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ABSTRACT 9 
 10 
The paper involved the issue of arching of the railway turnouts. This is an issue which is 
given relatively less attention to scientific and research activities. Reference has been made 
to the book by Wladyslaw Rzepka, under the title “Curved turnouts in plan and profile”, which 
has been used in Poland for more than 50 years as the main source of information relating 
to the turnouts on the curve. The book is a compilation of elaborations describing the 
contemporary state of knowledge being to a large extent a display of German achievements 
of the forties and fifties in the twentieth century. It has been pointed out that the theory 
accumulated in the book was adapted to the contemporary calculation needs. The major 
drawback in the given solutions seems to be ambiguity in the adopted reference system. In 
the present study an analytical approach is made to the subject matter, and the adopted 
system of coordinates is connected to the initial position of the turnout being arched. Three 
possible turnout arching variants have been analyzed to determine some universal 
mathematical relations. They describe the coordinates of the main track end and the 
diverging one, the value of the circular arc radius of the diverging track and equations of both 
the tracks. The analytical record also proves useful for authentic applications. It should be 
noted that it may be particularly beneficial to use the analytical method to design 
connections of parallel tracks located in a circular arc (using curved turnouts). 
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1. INTRODUCTION 16 
 17 
The issue of railway turnouts has been discussed in many publications [eg. 1-6]. This applies 18 
mainly to the problem of turnouts for high speed trains and the issue of dynamic interaction 19 
between train and turnout. On the other hand, much less attention is devoted to issues 20 
related to the arching of turnouts. This does not mean that in many countries the subject-21 
matter of turnout arching is neglected. The interest taken in this sphere can be indicated by 22 
some publications [7-11]. 23 
 24 
In Poland for more than 50 years the fundamental, widely acknowledged source of 25 
information dealing with the problems of curved turnouts is paper [12]. As one should judge 26 
on the basis of the bibliography included in the book, it is a compilation of articles presenting 27 
the state of knowledge of that time, which was to a large extent an outcome of achievements 28 
of the forties and fifties in the twentieth century. The author gives authentic German 29 
publications [13-18] and, moreover, he makes references to some articles in  Bahningenieur, 30 
Eisenbahnbau, Eisenbahn and Organ für die Fortschritte des Eisenbahnwesens. 31 
 32 



 

Paper [12] is in fact an exceptional work relating to the analyzed problem in a complex way, 33 
including a survey of a large number of cases. Every situation has its own geometric scheme 34 
which provides a basis for determining an appropriate symbolic registration. The paper 35 
deals, among other things, with the following problems:  36 
 method of turnout arching, 37 
 connection of a straight track with a track situated in circular arc using curved turnout, 38 
 connection of tracks situated in circular arc using curved turnouts, 39 
 connection of curved turnouts with curved track intersections and curved crossovers, 40 
 double connection of tracks situated in arc, 41 
 curved turnouts with straight frogs, 42 
 curved turnouts on transition curves, 43 
 curved turnouts laid in tracks with the cant. 44 
 45 
It should be noted that papers concerning the above subject, which appeared in Poland 46 
some later years, in principle, did not introduce anything novel but treated the elaboration 47 
[12] as an example to be followed and referred to. This relates to the last edition of the book 48 
[19] and, for example, paper [20] of the year 2015.  49 
 50 
While analyzing paper [12] it is possible to note a characteristic regularity. The particular 51 
theoretical relations are determined on the basis of geometrical patterns by the application of 52 
their fundamental properties (circles, right-angled triangles, similarity of triangles). However, 53 
the use of trigonometric functions in the obtained formulae is avoided. In this connection one 54 
can arrive at an obvious conclusion that all the elaborated theory was adapted to the 55 
calculation technique of the time when the basic operations were carried out by a 56 
mechanical arithmometer or a slide rule. 57 
 58 
To tell the truth since that time there survived also numerous simplifications that have been 59 
used up to now. In this way at the very beginning of the paper [12] it has been noted that the 60 
proper position of the track is determined by measuring the theoretical arrow of the rise of 61 
arch chord at a required place. A scheme for the determination of arrow f in circular arc is 62 
shown in figure 1 where the following denotations are used: R – radius of circular arc, c – 63 
half the length of chord.  64 
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Fig. 1. Scheme for the determination of arrow f  in the circular arc 67 



