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Abstract

In this paper, we study an inverse spectral problem for the Sturm-Liouville equation on a three-star
graph with the Neumann and Dirichlet boundary conditions in the boundary vertices and matching
conditions in the internal vertex. As spectral characteristics, we consider the spectrum of the main
problem together with the spectra of two Neumann-Dirichlet problems and one Dirichlet-Dirichlet
problem on the edges of the graph and investigate their properties and asymptotic behavior. We
prove that if these four spectra do not intersect, then the inverse problem of recovering the potential
is uniquely solvable . We give an algorithm for the construction of the potential corresponding to
this quadruple of spectra.
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1 Introduction

This paper is devoted to the study of the inverse spectral problem for Sturm-Liouville operators on a
three-star graph with the Neumann and Dirichlet boundary conditions in the boundary vertices and
matching conditions in the internal vertex. The inverse problem consists of recovering the potential on
a graph from the given spectral characteristics. Differential operators on graphs(networks, trees) often
appear in mathematics, mechanics, physics, geophysics, physical chemistry, electronics, nanoscale
technology and branches of natural sciences and engineering(see (2; 5; 6; 11; 12; 13; 22; 33)
and the bibliographies thereof). In recent years there has been considerable interest in the spectral
theory of Sturm-Liouville operators on graphs(see (1; 31; 32)). The direct spectral and scattering
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problems on compact and noncompact graphs, respectively, were considered in many publications(
see, for example (4; 9; 20)). Inverse spectral problems of recovering differential operators on arbitrary
trees(i.e., graphs without cycles) and specially star-type graphs with the boundary conditions or
spectral characteristics other than considered here, were studied in (8; 21; 25; 35; 36) and other
papers. Hochstadt-Liberman type inverse problems on star-type graphs were invesigated in (25; 34).

We consider a three-star graph G with vertex set V' = {vo, v1, v2,v3} and edge set E = {e1, e2, e3},
where v1, v2, vs are the boundary vertices, vy is the internal vertex and e; = [v;,vo] for j = 1,2, 3.
We assume that the length of every edge is equal to a, a > 0. Every edge e; € E is viewed as an
interval [0, a]. Parametrize e; € E by = € [0, a|, the following choice of orientation is convenient for
us: z = 0 corresponds to the boundary vertices v1, v2, vs and x = a corresponds to the internal
vertex vo. A function Y on G may be represented as a vector Y (z) = [y;(z)]=1,2,3, € [0, a] and the
function y; (x) is defined on the edge e;. Let g(x) = [g;(x)];=1,2,3 be a function on G which is called
the potential and ¢;(z) € L2(0, a) is a real-valued function defined on the edge e; . Let us consider
the following Sturm-Liouville equations on G:

(@) + a5 (@) (@) = Noys(x), ze(0a], j=1,23 1)

where X is the spectral parameter. The functions y;(z) and yj(z) are absolutely continuous and
satisfy the following matching conditions in the internal vertex vo:
y;j(a) =y (a) forj, 7' =1,2,3, (continuity condition),

=Y;
yj(a) =0 (Kirchhoff's condition). (1.2)

3
j=1
In electrical circuits, (1.2) expresses Kirchhof’s law; in an elastic string network, it expresses the

balance of tension and so on. Let us denote by L, the boundary-value problem for (1.1) with the
matching conditions (1.2) and the following boundary conditions at the boundary vertices v1, v2, vs:

y1(0) = y3(0) = y3(0) = 0. (1.3)

The problem of small transverse vibrations of a three-star graph consisting of three inhomogeneous
smooth strings whose two free ends can move without friction in the directions orthogonal to their
respective equilibrium positions and one fixed end can be reduced to this problem by the Liouvile
transformation. This problem occurs also in quantum mechanics when one considers a quantum
particle subject to the Shrodinger equation moving in a quasi-one-dimensional graph domain.

In this paper, we study the inverse problem of recovering the potential ¢(z) = [g;(x)]j=1,2,3
from the spectral characteristics. Similar inverse spectral problems on star-type graphs with three
and arbitrary number of edges but only with the Dirichlet conditions at the boundary vertices was
considered in (25; 27). Our method follows (25; 27). As spectral characteristics, we consider the set
of eigenvalues of problem L, together with the sets of eigenvalues of the following two Neumann -
Direchlet problems and one Dirichlet- Dirichlet problem on the edges of the graph G:

{ —y} (z) + ¢j (z)y; (z

) = Azyj(x)7 T € [07(1}7
b0 =yy@) =0, j=1 4

= 72,3, n1:n2:1,n3:07
which we denote these problems by L;, 7 = 1,2,3. We obtain conditions for four sequences of
real numbers that enable one to reconstruct the potential ¢(z) = [g;(x)];=1,2,3 SO that one of the
sequences describes the spectrum of the boundary-value problem L, and other three sequences
coincide with the spectra of the problems L;, j = 1,2, 3. We give an algorithm for the construction of
the potential from these four sequences.

The main idea of the solution of the inverse problem for the considered system is its reduction to
three independent inverse problems of reconstruction of the functions ¢;(z) € L2(0,a), j = 1,2,3, 0n
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the basis of two spectra, namely, the spectrum of the problem L; and the spectrum of the following
boundary-value problem on the edge e;:

(1.5)

Let us denote this problem by L’(j = 1,2, 3). Since the solutions of the later inverse problems are
known(see (18, Sec.3.4), (7, Sec.1.5)), this reduction gives an algorithm for the reconstruction of the
potential of the boundary-value problem L.

