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ABSTRACT

In many applications, the solution of a cubic egprais required. This study improves on the
existing methods of solving cubic equations. Theegal expression for the quadratic factor of a
cubic equation is derived. The discriminant of tubic equation, adopted in this study as D,

comprised of two factorsD, and D, such thatD = D,” - D,’and the value of D is shown to

depend on the nature of the root of a given cubitzagon. For a cubic equation to have three
distinct real roots,D <0, if D >0, the equation has only one real root, andDiE0, the
equation has either two equal real roots or thrgealereal roots. A required and sufficient
condition for a cubic equation to have three equedl roots is shown to be when
D,=0,D,=0andD = 0. Itis also established that a cubic equationtivasequal real roots if

D, #0,D,#0,butD? =D3Jand D =0. The solution of a cubic equation with three eqeal

roots is found using a method that depends ondhesgponding reduced cubic equation. Finally
numerical examples were used to demonstrate thblissted results.
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1. Introduction

Cubic equation is a special type of polynomial e that is used in many fields of
study. For example, Biney et al (1986) used a celjeation to predict surface tension and
spinodal limits. In time series analysis, charastierequations emerging from moving average
process of order three and autoregressive prodemsler three are all cubic equations (Box et
al, 1994; Chatfield, 1995). Thus, any attempt ttedwine if a given moving average process of
order three is invertible requires the solutiortte cubic characteristic equation. Similarly, we
need to solve the characteristic equation assakciaith an autoregressive model of order three
in order to determine if it is stationary or not.

Let a, b, candd be real constants such thet 0. Then, a cubic equation iris given

by

ax® +bx* +cx+d =0 (1.1)



For details on solutions of equation (1.1), seerd@gi (1966), Hahn(2005),
Bessels(2006), Mukundan(2010), Weisstein (2014)Adelvumi(2014) among others.

A good number of methods of solving cubic equatitlase been discussed in the
literature. Some of these methods are based oduaed cubic equations formed by making the

substitution y = x + 33 (Hahn, 2005; Bessels, 2006).This substitution detd the following
a

reduced cubic equation
vy +ax+ =0 w2
2 - -_—
where a:ucandﬁ: 274 ¢ 2b- 9at

9a 278

solution of cubic equations in form of (1.2). Ndighhis method appears not to be suitable when
a=0.
If we divide (1.1) bya , we obtain

. Munkundan (2010) provided the

x3+9x2+gx+9:0 (1.3)
a a a

Formulae for finding the roots of cubic equatiossially depend on what value the discriminant
takes. Following (Adewumi, 2014), the discrimindot determining the nature of the roots of
(1.3) takes the form

D=D,’-D,’ (1.4)
where
_\a al a a
D, = 4 1.5)
and
_\a a
D, = e 1.6)

where D can be positive, negative or zero as pointed piRibkson (1914).

There is no question that there are already mettuddsolving cubic equations as
contained in mathematical science literature, hanee overall aim of this paper is to improve
on the existing methods of solution. For this pggpdhe subsequent part of this paper is
organized as follows; we give the formulae for afiteg the roots of cubic equations based on
the corresponding values of the discriminants a$ agenumerical examples in section 2 while
the conclusion and references are contained imosscthree and four, respectively.
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2. Finding theroots of cubic equations

Prior to the contribution of this paper, it is int@mt to mention that Cardano(1545) established a
formula called Cardano’s formula for finding theots of (1.1). The Cardano’s formula for
finding the roots of (1.1) as contained in Jans6h@ is given by

_b+#_q+ [ & Jq A @.1)
3 2 108 2 108

where
1
=c-=b
P 3
q:d—%bc+2£7t? and 2.2)

A=b’c - 4¢ - 48 d+ 18 bcd 27d=- 4p- 27°
However, it also important to mention that the Gas formula as noted by Janson (2010)

does not handle correctly the exceptional case wheng = 0, hence the need for a robust
method of solution and this partly the essencéisfpaper.

As noted earlier, the nature of the roots of a cwdguation depends on whether the associated

discriminant is positive, negative or zero. Thraeses are discussed in this section. _ -~ | Comment [Z1]: Added newly to bring Cardano
7777777777 (1545) who first established the roots of a cubic
equation

Casel: Root of a cubic equation whém< 0

Let, x,, x,andx, denote the roots of a cubic equationDik 0 , then Equation (1.1) has three
distinct real roots such that (Adewumi, 2014)

__ )b
X, = Zﬁco{gj 3 (2.3)
x, =-2,/D, c0{9+32”j b (2.4)

51
and

Xy :—Zﬁco{g_ZHJ—b. (2.5)

3 3

. . . 4 D
Note thatg is measured in radians agt= cosl{ 13 J
DZ

Lemma 1: Let r be a real root of the cubic equation
ax®*+bx?+cx+d=0

Then,



3 2
ax® +bx“+cx+d
zax?+(ar+b)x+ar? +br+c (2.6)

X—-r
Pr oof:

Sinceris a real root ofax® + bx 2 + cx +d = 0, ris therefore a factor ofx® +bx*> +cx+d .
By long division approach,

ax® +bx?+cx+d
X-=r

=ax?+(ar+b)x+ar’ +br+c+(ar’®+br?+cr+d)

Since ris a root, it is known thar®* +br? +cr +d =0. Hence,

ax® +bx?+cx +d
X=r
This completes the proof.