 

 68 
By the application of the elementary relation   one can derive an exact 69 

equation for the value of arrow in the form of , however, in paper [12] an 70 

approximate formula   is given for this case. The applied simplification has at present 71 

no justification, but it must have looked in a different way taking into account the calculation 72 
possibilities of that time (the square root could not be calculated by using slide rule). 73 
 74 
In deriving the basic geometric relationships a presentation has been made, among other 75 
things, of the procedure for finding the coordinates of the circumference centre in relation to 76 
the measuring line. In the next chapter, in order to illustrate the adopted procedure, the way 77 
of determining the radius of the diverging track in the curved turnout for a chosen variant is 78 
analyzed. 79 
 80 
The necessity of finding possibly the simplest theoretical relations has distorted the 81 
transparency of the entire work. When reading the book one comes to the conclusion that it 82 
is unnecessarily complicated and all the attempts could have been made much simpler. It all 83 
resulted in assuming a common opinion that the book [12], however, very valuable, is of little 84 
accessibility to the reader and may some of them simply discourage from taking interest in 85 
to. It is likely that this was the reason why the turnout arching formation has not become an 86 
object of special attention in scientific investigation in spite of the fact that in the range of 87 
calculation possibilities there has been made a tremendous progress during this time. 88 
 89 
2. TRADITIONAL  METHOD OF DETERMINING THE DIVERGING TRACK 90 

RADIUS IN A CURVED TURNOUT 91 
 92 
A traditional method used in paper [12] to derive a formula for the radius of a diverging track 93 
of a one-sided curved turnout is shown in figure.2.  94 
 95 

 96 
Fig. 2. A scheme for the determination of the diverging track radius in the one-sided 97 

curved turnout (according to paper [12]) 98 



 

 99 
In bending the main track of an ordinary points (the standard one) into a curved track of a 100 
given radius , the diverging track of a turnout changes its shape simultaneously to form an 101 

arc of radius  the magnitude of which depends on radius  of the main track and radius 102 
R of the ordinary turnout. Values α, t and m used in figure 2 characterize the ordinary turnout 103 
and do not undergo a change in arc formation. They are connected with one another by 104 
relations: 105 
  106 

                      (2-1) 107 

 108 

                           (2-2) 109 

   110 
Tangents to the circle of a radius equal to  t  projecting out of the turnout centre, drawn at the 111 
end points of turnout –  of the main track, and  of the diverging track – create triangle 112 

ABC outside the circumference of the circle. The sides of the triangle are,  , 113 

 ,  . To determine radius  advantage is taken of a known 114 
formula for calculating the angle of a triangle when all its sides are given, namely 115 
 116 

                 (2-3) 117 

    118 
where  a  denotes a side that is lying opposite angle α, while  p  indicates half of the 119 
triangle’s circumference. 120 
 121 
In the case analyzed,  ,  ,  , hence the triangle’s 122 

circumference  , which means  . Thus it follows that  123 

 ,  ,  . After substituting the above to 124 
Equation (2-3) it is possible to obtain the relation 125 
 126 

              (2-4) 127 

 128 
Making use of equations (2-1), (2-2) and (2-4) and some transformations one can obtain the 129 
equation 130 
 131 

 132 

 133 
which provide the formula for magnitude . 134 
 135 

                      (2-5) 136 

 137 
3. ANALYTICAL APPROACH TO THE PROBLEM 138 
 139 
It appears that the main drawback in the equations presented in paper [12] is the ambiguity 140 
in approval of the frame of reference. The coordinates’ systems are most often connected 141 