Let us consider the operator-theoretical interpretation of our problem. Denote by A the operator

8 8
N—

acting in the Hilbert space H = L2(0,a) ® L2(0,a) @& L2(0,a) with standard inner product (.,.)u,
according to the formulas
yi(x) —yi () + q1(z)y1(2)
AY = A yp(2) | = | —¥5(2) + @(@)y(z) |, (1.6)
Y () —y3 (z) + gs(z)ys(x)
y1(z) y;j(z) € W3(0,a) forj=1,2,3,
D(A) = y2(x) yj(ga) =yj(a) forj,j' =1,2,3 , (1.7)
y3(x) 23:1 y;‘(a) =0, 41(0) =y (0) =y3(0)=0
where W3(0,a) is a Sobolev space. Let us show that D(A) is dense in H. Suppose that F =
(fi(z), f2(), f3(x))* € H is orthogonal to all G = (g1(z), g2(2), g3(x))* € D(A)(t denotes the
transpose of a matrix), i.e.,
3 a
G =Y [ H@w -
=10
Since C§°[0,a] ® 0 ® 0 C D(A)(Here 0 is a function that identically zero on [0,a]), then G =
(91(z),0,0) € C§°[0,a] ® 0 ® 0 is orthogonal to F, i.e.,
(F.Gli = [ fi@larta) =0.
0
Since C§°[0,a] is dense in L3(0,a), we must have fi(z) = 0. Similarly, we get that fa(z) =
fa(xz) = 0. Thus, D(A) is dense in H. We prove that A is self-adjoint in the Hilbert space H.

Let F' = (f1(x), f2(x), fa(z))" and G = (g1(2), g2(x), g3(x))* be arbitrary elements of D(A). By twice
integration by parts, we have

3
(AF,G)u = (F, AG)n Z (195 — figi)ls -

It follows from (1.2) and (1.3) that >>°_, (f;g; — ffg5)|; = 0. This yields,

(AF,G)g = (F,AG)n

~

Therefore, A is symmetric in H. It remains to show that if (AY,V)y = (Y,U)g for all Y
(y1(z),y2(z),y3(x))* € D(A), then V € D(A) and AV = U, where V = (vi(x),v2(z),vs3(z))
and U = (u1(z), uz(x),us(x))?, i.e., () v;(z) € W(0,a) (j = 1,2,3); (i) v1(0) = v4(0) = v3(0) = 0;
mnwm):vym)@J%:Lz@;m)ziﬂ]()_0(wzwj_uﬂg—123)wmmewg:
—i + 495

Forall Y € C§°(0,a) & 06 0 C D(A)(0 denotes the function identically zero on [0, a] ), we have

/(€1y1)51dm:/ Y11 de.
0 0
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So by standard Sturm-Liouville theory v;(z) € W5(0,a) and u; = £1v1. Similarly we get v;(z) €
W3(0,a) and u; = £;v; (j = 2, 3). Thus (i) and (v) hold. Now using (v) equation (AY,V)x = (Y,U)x
forall Y € D(A) becomes

3 a 3 ra
Z/ (ﬁjyj)ﬁdeU:Z/ yiljvjde.
j=1"0 j=1"0

However by twice integration by parts, we have

3 . 3 o 3 .
Z/ (Cyy;)vjde = Z/ yilivide + ) (ui® =505 -
j=170 j=170 j=1

Hence

3

Z (yjﬁ;- = y;-ﬁj) |3 = 0 (18)

j=1
According to Naimark’s patching lemma(see (23, p. 63, Lemma 2)), there exists a Y € D(A) such
that 11 (0) = 1, 12(0) = y3(0) = y1(a) = y1(a) = y2(a) = y2(a) = ys(a) = y3(a) = 0. Then on
account of equality (1.8), we have v1(0) = 0. Similarly, we get v5(0) = v3(0) = 0. So (ii) holds. Using
Naimark’s patching lemma again one can show that (iii) and (iv) hold. consequently the operator A is
self-adjoint.

The operator A has a discrete spectrum and its eigenvalues coincide with the squares of the

eigenvalues of the boundary-value problem L,. Furthermore, integrating by parts, we obtain the
following equality for any vector function Y = (y1 (), y2(x), y3(z))" € D(A):

(A =3 [ @ + @)l () 19

Thus, for all eigenvalues of the boundary-value problem L, to be real and nonzero, it is necessary
and sulfficient that the operator A be strictly positive(A > 0). Relation (1.9) yields the following simple
sufficient condition for the strict positivity of the operator A:

gj(z) >0 ae.onl0,a], j7=1,2,3. (1.10)

On the other hand, if A > 0, then all eigenvalues of the operator A are real and positive, otherwise
the strict positivity of the operator A can be realized by shifting the spectral parameter A —qo, qo > 0,
in (1.1). For this reason, we assume in what follows without loss of generality that the condition (1.10)
is valid. Thus the eigenvalues of the boundary-value problems Ly and L; for j = 1,2, 3 are nonzero
real numbers.

This paper has the following structure: In section 2 the direct problem is considered. Aspects
of the theory of operator pencils in combination with methods of the theory of entire functions are
used as tools for a description of the set of eigenvalues of the boundary-value problem L, and the
spectra of the auxiliary problems L; for j = 1,2, 3 associated with this system. As a consequence we
prove that the eigenvalues of the main problem and the spectra of the auxiliary problems interlace in
some sense. In section 3 we solve the inverse spectral problem for Lo within the framework of the
statement indicated above.

2 Direct problem

In this section, we describe the properties of sequences of eigenvalues of the boundary-value problems
Lo and L; for j = 1,2, 3 that are necessary for what follows.
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Let us denote by c;(z, A), s;(x, A) the solutions of (1.1) on the edge ¢; for j = 1, 2, 3 which satisfy
the initial conditions

¢i(0,A) = ¢;(0,A) —1 =0, 5;(0,\) =s3(0,\) —1=0, j=1,2,3. (2.1)
For each fixed = € [0,a], the functions cgy)(:v,/\) and sg.y)(:c,)\), v =20,1, j = 1,2,3 are entire in

A. Since {c¢;(z, A), s;(z,A)} is a fundamental system of solutions of (1.1) on the edge e;, then the
solutions of (1.1) for j = 1, 2, 3 that satisfy the conditions (1.3), are

, _ [ Cjci(z,N), j=1,2,
v(@ A) = { Csss(z,)), j=3,
where Cj, j = 1,2, 3 are constants. Substituting (2.2) into (1.2), we establish that the eigenvalues of
the boundary-value problem L, are zeros of the entire function