=ax?+(ar+b)x +ar?+br+c.

Theorem 1: If r = x, is a real root of the cubic equation

ax® +bx* +cx+d =0

the other two roots are:

XZ,XB:—(ar+b)i\/(ar+b)2—4a(ar2+br+c) 27
2a

Proof:

According to Lemma 1, the quadratic factor obx®+bx®>+cx+d, is
ax® + (@r+b)x + (ar* + br+c) providedr = x, is a real root ofax® + bx® + cx +d =0, the other

roots are therefore the values &f for which ax® + (ar+b)x + (@r* +br+c) =0. Using the
guadratic formula, we obtain the roots to be

. _—(ar+b)z+(ar+b)? -2a(ar? +br+c)
27 2a

Q.E.D.

Example 1.



Consider the cubic equatiod® —9x* + 26x —24=0. Here,a=1, b=-9, c=26 and d =-24.

LG i T ey

a
54 54

L)) copegenen s

9 9 3

and

3
D=D,’-D;’ :02—[3 :—2%

It is therefore certain that the equation abovethegee distinct roots. These roots are given by

=2t CO{COS‘;W]_(-;) -2

=2t {< 9t m]_(-;j -4
nd

=2l {@’ﬂ](;} o

Alternatively, we may consider one of the roots),sa= x, =2 and use Theorem 1 to
find the other two roots. Consequently,

al

~(ar + b)i\/(ar +h)? —4a(ar2 + br +c)
2a
_—(2-9)£+/(-7)? -4(4-18+ 26)

= =3,4
2

X5, Xy =

Therefore,x, =3 andx, = 4

Example 2

Furthermore, consider the cubic equati@%®-11x*+18x- 8= (, whose three distinct real
roots are X, =2,X,=0.719and x= 2.7§&Stroud and Booth(2007, p. 214)). Here a = 2, H.%,-
c=18 and d = - 8, therefore



and

2 3
D:Dlz—D;:B _(13 :_@<0
216 36 46656

If we consider one of the roots,= x, =2 and use the results of theorem 1, the other twtsro
are obtained as follows;

—(4-11)+./(4-13°- 32
X, Xy = (4-19 i ) =0.7192, 2.780

The procedure above can equally be used to findabes of cubic equations that have
two equal real roots as shown in Example 4.

]There is no question that the result in theorejrighpplicable when one of the roots is
given or known, however, it can be obtained ushng following expression derived from the
results of Adewumi(2014)

2,\/b* - 3ac P -
xlzr:—E—7Co 1cos 2b" -~ 9aber 27:1 (2.8)
3 3a 3 2 (bz _ 3ac)
or by simply using the formula by Adewumi(2014) gfivby
b 1 D /{Comment [Z2]: Added newly
X,=r =-— -2,/D, co coé{ 1 ] (2.9
3 3 D,\D, I
Casell: Root of a cubic equation whem> 0
For D >0, the cubic equation has only one real root give(Adewumi, 2014)
b
X, =S+T -2 (2.9)
3
where
S=3-D, +V/D (2.10)
and



(2.11)

Our Theorem 1 may help us to find the accompangomplex roots of the cubic equations

when D >0 as illustrated in Example 3.

Example 3.
If x> +2x? +3x+4=0,thena=1, b=2, c=3andd =4. Thus,

2(2)° ~9x2x3+27x4 _35
54 27’
(2°-3x3__5

D,= ="°-_°
2 9 9

D, =

and

2 3
D:Df—D23=(35 [-2] =205
27 9) ~ 729

It is then obvious that the cubic equation has onlg real root. For this root, we have

XJ% 1350+3J_35_ %0 _(2)=-s507
27 729 27 729 3

Consequently,

~(ar +b)+/(ar +b)? —4alar? +br +¢)

Xy, Xg =
2a

_ —((-16507 +2)+ /(03499 - 4l(- 16507’ - 2x1.6507+ 3]
2
= X, =-0.1747-15469,, = ~0.1747+1.5469

Caselll: Obtaining the roots of a cubic equation wHgsr . 0

In this section, we discuss the two cases for Wwiidc= 0. This is when the equation has

two equal real roots or when the equation has thgel real roots.

Theorem 2: If a cubic equation has two equal real roots, withcondition thaD,” = D,* when
D,#20,D,#0, then D=0. Let the roots of the equation be, aandS. Then the

corresponding equation is



a

x3+(2]x2 +(ij+2:(x—a)2(x—ﬁ)

= x° - (20 +B)x? +(012 +2aB)x—a2L3:0

Accordingly,
o A2+ p) - A2+ p))(a + 2B)- 206 _ o 30 B+ 20p?- p°
! 54 27
and
D, = (2a + ) -3la? + 2ap) _a’-208+p

9 9
Itis easily seen thab,” =D,’and D =0. Q. E. D
Example 4.

