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Mathematical model of dengue disease transmission dynamics with control

measures

Abstract

Dengue disease is a mosquito-borne infectious tropical disease caused by the dengue
viruses of four serotypes, DEN 1 - DEN 4. It is transmitted between people by the bite
of female adult Aedes mosquitoes. In the present work, we study a vector host epidemic
model of dengue disease by considering control measures of the disease. The aim of the
study is to observe the effects of control measures on the dengue disease development.
Explicit formula for the metric, basic reproduction number R is obtained using Next
Generation Matrix method. Stability of the disease free equilibrium and sensitivity anal-
ysis of model’s parameters are discussed in terms of basic reproduction number. It is
observed that the disease free equilibrium is locally and globally stable when Ry < 1
and unstable when Ry > 1. Numerical results are carried out to illustrate the impact of

control measures in the disease transmission.

Keywords:
Dengue, Control Measures, Basic Reproduction Number, Stability and Sensitivity Anal-

ysis

1 Introduction

Infectious diseases are posing constant threat to humans. They have influenced the hu-
man biology and the whole society. Dengue disease is a vector borne infectious disease
which is threating about 2.5 billion people of the world’s population especially of trop-
ical and subtropical countries [12]. Four serologically different viruses DEN 1 - DEN 4
cause dengue disease. These viruses are transmitted to humans by the bites of Aedes
mosquitoes. A person infected by one of the four serotypes of viruses never get infected

by that serotype but loses immunity to other three serotypes of the viruses [9].

Different mathematical models have been proposed and analyzed to understand the
transmission dynamics of infectious diseases. In recent years, modeling has become a

valuable tool in the analysis of dengue disease transmission dynamics and to determine
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the factors that influence the spread of disease to support control measures. Many re-
searchers [4] 6] [7, 10, 14 16, 19] have proposed SIR epidemic model [21] to study the
transmission dynamics of dengue disease. Incubation periods in hosts and vectors have
a significant influence in transmission dynamics of dengue disease. So, the mathematical
studies [2], [15] [17] of dengue disease have been made to study dengue disease transmission

dynamics with incubation periods.

There is no vaccine and specific medicine to cure dengue disease. Awareness programs
can be helpful in reducing the prevalence of the disease. Different epidemic models
[8, 3] have been proposed to study the impact of awareness in controlling dengue dis-
ease. Prevention of mosquitoes bites is one of the ways of preventing dengue disease.
The mosquitoes bite humans during day and night when lights are on. So, to get rid of
mosquitoes’ bite, people can use mosquito repellents and bed nets. If infected hosts feel
they have symptoms of the disease and approach the doctor in time for the supportive
treatment, they can recover fast. This type of awareness can help controlling the dis-
ease. Another way of controlling dengue is destroying breeding sites of mosquitoes and
killing them. Spray of insecticides may be applied to control mosquito larvae or adult

mosquitoes which can transmit dengue viruses.
In the present work, we have taken followings as control measures:

(i) some susceptible hosts use mosquito repellents to avoid mosquitoes’ bite; (ii) some in-
fected hosts seek for the supportive treatment timely and recover fast; (iii) some infected
hosts use mosquito repellents to avoid mosquitoes’ bite; (iv) some mosquitoes’ breeding

sites are destroyed by spray of insecticides.

2 Formulation of the model

In the model, total host (human) population, N}, is divided into four classes: S}, (sus-
ceptible), Ej, (exposed), I}, (infectious), Ry, (recovered) and total vector (mosquito) pop-
ulation, N, is divided into three classes: S, (susceptible), F, (exposed), I, (infectious).
We assume that the fraction u; of susceptible hosts use mosquito repellents to avoid
mosquitoes’ bite. So, the fraction (1 — u;) of susceptible hosts interact with infectious
mosquitoes. The fraction us of infectious hosts seek for the timely supportive treatment
and recover fast by the rate ry, (r > 1). The fraction mus (r; is the proportionality
constant) of infectious hosts use mosquito repellents to avoid mosquitoes’ bite. uz rep-

resents the level of using spray of insecticides to control vectors by destroying breeding
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e sites of mosquitoes; and rqug (r9 is the proportionality constant) is a fraction of adult

e mosquitoes killed due to the use of insecticides.
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Figure 1: Flow chart of the model.