(2.2)

c(a,\)  —ca(a,N) 0
e1(A) == ei(a, A) 0 —ss(a, \)
ci(a,\)  ca(a, ) ss(a, \)
or
©1(N) = c1(a, N ch(a, N)ss(a, ) + ci(a, Nea(a, N)sz(a, A) + ci(a, Nea(a, N)ss(a, A). (2.3)
Let us represent ¢4 () by three equivalent formulas
©1(A) = Yin(Nuji(A) +¥j2(Nuge(A),  §=1,2,3, (2.4)
where
11 (A)  P12(N) ci(a, N)cy(a, N) + ci(a, Nea(a, A)  ci(a, Nea(a, N)
Ya1(N)  P22(N) | = | cala,Nss(a,A) +ci(a, Nss(a, A)  ci(a,N)ss(a,A) |, (2.5)
P31(A)  P32(A) ca(a, N)ss(a, \) + ch(a, N)ss(a, N)  ca(a, N)ss(a, \)
w1 () ui2(A) ss(a,\)  sz(a, \)
w21 (A)  we2(A) | = | ca(a,N) ch(a,N) |- (2.6)
us1(A)  uz2(N) ci(a,\)  ci(a,N)

Lemma 2.1. All zeros of the functions v;1(\), j = 1,2, 3 are simple.
Proof. The zeros of the function 11 (\) coincides with the spectrum of the problem

—yi (z) + q;(2)y; (z) = Ny;(z), z€(0,a], j=1,2,
y1(0) = »3(0) =0,
y1(a) = yz2(a),
yi(a) +yz(a) =

or what is the same, with the spectrum of the problem

= §'(#) + @(2)7(@) = N’§(z), @ €10, 2], 7)
7'(0) =7'(2a) =0, (2.8)
where (=) . 0.4
~ 1(z ifz €10,al,
y(w) = { yz(yZa —z) ifz € (a,2d],
N 1(x) if z € [0,q],
q(z) = { qg(an —z) ifz € (a,2da].

Due to (1.10), the spectrum of the Neumann problem (2.7), (2.8) are real, nonzero and simple.
Therefore, the zeros of 11 (\) are simple. In the same way, we can show that the zeros of 121 (\)
and 131 () are simple too. The assertion of Lemma 2.1 follows. O
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For what follows, we need the definition presented below:

Definition 2.1.  ((26)) Let {2k } > ({2 } o 120) b€ @ sequence of complex numbers of finite multiplicities
which satisfy the following conditions: (1) the sequence is symmetric with respect to the imaginary
axis and symmetrically located numbers possess the same multiplicities; (2) any strip |Re z| < p < oo
contains not more than a finite number of z;. Then, the following way of enumeration is called proper:

I z-x = —Zx(Re zx # 0);
ii. Re zr < Re Zk+1,
iii. the multiplicities are taken into account.

If a sequence has even number of pure imaginary elements we exclude the index zero from
enumeration to make it proper.
Throughout section 2, denote

We introduce the entire function
p2(N) = c1(a, A)ea(a, N)ss(a, A). (2.9)

Let us denote by {7:}> o the set of zeros of v1(A) and by {0x}> xo the set of zeros of the
function w2 (A). Denote by {v{" 12, s, {17120 ko and {1}, .o the sets of zeros of the
functions ci(a, \), c2(a, A) and s3(a, A), respectively. It is clear from (2.9) that the set {0x} > 1o iS
the union of the sets Ule{u,ij)}i"oo,kﬂ, i.e., the spectra of the auxiliary problems L; for j = 1,2, 3.
According to the remark presented in section 1, all numbers 7, z/,(j), j = 1,2,3 and 6 are real
and nonzero. We enumerate the sets {7x}> 10, {u,i”}‘i"oo,k#o, J=1,2,3and {6} .o in the
proper way( 7—i = —7k, 7 < Top1, ) = v, v < vl i =1,2,3and 0_x = 64, 01 < Ory).
Note that the sets of eigenvalues {u,i”}‘foo’k#o, j = 1,2, 3 behave asypmtotically as follows(see (18,

section 1.5)):

1 €]
G _ m(k—3) B; o, .
v = p +7r(k—%)+ P ji=1,2, (2.10)
5(3)
y» = Tk B o (2.12)

where {5}, ;o € I for j = 1,2,3.

Lemma 2.2. 1. If 7, = 6, for some k and n, then 22 — 0, i.e., at least two of three functions
ci(a, A), c2(a, A) and s3(a, A) have (simple)zeros at A = 7, = 0,,.
2. If 7, = 6, for some k and n and %21 ., =0.thenci(a,)) = c2(a,)) = s3(a, ) = 0 and

d2p1 (M) 0
d\? A=6,, # )

Proof. Since 6, is a zero of p2(A), hence, definition (2.9) implies that at least one of three functions
ci(a, A), c2(a, A) and s3(a, A) has (simple) zeros at A\ = 7, = 0,, say, s3(a,0,) = 0. Then from
»1(0,) = p1(7%) and (2.3) we obtain c1(a, 60, )c2(a, 6,) = 0 and assertion 1 of Lemma 2.2 follows. If
we assume cz(a, A) = 0 or c2(a, \) = 0, then the proof is analogous.

If 7. = 6, for some k and n, then by assertion 1 at least two of the functions c¢i (a, A), c2(a, A) and
sz(a, X) have (simple)zeros at A = 0,,. Let ¢i(a,0,) = c2(a,6,) = 0. Now let d”dlii” = 0; then

=Un

from (2.4) for j = 1 we get
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dip11(N)

A=0, dA A=0,

= 0. (2.12)

By Lemma 2.1, dwbigw‘k , #O and hence (2.12) implies that s3(a,6,) = 0. If we assume that

ci(a,bn) = s3(a,0,) =0 oran(a,Gn) = ss3(a,6,) = 0 then the proof of first part of assertion 2 is
analogous. Differentiating (2.4) twice for j = 1 we calculate

d*p1(N) _ o du(y) dss(a, \)
d\2 A=6,, - dX A=0,, dX A=0,, ’
Since the zeros of ¢1,(») and ss(a, \) are simple, then dwa&m’x:e # 0 and %sled) . £ 0.
21 (\)
Consequently, =21 e, # 0. O

Let us denote by L¢, d > 0 the class(introduced in (15, p. 149)) of entire functions of exponential
type < d whose restrictions on the real line belong to L2 (—o0, o0).
Let us introduce the function

E(A) = p1(A) +iarpz(N), (2.13)
where « € (3, 00) is an arbitrary constant.

