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Abstract

Modern aquaculture recirculation systems (RASs) are a necessary tool to provide

sustainable and continuous aquaculture production with low environmental

impact. But, productivity and efficiency of such RAS still have to be optimized to

ensure economic viability, putting growth performance into the focus. Growth is

often reported as absolute (gain per day), relative (percentage increase in size) or

specific growth rate (percentage increase in size per day), based on stocking and

harvesting data. These functions describe growth very simplified and are inaccu-

rate because intermediate growth data are not considered. In contrast, nonlinear

growth models attempt to provide information of growth across different life

stages. On the basis of an empirical RAS data set of 150 all-female turbot reared

in an RAS during a period of 340 days of outgrowth, this paper reviews the most

commonly used growth rates (relative, absolute, specific), the thermal-unit

growth coefficient and five nonlinear growth functions (logistic, Gompertz, von

Bertalanffy, Kanis and Schnute). Goodness of fit is expressed by R2 and as mean

percentage deviation. Nonlinear growth models are also compared by their resid-

ual standard error (RSE) and the Akaike information criterion. All processed

functions are modelled to illustrate the shape of the generated curve and the pos-

sibility of the function to realistically predict growth. Further, the biological

meaning of their regression parameters is discussed. This way we can point out

differences in nonlinear growth models in contrast to purely descriptive growth

rates and the specific advantages, disadvantages and possible applications of each

function we review.
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Introduction

The capacity of marine wild stock fishing has stagnated at

about 80 million tons per year (FAO 2012) over the last

decade. This stagnation in world fisheries is accompanied

by a growing world population and a growing demand of

fish as a high-quality protein food source. To satisfy the

increasing demand on seafood, aquaculture has gained seri-

ous interest in the past and the scene has obtained a major

role in supplying the market with fresh seafood. Aquacul-

ture production of fish, crustaceans and molluscs has

become the world’s fastest-growing food-producing indus-

try (Klinkhardt 2011) with an annual growth of approxi-

mately 8% (FAO 2012). Due to the resulting impacts to the

surrounding environment paired with occurring social

problems, open aquaculture production obtained more

environmental restrictions within the last years. Modern re-

circulation aquaculture systems (RASs) have become an

important tool to provide sustainable, environmental-

friendly and constant aquaculture production. As these

systems require high investment and operating costs, they

need to be highly productive to sustain profit whereas the

growth of the produced organisms is the major challenge.

Growth is in unison defined as a gradual increase in a liv-

ing system in some quantity over time (e.g. Von Bertalanffy

1934). In commercial aquaculture facilities, the growth per-

formance of organisms is the most important influencing

factor with regard to economic benefit (Baer et al. 2010).

As rate of growth in weight approaches the reflection point,

the economic return of fish yield at harvest increases
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(Springborn et al. 1994); afterwards, it decreases. For rear-

ing purposes, it is crucial to know the limits of growth

because the growth of fish in aquaculture production sys-

tems differs from the growth of fish in the wild (Baer et al.

2010). Growth of fish underlies a wide range of positive or

negative impacting factors. In fish, growth mainly depends

on feed consumption and quality (e.g. Rosenlund et al.

2004; Slawski et al. 2011); stocking density (Ma et al.

2006); biotic factors such as sex (e.g. D�eniel 1990; Imsland

& Jonassen 2003) and age (e.g. Von Bertalanffy 1938;

D�eniel 1990); genetics variance; and abiotic factors such as

water chemistry, temperature (e.g. Kar�as & Klingsheim

1997; Imsland et al. 2007a,b), photoperiod (e.g. Imsland &

Jonassen 2003) and oxygen level (Brett 1979).

Growth functions are mathematical equations used to

express the increase in body dimensions over time. Aqua-

culturists typically report growth using absolute (weight

gain per time), relative (percentage increase in body

weight) and specific growth rates (percentage increase in

body dimension per time) (Hopkins 1992), calculated only

on the basis of the stocking and harvest data, and do not

consider growth within this period. Thus, intermediate data

are unconsidered or even lost (Hopkins 1992). Because of

their mathematical simplicity, these functions can only

describe the observed growth process during an ongoing

study, which is very simplified. They cannot precisely

extend beyond empirical data and are therefore not able to

make any prediction about further growth development.

Nevertheless, because of their simple appliance, compara-

bility of results and biological interpretation these functions

have become the most frequently used functions in aqua-

culture publications. In fishery science and biomathematics,

there have been long-lasting and intensive efforts to provide

and test a large amount of different nonlinear growth func-

tions to exactly specify growth of different aquatic species

(e.g. Gompertz 1825; P€utter 1920; Von Bertalanffy 1934,

1938; Brody 1945; Kr€uger 1965, 1973; Hohendorf 1966).