o Figure [1] describes the dynamics of dengue disease together with control measures. The

70 system of differential equations which describe the present SEIR - SEI vector host model

7 is given by

ds b

d_th = upNp — (1 — ”1>N£:Shl” — 1 Sh
dFE b
d_th = (1- Ul)]\%sh[u — (vn + pn) En

dr,

il UnLoy — [rugyn + (1 — ua)yn + i) In
dR
_dth = [rugyn + (1 — u2) )l — pn Ry (2.1)
ds, b3,

o (1 —ug)m, — (1 — ryug) ]\B/'h Syplp, — (rous + py) S,
dFE, b3,

i (1 —rus) ]\éh Sylp — (raus + vy + y) B,

dl,

dt - VUEU - (T2U3 + ,uv)IU

72

Parameters of the model are described in Table [1l

7z Total host population, N, = S, + E,+ I, + Ry, total vector population, N, = S,+ F,+1,.

dN, dN,
74 d_th =0 and = (1 —ug)m, — (rous + f1y) Ny.
. a1 - (]— - US)WU
7 S0, Nj, remains constant and N, approaches the equilibrium —— as t — oc.
(TQUJS + M’U)
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7 Introducing the proportions

Sh Eh . [h Rh Sv
7Sy =——, ep=—, ip=—, Th=-—), Sy= ,
h Nh h Nh h Nh h Nh (1—U3)7TU/<7“2U3—|—,UU)
K, , L,
8 €y = 1y =

(1 — uz)m,/(raus + py)’ (1 — uz)m,/(rous + py)
79 Since r, =1— s, —ep —ip and s, = 1 — e, — i, the system of equations (2.1)) can be

so written as the equivalent five dimensional non-linear system of ODEs:

d
% = up(1—sp) — aspiy,
d
% = aspi, — Pey
di
—;: = Upen — Vin (2:2)
de, ,
;t = 0Syip — (€ +vy)ey
diy, .
= Uyey — €ly
dt

bﬂhﬂ'v<1 — ul)(l — 'U,3)
Np(raus + o)

0= (1 —ru)bBy, €=rous+ .

&1 Here, a = ;o B=uvntpn, v = ruyyn + (1 —u2)yn + i,

Table 1: Model parameters and their description

Symbols Description
L death rate of host population
Uy, host’s incubation rate
Vh recovery rate of host population
578 transmission probability from vector to host
Ty recruitment rate of vector population
o death rate of vector population
Uy vector’s incubation rate
o transmission probability from host to vector
b biting rate of vector

82

» 3 DBasic Reproduction Number

sa  Basic reproduction number, Ry is the expected number of secondary infections caused

by a single infectious individual during their entire infectious lifetime.

"]
o

4
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s Mathematical expression for the basic reproduction number is obtained using Next Gen-

&7 eration Matrix Method [5, 20]. The basic reproduction, Ry number is obtained as

_ advyl,
Ro=p(FV ) = —""— 3.1
0 p( ) B”)/E(E + Vv) ( )
88 Here,
0 0 0 « 15} 0 0 0
00 o6 O 0 » 0 0
P V= et (3.2)
000 O — 0 v 0
0 00 O 0 -, 0 €

» 3.1 Equilibrium points of the model

o Two possible equilibrium points of the model are Ey = (1,0,0,0,0) and Ey = (s}, €}, 5, €5, 05)
(Bye + )€+ ) . _ pByele +1)(Rg—1) punBye(e + vy) (RE — 1)
ovplepn + (o + pp)w]” " Bovmlepn + (a4 pn)v]’ Boylepn + (a + pp)v +v)]’
e R —1 L pmbre(Rg— 1)
U ave(Byn 4 Spvn)” T aByn + Spnr)
i3 Here, the first equilibrium point is disease free equilibrium (DFE) point which always

* ko —
o where, s} = 1, =

92

w exists in the absence of infective population. The second point if exists is called endemic

s equilibrium point. This point exists if Ry > 1.

