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ABSTRACT

We establish the sufficient conditions of complete synchronization with probability 1 in the
coupled bidirectional piecewise linear chaotic systems with common or different Poisson
noises and the positive effects of Poisson noises on the complete synchronization will be
found based on the proposed theoretical results. We compare the effects of Poisson noise
on the complete synchronization with the case of Gaussian white noise, and then we claim
Poisson noise can induce complete synchronization easier than Gaussian white noise in the
sense of noise strength. Furthermore, a numerical example is presented to show the
excellent agreement between theoretical and numerical analysis.

Keywords: Complete synchronization, Chaotic systems, Poisson noises.

1. INTRODUCTION

The synchronization in chaotic systems plays a key role in many different fields, especially
the complete synchronization of bidirectionally coupled piecewise linear chaotic systems
with random perturbations [1-9].

Recently, noise-induced complete synchronization was considered since multiplicative
and/or additive noises are ubiquitous in natural and synthetic systems [10-12]. One of the
remarkable discoveries is that sufficient conditions of complete synchronization between two
unidirectionally coupled chaotic systems with Gaussian white noises have been presented in
[13, 14]. Later, Xiao and his co-workers analyzed the effects of Gaussian white noises on
the complete synchronization of bidirectionally coupled piecewise linear chaotic systems
which can describe a number of natural and synthetic systems, such as laser systems,
electronic circuits, chemical and biological systems [15-17], and they found that Gaussian
white noises had positive effects on the complete synchronization of such systems [4, 6].

Gaussian noise can be used to model different kinds of random fluctuations [18, 19, 28-30],
however, it will be not appropriate while there exist large external and/or internal fluctuations
in some practical situations and environments [20-26]. Fortunately, Poisson noise can depict
random jumps which will converge to Gaussian distribution under general conditions, and it
is a natural model for large external and/or internal noise sources such as storage systems,
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economic systems, biological systems and so on. Xu and Feng et al. have obtained some
good results in biological systems with jumps [25-26]. Meanwhile, the behaviors of the
dynamical systems with Poisson noises are very different from the stochastic systems with
Gaussian white noise [18,19,31-33]. Therefore, it is important to investigate the dynamical
behaviors, just like the complete synchronization phenomenon for bidirectionally coupled
piecewise linear chaotic systems with Poisson noises.

Given the limitations of Gaussian white noises and unique nature of the Poisson noises, we
in this paper investigate the complete synchronization phenomena for bidirectionally coupled
piecewise linear chaotic systems with Poisson noises to find the positive effects of noises,
and the advantages of Poisson noises to induce complete synchronization will be
considered. Later we will observe from the illustrative examples that numerical results agree
well with theoretical analysis.

2. PRELIMINARIES
The following definitions apply:

C, (Rk) - the space of the functions with continuous first partial derivatives on R i

C, ( Rk) - the space of bounded continuous functions on R*.

C;(Rk) -the subspace of Cb(Rk) constituted by the functions with continuous first
partial derivatives.

Cl0 ( R¥ x R+)-the class of functions V (X,t) which have continuous first partial

derivatives on R x R, except possibly at the point X =0.

2.1 The solution of Poisson stochastic differential equations (SDES)
Consider SDEs of the following form:

dX (t) =b(X (), t)dt + o (X (t-),t)dP(t), X (t,) = X, (1)
where
(C1) X(t) is a process with values in R,
b(x,t):R*xR - R;o(xt):R‘xR, -~ R*xR",
The coefficients b(X,t) and O'(X,t) are Borel functions and satisfy the usual

conditions of the existence and uniqueness theorem:
Ux, y Rt > t,, K, K, are constants,

lb(x,t) =b(y,t)| +‘J(X,t) —J(y,t)‘ <K, |x-y.
o 0 +|o (x 1) < K, (1+]5°).
(C2)(P(t))tZO is a m-dimensional Poisson process with parameter A = (/11,/]2,...,/]m)T and
P(0) = 0 with probability 1.
(C3) Random variable X, is independent of (P(t)) , Such that E(Xé) <o, Then we