 

with the centre of a particular circular arc whose position in the calculation procedure may 142 
alter together with the change of the values of geometric parameters. In connection with the 143 
above the position of a particular point does not result from function relation , but it is 144 
determined individually and, if necessary, a correction follows. Equations of circular arc are 145 
not used. Its determination is only related to coordination points: the starting and the end one 146 
and between them use is made of geodetic methods to determine the arc of a given radius. 147 
 148 
Paper [21] proposes a new analytical approach to the turnout arching subject. With such an 149 
approach to the problem, the crucial question is the adoption of an appropriately established 150 
system of coordinates. This can be done in a very simple way. The only point which does not 151 
change its position during the  arching of the (ordinary) turnout, is the outset of the turnout 152 
subjected to arching. It should become the starting point of the adopted system of 153 
coordinates. The axes of the coordinates system will be determined by the outset position of 154 
the curved turnout (Fig. 3). 155 
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Fig. 3. Diagram of an ordinary turnout prior to its arc formation 157 
 158 
In the turnout of angle 1 : n and radius R  of the circular arc in diverging track the central 159 
angle is 160 
 161 

                                              (3-1) 162 

 163 
while the value of the turnout tangent is 164 



 

 165 

                              (3-2) 166 

 167 
The coordinates of the end of the diverging track which is situated on the turnout leading 168 
circle, are as follows: 169 
 170 

,      171 
 172 
whereas the diverging track equation is 173 
 174 

          ,                (3-3) 175 
 176 
In the arc formation, values  , t  and    remain the same as in the basic turnout. Thus, 177 

the triangle of turnout angle  is unchanged (similar to point A), but its position alters (it 178 
turns around point M). Ends of the basic track and the diverging one should be situated on 179 
the turnout leading circle whose centre coincides with the centre of the basic turnout being 180 
arched (i.e. point M, Fig. 3).  181 
 182 
4. VARIANTS OF THE TUNOUT ARC-FORMATION 183 
 184 
In general it is necessary to take into consideration three arching variants of the turnout: 185 

 one-sided arching towards the inside of the geometric system, where the arc of the main 186 
track of radius  is consistent with the arc of the diverging track in the basic track of 187 
radius R (Variant I, Fig. 4), 188 

 both-sided arching where the arc of the basic track is directed opposite to the arc of the 189 
diverging track of the basic turnout, with the condition  that is binding (Variant II, 190 
Fig. 6), 191 

 single-sided arching outside the geometric system, where the arc of the basic track is 192 
directed opposite to the arc of the diverging track in the basic turnout, with condition  193 
< R  being  in force (Variant III, Fig. 8). 194 

 195 
Each variant of the turnout arching is characterized by the following procedures: 196 
 determination of coordinates of the main track end (point ), 197 

 determination of coordinates of the end of the diverging track (point ), 198 

 determination of the arc radius  of the diverging track of the turnout, 199 
 determination of both the track equations. 200 
 201 
4.1 Arching of the turnout – Variant I 202 
 203 
In variant I the arching of the turnout, the arc of a main track is in conformity with the 204 
diverging track arc of the ordinary turnout (Fig. 4). The central angle of the main track arc 205 
results from the relation 206 
 207 

 208 

Hence, it follows that  209 

                           (4-1) 210 

 211 
where value  t  follows from relation (3-2). 212 
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Fig. 4. A scheme of an ordinary turnout arching in variant I 214 

 215 
Point  lies on the straight line of formula 216 

  217 
 218 

 219 
at distance  from the centre of arc  . A set of equations is obtained: 220 
 221 

         222 
 (4-2) 223 

       224 
 225 
From the above equations (4-2) it is possible to determine the coordinates of point . 226 
 227 

                                       (4-3) 228 



 