Lemma 2.3. The function Z(\) can be represented as follows:

2 . .3
=) = 3COSSAG72COS)‘G+(231+2BQ+3B3)w*(Bl+Bg)Sm Aa
.2 3
Lia <cos2 AasinAa + (B +Bg)sm AC;COS Aa Bs cos)\)\a> n w()\/\)’

(2.14)
where w(\) € L.

Proof. Using the formulas of (18, p. 9) and taking into account that [.* f(t) cos Atdt € L?, [;' f(t)sin Xtdt €
L* whenever f € L2(0,a) by the Paley-Wiener theorem (3, p. 103), we obtain

sinda  v;(A)

cj(a,\) = cosAa+ Bj X + > ji=1,2, (2.15)

¢i(a,A) = —Asinda+ Bjcosda+ g;(A), j=1,2, (2.16)
sin Aa cosAa | wv3(N)

S3 (a, )\) = N Bs 2 + VIR (2.17)

s5(a,\) = cosAa + B3 sm)\/\a + QBg\)\), (2.18)

where v;(A), 0;(N\), j = 1,2,3, are entire functions of class L*. Substituting (2.15)-(2.18) into (2.3)
and (2.9), we get

2 .
p1(A) = 3 cos® \a — 2 cos \a + (2B1 4+ 2B2 + 3B3)w
sin® \a wi(N)

A A

—(B1 + Bs) (2.19)
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2 . .2 3
ps(N) = cos /\L/z\sm Aa + (B + B2)sm )\f\l;os Aa B, coi\Z)\a + (.‘)2/\(2)\)7 (2.20)
where w1 (), w2(X) € L**. If we substitute (2.19) and (2.20) into (2.13), then the representation (2.14)
follows. =
We set )
Zo(A) := 3cos® Aa — 2cos Aa + i cos® Aasin Aa. (2.21)

Denote by {\;}>,, the set of zeros of 2(\) and by {/\20)}3"00 that of Z¢ (). Under proper enumeration,
it is possible to arrange the zeros {/\,20)}‘1"00 into two subsequences:

ki, (=" +V/a2=38

o _ Tk i a8
Ay = o . log “t3 , keNu{0}, (2.22)
k—1
AD = % k€N, (2.23)
A9 = -2, kel

Lemma 2.4. The zeros of Z()\) can be enumerated in such a way that:
A = A +o(1). (2.24)

Proof. The main term of the asymptotic form of Z()\) is determined by the term (2.21). Therefore, we
consider \x's as perturbations of ALO)’S. We show that the sequence {Im A\, }>°, is bounded. Suppose
that there exists a subsequence {\,, }32_., of the sequence {\;}>, such that Im\,,, — oo, as
k — oo. Then (2.14) implies

E(Amyg) — e Amya (73 ; a) =o0 (63|Im Amy |a> .

Since E(A\n,,) = 0, this is a contradiction. Hence {Im A}, is bounded above. In the same way,
one can show that {Im A, }>,, is bounded below. Consequently, there exists a constant M/ > 0 such
that |Im Ax| < M.

Denote IT = {\ : |ImA| < M + €}, where ¢ is an arbitrary positive number. It follows from (2.14) and
(2.21) that there exists a constant C' > 0 such that

- - C
[Z2(A) —Z0(N)] < o A ell

Since the function Zo(A) is periodic, by a method similar to that in (7, p. 6), for every r € (0,¢€), we
can find d > 0 such that

|Zo(N)] > d
forall A € IT\ U, C”, where ¥ = {X : |x = Al”| < r}. Taking r sufficiently small we obtain
C,imﬂcli?) =0,k # k'. Consequently, forall A € {A: X e II\ U, C,i()), |\l > £}, the following
inequalities are valid:

= C = =

[Z2o(A)] > d > o > |E(N) = Zo(N)].
Since » > 0 can be chosen arbitrary small, we apply Rouché’s theorem and obtain the assertion of
Lemma 2.4. O

The set { \x } >, coincides with the spectrum of the boundary-value problem generated by equations (1.1)
for j = 1,2, 3 and the boundary conditions (1.3) and the following condition at z = a:

yj(a) =y (a) forj,j’ =1,2,3,
3

Z y;(a) +iaiyi (a) = 0. (2.25)
Jj=1
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This problem has the following physical sense: It describes small transverse vibrations of a three-star
graph of three inhomogeneous smooth strings damped at the interior vertex(see (30)). This problem
also has the following operator interpretation. Denote by A; the operator acting in the Hilbert space
Hy = L2(0,a) ® L2(0, a) ® L2 (0, a) & C with standard inner product (., .) i, according to the formulas

y1(x) 41 () + q1(z)y1(x)
y2(z) —y5 () + q2(2)y2(x)
A = 2 , 2.26
o) “4(z) + as(@)s() (2.26)
y1(a) Z]’:l y;’ a)
MO\ | o) € WE©,0) forj =1.2.3,
DA =1 | 20 || wl@ =yyle) forjj’ =123 5. (2.27)
"(0) = ¥4 (0) = ys(0) =
vi(a) y1(0) = 12(0) = ys(0)
Let K and P denote the projectors:
000 O I 00 0
000 O 01 00
E=1o00 o | P=loo 10
00 0 of 000 0

Clearly K > 0 and P > 0. We consider the nonmonic quadratic operator pencil of the form
L(\) = NP —i\K — A,
with the domain D(L())) = D(A:) independent of A and dense in H;.

Definition 2.2. ((19, Sec.11)) Let L(\) be an operator pencil defined on a complex Hilbert space H.
The set of values A € C such that L(\) ™! exists as a closed bounded linear operator on 7 is called
the resolvent set p(L) of the operator pencil L(\). We denote by o(L) the spectrum of L(}\), i.e.,
the set o(L) = C \ p(L). The number Ao € C is said to be an eigenvalue of L()) if there exists a
nonzero vector yo (called an eigenvector) such that L(\)yo = 0. The vectors y1, y2, ..., yr—1 are
called corresponding associated vectors if

"1 df
~ =L
Z;yst)

The number r is called the length of the chain composed of the eigenvector and its associated vectors.
The algebraic multiplicity of an eigenvalue is defined as the maximal value of the sum of the lengths
of chains corresponding to linearly independent eigenvectors. An eigenvalue is said to be isolated if
it has a punctured neighborhood contained in the resolvent set. An isolated eigenvalue )\, of finite
algebraic multiplicity is said to be normal if the image Im L(Xo) is closed.