Mostly, these functions are used for calculations on wildlife

stock, the interpretation of habitat or the comparison of

nutrition studies. Nonlinear growth model uses regression

parameters to describe the shape of the generated curve. In

contrast, in polynomial functions, which may even gain a

better fit to a given data set, regression parameters have no

independent biological meaning if they are not orthogonal-

ized (e.g. Von Bertalanffy 1934; Brody 1945; Richards 1959;

Ricker 1979; Parks 1982; Kanis & Koops 1990). Addition-

ally, when using polynomials, extrapolation is not allowed,

limiting their application to intermediate data (Kanis &

Koops 1990). Nonlinear models can be classified into func-

tions of multiple possible shapes: functions describing

exponential, bounded (or diminishing returns behaviour/

diminishing exponential) or a sigmoidal shape (L�opez

et al., 2000). Such functions of bounded or sigmoidal shape

arise towards a mathematically fixed asymptote (e.g. logis-

tic, Gompertz, Richards, von Bertalanffy). As asymptotic

growth is proven to be the case in many fish species

(Hohendorf 1966; Katsanevakis & Maravelias 2008), such

functions are frequently used to estimate growth (Krieter &

Kalm 1989; D�eniel 1990; Baer et al. 2010; Hernandez-

Llamas & Ratkowsky 2004). Ricker (1979) points out that

an average asymptotic size is estimated whether there will

always fish appear that grow considerably larger or smaller

than the average. Though, the estimated asymptote of the

regression can be used for biological interpretation. Fur-

ther, the point of inflection (POI) as well as function-spe-

cific growth parameters (e.g. k) can be used for biological

interpretation. Therefore, not only the goodness of fit of a

certain function but also the shape of the generated curve

as well as the regression parameters must be considered to

evaluate the best model for a certain data set. Today, scien-

tists use growth functions in an attempt to provide reliable

background information for repeatable results and as basis

for management decisions on aquaculture systems. Such

mathematical models have proven great suitability for col-

lected data and are labelled indispensable in estimating

growth as one of the major interests in animal production

(Dumas et al. 2010). Especially in RAS, where conditions

for the reared organisms are assessable and constantly stag-

nant, nonlinear growth models can achieve great match

with the collected data, and it is therefore incomprehensible

why nonlinear models are so infrequently used. Also, the

von Bertalanffy growth function (VBGF) has often been

chosen to be the optimal model for the data set before even

testing others, perhaps even more suitable growth models

(Baer et al. 2010), as finding the function that provides the

optimal fit for the data set can require considerable mathe-

matical, statistical and time effort.

It has to be an attempt of both aquaculturists and scien-

tists, to know about growth functions and their unique

advantages and disadvantages in terms of the specific appli-

cation. To establish easy-to-use, species-fitted nonlinear

growth models as standard methods in aquaculture can

therefore be a key factor for increasing the efficiency of

RAS facilities.

On the basis of an empirical data set of all-female turbot

(cf. example data set) from an RAS system, this work

focuses on the specific application of the common growth

functions, general difficulties and advantages and intends

to reveal the need of well-fitted nonlinear models in aqua-

culture. We intend to disclose the differences between pure

descriptive functions (growth rates) and more complex

function (growth models) that are able to simulate the

future growth process of the actual stock. Furthermore, we

want to encourage aquaculturists to use the most appropri-

ate function for their data by reviewing, calculating and

comparing the linear and exponential standard methods
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and some nonlinear curves on the basis of the same data

set. This way we can show the differences between each

function and the possibility of exact and most realistic pre-

diction of fish growth in aquaculture under the use of the

best-fitting and most realistic function. Exact prediction of

fish individual growth or stock development is a key for

stock assessment, harvest planning, feeding cost calculation

and production period, as well as marketing management

in a viable RAS facility.

To fully understand the range and importance of this

topic, it is crucial to know about the physiological back-

ground and laws of growth of cold-blooded animals. As

this is a very wide subject, here it will only be processed

in its basics to provide some information on the follow-

ing work. Hesse (1927) mentioned that the surface area

of the intestine canal is, in proportion to the body mass,

much larger in young fish than it is in older fish.

Because of the correlation between absorbed nutrients

and the expanded observing surface, younger fish have

growth advantages regarding diet if enough food is avail-

able (Von Bertalanffy 1934). This way they can absorb

more nutrients than they exhaust and can invest the

remaining excess into growth. This excess decreases by

steady body increase, because of the shrinking propor-

tion of intestine surface to body mass (Von Bertalanffy

1934) and the increasing energy demand of the animal.

As a result, fish growth decreases until finally a balance

of absorbed nutrition (anabolism) and energy consump-

tion (catabolism) is reached. The effect of increasing or

asymptotic growth, resulting in an S-shaped sigmoid

growth curve, is additionally forced, when the animal

reaches sexual maturity, because an increasing amount of

energy is invested in gonad production. Dumas et al.

(2010) point out that the growth process of the above-

described biological growth trajectories can generally be

described via mathematical functions. Important is the

fact that the resulting curve appears different in terms of

length and weight and for each species observed. Fish

old enough to be measured or exploited usually show a

bounded-length growth curve as illustrated in Figure 1a.

Here, the exponential [Fig. 1 b(A)] and sometimes even

the linear (B) part of the curve cannot be observed

(Fig. 1a,b), because they appear during the very young

age of the fish or in fish larval stage. A typical curve of

growth in weight shows the typical S-shape and com-

bines three segments (Fig. 1b): an exponential phase (A),

a linear phase (B) and a bounded phase (C).