t=

have the following conclusions for the solution process of Eq.(1) [32]:
(i) There exists a unique adapted solution process X (t, Xo,to) of Eqg.(1), which has

right continuous sample paths with left limits and LT >t,,
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(i) Ito’s formula
Let V" be a m-dimensional vector with 1 in the | th component and zeros elsewhere

and {X(t)} is the solution process of Eq. (1) then LIV OC (RkXR+),
taV( ( taV )
V(X(t),t)zv(x(s),s)+L—d +Zj—tq(x( u),u)du

# 2V (X () e (X (=) ) -V (% (u-).u) R (o)

(iii) Let A be the extended weak infinitesimal operator of the process
{X (t, Xoito )} ,and OV DC&(Rk xR ) ,we define the operator D :

6V(xt)+zk:q( )av(xt)+i;.[ V(x+o(xt)vmt) -V (x1)].

DV (x,t) O

then A=D [31-33].
2.2 Some Basic Cocepts

Definition 2.1. A function V(X,t) is said to be positive definite (in Lyapunov’'s sense) in
R. S ={xOR:|x<hh>0},i

c4 V(0,t)=0tOR,,

(c5) V(xt)=W(x),x0S,,tOR,, where W(0) =0,x# 0,W(x)>0.

Obviouly, it is negative definite if =V (X,t) is positive definite.

Definition 2.2. A function V (X,t) is said to be possessed of an infinitesimal upper limit, if

limsupV (x,t) =0

x>0 {50
Definition 2.3. The trivial solution X (t) =0 of (1) is said to be
(D1) stochastically stable, if for anyt, =20, >0,
. ool
lim P{?utf)‘x (t. Xo.to) 5} 0.

(D2) global stochastic asymptotically stable, if it is stochastically stable and also for

t,>0,X, 0R,

PlimX (t, X,.t,) =0} =1.

too

Lemmal. (Global Stochastic Asymptotic Stability Theorem) Suppose that there exists a
function V (X,t) which satisfies the following conditions:
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(ce) LV (X,t) tl Clo ( R x R+) is a positive definite function with an infinitesimal upper limit,
(c7) DV (X,t) : (X,t) OR*XR, is a negative definite function,
then the solution to Eq.(1) is global stochastic asymptotically stable [32] .

3. THE MAIN RESULTS

In this paper, consider two bidirectionally coupled n-dimensional piecewise linear chaotic
systems as follows

% = f(x)+c(x,—x),

. (2
% = f(%)+c(x-x),

)

where Cis a positive constant describing the coupling strength between two subsystems,

X = (Xq) XX ) OR" (i =l2) are state vectors, and

f :(fl, fy, fann fn)T 'R" - R" is a piecewise linear vector function describing the

dynamics of a single oscillator. Moreover, we also require the piecewise linear
function f satisfying the following assumption:

Assumption: For any X=(X,X,....X.)" OR", y=(Y,, Y,.....Y,)' OR" , there exists a
positive constant | satisfying

=W f(xt)= D) ]<Hx=y)"(x=y). @3
)

The above inequality (3) is usually called the global Lipschitz condition, and | is called the
Lipschitz constant. For the continuous smooth chaotic systems, it is difficult to find constant
| , such as Lorenz system and Rdssler system. While we can find the constant | by

inequality proof for some well-known piecewise linear chaotic systems, such as the famous
Chua’s circuits [15], the Réssler-like system [16], the cellular neural network (CNN) neural
model [17], and so on.

Eq. (2) represents a classical model of two bidirectionally coupled oscillators, and now we
introduce the noisy model as:

% = (%) +(c+dé& (t))(x, ~x),

= 1(x) +(c+& (1)) (% %), )

where positive constant d denotes the noise strength and ¢,,¢&, are Poisson noises.
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We in this paper will study system (4) in two different cases:

(1) ¢ (t) =4, (t) , i.e. two subsystems are affected by common Poisson noise.