Yr—sy, n=1,...,r—1.
A=Xo

It is clear that the set of eigenvalues of the operator pencil L(\) coincides with the spectrum of
the boundary-value problem (1.1), (1.3), (2.25).

Theorem 2.5.

1. The spectrum of L(\) consists of normal eigenvalues.

ImAy, >0forallk € Z

3. The eigenvalues of the operator pencil L()) are nonzero.

4. The spectrum of the boundary-value problem (1.1), (1.3), (2.25) is symmetric with respect to the
imaginary axis and symmetrically located eigenvalues possess the same multiplicities.
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Proof. Similar to the operator A, one can show that A; is self-adjoint in the Hilbert space H;. We
prove that it is strictly positive(4; > 0). Let Y1 € D(A;) and Y € D(A), then integration by parts
yields

(A5 Ym = (YY) = 3 [ (W@ + @l ) )do

Therefore A; is positive. But, if 0 were an eigenvalue of A;, it should be an eigenvalue of A also.
Thus, A, is strictly positive. Now taking this together with K > 0, P > 0 into account, assertions

1 and 2 follows from (28). Assertion 3 follows from Lo = —A;. finally, Assertion 4 follows from the
identity Z(—X) = Z(\). O
We enumerate the zeros of Z()\) in the proper way such that (2.24) be valid: 1)A\_p = —\x

for all not pure imaginary A\x, 2)Re \x+1 > Re \g, 3) the multiplicities are taken into account, 4)
Ak = /\,(CO) + o(1). By Lemma 2.4 and assertion 2 of Theorem 2.5, this enumeration is possible. We
note that the number of pure imaginary zeros of Z()) is odd due to asymptotics of Ar and hence this
enumeration include the index zero.

Let us recall some definitions from the theory of entire functions.

Definition 2.3.  ((15; 17)) An entire function w(\) of exponential type o > 0 is said to be a function of
sine-type if it satisfies the following conditions:
i. all the zeros of w(\) liein a strip [ImA| < h < oo;

ii. forsome h;andall X € {\:ImX = h,}, the following equalities hold:
0<m< |wA)|] <M < oo
iii. the type of w(X) in the lower half-plane coincides with that in the upper half-plane.

Definition 2.4. ((14, p. 307)) An entire function w()) is said to be of Hermite-Biehler(H B) class if it
has no zeros in the closed lower half-plane Im A < 0, and if
w(})
w(A)
Here and in the next definition @(\) denotes the entire function obtained from w(\) by replacing the
coefficients in its Taylor series by their complex-conjugates, i.e., @(A) = w(\).

'<1 for Im\ > 0.

Definition 2.5. ((14, p. 313)) An entire function w(\) that has no zeros in the open lower half-plane
Im A\ < 0 and satisfies the condition

B

is said to be a function of generalized Hermite-Biehler(H B) class.

‘Sl forimA >0

Lemma 2.6.
1. The function Z() is of sine-type.
2. The following formula is valid:

[1

(M:CH(Lj%) (2.28)

where C' is a constant.
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Proof. It follows from Lemma 2.4 and from (2.22), (2.23) that =(\) satisfies condition (i) of Definition 2.3.
From Lemma 2.3, we conclude that this function satisfies also condition (ii) of Definition 2.3. Using
(2.14), it is easy to check up that the types of Z(A) in the lower and in the upper half-planes are equal
to 3a both. Assertion 1 of Lemma 2.6 is proved. Now since by Theorem 2.5 )\, # 0 forall k € Z
assertion 2 follows (17). O

Lemma 2.7. The function Z() is of generalized Hermite-Biehler class.

Proof. Letus rearrange the sequence {\;}>, into two subsequences {\m, }ri—_,, and {\,, }7= _ o (m—_ =

—my and p_, = —px and consequently, A, _, = =\, and Ap_, = —Xp, ) suchthat {Am, }io ., pzo U{Apy } ot oo =
M} n < oo, IMA,, =0forallk € Z, —n < k <nandIm,, > 0forall £k € Z. Now we can
rewrite (2.28) as follows:

2(\) = CE(WEN), (2.29)
where
= [ (1-2 S = I (1-2). (2.30)
)\mk ’ )\Pk
k=—n k=—o0
By virtue of (2.22)-(2.23), we have
] -o (i)
Ads P/
From this and (2.24) it follows that
’Im —|=0 <i2) .
Di P
consequently,
i ‘Imi < 0.
k=—o0 )\pk

Now M. G. Krein's theorem (14, Chap. 7.2, Theorem 6) implies that
E(\) € HB. (2.31)

It is clear that
- =<

Pk

’ A , ke€Z, ImXx>0.

Together with (2.31) this implies that
i“)': 1l ’1_4 ‘1_;
‘:‘()‘) k )\pk )‘Pk

Thus, E(\) € HB. O

-1
<1.

Corollary 2.8. The sequences {74}%, x20 and {6x}>. x-0J{0} interlace in the following usual
sense:
<0 2<T2<0 1 <71 <0< <0< (2.32)

Proof. This corollary follows from (14, Chap. 7.2, Theorem 3') applied to (2.13). O

Theorem 2.9. The sequences {7x}> 2o and {0x}>.(we set 6y = 0) interlace in the following
sense:
1. 600 <71 <04
2. For each simple 7 (k > 1), either
Op—1 < 1% < O
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or
Te—1 < 0]@71 =T = Qk < Tk41-

3. For each double 7, = 741(k > 1)
The1 < Op—1 =Tk = Ok = Thp1 = Opy1 < Trgo.

4. The multiplicity of each 7 is < 2.

Proof. By virtue of (2.13), (2.29), (2.30) and the identity Z(—X) = Z(X) , the entire function Z()) can
be represented as follows:

[

(A) = P(A) +iAQ(N),
where _ _
p1(N) _ EN) +EEN
PA)==—= Q) == .
) Z(\) 2 () 5(,\) 21\

Since E(A) € HB, by N. Meiman’s theorem (14, Chap. 7.2, Theorem 3) the zeros {7m, }2Z _ oo k20 Of
P(A) and the zeros {0} U{0p;, }rZ— o, pp 20 OF AQ(A) (m—x = —my, and p_, = —py. ) interlace in the
following strict sense:

<l s < Tm s <Op  <Tm_ <O Ty <Opy < Tinp < Opy <+ (2.33)
Now the assertions of Theorem 2.9 easily follow from (2.33), Lemma 2.2 and Corollary 2.8. O

General results on interlacing of the eigenvalues in the case of a star graph with arbitrary number
of edges can be found in (29).