Material and methods

Example data set

The example data used in this work are based on length

and weight data of turbot (Scophthalmus maximus) reared

in a marine aquaculture recirculation system (RAS) at

‘Gesellschaft f€ur Marine Aquaculture mbH in B€usum’

(GMA), Germany. The RAS contained ten identical round

tanks of 2.2 m in diameter and a water depth of 1 m. The

entire water volume of the RAS was 40 m3. Fish were kept

at 17°C water temperature over the outgrowing period

from the age of 349 to 689 days posthatch. Water parame-

ters were kept stable at 02 � 8.2 mg L�1, NH4 �
0.3 mg L�1, NO�

2 � 2.5 mg L�1 and salinity � 29&. Fish

were fed a special turbot feed, ‘Aller 505’ (Aller Aqua,

Golßen, Germany). All fish were hand-fed once a day on

5–6 days a week. During the outgrowth, fish were ranked

in size-graded groups. Pellet size and stocking rate were

continuously adjusted to actual size of the fish and

common production standards. The data were recorded

between 2009 and 2010. A total of � 1500 fish were

measured frequently during a fattening period of 340 days.

Growth data are expressed as standard length (length with-

out caudal fin) and total wet life weight. For this review,

growth data in length and weight of 150 female fish were

chosen randomly (e.g. Fig. 2, Table 1).

Calculating growth and goodness of fit

All calculations of growth were performed using the open

source software R (R Development Core Team 2013, www.

r-project.org).

(a) (b)

Figure 1 Typical bounded growth curve of length (a) and S-shaped curve on weight (b) showing an exponential segment (A) a linear segment (B)

and a bounded segment (C).
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Calculations of all nonlinear growth models were

performed via nonlinear least square using the Levenberg–
Marquardt algorithm for nonlinear regression.

Goodness of fit is expressed by the coefficient of determi-

nation (R2) and mean percentage deviation (MPD %) in all

cases. For nonlinear models, also the residual standard

error (RSE) and corresponding degrees of freedom (DF)

are given. Further, we calculated the Akaike information

criterion (AIC) for model evaluation.

All functions are extrapolated over a time interval of 1–
1000 days to illustrate the shape of the curve generated by

the function. This way we can show the differences between

each function and the possibility of exact and most realistic

prediction of fish growth in aquaculture under the use of

the best-fitting function.

Growth rates

Absolute growth

One of the quickest, mathematically simplest and fre-

quently used methods in describing growth is the absolute

increase in units measured. It is expressed as:

Dw ¼ wt � wi ð1Þ
where wt is the final weight/length and wi is the initial

weight/length. This calculation is used simply on harvesting

and stocking data. In our example from day 349 to 689,

growth was:

27:6 cm� 14:3 cm ¼ 13:3 cm

or respectively:

980 g� 121 g ¼ 859 g

Without a relation to time, this is very shallow and insuf-

ficient information. Therefore, the time frame is included

in the absolute growth rate:

AGR ¼ wt � wi

t
ð2Þ

where t is time (in our example the fattening period in

days). The calculation for the example data set is:

27:6 cm� 14:3 cm

340
¼ 0:04 cm=day

or respectively:

980 g� 121

340
¼ 2:5 g=day

For our example data set, the corresponding R2 is

0.994123 for length with an MPD of 2.06%. For weight

application, the R2 is 0.985871 and MPD is 11.27%.

To report growth in aquaculture Equation (2) on the

basis of grams per day, the calculation mentioned above

(Hopkins 1992) is commonly used. Even being widely

accepted as one of the standards when reporting growth,

the absolute growth rate implies an often underestimated

systematic error, which can be easily revealed by graphing

it into a data set (Fig. 3). As shown, the absolute growth

rate relies on a linear relationship between unit and time.

Therefore, in a typically bounded growth curve of fish

length, all intermediate data are underestimated. In terms

of weight, it is even more precarious. As the typical

weight curve includes a point of inflection (POI), previ-

ous intermediate data will be overestimated and future

data points will be underestimated, dependent on the

exact position of the POI within the curve. Our data set

is arranged before reaching the POI; therefore, all inter-

mediate data are overestimated by the AGR, resulting in

a large MPD. Nevertheless, the AGR can adequately

describe short segments of curves and be therefore used

in correspondent studies.

Table 1 Mean female turbot length (cm) and weight (g) � Standard

deviation (SD) at exact age (days)

Age (days) Length (cm) �SD Weight (g) �SD

349 14.3 � 1.33 121 � 32.9

431 18.3 � 1.64 253 � 68.0

517 21.6 � 1.71 459 � 119.1

601 24.7 � 2.15 700 � 204.5

689 27.6 � 2.98 980 � 354.2

(a) (b)

Figure 2 Standard length (a) and total wet weight (b) of female Turbot; n = 150.
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Relative growth rate

The relative growth rate (RGR) is mathematically based on

the absolute growth rate. It displays the absolute increase in

relation to the initial weight/length and is reported as per-

centage increase over time. Therefore, it is constructed as

Equation (1), being additionally divided by the initial

weight/length and multiplied by 100. Accordingly, the

result is presented in percentage increase:

RGR ¼ wt � wi

wi
� 100 ð3Þ

For our example data set of 150 female turbot, we can

calculate the length as:

27:6 cm� 14:3 cm

14:3
� 100 ¼ 93:5% in 340 days

We can state that the fish grew approximately 93% in

340 days. In terms of weight, we can calculate:

980 g� 121 g

121 g
� 100 ¼ 709% in 340 days

Fish gained approximately 709% of their initial weight in

340 days. Of great importance is that the calculated values

refer strictly to the time it was calculated for. It cannot be

easily converted to any other time period (Hopkins 1992).