(1) El(t),fz (t) , are statistically independent, i.e. two subsystems are affected by different
Poisson noises.

3.1 Two bidirectionally coupled piecewise linear chaotic systems perturbed by
common Poisson noises

In this part, we consider the effect of common noises on the complete synchronization with
probability 1. Actually, the two coupled systems (4) are said to achieve complete

synchronization if X, =X, = m(t), t — co. Here m(t) O R" is a solution of a single oscillator
with M= f(m). we usually callm(t) as a synchronization manifold, and here we will use
M (t) = (]/2) (X1 + X2) instead of synchronization manifold m(t) [27] with

M () =(1/2)(f (x)+ T (x))0 G(x). ®
)

Define the synchronization errors as € (t) =X (t) -M (t) (i=12), then one gets the error
dynamic equations

& =1f(x)-G(x)+c(e -g)+d&(t)(e ),
f

. (6
& =1 (x)-G(x)+c(e-e)+dé(t)(a-e),
)
where € (t) (i =1,2) will satisfy:
g+e =0. (7
)
The above Eq. (6) can be rewritten as a matrix form
E(t)=F(x)+cC(E)+H (E)P(t). G
)

e (3] {500 {23 (22
and P(t) = &(t).

Theorem 1. If the coupling strength C, noise strength d , and constants |, A satisfy
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I—20+/1(2d2—2d)<0, ©
)

then the coupled system (4) perturbed by common Poisson noises achieves complete
synchronization with probability 1.

Proof: The Eq. (8) can be expressed as

dE(t) =(F(x)+cC(E))dt +H (E)dP(t). (10
)

According to Lemmal, we choose the positive function
V(E)=(¥2)(E" (t)E(t)), (11
)

where E' (t) denotes the transpose of E(t) .

Using the infinitesimal operator of SDEs driven by Poisson process to Eq. (11) along with
system (10), we have

DV (E(t))=[ov (E(t))/0E(t) JLF (9 +cC(E) ]+ AV (E(t)+H (E)) -V (E(t)) ].
where the derivatives of function [4] V (E(t)) are 0V (E(t))/aE (t) =E' (t) :

Due to Assumption (3) and Eg. (7), then we obtain

I
o,
1
<
|
=1
1
+
o,
1
&
|
=
+
(@]
1
D
D
D
L)
)
~SD
=

:[l—zcm(zcl2 )] () (t)

Now, we employ the condition (9) and the positive definite function E' (t) E(t) to yield that

DV ( E(t)) is a negative definite function. Thus, by Lemma 1, one can easily conclude the
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error equation (8) possesses a global unique solution denoted by E(t,to, EO) for any initial

condition. Obviously, E(t,O, O) =0 is a trivial solution of error system (8). Then, in terms of
Definition 2.3, one can easily obtain llI’QHE(t)H =0, with probability 1, here, ||[|| stands for

Euclidean norm. Namely, the synchronization errors € (t)(i =1,2) converge to zero as
t — oo with probability 1.

Consequently, we can conclude the coupled system (4) with common Poisson noises
achieves complete synchronization with probability 1.

This completes the proof of Theorem 1. |

Remark 1.

Now we wish to present some discussions on the advantages of Poisson noise compared
with the case of Gaussian noise based on our proposed results. Xiao and Xu have
presented that the two bidirectionally coupled piecewise linear chaotic systems driven by
common Gaussian noise were synchronized with probability 1, if the noise strength d

satisfies | —2¢c—2d? <0 (d = (I —20)/2) in Ref. 4. From their expression, we can see

that, with the increase of noise strength, the complete synchronous effect will become much
better. However, in our paper we conclude the same systems perturbed by common Poisson
noise are synchronized with probability 1, if the noise strength d satisfies

|-2c+A (Zd2 —Zd) <0, namely

(1-I=(1=20)72)12<d <(1+ 1=(1-2c) 1)/ 251,

One can find, for fixed |,C, noise strength d in the two coupled systems perturbed by

common Poisson noise is bounded. Our result seems rational since noise intensity should
be very small in practical problems. Therefore, to some extent, we can claim common
Poisson noise is better than common Gaussian case in the sense of comparison of noise
strengths to make the systems achieve complete synchronization.

