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Original Research Article
THE MATHEMATICAL MODEL OF SELF-OSCILLATIONS OF KAl
PROTEINSIN INCUBATION SOLUTION

Abstract. A mathematical model of the temperature compexdsah vitro oscillation of
cyanobacterial KaiC phosphorylation, in a thermauyically closed system showing circadian
rhythmicity, only involving the three Kai proteiKaiA, KaiB, and KaiC) and ATP is described. It
is illustrated, that KaiA- and KaiB-assisted autabaic phosphorylation and dephosphorylation of
KaiC are the source for self-oscillations of Kaofgins. This model, based upon autocatalysis
instead of transcription-translation negative fesdy shows limit-cycle oscillations with KaiC
phosphorylation profiles and has period lengths #ina consistent with experimental observations.
A frequency control analysis of model demonstrated the self-oscillations of Kai-proteins are
temperature-compensated.
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I ntroduction

Circadian rhythms, endogenous oscillations of pilggical activities with a period
of ~24 h, are found in a wide spectrum of organismd enhance their fitness in a
day/night alternating environment [1]. Among thesganisms, cyanobacteria are the
simplest organisms that exhibit circadian rhythrBs3]. Three clock genes kaiA,
kaiB and kaiC have been identified in the cyanodraat, Synechococcus elongatus
PCC 7942 as essential timekeeping components. Wsdrgtion/translation-based
autoregulatory loop of kaiBC gene expression hasljroposed to drive circadian
rhythms [4]. In this model, KaiA and KaiC are prepd as positive and negative
regulators of kaiBC expression, respectively [4].

Recent evidence, however, suggests that the Bgoneccus elongatus PCC
7942 clock does not absolutely require such a negtgedback oscillator to generate
phosphorylation rhythms in a key regulator, KaiCemperature-compensated
oscillation in KaiC phosphorylation can occur invai without kaiBC mRNA
accumulation, or in the presence of transcriptio d@ranslation inhibitors [5].
Astoundingly, this self-sustainable and temperatampensated oscillator can be
reconstituted in vitro by incubating purified KaiRaiA, KaiB, and ATP [6]. KaiC is
an enzyme with autokinase and autophosphatasdtiastiv,8]. KaiA enhances KaiC
function [9] while KaiB diminishes the effect of Kaon KaiC [8,10].

Results and discussion

We decided to explore this suggestion explidiyestablishing a basic model
based on known biological and biochemical obsemsmatithat did not involve
transcription or translation. It is well establidh®at the three Kai proteins interact in
all possible combinations [11] and in incubatioduson a hexamers of KaiC,
dimers of KaiA and tetramers of KaiB occur [1OPhosporylation of KaiC
hexamers occurs by ATP, and the process is actadetay a KaiA dimer, and
suppressed by KaiB tetramén this model we propose that (ikaiC hexamers can
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exist in three states: unphosphorylated, low (pby)i phosphorylated and
associated with KaiA dimers, and high (full) phospiated and associated with
KaiA dimers states, (ii)- the associated with Kaliners high phospforylated KaiC
hexamers enhance the phosphorylation abw phosphorylated KaiC, (iii)-
unphosphorylated KaiC hexamers enhance dissociatfonluster of Kai A,B,C
proteins and (iii)-KaiB attenuates KaiA-stimuldt&aiC phosphorylation.

In Figure 1, we summarize key steps that we reaainderlie the KaiC
oscillator when ATP is provided in excess.The nmdé&eure 1), represented as a
cyclic reaction diagram, contains six processes—&) depicting the proposed
protein-protein interactions and phosphorylatiorpbaesphorylation events between
the Kai proteins. KaiXY denotes the interactiorviitn KaiX and KaiY proteins.