                               (4-4) 229 

 230 
In the determination of the coordinates of point   , angle  (Fig. 4). Point  lies on 231 
the straight line of equation  232 
 233 

 234 
 235 
at distance t  from point  . Hence, the following set of equations is obtained: 236 
 237 

               238 
          (4-5)  239 

            240 
 241 
The obtained formulae provide coordinates of point  . 242 
 243 

                       (4-6) 244 

                             (4-7) 245 

 246 
To determine the arc radius  of the turnout diverging track advantage is taken of the fact 247 

that point  (the coordinates of which are already known) lies at distance  from the 248 

centre of arc . The following formula is obtained 249 
 250 

 251 
 252 
which indicates that 253 
 254 

                          (4-8) 255 

 256 
Now it is possible to take down the equations of both the tracks: 257 
 the main track 258 

               ,                      (4-9) 259 
 260 

 the diverging track 261 

               ,            (4-10) 262 
 263 
Figure 5 presents examples of diagrams of horizontal ordinates of the main track and the 264 
diverging one for variant I of arching the turnout 1 : 12 – 500. 265 
 266 
4.2 Arching the turnout – Variant II 267 
 268 
In variant II the turnout arching the arc of the main track is directed opposite the arc of the 269 
diverging track in the basic turnout, where condition  (Fig. 6) is in force. As in variant 270 
I the central angle of the arc of the main track follows from relation (4-1).  271 
 272 
 273 



 

 274 
Fig. 5. Diagrams of horizontal ordinates of the main track (blue colour) and the 275 
diverging one  (red colour) for variant I while arching the turnout 1 : 12 – 500  276 

(  = 800 m,  = 307.360 m, using different scales) 277 
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Fig. 6. A scheme of an ordinary turnout arching in variant II 279 



 

 280 
Point  lies on the straight line of equation  281 

 282 
 283 

 284 
at a distance   from the centre of arc  . Thus it is possible to obtain the set of 285 
equations: 286 

 287 
  288 

          (4-11) 289 
  290 

 291 
by means of which one can determine the coordinates of point  . As it appears abscissa 292 

 follows from equation (4-3), while ordinate  from the relation 293 
 294 

          (4-12) 295 

 296 
The coordinates of point  are determined, as in Variant I, by formulae (4-6) and (4-7), 297 

where angle   (Fig. 6). The arc radius  of the turnout diverging track is obtained 298 
from equation (4-8). The main track equation is as follows: 299 
 300 

         ,                     (4-13) 301 
 302 

whereas the diverging track equation has the form of formula (4-10). Figure 7 gives 303 
examples of diagrams of horizontal ordinates that appear in the main track and the diverging 304 
one for variant II of arching the turnout 1 : 12 – 500 when . 305 

 306 

 307 
Fig. 7. Diagrams of horizontal ordinates of the main track (blue colour) and the 308 
diverging one  (red colour) for variant II while arching the turnout 1 : 12 – 500  309 

(  = 800 m,  = 1334.775 m, using different scales) 310 
 311 
 312 



 

4.3 Arching the turnout – Variant III 313 
 314 
In variant III of the turnout arching, the arc of the main track is directed opposite to the arc of 315 
the diverging track in the basic turnout, where the condition  (Fig. 8) is in force. As in 316 
some earlier variants the central angle of the main track arc results from the relation (4-1). It 317 
is easy to prove that the coordinates of point  are the same as the ones of variant II, 318 

described by equations (4-3) and (4-12). The coordinates of point  are determined, as in 319 

variants I and II, by equations (4-6) and (4-7), where angle  .  320 
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Fig. 8. A scheme of an ordinary turnout arching in variant III 322 

 323 
For the reason that , the radius of arc  of the diverging track in the turnout results 324 
from the equation 325 
 326 

              327 
 328 
From the above equation it follows that 329 
 330 



 