% Thus, we have Theorem [I}

v Theorem 1 (Existence of Equilibrium Points). System of equations (2.2) always has
e a disease free equilibrium point. If Rg > 1, the system of equations (2.2) has a unique

o endemic equilibrium point.

1w Theorem 2 (Local Stability of DFE). The DFE of the system of equations (2.2) is
w locally asymptotically stable if Ry < 1 and unstable if Ro > 1.

Proof. The Jacobian matrix of the system of equation (2.2) about DFE is obtained as

the block structure
A B

0 F-V

J:

102 Matrix J is triangular matrix. So, the stability of the system of equations (2.2)) depends
103 on the matrices on diagonal, A = [—p;] and F—V. Matrix A has the eigenvalue —p;, < 0.

e Matrix F' is non-negative matrix, V' is non-singular M — matrix [I]. Spectral abscissa of
w05 the matrix F =V, s(F —V) <0< p(FV™) <1 [20]. But, Ry = p(FV ™). Therefore,
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all the eigenvalues lie in the left half plane if Ry < 1. Hence, DFE of the system of
equations (2.2) is locally asymptotically stable if Ry < 1.

If Ry > 1 then s(F — V) > 0 showing that at least one eigenvalue lies in the right half
plane. So, DFE of the system of equations (2.2)) is unstable if Ry > 1.
[

Theorem 3 (Global Stability of DFE). The DFE of the system of equations (2.2)) is
globally asymptotically stable if Ry < 1.

Proof. In the present model, s, <1 and s, < 1. So, from the system of equations ([2.2)),

for the dynamics of infective population

d
% S aiv - ﬁeh

de, ,

a(;t < iy — (e + 1y)ey

di )

d—:’ = vpen — Yin (3.3)
di, .

—_— V —

o €y — €y

Corresponding linear system of equations of (3.3)) is

d
o = i fe
de, ,
ch = dip — (e +vp)ey
di .
di, .
I/ J—
p” €y — €Ely

The system of linear equations (3.4)) can be written as

du

= Ku .
n U (3.5)

where K = F — V and @ = [ep, €y, in, iy’

If Ro = p(FV~1) < 1, then s(F—V) < 0 [20], thus each positive solution of ([3.4) satisfies
lim e, =0, lim e, =0, lim 45, = 0 and lim ¢, = 0. DFE of the system of equations (3.4])
t—o0 t—o0 t—o0 t—o0

is globally asymptotically stable since the system is linear. Since all the variables in the
system of equations ([2.2)) are nonnegative, the use of a comparison theorem [I8] [11] leads
to hm en, = 0, hm e, = 0, hm 1, = 0, hm 7, = 0 and hm s, = 1. Hence, the DFE,
(1, 0 O 0,0) is globally asymptotlcally stable if Rg < 1. O]
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4 Sensitivity Analysis

Sensitivity analysis is performed to determine the importance of each parameter to the
transmission dynamics of dengue disease. The analysis helps to measure the relative
change in a variable when a parameter changes. Such information is very important
to study transmission dynamics of the disease and to optimize control measures of the
disease. In order to decide the most influential parameter among the control measures

in the present model, we have taken the base line values displayed in Table [2|

Table 2: Sensitivity Analysis of Control Measures

Parameters — Uy Us U3 r r1 T9

Baseline Values— 0.1 0.1 0.1 1.1 0.1 0.1

Sign— -ve -ve -ve -ve -ve -ve
Sensitivity Indices— | 0.056 | 0.009 | 0.337 | 0.054 | 0.005 | 0.281

We use the normalized sensitivity index following Chitnis et al. [3], the normalized
forwarg sensitivity index of a variable u that depends on a parameter p is defined as
14

u
TP = u X —. In the present work, we take p = Ry and v = uy, ug, us, v, ry, 7o.
u - p

Negatives signs of sensitivity indices in Table [2| shows that values of basic reproduction
number, Ry get decreased with the increase in the level of control measures uy, ug, us,
T, 71, T2. The table shows that more influential control measures are u; (use of mosquito
repellents to avoid mosquitoes’ bite), uz (spray of insecticides to destroy mosquitoes’
breeding sites and kill them) and r (recovery rate improving factor). The greatest value
of sensitivity index shows that the control measure, us is the most sensitive control

measure and this measure is the most influential control measure for the present case.