Theorem 2.10. The set {71}> .0 Of zeros of v1()\) can be represented as the union of three
subsequences |J?_, {7\’ }>.. ;.o which being enumerated in the following way: ) = —7(", 7% =
—r¥ and 71 < 7%, for j = 1,2, 3, behave asymptotically as follows:

1 (1)
- P 34
Tk a + 2m (k— 1) * k (239
_ km 4 (—1)7 sin™t /2 (J)
O \ﬁ g Bt B A28 B 5 (2.35)
a 4km k

where {8} o € Iz for j = 1,2,3.

Proof. In the same way as Lemma 2. 4 we can show that the set of zeros {1} k20 can be
arranged into three subsequences {Tk } o, k£0s {Tk } kw0 and {Tk Fo, k20 ENUMerated in
the following way: ) = —7V, +® = & and 7-(3) < ) for j = 1,2,3 and such that

{Tk}—oo,k;ﬁO = Uj:l{Tk})}o—ooo,k;éOr and

k — 1
Ao mlhos) - ) 4o, (2.36)
kr + (—1)7 sin™* \/T
) = - +e?, =23, (2.37)

where /) = o(1) for j = 1,2, 3. Itis not difficult to see that

=0 (%) . j=1,2,3. (2.38)
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In fact, we can calculate limy,_.., ke a. Substituting (2.36) into ¢ (")) = 0, then from (2.19) and
using Paley-Wiener theorem, we have

g01(7',£1)) = (-1)F (3 sin® sgcl)a - 2sin€,(cl)a>

& sin? e MacoseMa
—(=1)*a(2B1 4 2B 4 3B3) ——%& — "k

(k- 3)
3 (1)
1
“*a(B B cos &, a ol=)=o.
+(-1)"a(B1 + 2)71'(1437%)4— 2

Since limy .o coselVa = 1, we get sine(Va = O (1). Thus, e{”’ = O (%). Similarly, we can show

that e/) = O (1) for j = 2,3. Substituting (2.36) into the equation ¢ ({") = 0 where ¢1()) is
given by (2.19), by expanding the left-hand side of resulting equation in power series and taking into
account (2.38) and {wl(T,il)) Co, k20 € l2(see (18, Lemma 1.4.3)), we obtain

2€il)a _ a(B: + ?2) Kk
m(k—3) K

where {rr} > 0 € l2. Solving this equation we get (2.34). In the same way, we get (2.35). O

:O,

General results on interlacing of the eigenvalues in the case of a star graph with arbitrary number
of edges can be found in (29) To compare necessary conditions on a sequence to be the spectrum
of the boundary-value problem L, with the sufficient condition which will be obtained in Section 3, we
need more refined asymptotics.

Theorem 2.11. Letg;(x) € W3 (0, a). Then the subsequences of Theorem 2.10 behave asymptotically
as follows:

1 (1)
(1) _ ﬂ.(k:_i) Bl+32 Mk 2
T T Ty TR (2:39)
) kw4 (=1)? sin™! \/I )
G _ 3 Bi+By+2Bs B .
) = o + pya + oR j=2,3, (2.40)
where {B,i”}‘i"ooykﬂ €lyforj=1,2,3.
Proof. If ¢;(z) € W3 (0, a), twice integrating by parts the formulas of (18, p. 9), we obtain
sin Aa cosAa  v;(A .
¢j(a,\) = cosAa+ Bj \ + D; 2 + ]>\(2 ), ji=12, (2.41)
¢i(a,\) = —AsinAa + Bjcos Aa + Dj sm/\)\a + @7 i=1,2, (2.42)
sin Aa cos Aa sin A v3(A)
s3(a,\) = N Bs 2 +E e PO (2.43)
s5(a,\) = cos\a+ B3 sm)\)\a +FE co)s\;\a + Qg’/\(:\), (2.44)

where D;, D}, j = 1,2, E and E’ are constants and v;(\), ¢;(A), j = 1,2, 3 are entire functions of
class L®. Substituting (2.41)-(2.44) into (2.3) we obtain

cos? Aasin \a
A

—(B: + B2)sini’\)\a LR cos;/\a R sin? )\;\LZCOS Aa w?;\(;\)’

©1(A) = 3cos® A\a — 2cos Aa + (2B1 + 2B + 3Bs3)

(2.45)
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where Fy, I are constants and ws(\) € L3*. Substituting (2.34) into the equation ¢, (7-,51)) = 0 where
»1(\) is given by (2.45) and by expanding the left-hand side of resulting equation in power series, we
get (2.39). Analogously, we obtain (2.40). Theorem 2.11 is proved. O

Remark 2.1. Under the conditions of Theorem 2.11, the spectra {um s k0 Of the boundary-value
problems L; for j = 1,2, 3 behave asymptotically as follows(see (18, p. 75)):

1 )
@ _ m(k—3) B, o
= - =1,2 2.46
Vk a + (k‘ _ %) + k‘2 ’ .7 < ( )
(3)
3) _ wk B3 6
y = = 71@2 , (2.47)

where {5(’)} ko Elaforj=1,23.

3 Inverse problem

In the present section, we study the problem of reconstruction of the potential ¢(z) = [g;(x)];j=1,2,3
from the given spectral characteristics. Let us denote by @ the set of functions ¢(z) = [g;(x)]j=1,2,3
which satisfy the following conditions:

i. gj(x),7=1,2,3 are real-valued functions from L2(0, a);
ii. the operator A constructed via (1.6), (1.7) is strictly positive.
Theorem 3.1. Let the following conditions be valid :
1. Three sequences {u,i”}i‘:oo k0, J = 1,2,3 of real numbers are such that
i vY) = P v <) v #oforallk € 2\ {0} and j = 1,2, 3;

i, {7} k0 N mk#@=®forj¢j’,j,j’=1,2,3;
iil.