It cannot be stated that 709%/340 days = 2.09%/day.

Instantaneous growth rate

The instantaneous growth rate (IGR) relies on the absolute

growth rate but instead of calculating the absolute values, it

uses the natural logarithm:

IGR ¼ logðwtÞ � logðwiÞ
t

ð4Þ

where log is the natural logarithm. All other letters are

specified as in the previous equations.

Specific growth rate

In analogy to the conversion between the absolute growth

rate and the relative growth rate, the instantaneous growth

rate can be transferred into the specific growth rate (SGR)

by being multiplied by 100. Its results are given in percent-

age increase per day, which is why it is a more flexible

method than the RGR. Accordingly we get:

SGR ¼ logðwtÞ � logðwiÞ
t

� 100 ð5Þ

For our example data set in length, we calculate:

logð27:6 cmÞ � logð14:3 cmÞ
340

� 100 ¼ 0:19% per day

giving an R2 value of 0.970866 and MPD value of 5.04%.

For weight we calculate:

logð980 gÞ � logð121 gÞ
340

� 100 ¼ 0:6% per day

giving an R2 value of 0.967807 and MPD value of 13.37%.

Percentage growth per day is practical, when comparing

groups of fish in short-term and nutrition experiments.

In terms of weight, the SGR might even produce good

fitting results for young fish, because their gain in weight is

still in the exponential phase of the curve (e.g. Fig. 1). Even

though the SGR is established in practical use, an exponen-

tial function is the mathematically most imprecise function,

which is clarified by low R2 values and large MPD (Fig. 4).

Long-term data or data over different life stages can there-

fore not be reflected satisfactorily.

It is obvious that the SGR is unable to be used as a model

for any predictions about further or previous growth of the

fish. All intermediate data will be underestimated. Further

data will be overestimated, as well as previous data.

The thermal-unit growth coefficient

The theory of the thermal-unit concept dates back to the

18th century. For exact historical processing and applica-

tions, we would like to refer the reader to Dumas et al.

(2010). In this context, it is important to mention that the

thermal-unit growth model is an approach of Canadian

(a) (b)

Figure 3 Absolute growth rate of length (a) and weight (b). Solid lines show interpolated values during the experiment. Dotted lines are modelled

extensions (extrapolation) of these. Notice that in length (a) all intermediate data are underestimated, while in weight (b) they are overestimated.
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scientists to calculate the growth of salmonids in culture.

Iwama and Tautz (1981) attempted a general easy-to-use

growth model to predict growth as a function of initial

body weight (wi), time (days) and temperature (°C) being
originally expressed as:

wt
0:33 ¼ wi

0:33 þ T

1000

� �
t ð6Þ

where wi is initial weight/length, wt is final weight/length, T

is temperature in °C, and t is time in days. As for most

round fish, a weight (W) and length (L) relationship of

W � L3 can be assumed; the function can easily be con-

verted to length (Iwama & Tautz 1981; Jobling 2003). The

reader will notice the basic form of a linear equation

(y = mx + b), and truly, W0.33 and corresponding L are

linear with time (Iwama & Tautz 1981).

By rearranging the formula, the model can be used for

weight/length prediction, time prediction and temperature

prediction (Iwama & Tautz 1981). As this paper focuses on

size prediction, we calculate on the basis of our data set a

length of:

14:3 cmþ 17�C
1000

� 340

� �
¼ 20 cm

and a weight of:

121 g0:33 þ 17�C
1000

� �
� 340

� �� �3

¼ 1234 g

The results underestimate the measured length of

27.6 cm by 27.5% and overestimate the measured weight of

980 g by 26% (see Discussion).

The model was later modified by Cho (1992) introducing

the thermal-unit growth coefficient (TGC) (Eqn 7), which

is calculated in relation to degree-days (T 9 t) (Jobling

2003; Dumas et al. 2010). It can be seen as an attempt to

improve the SGR (and the corresponding serious deficiency

of using the natural logarithm of body size and the corre-

sponding exponential form of the generated curve), by

taking the exponent of 1/3 power (Cho 1992) and bringing

it into relation to water temperature, leading to a much less

powerful exponential curve (Fig. 5b) (e.g. Kleiber 1975;

Iwama & Tautz 1981). In terms of length, it results in a lin-

ear relationship between L and time due to the already

mentioned weight/length relationship of W � L3 for round

fish. The results are not expressed in percentage increase

but as a unit-independent growth coefficient (growth rate),

resulting in comparable numbers for fish of various sizes

and at various temperatures (Iwama & Tautz 1981). Mathe-

matically, it is expressed as:

TGC ¼ wt
1=3 � wi

1=3

temp:ð�CÞ � days
ð7Þ

where wt is the final weight/length, wi is the initial weight/

length, and temp. (°C) is the water temperature in °C (Cho

1992). Accordingly, we calculated for our example data set

a TGC value of:

27:6 cm� 14:3 cm

17�C� 340
¼ 0:0023

This calculation results in the same linear graph as the

AGR. Accordingly, the R2 value and the MPD are the same:

R2 = 0.994123 and MPD = 2.06%.

