An Approximate Sequential Bundle Method for Solving a Convex

Nondifferentiable Bilevel Programming Problem !

Jie Shen ?*, Li-Ping Pang 3, Xi-Jun Liang 3, Zun-Quan Xia 3

2% . School of Mathematics, Liaoning Normal University, Dalian 116029,
China, 0086-0411-84201098. The corresponding author.
3. School of Mathematical Sciences, Dalian University of Technology.
Dalian 116024, China.

{tt010725@163.com, lppang@dlut.edu.cn, liangxijunsd@163.com, zgxiazhh@dlut.edu.cn }
Abstract: By combining two bundle methods, PBMASL (proximal bundle method
with approximate subgradient linearizations) and DPLBM (descent proximal level bun-
dle method), we present an approximate sequential bundle algorithm for solving a bilevel
programming problem with a nondifferentiable convex objective function and two sep-
arable constraints. In the proposed algorithm, the values of the objective function in
the constraints and its subgradients are computed approximately, the estimates of the
tolerances are not required for convergence proof. The presented results improve and

extend the earlier work.
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1 Introduction

We consider a bilevel programming problem of the form

min  f(z,y)
(P) (1.1)
st (z,y) € U xQy C R™ x R,

where f : R™™" — R! is convex and nondifferentiable, € is compact convex and g is
defined by Qs =Arginfyes p(y) = {y| ¢(y) = infyes ©(y)}, ¢ : R* — R is convex and level

bounded, S is a nonempty closed convex set in the Euclidean space R™.

!This research was partially supported by National Natural Science Foundation of China (Grants

11301246, 11171049 and 11171138).
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For the case S = R", a bundle method for solving problem (P) is presented by Zun-Quan
Xia, Jie Shen and Li-Ping Pang [1], in which the function values and subgradients of ¢
are assumed to be computed exactly. The following algorithm framework is presented for
solving (P)[1]:

Algorithm 1.1:

Step 1 Take z € €; and find ¥ € 23 by solving

(Pg) min  ¢(y) via a bundle method. (1.2)
yeESCR"”

Step 2 Minimize f on 7 X 9,

(Py) min f(z,y) with (Z,y) € 1 x )y as a starting point. (1.3)
(w,y)EQl X o

End of Algorithm 1.1

In this article, we still use Alg.1.1 to solve problem (P), but this time we will focus on solving
problem (P,). There are many algorithms designed for solving problem (P,) [2, 3, 4, 5, 6,
7, 8], but they all need to compute the exact function values, this necessity may bring much
difficulty when it comes to constructing an implementable algorithm [9, 10, 11]. It was
established that the proximal bundle algorithm based on the inexact linearizations of the
objective function converges to an exact optimal solution, if ¢, the approximation error of
objective function values and its subgradients, satisfies € — 0 in the course of the iterations
[9]. Solodov considered the proximal form of a bundle algorithm for minimizing a nonsmooth
convex function, the algorithm assumed that the function values and its subgradients are
evaluated approximately, and it answered the question that how the approximation error
should be controlled in order to satisfy the desired optimality tolerance, that is, given some
nonzero (and not tending to zero) approximation error e, some kind approximate optimal
solution can be obtained which depends on the given approximation error ¢ [11]. Kiwiel
proposed a proximal bundle method which only requires evaluating the objective function
values and its subgradients with an accuracy € > 0, it asymptotically finds points that

are e— optimal [10], this algorithm is denoted by PBMASL in our paper and will be used



to solve problem (P,). According to [10], for given e > 0,e, > 0, one could obtain an

e-optimal solution y of problem (P,), where ¢ = €5 + ¢4, i.e., find a y satisfying

ye Q= {yley) < ;relgw(y) +¢}, (1.4)

and this algorithm can be slightly revised by modifying the initial parameter such that it
terminates in finite steps to obtain an approximate solution to problem (P,). The assump-
tions for using approximate subgradients and approximate values of the objective function
are realistic in many applications, for instance, the Lagrangian relaxation problem: if f is

a max-type function of the form

f(y) :Sup{Fz(y)|Z S Z}7 (1'5)

