain decomposition procedures for wave
euqation. J. Comput. Appl. Math. 233, 1850-1865.

Ma, K. Y. and Sun, T. J. (2011). Parallel Galerkin domain decomposition procedures based on the
streamline diffusion method for convection-diffusion problems. J. Comput. Appl. Math. 235(15),
4464-479.

Adams, R. (1975). Sobolev Spaces, Academic, New York.

Lions, J. L. (1971). Optimal control of systems governed by partial differential equations, Springer-
Verlag, Berlin.

Neittaanmaki, P. and Tiba, D. (1994). Optimal control of nonlinear parabolic systmes, Theroy,
Algorithms and Applications, Marcel Dekker, INC., New York.

Liu, W. B. and Yan, N. N. (2008). Adaptive finite element method for optimal control governed by
PDEs, Beijing: Science Press.

Brenner, S. C. and Scott, L. R. (1996). The mathematical theory of finite element methods, Texts in
Applied Mathematics 15, Springer-Verlag, Berlin.

Zhu, L. R. and Yuan, Z. Q. (2009). Boundary Element Analysis (in Chinese), Science Press, Beijing.

Fu, H. F. and Rui, H. X. (2009). A priori error estimates for optimal control problems governed by
transient advection-diffusion equations. J. Sci. Comput. 38, 290-315.

Ciarlet, P. G. (1978). The finite element method for elliptic problems, North-Holland Publ.
Amsterdanm.

Nitsche, J. (1979). L°°-error analysis for finite elements, In the Mathematics of Finite Elements and
Applications Il (Whiteman,J.R., ed.), Academic Press, New York, 173-186.

Schatz, A. H. and Wahlbin, L. B. (1978). Maximun norm estimates in the finite element method on
plane polygonal domains, I. Math. Comp. 32, 73-109.

Schatz, A. H. and Wahlbin, L. B. (1979). Maximun norm estimates in the finite element method on
plane polygonal domains, Il. Math. Comp. 33, 485-492.

Dupont, T. F. (1973). L?-estimates for Galerkin methods for second-order hyperbolic equations. SIAM
J. Numer. Anal. 10, 880-889.

21