For weight we calculate a TGC value of:

ð980 g1=3Þ � ð121 g1=3Þ
17�C� 340

¼ 0:00086

giving an R2 value of 0.993926 and an MPD value of

5.51%.

Cho (1992) pointed out that the TGC values and the

growth rate are species specific and influenced by several

environmental factors, such as nutrition and husbandry.

Therefore, it is of great importance to calculate facility-spe-

cific TGC values for each species under certain conditions,

in order to make reliable prediction.

Considering the above, the TGC can be used for growth

modelling using the equations:

(a) (b)

Figure 4 SGR applied on length data (a) and weight data (b). Notice that all intermediate data are underestimated. Future values will be overesti-

mated, as well as previous values.
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lt ¼ ½li þ ðTGC� temp:ð�CÞ � daysÞ� ð8Þ

wt ¼ ½w1=3
i þ ðTGC� temp:ð�CÞ � daysÞ�3 ð9Þ

Its application and the generated shape of the TGC curve

are shown in Figure 5.

Nonlinear growth models

The logistic function

The logistic function (Verhulst 1845) is a very common but

also very basic form of a sigmoid function. Due to its

simplicity, it finds wide application but obtains strong limi-

tation by its mathematical background. Originally, the

function was developed to study population growth. Its ori-

ginal form is expressed by the formula:

PðtÞ ¼ 1

1þ e�t
ð10Þ

where P(t) is the dependent variable (originally P stands

for population; in our case it expresses length or weight), e

is the Euler’s number (base of the natural logarithm), and t

is time.

Due to this simple setting, the inflection point of the

curve is always set in the middle; both sides are arranged

mirror-inverted. The logistic curve is always symmetric.

Therefore, the POI has to be determined, as well as the

upper asymptote and the growth rate.

To be used for growth calculation, the formula is set to:

yðtÞ ¼ a

1þ b�t
c

� � ð11Þ

where y(t) represents the dependent variable at time t, a is

the upper asymptote of the curve, b represents the time at

the inflection point, and c is the growth rate and scaling

parameter of the y-axis. The inflection point occurs at

t = ln(b)/c, when y = a/2.

The parameters were estimated as:

a = 33.57 cm, respectively 1414.57 g

b = 402.77, respectively 600.43

c = 188.97, respectively 109.99

Despite its mathematical simplicity, the logistic function

provides a much better fit to the data than any of the

functions discussed before (Fig. 6) and provides reasonable

fit to all intermediate data.

The Gompertz function

Like the logistic function, the Gompertz function

(Gompertz 1825) is also a sigmoid-shaped saturation

function (Fig. 7). In comparison with the logistic function,

the Gompertz function is an asymmetric curve with the

POI not set in the middle of the curve. It contains three

parameters describing the shape of the curve. Its formula is

expressed as:

yðtÞ ¼ aefbe
^ðctÞg ð12Þ

where y(t) is the dependent variable at time t, a is the upper

asymptote, b sets the y displacement, and c is the growth

rate scaling the y-axis. Again, e is the Euler’s number. The

inflection point occurs at t = (log b)/c, when y = a/e.

Parameters of the curve were estimated as:

a = 37.17 cm, respectively 2531.92 g

b = 3.1085, respectively 10.0482

c = 0.9966, respectively 0.9966

Von Bertalanffy growth function (VBGF)

The von Bertalanffy growth function (Von Bertalanffy

1934) is probably the most commonly used growth model

in fishery biology. It has two specific terms, one for length

application and one for weight application, based on the

typical forms of these growth curves (see Figs 1, 2). There-

fore, it can reflect each data set more precisely than any of

the functions discussed before (Fig. 8), whereas the same

function is used for both applications.

The specific form for calculating length is expressed as:

lðtÞ ¼ Linf ð1� e�kðt�t0ÞÞ ð13Þ

where l(t) is the expected length at a given time (t), Linf is

the asymptotic length, k is the growth coefficient of the

curve, and t0 sets the point where the curve intersects the

x-axis. The parameters can be calculated via linear regres-

(a) (b)

Figure 5 TGC applied on length data (a) and weight data (b). Notice the analogy of the TGC length application and the AGR length application.

Reviews in Aquaculture (2016) 8, 30–42

© 2014 Wiley Publishing Asia Pty Ltd36

V. Lugert et al.



sion, either by Gulland and Holt plot or Walford plot, or

by nonlinear least squares, which provides best results.