where each F,(y) is convex and Z is an infinite set, then it may be impossible to calculate
exactly f(y). However, we may still consider two cases. In the first case, for each positive
€ > 0 one can find an element z, € Z satisfying F., (y) > f(y) — ¢; in the second case, this
may be possible only for some fixed (any possibly unknown) € < co. In both cases we may
set fy = F. (y) > f(y) —e. A special case of (1.5) arises from Lagrangian relaxation [12],
where the problem min{f(y)|y € S} with S = R" is the Lagrangian duality problem of

the primal problem
sup ¢0(2) s.t. 1/}](2)207 j:1727”'7n7 2€Z

with F,(y) = vo(2) + (y,¥(z)) for ¢ = (¢¥1,%2,---,1¢n). Then, for each multiplier y > 0,

we need only find z, € Z such that f, = F.,(y) > fly) — e

Level bundle methods is a class of bundle method variants based on minimizing a quadratic
function subjected to some level set [13, 14, 15, 16]. Among them a descent prozimal level

bundle method (DPLBM) [14] will be used in our paper to solve problem (Py).

The problem

P i , 1.6
(Pe) ey f(z,y) (1.6)

is an approximation to problem (P), where ¢ is a given nonnegative number. We firstly

focus our attention on solving problem (P.) and then construct an approximate sequential



bundle method for solving problem (P) by combing two bundle methods, PBMASL and
DPLBM. The proposed approximate algorithm is easier to implement than [1] since it only

requires the inexact information of the objective function in the constraints.

This paper is organized as follows. In Sections2 and 3 two bundle methods, PBMASL and
DPLBM, are used to solve problem (P,) and problem (P}), respectively. An approximate
sequential bundle method for solving problem (P) is presented in Section 4, and its conver-
gence analysis is given in Section5. In Section 6, we report on numerical testing of the

proposed algorithm. Finally, some conclusions are given in Section 7.

2 Solving problem (P,)

In this section we use PBMASL to get an e-optimal solution to problem (P,). The method
PBMASL generates a sequence of trial points {ykb}g:1 C S, and at these trial points
the approximate function values gp’;b = Pyry the approximate subgradients g* = g,x, are

computed and the linearization ¢, (-) is given such that

o, () = @y + (g — ) < () + ey, o)
o, (0") = 9y > p(y) — 4

hold for fixed e > 0 and g, > 0. Thus, we have gpl;b € [p(y™) — ey, p(y*) + g4] is an

approximation to ¢(y*), and gk € 9.¢(y*) for e = 5 + 4. At the kpth iteration, the

cutting-plane model of ¢

Pr, () = max o;(-),  J {12, k} (2.2)
jeg
is used for finding
. 5 . 1
yt = argmin{hy, (-) = @r, () +i,() + ﬂ” a2}, (2.3)
b

. . k k(1
where t"» > 0 is a stepsize, at 2" = (") one has ¢,* = 4,01/’()

for some k,(I) < k, and
i4(-) denotes the indicator function associated with S (i.e., is(z) = 0, if z € S and 400

otherwise). The predicted descent is defined by

v, = P — @, (). (2.4)

A



Note that 0 € Ohy, (y**!), there exist pf* € d¢;, (y"+!) and pkt € Jiy(y**1) such that

==y =)y, - (2.5)

and there are multipliers U?b, j € J" such that

ky _ ky g ky _
PP =2 iem V09 e v =1,

g () — iy =0, je TR

(2.6)

We define the following aggregate linearizations of ¢y, , is, and () = ¢(-) +is(+), respec-

tively:
By (-) = Bry (Y1) + (ple, - — o) @7)
< @, () < () + &g,
() = (pkr, - — ™) <), (2.8)
P () = r, () +252() S PR () = @, () + () < ps(-) + 24 (2.9)
Furthermore, we have
P+ (P, — ) —ag, = @ () < ps() + g, (2.10)

where pkv = pf,” +pf = (ko — R ) /1y ag, = o — @k (2M). Hence, it is not difficult to
obtain that

gpi” Sgo(x)—l—sg—l—||pkb|]||$—$kb||+akb, for all = € S. (2.11)

Inequality (2.11) shows that 2 is e-optimal (i.e., p(z*) < . + ¢, € = e + g4) if the
optimality measure

Vi, = max{][p"]], a,} (2.12)

is zero; z* is approximately e-optimal if Vi, is small.