Given thatx® -5x? + 7x—3=0, thena=1, b=-5, c=7and d =-3. It can be shown that

I s G I S

a
54 54 27

o e ) v

9 9 9

2 3
D=D,’-D,° :(—;j —(gj =0.

These roots are as follows

A=
=1

X, = —2\/5 00{003_1(‘31)”] _ (-35]
=3

and



With x, =1, Theorem 1 can also be used to obtajr=3and x, = 1

From the foregoing, it is obvious that not much eags has been laid on finding the
solution of a cubic equation which has three equals. First, we show thatD = a@d
D, =D, =0if and only if the cubic equation has three egeal roots.

Lemma 2: The cubic equationax® +bx®> +cx+d=0 has three real equal roots if
D,=0,D,=0andD =0.

Pr oof:

Let each of the roots of the equationrérhen

X2 +(b]x2 +(C]x+d:(x—r)3 =x%-3rx®+3r2x-r*=0 (2.12)
a a a

From (2.12), we have

-54r% +81°% -27r® _

D, =
! 54

0

and

_9r’-9r
9

It then follows thatD =0. This completes the proof.

D, =0.

The reduced cubic equation corresponding to a cefimtion with three equal roots is
given in the following theorem.

Theorem 3: If the cubic equation

ax®+bx?+cx+d=0

has three real equal roots, say r, and the sutistity = x + 33 (Hahn, 2005; Bessels, 2006) is
a

made, then the corresponding reduced cubic equiatip® = (x - r)3 =0. Hencer = =

Pr oof:

Consider



x3 +(bjx2 +(ij+(dj:(x—r)3: x®-3rx2+3r?x-r®*=0  (213)
a a a

Here, y =X —r = X =y + r and substitutingx =y + r into (2.13) leads to
(y+r)=3r(y+r)> +3r2(y+r)-r®=0
=y =(x-r)’=0=y=x-r=0=>x=r

We have shown that

b -b
=X+ —=0=>xXx=r=—. .E.D.
y 3a 3a Q

Example5.
Forx® —-3x? +3x-1=0, we havea=1, b=-3, c=3andd =-1.

2(-3)° —9x-3x3+27x-1_

54 -
(-3)° -3x3_
e

D, = 0,

D, = 0,

and
D=D,-D,’=0.

Since each ofD,,D,and D are equal to zero, the cubic equation has thrakegual roots.
Using Theorem 3, we find that

(x-1°=0=r=1
The overall summary of the results of this studgiigen in Table 1 for the various cases
considered.

3. Conclusion

The fundamental contribution of this paper is tlstaklishment of an improved method of
finding the solution of a cubic equation using tencept of quadratic factor. The general
expression for the quadratic factor of a cubic égnawas established. The discriminant of a
cubic equation, D, which comprised Bnd B, such thab=D,” - D,’was shown to depend on

the nature of the roots of a given equation. Whrergamathematical science literature, a cubic
equation has: (i) three real roots if D < 0O (ii)eoreal root if D > 0 and (iii) either two equal rea
roots or three equal real roots if D = 0, thereforethis paper, the following required and
sufficient conditions were established : (i) a cubquation has three equal real roots if=D0
and D = 0 which implies D =0 while (ii) it has two equabots if D,#0,D,#Z0 but

10



D,=D,* =0 which implies D = 0. More so, the general solutfon a cubic equation, with

three equal real roots were established using tathad that depends on the corresponding
reduced form. Finally numerical examples were usdaackup the established results.
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Table 1. Summary of the root of a cubic equation, ax’+bx’+ cx+ d= (, for the various

cases
Case Number of Roots
roots
Case I Three Here assuming that the first root,=r
D=D2-D,><0 |distinct real
o2 roots -(ar+ b)i\/( ar+ b)’- 4&( at+ br ;t
27 X 3: Za
Case Il One real| b
D=D2-D,S>0 |rootand two Xl_\a/_DlJ”/B +\3/_D1_‘/_ 3
complex and the two complex roots; &nd x can be found using
roots
-(ar+ b)i\/( ar+ b)’- 4&( at+ br ;t
2 Xa™ 2a
Case lll: Two equal| 6y b +2m) b
() D=D2?-D,*=0 | real roots x,=-2yD, C°{3j_3 X;==2\D, Co{ 3 j_3
where QO # 0 and _
D, #0 andx,=-2,/D, Co{g Sznj—g, where either x= x
or X3 = Xa.
Case lll: Three equal  _ -b . _
(i)D=D,=D,=0 | real roots X =5y 1=1,2,3
where  # 0 and
D, #0
3 2
1) dafa)71a) Skt
D, = a ala a and D, = a a
54 9
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