1 (4)
o _ 7(k—3) B; Ok _
= - =1,2 3.1
’/k a + (/C _ %) + k)Q I J )< ( )
(3)
@ _ 7k Bs 4
L A T (52
where B; are real constants, B; # B, for j # j' and {6(”} so,kz0 € l2 forj =1,2,3.
2. A sequence {7x} > p0 Of real numbers(r k= —Tk, Tk < Tet1, T # 0 forall k € Z )\ {0}) can
be represented as the union of three subsequences {7} ;.0 = UJ 1{Tk”} 0, k20 (Tﬂlk) = —7,5”,
TEQ,E (3 and T(]) < Tk , for j = 1,2, 3) which behave asymptotically as follows:
1 (1)
(1)771—(]675) Bl+32 k 3.3
T, = a +27r(k—%)+7k:27 (3.3)
j ()
; k —1)/ B
T,EJ) = 7ﬂ+( )§+k70+ﬁ’ Jj=2,3, (3.4)

where ¢ = sin~' /1/3, By = (B1 + B2 + 2B3)/4 and {B(” wo ko € l2 for j =1,2,3.

3. The sequences {7x}>, r2o and {6.}°, = U?:I{um vok20 U000k = =0k, O < Ori1)
interlace in the following strict sense:

<O < T 2<O01<T1<0=0<T1 <O <T2a<O< . (3.5)
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Then there exists a unique function ¢(z) = [g;(z)];=1,2,3 € @ such that the sequence {74}, x10

coincides with the spectrum of the boundary-value problem L, and the sequences {ylii)}gow#o
coincides with the spectra of the boundary-value problems L; for j = 1, 2, 3, respectively.

Proof. Denote by

Tk + &\
}700,k3750>

{8yl

0o 2)y o0 3) o0
{08} 0 k0 = {77150 k0 (U} 0 0

0 mk —¢&
{0} oo o

It is possible to enumerate {pk } %0 k20 @Nd {pr } 2, 120 in the proper way(pﬂ pﬁf), pio) < pﬁfﬁl
and p_r = —pk, pr < pr+1)- Let us construct the following entire functions:
) — 3 (J)2 _ )2 .
s3(A) = < 2 ( 3?2 )\2)> , (3.7)
_ = ()2 _ 42
B = H( T =) 38
¢2(N) =[] ( oz Pk =X ) (3.9)
1
Using Lemma 2.1 of (24), we obtain
sin Aa cos Aa sinAa  f(\)
s3(A\) = N Bs 2 + D 8 + 8 (3.10)

where D is a constant and f(\) € L*. In the same way as Lemma 2.1 of (24) we can prove that

sin \a ) €08 Aa n gi(N)

¢j(A) = cosAa+ Bj \ + 2 SR i=12 (3.11)
B1 + B 5in A\ 5 A hi(A
¢1(A) = cosha+ (%) % + F(1>co:72a + 1)\(2 )7 (3.12)
2 —
$2(\) = 3cos’ Aa— 2+ 3Bo Smf’\“ 4 p@ 300 /\2“ 2. hi(j), (3.13)

where EU) F) j = 1,2 are constants and g;(\) € L® for j = 1,2, ha()\) € L® and ha(\) € L.
Substituting (3.1) into (3.10)-(3.13), we obtain

k (B1 — B2)a ()

(i) = (T (3.14)
_1\k+1 (2)
s3(V;(cl)) - DT ,j()l) <1+I;€>, (3.15)
k
&) k (B1 — Bs) Y
P1(vy ) = (-1) 27 (b= 1) + 25 (3.16)
@
$2(0)) = —2+ >, (3.17)

where {g,‘j') ko € L2 forj =1,4.
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Let us set ) )
. o1 ()2 ()

Xk T (1) (1)
ca(vy 7)ss(vy )

It is clear that X(f,i = X,il). Using (3.1), we obtain the asymptotic relation

+ 1/(1) sin V,(cl)a B cos V,E,l)a) . (3.18)

) (1) (1) k+1 (1)
(1 sinv, ’a — Bycosvy, 'a = (—1) (1 + A > (3.19)

where {7} 120 € l2. Taking (3.14)-(3.17) and (3.19) into account, we conclude that {X,il)}i%o,k#o €

l2. On the other hand, since ci(A) is a sine-type function, by virtue of assumption 1(ii), (3.1), (3.2)

and (3.5), inf w9 — | > 0for j = 1,2,3(and hence the zeros of Au;j()\), j = 1,2 and uz()) are
D

simple), the Lagrange interpolation series

[eS] Xlgl)
a(y) > e O (3.20)
—o0 dX )\:V<1)( -v)
E#0 k

constructed on the basis of the sequence {X,il)}‘f’oo’k#o defines a function ¢;1(\) € L%(see (16,
Theorem A)). Using this function, we define the even entire function

Ri(X\) = —AsinAa + By cosAa + €1(A). (3.21)

It follows directly from (3.20) that &, (v\") = X" and hence

(1) (1)
Rl(l/,gl)) _ (v Dp2(vy ) (3.22)

Let us denote by {ukl)} o, kz0 the set of zeros of the function Ri()). This set is symmetric with
respect to the real axis and to the imaginary axis. Hence, we number the zeros in the proper way:
t—r = —pi, Repur < Reukt1, kK € N and the multiplicity are taken into account(we shall prove that
all 12 are real and all p;, are simple except for 1, if 41 = p_1 = 0). It follows from (3.21) that

e
k-1 B
o = (k—Dm 71 L0 (3.23)

where {7V} 120 € la.