In this model KaiA2HC6p, indicates the clustefufy phosphorylated KaiC6
hexamer anKaiA dimer (KaiA2) KaiC6p denotes partially phosphorylated KaiC
hexamer and KaiC6-unphosphorylated KaiC hexamarpracess R1, KaiC6 binds
KaiA2 (KalA dimer), forming KaiA2C6p. Since KaiA dimers facilitate eth
autokinase activity of KaiC6 [9], KalA2C6 rapidlys iconvert to the low
phosphorylated form KaiA2C6p. In the process R2aiARC6p is convert to high
phosphorylated cluster KaiA2HC6p and as in [12 & mropose that KaiA2HC6p
adopts such a conformation so that it can faaditahe phosphorylation of low
phosphorylated KaiA2C6p into KaiA2HC6p by proces3. R the next step, R4,
KaiB tetramer associates with KaiA2HC6p to form thester KaiA2B4HC6p. This
Is consistent with experimental data that demotestitsat KaiB interacts with KaiC
only after KaiC has bound to KaiA [8,11]. The pregdR5 express the dissociation of
cluster KaiA2B4HCG6p by interaction with hexamer &&i In the results of this
process occurkaiC dephosphorylation by exchange of subunitsragr®aiC6 and
KaiA2B4HC6p and KaiA andKaiB dissociates fronkKaiC hexamersin the process
R6 it is simulate the diminishing influence of KaiBtramers to phosphorylation
process of KaiC hexamers by a manner, that Kaireers interact with the low
phosphorylated KaiA2C6p complex and therefore, theactive complex
KaiA2B4C6p is form. This reaction is reversible.

Reaction scheme:

R1: KaiA2 + KaiC6 + ATP —KaiA2C6p

R2 : KaiA2C6p + ATP — KailA2HC6p

R3: KaiA2HC6p + KaiA2C6p+ATP —2 KaiA2HC6p

R4 : KaiB4 + KaiA2HC6p — KaiA2B4HC6p

R5 : KaiA2B4HC6p + KaiC6 —2 KaiC6 + KaiA2 + KaiB4+P
R6 : KaiB4 + KaiA2C6p = KaiA2B4C6p

The corresponding to reaction processes RB)—system of differential
equations (see formulas 1) consist from the ratmtans of the stages R1-R6 in the
proposed model:
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= Ve — D

dKaiA2 7 7

dt 5 1

dkaidz _ . _
dKaiB4

2t Vs~ Vs~ Vs
dKaiA2C6p (1)
—ax V17 Ve~ U3

N

dKaiA2HC6p
——— =V, +tv3—V
dt 2 3 4
dKaiA2B4HC6p
V4~ Us
dt
dKaiA2B4C6p
\ - = Ve
dt

Here

Vi = k]_* KaiA2 * KaiC6

Vo= kz* KalA2C6p

Va= ks * KaiA2HC6p * KaiA2C6p

V4= Kk, * KaiB4 * KaiA2HC6p

V5= ks * KaiA2B4HC6p * KaiC6

Vo= ki * KaiB4 * KaiA2C6p - ks * KaiA2B4C6p
andk; (i=1-6) rate constants.

In the model there are 3 conserved entities:

[ KaiA2C6p] +[ KaiB4] +[ KaiA2] +[ KaiA2HC6p] = const;
-[KalA2] +[ KaiC6] = const,
[ KaiB4] +[ KaiA2B4HC6p] +[ Kai A2B4C6p= consts

Consequently this means, that size of corresporstimghiometric matrix of reaction
scheme is 7x6, and rank of matrix is 4.

It is well known that autocatalytic stages in dyma systems destabilize a
steady state. From this point of view, processeaiRBR5 draw attention, since they
are autocatalytic and can serve as sources ofisegtascillations. The bifurcation
analysis of the model carried out by us shows thatsource of the oscillations is the
autocatalytic reaction R3 of the high phosphorglatéaiC6—-KaiA2 complex
(KaiA2C6p, Figure 1) coupled with subsequent rerh@iahe autocatalytic species
and regeneration of dephosphorylated KaiC6 (react®R5). The suggested
autocatalytic formation of KaiA2C6p is typical fthe kinetics of protein kinases
showing autophosphorylation [15]. The autocatalyssmits sustained oscillations
around a nonequilibrium unstable steady state g & enough ATP is present to
drive the autocatalytic phosphorylation, which ked#pe system far from steady sate.
However, in the presence of the autocatalytic $2&pbut in the absence of the
autocatalytic step R3, no sustained oscillationpeap possible, but damped
oscillations may be observed in the approach toraoscillatory steady state. The
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stage R5 describes autocatalytic dephosphrylatioth® complex KaiC6 by the
"exchange" interaction of nonphosphorylated Kaisi§gested in [13].