                   (4-14) 331 

 332 
The equation for the ordinary track has the form of formula (4-13), while the diverging track 333 
is expressed by 334 
 335 

           ,               (4-15) 336 
 337 
Figure 9 illustrates examples of diagrams of horizontal ordinates of a main and diverging 338 
track for variant III of arching turnout 1 : 12 – 500 when . 339 
 340 

 341 
 342 

Fig. 9. Diagrams of horizontal ordinates of the main track (blue colour) and the 343 
diverging one  (red colour) for variant III while arching the turnout 1 : 12 – 500  344 

(  = 400 m,  = 2004.325 m, using different scales) 345 
 346 
4.4 Comparison of the calculation equations 347 

 348 
The presented analysis of the turnouts arching indicates that most of the equations worked 349 
out for variant I are valid in variants II and III, and the variations that are found, consist in the 350 
change of the sign in some expressions. Thus, there arises a possibility of making a list of 351 
some universal equations including all the variants under consideration. 352 
 353 
 fundamental values  354 
 355 

                 356 

 357 
 coordinates of point  358 

 359 

    360 

            variant I,    variants II, III 361 

 362 
 coordinates of point  363 



 

 364 

     365 

     366 

    variant I,    variants II, III 367 
 368 
 radius of arc  in diverging track of the arched turnout 369 

 370 

    variants I, II,    variant III 371 

 372 
  equation of the main track of curved turnout 373 
 374 

  ,        variant I,    variants II, III 375 

 376 
 equation of the diverging track of curved turnout 377 
 378 

 ,         variants I, II,    variant III 379 

 380 
The presented theory of the turnout arching is undoubtedly more transparent than a 381 
particular procedure described in book [12]. The analytical notation used offers much greater 382 
possibilities for some specific applications.  383 
 384 
5. VERIFICATION ATTEMPT 385 
 386 
It appears that it is possible to verify the presented turnout arching method. In paper [12] 387 
there has been worked out a general formula for arc radius  used in the diverging track of 388 

curved turnout the value of which is dependent on radius  of the main track and radius  389 
of the ordinary turnout. The formula is presented in the form of 390 
 391 

                           (5-1) 392 

 393 
Formula (5-1) causes some interpretative difficulties and undoubtedly for this reason the 394 
author of paper [12] makes use of a simplified formula in his calculation examples noted 395 
further on: 396 
 397 

                             (5-2) 398 

 399 
The author gives an explanation for it as a less effective than term , which is much smaller 400 

than term . It might be of some interest to know that formula (5-2) is binding in British 401 
regulations up to now [22]. 402 
 403 
If one makes an assumption that values  and  are positive, then formula (5-1) involves 404 
variant I, for which the solution of the problem, described by equation (2-5), has been given 405 
at point 2, and variant III where 406 



 

  407 

                           (5-3) 408 

 409 
does not include variant II for which the equation, as it might appear, was incorrectly derived 410 
and should assume the following form: 411 
 412 

                         (5-4) 413 

 414 
However, one can avoid making problems mentioned above on assuming the following 415 
agreement on signs relating to the occurrence of the arc radii (in the coordinates system 416 
used in the paper): 417 

  for a positive ordinate of the center of the circular arc (in Variants I and II), 418 

  for a negative ordinate of the center of the circular arc (in Variant III). 419 
Having made such an assumption, the use of equation (2-5), binding variant I, can be 420 
extended to all arching turnout variants under consideration.  421 
 422 
On this basis it is possible to compare the compatibilities of radius  determined by an 423 
analytical method, with an adequate value obtained by formula (2-5). It is worthy of mention 424 
at this place that the forms of the formulae applied are quite different in both the techniques. 425 
It is assumed the basic turnout 1 : 12 – 500 for which  0.083141 rad and   20.797 m. 426 