Lemma 3.2. The following inequalities are valid:

(1)2 (1)2

1
My <1 30

<P <M (3.24)

Proof. In the same way as proof of (25, Proposition 2.3), we can show that

r$1 ()2 ()

1
= e2(v)ss(wy)

> 0. (3.25)
Taking into account (3.22), we get
()R (") > 0. (3.26)

It follows from (3.26) that between consecutive u(l)'S thereis an odd number(with account of multiplicities)

of M(l)’s Suppose that there are three or more of them between u ) and v{%.. Then comparing

k+1
(3.23) with (3.1), we conclude that there are no p(”’s between some u“) and v where k # K, a
(1)2

k’+1
contradiction. Thus, v{"? < u < i < ... If Ry(0) > 0, then 0 < u(l) < v 1f Ry(0) = 0, then
u$Y = 0. 1f R1(0) < 0, then x{" is a pure imaginary number and hence p{"? < v{"?, Lemma 3.2 is

proved. O
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Now the two sequences {uk } %% k20 @nd {uk o, k0 Satisfy(due to (3.1), (3.23) and Lemma 3.2)
the conditions of (7, Theorem 1.5.4). Thus itis p055|ble to construct(using the well-known procedure
(7, Section 1.5)) a unique real-valued function ¢ (z) € L2(0, a) such that {uk”} o ko0 @nd {Mk X0 k20
are the spectra of the boundary-value problems L; and L}, respectively. In the same way we can
construct gz (z).

Let us construct gs(x). We set

(3) (3) (3)

1% sin v a

X1<C3) = Vlg3) (W cos Vl<c )a _ BB<§>> . (3.27)
c(vy e (1) Vi

Clearly X®) = —x* and in the same way as {X\"}>, ,_.o, we can show that {X\*)}>_ , ., € L.

Note that the functlon As3()) is a sine-type function and by virtue of assumption 1(ii), (3. 1) (3.2) and

(3.5), nf w9~ | > 0for j = 1,2, 3(and hence the zeros of Au;(\), j = 1,2 and us()) are simple),
P

and therefore, the Lagrange interpolation series

oo x®
2
Ass(N) D O o) (3.28)
—00 k dx /\:V(S) *
k#0 '

constructed on the basis of the sequence {X,ig’)}i"oo,kio defines a function e3(\) € L*. Let us
introduce the even entire function

sin \a n ez(N)

R3(\) = cosAa + Bs3—— 3 3

(3.29)

and denote its zeros by {u,(f’)}iooo,k#o. We enumerate this sequence in the proper way. Using (3.29),
we get

1 3
ég)_ﬂ(k;2)+ﬂ(fjé)+7i), (3.30)
where {7:2}% 10 € lo.
Lemma 3.3. The following inequalities are valid:
i < 32 32 )32 (3.31)
Proof. The proof of this Lemma is quite the same as that of Lemma 3.2. O

It follows from (3.31) and the asymptotic relations (3.2) and (3.30) that the sequences {V£3)}3°w,k¢o
and {:U’k }% k0 Satisfy the conditions of (18, Theorem 3.4.1). Thus, it is possible to construct(via
the well-known procedure (18, Section 3.4)) a unique real-valued function gs(x) € L2(0,a) such
that {z/,ig)}‘fm,k#o and {Mk >} k0 are the spectra of the boundary-value problems L3 and Ls,
respectively.

It is clear that the obtained ¢(z) = [g;(x)];=1,2,3 generates the spectra of the boundary-value
problems L; which coincide with {1/(7) o, k0 fOr j = 1,2, 3, respectively and the functions ¢ (a, A),
c2(a, A) and s3(a, A) which coincide with cl( ), c2(A) and 53( A) defined by (3.6) for j = 1,2 and (3.7).
The set of zeros of values of derivatives c}(a, \), c5(a, \) and s3(a, \) coincide with {M;') o k0 TOF
j = 1,2,3 and consequently, ¢ (a, \), cy(a, \) and s5(a, ) coincide with R;(\) for j = 1,2, 3(R=2()) is
defined analog to R1(\)). Thus, the values of the function ¢1 (\)(defined by (2.3)) at A = u,g” coincide
with . ‘

611N ()
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forallk € Z\{0}and all j = 1,2, 3, i.e., with the corresponding values of the function ¢, (\)¢2(A). This
implies that the entire function A(X) := ¢1(X) —¢1(N\)p2(A) of exponential type 3a can be represented
as follows:

A(X) = t(A)er(N)ea(N)s3(N), (3.32)
where t()) is an entire function. Using (2.20), (3.12) and (3.13) we have
2 Xasin A in? \ A 3 A

A = () cos” hasinda (B: +B2)sm a2cos a _Bscos2 @ w1(2 ) 7 (3.33)

A A A A

3 cos? Aasin \a

d1(AN)p2(A) = 3cos” Aa —2cos Aa + (2B1 + 2B2 + 3B3)f

in® \ ,cos® \ in? \ A A
—(Bl+B2)Sln/\ a_i_Flcos/\2 a+F2,sm ;LQCOS a cuz)\(Q)7

(3.34)

where F{, Fj are constants, and w; (\),w2()\) € L3*. Comparing (2.45) with (3.33) and (3.34), we
obtain

t(A) (Acos® Aasin Aa + (B1 + Bz) sin® Aa cos Aa — Bs cos® Aa + w1 ()
= (F1 — F{) cos® Ma + (F» — F3)sin® Aa cos Aa + w3(N), (3.35)

where w3()\) € L**. Since the functions cos® Aa, sin® Aa cos Aa, w1 (A\) and wz(\) are bounded on the
real axis, hence relation (3.35) implies that ¢(A\) = 0 and ¢1()\) = ¢1(X\)é2(A). Consequently, the
sequence {71 }>, xz0 Coincides with the spectrum of the boundary-value problem Lo. The operator
A constructed by (1.6), (1.7) using the obtained ¢(z) = [g;(z)];=1,2,3, is strictly positive, because it is
self-adjoint and its spectrum is positive. The uniqueness of the solution of the inverse problem follows
from the fact that formulas (3.22) and (3.28) establishes one-to-one correspondence between I and
L%(see (16, Theorem A)). Theorem 3.1 is proved. O

Remark 3.1. If condition 1(ii) of theorem 3.1 fails, i.e., the sets {u,ij)}‘i‘?w#o, j = 1,2,3 are not
pairwise disjoint(consequently, the condition 3 fails too), either the uniqueness or the existence result
of mentioned theorem can also fails, for the same reasons as in the case of three spectra(see (24;

10)). If the sequences {71} x.0 and {0x}> = Uf.:l{z/fj) Fo, k20 U{0} satisfy the statements
of Corollary 2.8 and of Theorem 2.9, then the solution of the inverse problem exists but is not unique.
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