The in vitro KaiC oscillator is based on the K&aiB assisted
phosphorylation/dephosphorylation of KaiC at canstprotein levels. Therefore,
unlike circadian oscillators based on transcript@om translation [16], degradation
reactions do not play any significant role in thevitro KaiC oscillator.

The model’s differential equations (1) were solwneanerically using the software
programs SBW (autors H.Sauro et dittp:// www.sbml.org) and results of
numerical solution of (1) with following parametaluesik, = 0.01uM~*h™%, k, =
0.001uM~*  k; = 8.60uM~2h~1, k, = 6.25uM~*h™1, ks = 0.2uM~*h™ k_¢ =
0.0005uM~*h 1 k,c = 0.01uM~2n"1, [KaiA2] =0.703uM, [ KaiB4] =0.337uM,

[ KaiC6] =1.436uM, [ KaiA2C6p] =0.255:M, [ KaiA2B4HC6p] =0.027uM,

[ KaiA2ZHC6p] =0.0054M, [ KaiA2B4C6p] =0.152uM are illustrated in figure 2 (a, b,
C).

It should be noted that expansion of model byitamfdof reactions of formation of
complexes KaiA2, KaiB4, and KaiC6 from respectively monomeisaiA, KaiB,and
KaiC doesn't change a dynamic picture of oscillatioosttis reason we offer more
simplified model.

Frequency and amplitude control analysis and temper atur e compensation.

Temperature compensation of frequency of ladidhs is an essential property of
clockwise biochemical oscillations, which meanst tira some living oscillatory
biochemical processes the frequency (or periodanmesnas constant (more exactly,
approximately constant) in physiologically alloweahge of the temperature change.
For the verification of the temperature compensatibabove described model, it is
necessary metabolic control analysis for frequenayiodel. From the point of view
of metabolic control analysis, temperature compimsameans, that a response
coefficient offrequency relatively to temperature changaust be equal or near to
zero. Consequently, this fact may be a very godtkra for the verification of
oscillatory model for the temperature compensabilit
It is well known, that each rate constant depemdsemperature and this dependence
obeys the Arrhenius equation,

M
ki=4;e _R_%, (2)
wherekE; is the activation energ is the gas constant, afdis the temperature in
Kelvin. A is the pre-exponential factor, which is also tedatis a constant. Therefore
a change of temperature of reaction system expaignnfluences on rate constant,
a namely, the increase of temperature holds annexpially increase of all rate
constants.

For the quantitatively determine a response ofjdemcy on change of
temperature, we present cyclic frequency as corplection from temperature as:
w(T) = w(k;(T)) and

w _ «n OJwdk;
T i=1a_kia_T
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Tow wpn kidw T Ok;
wdT  “1=1 4 ok; k; oT

3)

Here,

ki dw . ..
C, = j% Is control coefficient for frequency on rate camgt Then
i
T 0w

Cf = ~— will be a responcity coefficient of frequency the temperature and

C;‘i = kli% will be a responcity coefficient ofth rate constant on the temperature.
FromArrhenius equation (2) we receive that

Crl==t (4)

By regarding (4) in (3)

CP = — ¥, CoE; (5)

Formula (5) shows, that temperature compensagiquires that one or several of the
frequency control coefficients need to be negativecause R, T and activation
energies are positive. Consequently, the in theéeature compensated oscillators
should be a some reactions that have opposingteféecthe frequency relatively to
temperature changes. Temperature compensation caar owithin a certain
temperature interval, whenever the activation enégg weighted sum of the control
coefficients is near to zero.

The frequency control coefficients in (5) we ca#tal by a manner as described in
[17,18] and obtained values are listed in tabl.1.