In consequence of the performed calculations the following values of  can be obtained. In 427 
the analytical method they are positive, but equation (2-5) makes it necessary to keep to a 428 
certain agreement on the signs to be used. 429 
 430 
 Variant I    800 m (Fig. 5) 431 

 in analytical method: 432 

 0.051982 rad,    41.566 m,   1.081 m,    0.051982 rad 433 

 41.405 m,    2.802 m,     m  434 

 by using formula (2-5):  435 

  m 436 

 437 
 Variant II    800 m (Fig. 7) 438 

 in analytical method: 439 

 0.051982 rad,   41.566 m,  1.081 m,   0.051982  440 

 41.584 m,    0.648 m,   m  441 

 by the application of equation (2-5):  442 

 m 443 

 444 
 Variant III    400 m (Fig. 9)  445 

 using the analytical method: 446 



 

 0.103893 rad,   41.482 m,  2.157 m,   0.103893 rad 447 

 41.590 m,   0.432 m,     m  448 

 by the use of formula (2-5):  449 

 m 450 

 451 
Owing to a full conformity obtained in the calculations it is possible to state that there has 452 
been noted a mutual verification of the compared solutions relating to radius  of the 453 
diverging track of the curved turnout. However, a mere knowledge of the radius is not 454 
sufficient. It also makes it necessary to have the coordinates of both the track ends, which 455 
allows the equations to be written in an analytical way together with a justification of their 456 
application range. The method presented in paper [12] does not offer such possibilities. 457 
 458 
6. CONCLUSION 459 
 460 
The paper involved the issue of arching of the railway turnouts. This is an issue which is 461 
given relatively less attention to scientific and research activities. Therefore, an attempt was 462 
made to a new, analytical approach to this problem. 463 
 464 
In Poland for more than 50 years the fundamental commonly used elaboration dealing with 465 
the problem of curved turnouts is book [12]. As one should judge on the basis of the 466 
biographical items enclosed in it the book is a compilation of work presenting the state of 467 
current knowledge which was the result of German achievements of the 40s and the 50s of 468 
the twentieth century.  469 
 470 
In fact it is an exceptional work relating to the analyzed problem in a complex way. The book 471 
is equipped with an analysis of a large number of occurring cases. The few elaborations that 472 
were published in the next years did not include any problems under consideration but only 473 
treated the book [12] as a unique one and only made some references to it.  474 

 475 
While reading the book [12] one arrives at an irresistible conclusion that the whole theory 476 
proposed, was adapted to the contemporary calculation possibilities. The necessity to find 477 
possibly the largest number of theoretical relationships distorted, however, the transparency 478 
of carrying out the entire course of proceeding. Reading the book one has the impression 479 
that it was unnecessarily complicated and all the problems could have been approached in a 480 
much simpler way. 481 

 482 
It seems that the main drawback of the solutions presented in the discussed book is the 483 
ambiguity about the adoption of the frame of reference. In the paper an analytical approach 484 
is adopted to the question where the primary issue is the assumption of an appropriately 485 
determined system of coordinates. The system has been linked with the initial position of the 486 
turnout being curved.  487 
 488 
Attention has been concentrated on three possible variants of a turnout arching providing 489 
them with universal mathematical relations. They describe the coordinates of the ends of the 490 
main track and the diverging one, value of radius of the diverging track arc and equations of 491 
both the tracks. This has significantly contributed to the extension of the turnout arching 492 
theory as against the one given in book [12]. The applied analytical record also gives much 493 
greater possibilities for authentic applications. It should be noted that it may be particularly 494 
beneficial to use the analytical method to design connections of parallel tracks located in a 495 
circular arc (using curved turnouts). 496 



 

 497 
To prove the correctness of the obtained theoretical relations use has been made of a 498 
formula, originating from classic theory, for the value of the radius of diverging track arc. The 499 
formula is given an appropriate interpretation. As a result of obtaining full calculation 500 
conformity, it is possible to say that in this respect there has taken place a mutual verification 501 
of the solutions being compared. 502 
 503 
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