For calculating weight, it is expressed as:

wðtÞ ¼ Winf ð1� eð�kðt�t0ÞÞÞb ð14Þ

where w(t) is the weight at a given time (t) and Winf is the

asymptotic weight. b is the slope of the weight/length rela-

tionship. It is expressed as: W = aLb. All other parameters

are used simultaneous with the ones for length application.

The parameters of the function were estimated as:

Linf: 36.62 cm, respectively Winf: 5552.51 g

k: 0.3056, respectively 0.5366

t0: 0.1866, respectively 0.3514

b: 23.86

A flexible nonlinear model: yðiÞ ¼ ae�bððti�cÞ=tiÞ

Kanis and Koops (1990) successfully tested a flexible

nonlinear model on growth, daily gain and food intake

on different breeds of pigs. We choose this model

because of its easy and flexible appliance and interpret-

able biological parameters (Kanis & Koops 1990). The

function represents an intermixture of a classical growth

rate, using specific ages in the data set (ti) for calculation,

and a growth model, using three parameters to character-

ize the shape of the curve. It has not been tested on fish

growth data yet.

The function of the model is expressed as:

yðiÞ ¼ ae�bððti�cÞ=tiÞ ð15Þ

where y is the dependent variable (length or weight), e is

the base of the natural logarithm, and ti sets the time frame;

a, b and c are the parameters of the function. This function

can provide several different types of curves (e.g. bounded,

exponential, U-shaped, S-shaped) (Kanis & Koops 1990)

and can therefore be applied on length and weight data

without any modification (Fig. 9).

We estimated the three parameters to be:

a = 40.2581 cm, respectively 4845.87 g

b = �0.00028, respectively �0.00066

c = 395.2502, respectively 1368.87

The Schnute function

Unlike the logistic and the Gompertz function, the Schnute

growth model (Schnute 1981) (Fig. 10) provides four

parameters to describe the shape of the curve. But unlike

the Bertalanffy function, it has no specific application for

length and weight data. All data are processed by the same

mathematical term. It also includes two data-specific age

terms (t1 and t2) as the Kanis function does, which are set

by the data. It also includes two corresponding size param-

eters (y1 and y2). Thus, it combines terms of application of

the VBGM/Gompertz model and the Kanis function and is

(a) (b)

Figure 6 The Logistic function applied on length data (a) and weight data (b).

(a) (b)

Figure 7 The Gompertz function applied on length data (a) and weight data (b).
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therefore also very flexible. In its notation, several tradi-

tional growth models are incorporated as special cases

(Bear et al. 2010). It can be expressed by four cases:

1st yðtÞ ¼
�
y1

b þ ðy2b � y1
bÞ 1� e�aðt�t1Þ

1� e�aðt2�t1Þ

� �	1=b

when a 6¼ 0 and b 6¼ 0

ð16Þ

Here, y(t) is the dependent variable at time t, t1 is the first

specific age in the data set, and t2 is the last specific time in

the data set. y1 is the corresponding unit (yt) at age t1, and

y2 is the corresponding unit (yt) at age t2. a is the constant

relative rate of relative growth rate (days�1), and b is incre-

mental relative rate of relative growth rate.

2nd yðtÞ ¼ y1e
flnðy2=y1Þ½ð1�expð�cðt�t1ÞÞÞ=ð1�expð�cðt2�t1ÞÞÞ�g

when a 6¼ 0 and b ¼ 0

ð17Þ
3rd yðtÞ ¼ y1

b þ y2
b � y1

b
� � t � t1

t2 � t1

� �� �1=b

when a ¼ 0 and b 6¼ 0

ð18Þ

4th yðtÞ ¼ y1e
lnðy2=y1Þ½ðt�t1Þ=ðt2�t2Þ�

when a ¼ 0 and b ¼ 0

ð19Þ

Parameters of the curve were estimated as follows:

y1 = 14.27 cm, respectively 120.57 g

y2 = 27.63 cm, respectively 980.08 g

a = �0.67, respectively 1.16

b = 2.79, respectively 0.04

Discussion

The AGR is a quick and easily applicable way to classify

growth. It is widely accepted for comparing results in nutri-

tion and growth studies. It can also produce satisfying

results when being used in the linear segment of the growth

curve (Fig. 1b) or on short-trail experiments. It is unable

to describe the growth during the entire lifespan of an

organism or long-term studies that do expand over more

than one growth phase. Being applied on length data, all

intermediate data will always be underestimated. In weight

all intermediate data will be overestimated up to the POI.

Afterwards, all intermediate data will be underestimated. It

must not be used for prediction of further or previous

growth.

The RGR sets growth in relation to the initial size. It is

also a reasonable way for growth comparison studies, e.g.

when different individuals of the same initial size are stud-

ied with different treatments. As it also relies on a linear

relationship between time and unit, it shows the same

graph as the AGR when being displayed. Receiving relative

percentage deliverables, the relative growth rate is well

suited of comparison nutrition studies. A big advantage is

based in its construction, whereby it can also be used in

(a) (b)

Figure 8 The VBGF applied to length data (a) and weight data (b). Notice the ideal-like (bounded) shape of the length application.