Table 1. Control coefficients of the reaction steps on the mode.

e Cowoute | glwaims [ caice | g Anasancy [ gancor | Aaasacy | g Aaacer
ki |0.376 |6.32 6.73 6.53 6.74 6.64 6.71 6.56
k, 10.017 |-6.07 -6.15 -6,11 | -6.02 -6.07 -5.71  -4.73
ks 10.778 -5.40 -5,14 -5,25| -5.69 -5.45 -5.8p -5.27
k, |-0.361 |7.51 6,82 7.25 | 6.64 6.78 6.29| 6.36
ks 10.187 |-2.84 -2,54 -2.84 | -3.12 -2.01 -2.58 -3.10
k.s |-0.029 10,481 | 0,46 0.76 1.36 0.53 1.14| 0.53
ks |0.029 |-0,002 |-0,18 -0,34 | 0.09 -0.42 0.00, -0.3b
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Sum |0.997 |-0.001 | 0.00 0.00 | 0.00 0.00 0.00{ 0.00

Sum [1.0001 [0,0000 | 0,0000| 0,0001 0,0000 0,0000 0,000 0,000

*All kinetic parameters are increased simultaneplbsl 5% and the total change
of frequencyw and amplitudegy is determined

As it is visible from Tab.1, model has temperatm@mpensate mechanism and may
be temperature-compensated. Really, in model theeps R4 (rate constak), (In
process R4, KaiB4 associates withKaiA2HC6p to form the ternary complex
KaiA2B4HC6p) has a negative frequency control coefficient.
Such result reasonably from the point of view af@aular kinetics as the increase
in temperature has to complicate formations ofrapiex.
From the tab.1 it is visible, that in model thesedne more stage with negative
frequency control coefficient. This is reaction inhibition of complexKaiA2C6p
phosphorylation by proteikaiB,(process R6) that also corresponds to the fatt tha
KaiB diminishes the effect of KaiA on KaiC [8,1Ghough has considerably small
value in comparison with frequency control coeéidi of stage R4.
From the theory of oscillations it is known thatlues of an amplitude of self-
oscillations are defined by internal parametdns fate constants in our case) self-
oscillatory system. Since the change of tempegaitufftuences to rate constants on
Arrhenius formula, it is arise an interesting spien about the influence of
temperature change on the amplitude of oscillatioh Kai proteins.In order to
answer to this question we carried out the conaoalysis of amplitudes of
oscillations on the way described in [18] and theeived results are listed in Tab.1.
From the presented data in the Tab.1 it is viiide for amplitudes it is also carried
out the known theorem of summation of concentratmmtrol coefficients and as in
case of frequency, here too there are negativealardefficients. By analogy with
frequency, this fact allows to think of "a temgera compensation" of amplitude,
but in difference from frequency, we don't know esxmental data of influence of
change of temperature on amplitude of biochemielftlascillations.
As it is in high mentioneéxpansion of model by addition of reactions of fations
of complexe¥KaiA2, KaiB4, andKaiC6 from respectively monomer&aiA, KaiB,and
KaiC doesn't change a dynamic picture of oscillatioffowever, the advantage of
“minimal” models like the one presented here st they are easily applied and
extendable. Our model suggests that the in vitrdCKahosphorylation rhythm is a
circadian oscillator that is driven by autocatadydn it, we see a new relationship
between nonlinear chemical dynamics and chronogyolo
Conclusion

The temperature compensated in vitro oscillatidncganobacterial KaiC
phosphorylation, the first example of a thermodymaifty closed system showing
circadian rhythmicity, only involves the three Kabpteins (KaiA, KaiB, and KaiC)
and ATP. In this paper, we describe a model in Wwhihe KaiA- and KaiB-assisted
autocatalytic phosphorylation and dephosphorylatidnKaiC are the source for
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circadian rhythmicity. This model, based upon aatalysis instead of transcription-
translation negative feedback, shows temperaturgeasated circadian limit-cycle
oscillations with KaiC phosphorylation profiles aims period lengths and rate
constant values that are consistent with experiah@tiservations.

This phenomenon called "temperature compensatitdme most important distinctive
property of biochemical "clock" which, in our opom, has to take place in
biochemical systems for the reason that oscillationbiological processes are also
carriers of the biophysical information coded byaracteristics of oscillation.
Protection of this information against distortioyn dasual temperature fluctuations is
necessary for live systems. Here we conclude thakemperature compensated
biochemical reaction there have to be stages wdnelopposite reacting on influence
of temperature on self-oscillation frequency.