5 Numerical Results and Discussion

In the present work, we have used SEIR - SEI epidemic model with control measures.
The simulations are carried out in order to explore the impacts of control measures on
the dengue disease dynamics. Following parameter values are used in the model for sim-

ulation purpose

N, = 5071126, 7, = 2500000, vj, = 0.1667, f1, = 0.0045, 11, = 0.02041, ), = 0.328833,
bBy, = 0.75, bB, = 0.375, v, = 0.1428 [17].

Figure [2[ shows that many susceptible humans remain uninfected over a time when con-
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trol measures are implemented. When human becomes aware of control measures such
as: using mosquito repellents, destroying mosquitoes’ breeding sites, seeking doctor for
timely treatment and avoiding mosquitoes’ bite, only few humans get infected of the
disease (Figure [3). From Figure [2[ and Figure 3|, we see that many hosts can be saved

from being infected of the disease when control measures are implemented properly.

S 0.9 |

ble host populat
©o © o
o N ©

B 0.5 i
@
o
S 0.4 1
w
-
S 0.3 1
=]
£ | ]
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1} 10 20 30 40 50

time (t)

Figure 2: Dynamics of susceptible hosts with and without implementation of control measures.
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Figure 3: Dynamics of infectious hosts with and without implementation of control measures.

Basic reproduction number, R is a metric which tells that the disease dies out if Rg < 1
and the disease takes hold if Ry > 1. Figure [4] - Figure [0] are simulated to study the
impact of control measure in determinig the value of Ry. The figures show that R
decreases with the increase in level of control measures. That means, the prevalence of
disease can be reduced with the implementation of control measures. Sufficient increase

in level of control measures causes the basic reproduction number to be less than unity.
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Figure 4: Basic reproduction number, R against control measures, r; and 7.
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Figure 5: Basic reproduction number, R against control measures, u; and us.

Figure [7] - Figure are simulated to describe the sensitivity of the control measures
on the transmission dynamics of dengue disease. The figures show the change in the
population of infectious hosts with the change in level of control measures. Among all
control measures, the control measures r, u;, us are seen more sensitive to the disease
transmission. Figure shows that the most sensitive control measure is ug (spray of

insecticides to destroy mosquitoes’ breeding sites and kill mosquitoes).
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Figure 6: Basic reproduction number, Ry against control measures, r and us.
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Figure 7: Dynamics of infectious hosts with various values of control measure, 7.

6 Conclusion

Dengue disease is becoming more prevalent worldwide and spreading in new areas. So,
there is an urgent need to develop mosquito management strategies and control strategies
of the disease. In the present study, we have used SEIR-SEI epidemic model to study the
influence of control measures in transmission dynamics of dengue disease. There is no
vaccine and effective treatment of dengue disease. So, we have introduced some control

measures in the model which can help in reducing of burden of the disease.

Basic reproduction number is a metric, which determines whether the disease comes
under control or becomes more prevalent. Results in the present work show that DFE

of the model is locally and globally stable when Ry < 1; unstable and endemic equilib-

10
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Figure 8: Dynamics of infectious hosts with various values of control measure, u;.
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Figure 9: Dynamics of infectious hosts with various values of control measure, us.
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Figure 10: Dynamics of infectious hosts with various values of control measure, us.
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rium point exists when Ry > 1. Value of basic reproduction number can be reduced by

increasing the level of control measures. Also, the simulated results show that very few

hosts get infected of the disease in the presence of control measures. That means preva-

lence of the disease get decreased with the proper implementation of control measures.

Sensitivity analysis is made to identify the more influential control measures among the

control measures used against the disease. In the present case, spray of insecticides which

causes destruction of breeding sites of mosquitoes and death of mosquitoes is found to

be the most influential control measure to decrease the prevalence of the disease and to

bring the disease under control.
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