(a) (b)

Figure 9 The non-linear model: yðiÞ ¼ ae�bððti�cÞ=tiÞ applied on length data (a) and weight data (b).
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comparison on fish with different initial sizes (Hopkins

1992).

Although widely accepted as the standard method, we

could clarify that the SGR is the mathematically most

unsuitable function to describe fish growth when using

both long- and short-term data. Due to its exponential

background, it must underestimate all intermediate data

points. Its exponential form also grossly overestimates pre-

dicted body weight greater than the final body weight (Cho

1992). For sure, the assumption of continually exponential

growth in fish can be stated incorrect (Dumas et al. 2010).

The obvious strength lies in its easy application and compa-

rability of its results. Nevertheless, aquaculturists should

consider using the absolute growth rate or the TGC, which

are both easy to apply and achieve better prediction results

and better fit to intermediate data. Results are equally sim-

ple to compare and to interpret. The disadvantage of both

functions (AGR and SGR) is that comparison is only possi-

ble if fish are exactly of the same age, because the functions

peculate the natural rhythm of growth of fish during differ-

ent life stages, which is not the case in the TGC.

Designed for salmonid growth in hatcheries, the ther-

mal-unit growth coefficient has been used intensively on

such species (Cho 1992; Dumas et al. 2007), but has

recently been applied to other aquaculture species such as

sea bream (Jauralde et al. 2013), where it can gain reason-

able results in growth prediction. Its popularity is basically

due to its easy application (Jobling 2003). The possibility of

predicting growth of different-sized fish reared at different

temperatures makes the model very flexible and fulfils the

demands of many practical users. But, cautionary has to be

paid when the model is applied to various temperature

scenarios, because of the dome-shaped curve of growth rate

vs. temperature (e.g. Jobling 2003), when temperature is

too far of the optimal growing conditions (Dumas et al.

2010). This may implant a strong systematical error that

may lead to serious prediction errors (Jobling 2003). For

our example data set, the model gains strong limitations,

because turbot and generally flatfish do not fit into growth

and proportion schemes, implied by the model (W � L3)

(Arfsten et al. 2010), leading to increased prediction errors.

For general use of flatfish, the model exponent should be

adjusted, according to the method implemented by Iwama

and Tautz (1981). Further attention needs to be paid to

intermediate data, which will be over- or underestimated

because L and W0.33 are linear with time.

Originating from population studies, the logistic func-

tion is a three-parameter model that describes a curve with

a perfect S-shaped character. It can be seen as a ‘prototype’

of S-curves, being perfectly symmetric. As the ideal curve of

fish growth in length describes a bounded curve, it is unfa-

vourable to use a function that mathematically provides a

POI and has an S-shape. In contrast, it is obvious that a

perfect S-curve could adequately describe fish growth in

weight because growth in weight shows a strong S-shaped

character. Due to its symmetric form, it gains strong limita-

tions from the timescale of the data set, because growth

curves are often skewed to the right (Kanis & Koops 1990).

When the data set contains only early stages of growth, the

asymptote will be set far too low. Simulated future data will

therefore be estimated very low, as shown on the calcula-

tion of our example data set (asymptote = 33.57 cm,

respectively, 1414.57 g) which does not fit the biological

growth trajectory of turbot. However, previous data can be

simulated appropriately. The logistic growth function can

gain very good fit to weight data and even provide best fit

to about 25% of tested fish species in length (e.g. Katsane-

vakis & Maravelias 2008).

The Gompertz function or Gompertz curve is also an

asymptotic three-parameter growth model. In contrast to

the logistic function, it is asymmetric. Therefore, it is more

flexible than the logistic function and can provide better fit

to given data (Figs 6, 7). Due to its mathematical construc-

tion, it also always contains a POI and is therefore very lim-

ited when being applied on length data. Though, it can

provide very good fit to length data of several elasmobran-

ches and bony fish species (e.g. Katsanevakis & Maravelias

2008) and even better to weight data and is therefore justifi-

ably one of the most frequently used functions for the

calculation of fish growth in weight. The estimations of the

(a) (b)

Figure 10 The Schnute growth model applied on length data (a) and weight data (b).
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asymptotes are more realistic in biological terms as they are

in the logistic model (species and data specific). An asymp-

totic length/weight of 37.17 cm, respectively, 2531.92 g,

seems realistic in terms of SL but not of body weight.

The VBGF is presumably the most often used growth

model in fishery science. It has gained serious interest over

the last decades and has been tested on numerous fish spe-

cies, as well as on crustaceans and molluscs. It obtains two

specific applications, one for length and one for weight

data. Because of its wide application, it is often used a pri-

ory (Katsanevakis & Maravelias 2008; Baer et al. 2010)

before even testing other, maybe more suitable models.