3.2. Two bidirectionally coupled piecewise linear chaotic systems perturbed
by different Poisson noises

In this part we will study the effects of different Poisson noises on the occurrence of
complete synchronization with probability 1. Similar to common Poisson noise case, we

introduce the synchronization errors € (t) (i=1,2), then one can get error equations

(%)-G(x)+c(e &) +(¥/2)d(e -&)[ &(t)+& (1) ],
(%)-G(x)+c(e-e)+(1/2)d(e-&)[&(t)+&(1) ],

(12

g="f
e="f
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The above Eqg. (11) can be written as a matrix form

E(t)=F(x)+cC(E)+H (E)P(t). (13

Here, the definitions of E (t) JF (t) and C (t) are same as in the Sec.3.1,

1(8)=l2)a 213 278 b= 8]

Theorem 2. If the coupling strength C, noise strength d, and constants | ,/11,/12 satisfy

| -2c+[ (A, +4,)/2](d*-2d) <0, (14
)

then the coupled system (4) perturbed by different Poisson noises achieve complete
synchronization with probability 1.

Proof: Using the infinitesimal operator of SDEs driven by Poisson process to Eq. (11) along
with system (13), one obtains
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DV (E(t))

=av(E(t))/aE(t)[F(X)+cC(E)]+i/‘i [V(E(t)+ H (E)Viz)‘V(E(t))]

+(Y2) 4,
=ef [ 1) = F(m(t) ]+ ] F (%)~ f(m(1))]
+c[e (e,-e)+el (e -e)]

+(1y2) 4 ((d/2) e, - q)T+ef)((d/2)( a)+e)

+(d/2) A, [(d/z( -e) +¢)
+((d/2)(a-e)' )(d/2( ) (€e+ee)
~2d

=[1-2c+[(4+4,)/2](d?

Then for the coupling strength C, noise strength d, and constants |, 4, A, , if the condition
(14) is satisfied, then according to Lemmal, the trivial solution of system (13) is global
stochastic asymptotically stable, and the synchronization errors € (1=12) converge to zero

as T — oo with probability 1. So we can see that the presence of different Poisson noises
can really induce the complete synchronization.

This completes the proof of Theorem 2. o
Remark 2.

Similar to the Remark 1, results in different Poisson noises case will be compared with those
in Ref. 4. From Ref. 4, they presented the conditions of noise strength as d > /| —2c to

achieve complete synchronization, while our conditions of different Poisson noises to
achieve complete synchronization can be given as

(1-21=2(1-26)1(A,+ 4,)) 1 2<d < (1+ 21=2(1-20) I (4 + 4,) ) 125 2.

The above expressions show that, in Ref. 4, noise intensity should take larger values to
observe the excellent effects of complete synchronization, and in our paper the small noise
strength will make the systems achieve complete synchronization due to the upper bound of
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noise strength. Therefore, the systems seem much easier to achieve complete
synchronization with different Poisson noises than the case of different Gaussian white
noises with probability 1.

In addition, a numerical result will also illustrate our conclusions.

4. A NUMERICAL EXAMPLE.

In this section, an example is provided and some numerical simulations are performed to
verify the theoretical results. In order to measure the synchronization, we define the

following quantities: error(t) :|X1—X2|, and X =(X,,X,....X ) ,i =12 the solution of
Eqg. (4).