Algorithm 2.1 (PBMASL):
Step 0 Select #! € S, k € (0,1), a stepsize bound T; > 0,1 € (0,Ty]. Set ky = ky(0) = 1,
yt =2t Jt = {1}, ol = @;,gl =g,1, iy =0,1 =0 ( ky(I) — 1 denotes the iteration of

the 1th descent step). Take ¢/ > 0 such that 0 < &’ <e=¢ey+¢,.
Step 1 Compute y"*! and vfb such that (2.5) and (2.6) hold.

=



Step 2 If V}, = 0, stop (¢% < ¢, +¢).

Step 3 Ifv, < —ay,, then set ty, = 10ty,, Ty, = max{T},, tk, }, ifb = ky and loop to Step 1,
else set Ty, +1 = T},

Step 4 Evaluate gply“b“ and gFtl,

If the descent test holds:

kb+1

Soy g wﬁb - ’{,Uk‘ba (213)

then set Fetl = yFotl Rl — Ryl it =0, ky(141) = ky + 1 and increase [ by

kyv+1 _ .k ky+1 kp+1
b =2 b7<pxb : —

= " and i o

one; else set iy
Step 5 Choose J*+1 5 {J* U {k, 4+ 1}}, where J% = {j € J* : vfb # 0}.
Step 6 If ky(l) = ky + 1, select tg,+1 € [th,, Thy+1],

otherwise, either set ¢, 41 = ti,, or choose ty, 11 € [0.1t,,t,] if if”l = 0 and

ke — g1 (ah) > Vi,

Step 7 Increase kp by one and go to Step 1.

End of Algorithm 2.1

Note that the parameter ¢’ will be replaced by £ in Alg. 4.1 and Alg. 4.2.

The loop between Step 1 and Step 3 is infinite iff % < inf @k < Pk, (zF), in which case

the current iterate z* is already &’-optimal [10].

Lemma 2.1 [10] If lin]iinf Vk'b =0 (e g.,likm Vi, = 0 ), where Vi denotes the minimum
b b
value of Vi, at each iteration ky, and zf s bounded, then P < i + g, where O =

limy @y, . = inf{p(z)|z € S}. O

Lemma 2.2 [10] If infinitely many descent steps occur, then p3° < . + &4. O
Theorem 2.1 [10] The following two assertions are true:

L ol L o2 < puteg;

2. limsup p(z") < ¢. + & for & = 4 + ¢4 so that each cluster z* of {x**} (if any)

ky
satisfies ™ € S and p(z*) < . + €. O

According to Theorem 2.1 above, we obtain the following results.
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Theorem 2.2 For given &' > 0, ife > &', then {p(y™)}r,en generated by Alg. 2.1 satisfies

lim sup go(ykb) < inf o(y) + ¢,
kb%oo yeS

which implies that there exists a N € Ngo and a K € N such that

P") < inf o(y) +, Vh > K, k€N, (2.14)
Yy

where N% denotes the collection of all infinite subsequences of nature number set N, 1. e.,
" e {ylely) <infoly) +eh, Vi > K, k€N (2.15)
y

a

Corollary 2.1 Alg. 2.1 terminates finitely at some approzimate optimal solution to problem

(Pa).

3 Solving problem (P})

In this section DPLBM is used to solve problem (Pj). Suppose that at the k.th iteration

one has generated linearizations
Flayy) = f@,97) + (9@, 57), (z,y) — (27, 97))
of f at trial points (27, §7) € Q1 x Qa., where g(27,99) € f(27,97), j € J*k C {1,2, ..., k.}.
We define fFe(x,y) = maxc sr. f7(z,y) and let
(bt obeth) = argmin{%”(x, y) — (@ y") PI(z,y) € Qo x Do, fre(2,y) < fiich,

where fFe < f(xFe y¥e) is chosen to ensure that fie — f* = info, xq,. f as k. — oco. If a

ke

finite lower bound f.¢ < f* is already known, then we usually take

fle = kffe + (1 — k) f(aFe,yFe) = faFe,yFe) — ki Ake,

where 0 < k; < 1, AFe = f(zhe ybe) — ke The desired descent 6% is defined by ok =

low *
f(xkcvykc) - llecs'



Solving the problem
min  g|(z,y) — (z*, y*)|?
st fi(zy) < fe, Yy e Jke, (3.1)
(x,y) € Q1 x Qo

is required in the following algorithm.