REFERENCES

1. Buenning,E. (1973) The Physiological Clock, Zdn. Springer-Verlag, New
York, NY.

2. Golden,S.S., Ishiura,M., Johnson,C.H. and Kohdd]1997) Cyanobacterial
circadian rhythm. Annu. Rev. Plant Physiol. PlardiMBiol., 48, 327-354.

3. Iwasaki,H. and Kondo,T. (2000) The current staté problems of circadian clock
studies in cyanobacteria. Plant Cell Physiol., @13t-1020.

4. Ishiura,M., Kutsuna,S., Aoki,S., Iwasaki,H., Amsson,C.R., Tanabe,A.,
Golden,S.S., Johnson,C.H. and Kondo,T. (1998) Esgiva of a gene cluster
kaiABC as a circadian feedback process in cyanebaciScience, 281, 1519-1523.

5. Tomita J, Nakajima M, Kondo T, lwasaki H (200%) transcriptiontranslation
feedback in circadian rhythm of KaiC phosphorylati§cience 307: 251-254.

6. Nakajima M, Imai K, Ito H, Nishiwaki T, Murayam@ et al. (2005)
Reconstitution of circadian oscillation of cyanoteaial KaiC phosphorylation

in vitro. Science 308: 414-415.

7. Nishiwaki T, Iwasaki H, Ishiura M, Kondo T (2008ucleotide binding and
autophosphorylation of the clock protein KaiC agreadian timing process of
cyanobacteria. Proc Natl Acad Sci U S A 97: 495-499

8. Xu 'Y, Mori T, Johnson CH (2003) Cyanobacteriatadian clockwork: roles of
KaiA, KaiB and the kaiBC promoter in regulating KaiEMBO J 22: 2117-2126.
11. Iwasaki H, Taniguchi Y, Ishiura M, Kondo T (B%®hysical interactions
among circadian clock proteins KaiA, KaiB and Kanyanobacteria. EMBO J 18:
1137-1145.

10. Kitayama Y, Iwasaki H, Nishiwaki T, Kondo T (28) KaiB functions as an
attenuator of KaiC phosphorylation in the cyanobaat circadian clock

system. EMBO J 22: 2127-2134.



268 9. Iwasaki H, Nishiwaki T, Kitayama Y, Nakajima Mcondo T (2002) KaiA
269 stimulated KaiC phosphorylation in circadian tigiifoops in cyanobacteria. Proc
270 Natl Acad Sci U S A 99: 15788-15793.

271 12. Mehra A, Hong CI, Shi M, Loros JJ, Dunlap JC, RuBff (2006) Circadian
272 rhythmicity by autocatalysis, PL0oS Comput Biol 2(7)e96. DOI:
273 10.1371/journal.pchi.0020096

274 13. Kageyama H, Kondo T, Iwasaki H (2003) Circadmmation of clock
275 protein complexes by KaiA, KaiB, KaiC, and SasAyanobacteria. J Biol
276 Chem 278: 2388-2395.

277 14. Egli M, Pattanayek R, Pattanayek S.(2007) Rrgieotein interactions in the
278 cyanobacterial kaiabc circadian clock J.C.A.: MedéMysteries and Magic of
279  Molecules, Boeyens and J.F. Ogilvie (eds.), Spring@3—299.

280 15. Wang Z-X, Wu J-W (2002) Autophosphorylationddias of protein kinases.
281 Biochem J 368: 947-952.
282 16. Dunlap JC (1999) Molecular bases for circadiaoks. Cell 96: 271-290.

283 17. Bayramov Sh.K., M.Bayram (201BJyequency control analysis for biochemical
284  oscillators.J.Math.Chem. in press
285 18. Bayramov Sh.K. (2019 method of calculation of frequency and amplitude

286  control coeficients of biochemical oscillatioh$hys.ChemMoscow), in press.



287
288

289
290
291

292

293

294

R1
(=)
Y
KaiA2CEp
X-
R6 e R2
=
R4

KaiazBaHCEp)

Figure 1. A dynamical model of in vitro rhythmic K phosphorylation in
incubation solution (See text for description)
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