Example: In this example we use a three-dimensional neural network [17] to describe the
dynamics of a single oscillator, which can be described as

Xx=-Dx+Tg(x), (15)

where X = (X, X,,%,)" OR® is the state vector, D is an identity matrix,

and g(x) = (9,(X), (%), ,(x)", g(9) =(|s+1 -|s-1)/2,

125 -32 -32
T={-32 11 -44|.
-32 44 10

On the basis of the Ref. 23, system (15) has a double-scrolling chaotic attractor (FIG. 1).

It is easier to verify that g(S) satisfies ‘g(sl)—g(sz)\ S|§—52| For any xOR®, yOR®,

we have

(x=y)" (-Dx+Dy+Tg() ~Tg(y)) < ~(x=¥)" D(x=y)+|(x=y)' T(9( - 9(y))

<|(x=y)| (TI-D)(x= )| < A (x=¥)" (x-V),

where
125 32 32
T|=] 32 11 44|,
32 44 10

and A, =7.339 is the maximum eigenvalue of |T|— D . So we can acquire the constant
| =7.339 in condition (3).
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The main purpose of this paper is to study the effect of noise on the complete
synchronization. So, in the numerical simulations, we let coupling strength c=0, i.e., two
systems just bidirectionally is coupled by multiplicative noise.

Case 1. A common Poisson noises

By the theoretical results in Sec.3.1, A =20, the two coupled systems are synchronized
with probability 1, with the noise strengths 0.242<d <0.758 . Here, we compute the
error(t) with different d to verify the correctness of the theoretical results. The simulation
results are shown in FIG. 2 with d = 0.4, FIG. 3 with d =0.55, and FIG. 4 with d =0.7.

Case 2. Two different Poisson noises

According to the theoretical results in Sec.3.2,4, =10,4, =20, the two coupled systems

are synchronized with probability 1 with the noise strengths 0.29 < d <1.71. Similarly, the
error(t) with different d is computed to verify the correctness of the theoretical resullts.

The simulation results are shown in FIG. 5 with d =0.6, FIG. 6 with d =1.0, and FIG. 7
with d =1.7.

In terms of the simulation results, we can see that &TOr(t) converges to zero with time

increase. The individual systems achieve complete synchronization because the coupled
term vanishes. Some chaotic attractors after synchronization achievement are shown in FIG.
8.

FIG.1. Chaotic attractors generated by three-dimensional neural network (15) after transient
time T =1000 has been removed.
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(a) d=0.7 common noise (b) d=0.7 common noise
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FIG. 8. Chaotic attractors of system (15) after synchronization achievement.

5. CONCLUSIONS

In this paper, complete synchronization of two bidirectionally coupled piecewise linear
chaotic systems perturbed by common or different Poisson noises was investigated, and
sufficient conditions of the complete synchronization with probability 1 are established. To
state the advantages of Poission noises-induced complete synchronization, the same model
in Ref.4 was considered to demonstrate that Poisson noises are easier to achieve complete
synchronization than the Gaussian cases via the comparison of noise strengths. We can see
that the system (15) perturbed by Gaussian white noise are synchronized with probability 1,
if the noise strengthsd >1.916 when noise is common, or the noise strengths d > 2.709
when noise is different in Ref. 4. It is quite clear the complete synchronous effect will
become much better with the increase of noise strength. However, we know that the
systems (15) in Poisson noise case are synchronized with probability 1 with the noise
strengths 0.242<d <0.758 when noise is common, or the noise strengths
0.29<d <1.71 when noise is different, from the example in this paper. So, the noise
strength of the systems perturbed by Poisson noise after complete synchronization
achievement is bounded and smaller than the noise strength of the systems perturbed by
Gaussian white noise after synchronization achievement. Therefore, through the comparison
of two kinds of situations, we can verify that the systems perturbed by Poisson noise are
easier to achieve complete synchronization than the case of Gaussian white noise with
probability 1 in the sense of comparison of noise strengths.
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