We give two stopping criteria which will be used in Alg. 4.2.

TWO STOPPING CRITERIA

Stopping Criterion 1(SC1) :  If AFe < ¢, then stop;
Stopping Criterion2(SC2) : If max{HkaH,&’;C} < Egpt, then stop,
where pke eafﬂlmg (ukett kel
I8 v () = F() 4 00, x0,,. (5 0),
afe = flahe,yhe) — i q, (xe,yPe),
I vy () = FRe(ubett wketd) 4 (phe () — (uket ohetl)),

TWO STOPPING CRITERIA

We put SC1 in Step 1 of Alg.3.1, and SC2 in Step 2 of Alg. 3.1 if necessary.

Algorithm 3.1: (DPLBM)

k= Flate ) — ke (e ehe) = (bt oot ) — (abe, i),

lev

Given positive numbers tmax > 0, kg, ki, ks € (0,1).

Step 0 Choose (z!,y') € O x Qa., fL, < f*. If Al < o0, let §1 = kAl otherwise choose
61 > 0. Set J' = {1}, k. =1,1=0, k.(0) = 1. J* has at most N indices.

Step 1 If (3.1) is feasible, then go to Step2, otherwise choose flow [ f:f,, f*], compute
AFe ke = k;AFe and go to the beginning of this step.

Step 2 Find the solution (uf<*! vke*1) of (3.1) and multipliers )\;‘»”C such that
Jhe = {j € JF | Xk >0}, [T < N

Set, the = > jegke )\?C and compute (d*e, eke).
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Step 3 If the > t, ., then replace 6% by ksd*e and go to Step 1.
If f(uket! oketl) < f(ake, yhe) —kgdke, then set the = 1, ko(I14+1) = ke+1and | = [+1,
otherwise set tic = 0. Compute (xFet! yketl) = (ghe yhe) 4 the(dhe ehe).

Step 4 Select J¥ C J* such that Jke C JFe. Set Jketl = Jke U {k. + 1}.

Step 5 Set fretl = fke compute Aket,

Set gkt = gke if the = 0, otherwise set 0% +! € [min{d%e, ARt} Aketl],

Let k. = k. + 1, go to Step 1.

End of Algorithm 3.1

Theorem 3.1 [14] FEither

(z%,yF) = (27,y%) € @ = {(z,y) | f(z,y) = o o)}

or Q* =0 and {||(xk5,yk6)||}zj:1 — 0. In both cases, one has that {f(ka,ka)}gjzl i}

f* = ianl XQQYE f(x7 y) =

4 Algorithm

By taking a descent sequence {e¥}2° | 0, we obtain a sequence of solutions {(z, yx)}5,
to problems {(P.x)}72 ;. At the beginning of each iteration for generating (xy, yx) one needs

to provide a solution
v € Qo ={ylely) < infoly) +"), (4.1)

instead of providing a starting point that belongs to Arginf cg¢(y). Then a pair (z,y)

will be generated at the kth iteration satisfying

(Tr, i) € {(z,9) |f (7,y) = (m,y)egifmw flz,y)}. (4.2)

If ¥ reaches the value that satisfies the stopping criterion, then stop and the solution (z, y)

k

is an " approximate solution to problem (P). Otherwise, repeat the process presented above

until the stopping criterion is satisfied.
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Definition 4.1 PBMASL(k) is defined by PBMASL in which ¢ is replaced by *. DPLB-

M(k) is defined by DPLBM in which ¢ is replaced by *. O

Algorithm 4.1: Solve problem (P)

Step O Initialization.

Take e! >0, v € (0,1), set k = 1.

Step 1 Compute initial point of DPLBM(k).
If k = 1, then find ! € Oy, otherwise set ZF = zj_;.