Its length application (3-parametric) does not include a

mathematically defined POI. Therefore, it can gain very

good fit to length data of many fish species. This is where it

finds most application, and this is its true strength. For

weight application, a fourth parameter is attached. This

parameter (b) refers to the length/weight relationship which

is expressed by the formula: W = aLb (often a is fixed as 1

and using the VBGF, a is set as 1 and b is fixed as 3 in order

to meat the ideal weight/length relationship of W � L3),

and indeed, for many round fish species, b can be estimated

close to 3 when calculated as relation between standard

weight and total length (length from tip of snout to end of

caudal fin). When calculating with standard length, b corre-

spondingly changes in value. As the parameter b is addi-

tionally attached to the formula to gain an S-shape and a

POI a certain inaccuracy can be foreseen, particularly if b is

fixed to 3 in advance. It is therefore important to test a vari-

ety of S-shaped curves because the chances of gaining better

fit to the data by some other function is high. The asymp-

tote of the von Bertalanffy function Linf = 36.62 cm,

respectively, Winf = 5552.51 g can be assumed realistic (e.g.

Hohendorf 1966; Kr€uger 1973). The length asymptote is

here very close to the one estimated by the Gompertz func-

tion. If two different functions provide such close results,

which can both be confirmed by other data (e.g. wild fish),

it supports the assumption of a biological asymptote within

this range. Further, the growth coefficient (k) of the func-

tion can be used for interpretation and comparison. Species

specifically, it usually provides values between 0 and 1. Our

estimated k: 0.3056 for length, respectively, 0.5366 for

weight are above those provided in the literature of wild

turbot (Hohendorf 1966), being influenced by breeding

and the strong growth promotion in RAS aquaculture. An

approach to gain more comparability is to fix the asymp-

tote parameter to an evaluated species and system-specific

value, as well as the t0 value. Therefore, only the growth

parameter k varies during the nonlinear regression proce-

dure and can be used to detect impact of treatments on

growth patterns.

The flexible three-parametric Kanis model was originally

designed to calculate daily weight gain, daily food intake

and food efficiency (Kanis & Koops 1990) as a matter of

live body weight of growing pigs. Assuming that food

intake decreases proportionally as the animals grow hea-

vier, the resulting curve has a bounded shape, as it can be

observed in fish growth in length as a matter of time. The

function can therefore be adequately used to calculate fish

growth in length and can even gain similar or better fit than

the VBGF. As the function is very flexible in its application,

it can assume several different shapes including exponential

and S-shape. It can therefore also be used for calculation of

fish growth in weight as shown for our example data set.

Here, it can also produce very good fit, almost similar to

the logistic or Gompertz function. Whereas it does not

include a mathematically fixed POI, it can also adequately

describe short segments of a growth curve or the exponen-

tial phase of juvenile fish. Unlike the VBGF it cannot pro-

duce negative values, the Kanis model will therefore predict

zero growth until the first positive value. Kanis and Koops

(1990) set a high value on biological interpretability of the

parameters of their equation. For further information, the

reader is referred to Kanis and Koops (1990).

The versatile, four-parametric Schnute growth model can

also be used for a wide range of applications, including

length and weight calculation of fish under the use of the

same equation, and without any specific modification of the

function. As mentioned, it includes two data-specific age

terms (t1 and t2) like the Kanis function does, but it also

includes two corresponding size parameters (y1 and y2).

Thus, it combines terms of application of the VBGM/Gom-

pertz model and the Kanis function, which not only makes

it very flexible but also relates it mathematically very close to

the data, resulting in a very good fit. For our example data

set, the Schnute function performed best in terms of MPD

when being applied on length data and gained second place

in weight application. When being compared by RSE, it has

about the same goodness of fit as the famous VBGM has,

pointing out its great potential for aquaculture use. In terms

of shape, the Schnute function was not able to make realistic

prediction of previous growth of fish in length, but for

future growth which is of major importance. In weight

application, there was no visible difference in form between

the Gompertz, Bertalanffy and Schnute functions noticeable

in our 1000-day simulation, but the asymptotic values differ.

Conclusion

Growth is an ongoing process, influenced by many internal

and external factors, resulting in individual and species-

specific curves with different mathematical properties

during different life stages.

Under the stable conditions of an RAS, when food is no

limiting factor, nonlinear growth models calculating

growth as a function of age can achieve great match to col-
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lected data. They can therefore provide an attestable basis

for future growth simulation. As previously mentioned, the

choice of the function is strongly correlated with its consid-

ered range of application, the given data set and fish spe-

cies. In our comparably small example data set, statistical

differences between the models were minor, indicating the

great individual potential of all functions processed. A pri-

ory choice of any of the functions processed can therefore

lead to misleading results and conclusions. Dependent on

the needs of the application, different evaluation methods

are available. Goodness of fit between the model and the

data can be expressed by mean percentage deviation, which

is reasonable if intermediate data are of great interest. For

prediction purposes, attention should not be exclusively

paid to the goodness of fit of a certain function, but also

the shape of the generated curve as well as the regression

parameters to evaluate the best model for a certain data set

and application. For scientific model evaluation, the AIC

should be considered as well because it compensates for the

varying number of parameters between models and enables

a more objective view of the quality of the model.

In summary, we can state that when easy comparable

results are needed, the AGR and TGC can display results

with reasonable fit to intermediate data and should be

considered as an alternative to the SGR, whereas the TGC

can also be used for basic growth prediction. If a more pre-

cise model is needed, evaluation of a nonlinear function via

multimodel inference shows a promising way to find the

most suitable model for each species, set of data and needed

form of application.
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