Find a §* € Qy .« using PBMASL(k).

Step 2 Update iterate points of problem (1.1).

Find the kth iterate point (zy,y) starting form (z*,7*) using DPLBM (k).

Step 3 Update £ and k.
If (z,yx) € Q1 x Qo then stop, otherwise set e*1 = ye¥ k = k + 1 and loop to
Step 1.

End of Algorithm 4.1

Remark: v is a contraction parameter, in general, the smaller ~ is, the faster the approxi-
mate algorithm will converge. v plays an important role in controlling the accuracy degree

of the approximate solution (xg,yx) to problem (P).

Lemma 4.1 Let €,,, > 0 be a constant. If AFe < e, then (z% y*) is a e, optimal
solution to (4.2) for e = e*.
Proof. Since Ake = f(xke ybe) — fFe and fFe < f* = infq, Xy k f(z,y), we have

Flabe yfe) — f* < flale, i) — fie, = At

The condition A*e < ¢, leads to f(z*e,y*e) < f* + . The lemma is proved. O

Definition 4.2 [3] Given € > 0, T is called an e—popt optimal solution to f on S if &
satisfies

f(@) < f(z)+e|lx—Z|| +e, Vzes.

1N



Lemma 4.2 If max{||p*||,ake} < e, then (z*,y¥) is an e -popt optimal solution to

(4.2) for e = e*.

Proof. Since f(zFe,y¥e) 4 (pFe, (x,y) — (zFe, yFe)) — 6/;6 < fx,y) for all (z,y) € Q1 x Qg x

[14], we have

Flate,yte) < flay) + 105 G, y) — @yl +ape, Vwy) € o x Q.
It follows form max{||p||, d’;C} < g, that

Flate ) < fla,y) + eomll@,y) = (2,5 + o, V(x,y) € Q1 X Qg on

This implies that (z¥¢,y*<) is a ,,.,-popt optimal solution to (4.2) for & = *. O

Algorithm 4.2: Approximately solve problem (P).

Step 0 Initialization.
Take e! >0, v € (0,1), e* >0, set k = 1.
Step 1 Compute initial point of DPLBM(k).
The same as Step 1 in Algorithm 4.1.
Step 2 Update iterate points.
Solve (4.2) to get the kth iterate point (z,yx) using DPLBM(k) with two stopping

criteria SC1 and SC2 starting from (z*,y*). If Alg.3.1 stops at some index k., then
set (zp,yr) = (wke, yke).
Step 3 Update ¢* and k.

If e < &*, then stop, otherwise set ¥t = ve¥, k =k + 1 and go to Step 1.

End of Algorithm 4.2

5 Convergence Analysis

The convergence analysis for Alg.4.1 and Alg.4.2 is given by the following two theorems.

11
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Theorem 5.1 Suppose the optimal solution set of problem (P) is nonempty. Then any
accumulation point of the sequence {(xk, yr)}32, generated by Algorithm 4.1 is an optimal
solution of problem (P).

Proof. According to the design of Algorithm 4.2, (xx,yx) € Q1 X Qy .+ and

f(xkayk) < f($7y)7 V(J:?y) €M X QQ,e’“?

o(yr) < infyes o(y) +&*

(5.1)

since (z, yi) € {(z,y)|f(z,y) = infngQQ’Ek f(z,y)}. Qy .k is convex and compact according
to the fact that ¢(y) is convex and level bounded. The sequence {(z,y)}r>, must have
accumulation points since €2; is convex and closed. Without loss of generality, we assume
that (xg,yx) — (&,9), where & € ;. Functions ¢ and f are continuous because they are
finite and convex. In view of €* | 0, for the second inequality of (5.1), taking the limit we

obtain

¢(9) = inf o(y). (5.2)
yes

For the first inequality of (5.1), taking the limit we have

kli{{olo f(xlwyk) = f('i'7:g) < f(may)7 V([B, y) € x 92751“' (53)
Therefore,
f(:ivg) Sf(x)y)v \V/(.fﬁ,y) 6(21 XQQa
i.e., (Z,9) is an optimal solution of problem (P). O

Theorem 5.2 The following conclusions hold:

a. If (xh,yr) is an eq,—optimal solution to (4.2) for e = &¥, generated by DPLBM with

two stopping criteria, then any accumulation point (Z,7) of {(zk, yx)}oo, satisfies

@0) € (@G0 < | inf )+ e

b. If (z,yx) is an €,,,— popt optimal solution to (4.2) for ¢ = €*, generated by DPLBM

with two stopping criteria, then any accumulation point (Z,9) of {(xk, yx)}7o, satisfies

(2,9) € {(&,9) | f(£,9) < f(2,9) + copell (2, 4) = (2,9)]| + €0pr, V(2,y) € Q1 x Qa}.

19



Proof. (a) Since (zx,yr) € {(zr, yr)|f(xk, yx) < inf(%y)teXQZEk f(z,y) + €ope} by Algo-

rithm 4.2, we have

f(wka yk) < f(wv y) + Eopts V(x,y) € X Q2,5k7 (54)
o(y) < inf (y) + ", (5.5)
yes

and z* € Q;. The set €, .k is compact since ¢ is convex and level bounded, so {(zx, yx)}72;
has accumulation points. Without loss of generality, we may assume that (zy,yx) — (2, 9)
as k — oo. For (5.5), taking the limit we obtain ¢(y) = infycs¢(y). It is clear from the

compactness of )y that & € ;. Similarly, for (5.4), taking the limit we have

lclgglo fxe,ye) = f(2,9) < f(z,y) + EOptav(:va) €M X QQ,ak' (5.6)
Therefore,
F(@,9) < f(@,y) + ops ¥(z,y) € Q1 X Qo
(b) The proof is omitted. O

6 Numerical Tests

We shall now report on numerical testing of Algorithm 4.2 with Matlab-code on the platform
of Matlab (R2009b) in a computer with Intel (R) 2 Duo 2.93 GHz CPU and 2.0 GB Memory.
All these examples can be found in [17] except for the constraints which are appended by
ourselves.

Consider the following problem:

(P) min S ) (6.1)

s.t. (z,y) € Q1 x Qo

where Q; := {z € R|Alz < b'}, Al := 2, b! 1= 12, Oy =Arginfesp(y) = {y|o(y) =

infyes o(y)}, ¢(y) == F2d(y) := max{0.5 % (v? + y3) — y2, y2}, S = {y = (y1,92)" €

-1 -1
R?| A%y < b?}, A% = , b2 = (8.5 6.5)1. We take f(z):=F3d_Uv(z) also
1 -15

19



from [17], with v = 0, 1, 2, 3, respectively, these four functions F3d_U0, F3d_U1, F3d_U2,F3d_U3

of z = (x,y1,y2)" are defined as
F3d_Uv(2) == max{ 0.5+ (0.12% + 47 +43) — "2 — B, yi — 3y1 — B3, 2 — 5, v2 — Bi},

where e = (0,1,1)T and four parameter vectors ¥ € R* are given with v = 0,1,2,3,
respectively, 3° := (0.5, =2, 0, 0), ' := (0, 10, 0, 0), 8% := (=5, 10, 0, 10) and 8 :=
(=5.5, 10, 11, 20).

The parameters have values: k; = k; = ks := 0.382, t,,,,, := 1.0el5, g5 := 1.0e — 6,
el:=1.0e—4,vy=0.1, " :=1.0e — 8, fllow := —50. The maximum iteration number in the
PBMASL algorithm is set 1000.

In the subsequent Table 1, z* and z° denote the optimal solution and the initial point,

respectively, fz* indicates the optimal function value.

Table 1: Problem data

Problem z* fz* 20

F3d-U0O (1007 0 (-1091.97
F3d-U1 (000" 0 (-109197
F3d-U2 (0007 5 (-10.9197
F3d-U3 (000)" 55 (-10.91.9)7

Table 2 shows the obtained solution z, the difference between z and the optimal solution
z*, the difference between the corresponding function values fz and fz*, and at the same

time the elapsed seconds are listed in Table 2.

Table 2: Results of solving four examples

problem 2T (z — 29T fz— fz* seconds

F3d_UO  (1.000e0 -1.919e-7 3.748¢e-9) (5.627e-7 -1.919e-7 3.748e-9)  7.508e-7 36.1
F3d_Ul (-1.127e-3 -2.605e-8 1.268e-8)  (-1.127e-3 -2.605e-8 1.268e-8)  6.483e-7 72.4
F3d_U2  (6.257e-4 2.131e-3 1.417e-6) (6.257e-4 2.131e-3 1.417e-6)  -2.130e-3  105.5
F3d_U3  (-1.183e-4 3.570e-3 2.814e-6)  (-1.183e-4 3.570e-3 2.814e-6)  -3.566e-3 69.4

11



Upon studying Table 1 and 2, it can be seen that all the obtained solutions by Algorithm
4.2 are near the optimal solutions. However, in problems F3d_U2, F3d_U3, the obtained
objective function values are less than the optimal ones. A possible explanation is that
(2o . is too larger than {23. We also notice that although the problems considered are only
three dimensions, they still cost much time in order to obtain the solution. In fact, some
conclusions may be drawn: much time is cost on running the inner algorithm DPLBM,
more precisely, on checking the feasibility and solving problem (3.1) which is implemented
by the fmincon() function built in the Matlab, this is one drawback of algorithm DPLBM,
and may be discussed in the future work.

The favorable testing results demonstrate that it is worthwhile to continue the development

of the applications of bundle methods to MPEC problems.

7 Conclusions

In this paper we present an approximate sequential bundle method for solving a MPEC
(Mathematical Programs with Equilibrium Constraints) problem (P) by combining two
bundle methods PBMASL and DPLBM. The proposal of the algorithm is based on the
construction of the approximate problem (P.) and by focusing our attention on solving the
approximate problem (P.) step by step, we finally prove that the optimal solution (xg, yx)
of problem (P« ) converges to the (approximate) optimal solution of problem (P) as k — oc.
We once used the similar technique to solve a MPEC problem with the constraint being an
unconstrained optimization problem [1], but in that paper, the exact values of the objective
function in the constraints are used. Just like the discussion in the first part of our paper,
sometimes it is not so easy or even impossible to compute the exact function values. Our
algorithm can be viewed as an improvement to [1]. The presented algorithm, utilizing the
approximate function values and approximate subgradients, can be applied to the situations
in which the exact objective function values are difficult or even impossible to be computed.

For example, consider problem (P) with

ply) = min {h(=) + 55112 — 9l (71)

1=


sj
高亮


where A is a fixed positive parameter and || - || denotes the Euclidean norm, and we assume
h is strongly convex. The function ¢(y) is called the Moreau-Yosida regularization of h(z),
it has the following properties [18]: the function ¢(y) is convex, everywhere finite and

differentiable with Lipschitz continuous gradient given by

o) = 1 (v~ ply). (72)

where p(y) is the unique minimizer of problem (7.1), i.e.,

ply) = axg min {(=) + s ll2 ~ yl). (73)

Since the Moreau-Yosida regularization ¢(y) is defined through a minimization problem
involving another function h(z), the exact evaluation of the function values of ¢ and its
gradients g at an arbitrary point y is practically impossible in general, therefore, we shall
consider using their approximate values. Specifically, suppose that, for each y € R™ and ¢ >
0, we can find an approximation p®(y,¢) to p(y) such that h(p®(y,¢e)) + %Hpa(y, g)—y|?* <
©(y)+e. Some implementable algorithms to find such an approximation p®(y, €) to p(y) for a
general convex function can be found [2, 19, 20]. With p®(y, ), we define the approximations
¢"(y,¢) and g“(y, €) to p(y) and g(y), respectively, o*(y,€) = h(p*(y, )+ 55 Ip* (v, €) —ylI?,

9%(y,e) = %(y —p*(y,€)). For these approximations, we have the following inequalities [20],
e(y) < ¢(y,e) < py) +e,

19 (y,€) — gyl < V/2¢/ A

These inequalities indicate that the approximations ¢%(y,e) and ¢g%(y, &) can be made arbi-

trarily close to the exact values ¢(y) and g(y) by choosing the parameter ¢ small enough.
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