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AbstractAbstractAbstractAbstract    3 

Numerous plant diseases caused by pathogens like bacteria, viruses, fungi protozoa and 4 pathogenic nematodes are propagated through media such as water, wind and other 5 intermediary carries called vectors, and are therefore referred to as vector borne plant diseases.  6 

Insect vector borne plant diseases are currently a major concern due abundance of insects in 7 the tropics which impacts negatively on food security, human health and world economies. 8 Elimination or control of which can be achieved through understanding the process of 9 propagation via Mathematical modeling.  However existing models are linear and rarely 10 incorporates climate change parameters to improve on their accuracy.  Yields of plants can 11 reduce significantly if they are infected by vectors borne diseases whose vectors have very short 12 life span without necessarily inducing death to plants. Despite this, there is no reliable 13 developed mathematical model to describe such dynamics.  14 

This paper formulates and analyzes a dynamical nonlinear plant vector borne dispersion 15 disease model that incorporates insect and plant population at equilibrium and wind as a 16 parameter of climate change, to determine 0R , local and global stability in addition to sensitivity 17 analysis of the basic reproduction number 0R .  18 

Keywords: Basic reproduction number, sensitivity analysis, disease free equilibrium point 19 (DFEP), endemic equilibrium point (EEP), local and global stability. 20 

1.1.1.1. IntroductionIntroductionIntroductionIntroduction    21 Numerous plant diseases caused by pathogens namely: bacteria, viruses, fungi, protozoa and 22 pathogenic nematodes are spread through media such as water, wind and other intermediary 23 carriers called vectors, and are thus referred to as vector borne diseases (Agrios, 1997).  24 

Diseases that spread from one host to another are called infectious diseases, most of which are 25 very destructive to plants and animals. Vector borne plant diseases have important 26 transmission properties which include: survival rate of the vector, reproduction rate of the 27 vector, time of the year and vectors / insects activity level specifically biting rate, rate of 28 development and reproduction of pathogen on the vector amongst others (Patz, 2008). 29 

The most common vectors are insects such as aphids, whiteflies, plant hoppers and leafhoppers 30 with aphids as the most important group. Aphids have been estimated to cause 70% of the 31 vector borne plant diseases (Nault, 1997).  32 

Vectors (insects) are susceptible to external environmental influences which include the climate 33 change and affect the spread of plant diseases. The climate parameters that vary include 34 temperature, precipitation (humidity) and wind. 35 

Climate change could first affect disease directly by either decreasing or increasing the 36 encounter rate between the vectors and hosts by changing the ranges of the two species.  37 
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Disease severity should be positively correlated with increase in virulence and aggressiveness 38 of the vector. These two effects on disease will be mediated by host resistance and encounter 39 rates which are potentially affected by climate change. 40 

Mathematical models provide a powerful tool used to understand the dynamics of disease 41 spread through a population and in decision making in regards to disease prediction and 42 disease control (Zhou and Yao, 2014). Empirical models like regression models and 43 deterministic models with climate variables as predictors and epidemic parameters as response 44 variables are used to predict the success of the hosts and vectors across the range of conditions 45 with a possibility of extrapolation when the mechanism of the relationship is clearly 46 understood. Simulation models based on theoretical relationships are used to predict outcomes 47 under a range of scenario. 48 

Kermack and McKendrick (1927) developed a classical model for micro parasite host interactions in 49 

mammals which forms the basis of plant epidemiological models. The first models of temporal 50 

development of epidemic plant diseases were developed by Van der Plank (1960; 1963), and have 51 

formed the basis for plant disease modeling. Subsequently, various models have been developed. 52 

Earlier theory on vector- borne diseases by Edward and De Leo (2008 ) , Fitzibonn (1995) , Gourley 53 

(2007), Holt (1997) and Jeger ( 2004) highlight the importance of the direct interactions between the 54 

vector’s dynamics and disease prevalence in the host. The focus in this work is on the dynamics of the 55 

vector host disease system without considering the dynamics of the enemies of the vector.  56 

There have been many studies modeling specific crop diseases and biological controls. For example 57 

Tomato leave curl virus in india by Jeger (2004) and Cassava mosaic virus in sub – Saharan Africa by 58 

Otim (2006) and the climate change factor is not considered. 59 

Other researchers studied the biological control of the vectors to reduce disease incidences using 60 

models.  Gourley (2007 )developed a model to investigate how pulsed application of biological 61 

larvicides or chemical insecticides on different life stages affects disease prevalence. Wei (2008) 62 

modeled vector borne diseases with horizontal transmission and time delay. Cui (2010) developed and 63 

analyzed a simple vector- host epidemic model with direct transmission. 64 

The above two models were extended by Lashari and Zama (2011) in their study of the global and 65 

back bifurcation of a vector borne disease model with horizontal transmission in host population. 66 

Moore ( 2010) developed a model to determine how a predator of the vector affects the prevalence of 67 

a vector-borne disease in the absence of predators.  Zhou (2014) improved on Moore (2010) model by 68 
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developing a model to study the disease control threshold and limit cycles with persistence of disease 69 

or without disease. However, both Moore and Zhou focus was on total host population dividing host 70 

and vector into susceptible and infectious. Lawrence and Wallace (2010) modeled the spatiotemporal 71 

dynamics of African Cassava Mosaic disease in which he incorporated wind but as an agent to the 72 

movement of the vector. Clearly the climate change variables have been modeled in isolation in any 73 

given model. We want to develop a general model to investigate the effect of a combination of the 74 

climate change factors on the spread of vector –borne plant diseases. 75 

The research developed a Mathematical model incorporating the climatic change variables to be 76 

used to evaluate the dynamics of vector- borne diseases in plants. The climate change variables, 77 

temperature and precipitation influence the biting rate (a) are considered under the parameter for 78 

biting rate while wind will be factored as an agent to the movement of the vector, emigration or 79 

immigration hence incorporated in the model as ( )θ± . Climate induced death to insects was also  80 

examined . Since insects have very  short lifespans,the study developed a deterministic general 81 

model for the perennial plant disease with assumption that vectors  reproduce very fast and attain 82 

equilibrium.  The plant population is constant. Section 2 describes model development. Section 3 83 

describes model analysis where also basic reproduction will be determined using the next 84 

generation method and analytical global stability by the Lyapnov method. Finally Section 4 expounds 85 

results. 86 

2. Model Development.2. Model Development.2. Model Development.2. Model Development.    87 

The model development begins with model description, model assumption, flow chart and 88 listing of model equations. 89 

2.1 Model description2.1 Model description2.1 Model description2.1 Model description    90 

Let NB(t) and NC(t)be the total population of the vectors and plants respectively. The plant 91 population is subdivided into three compartment classes: susceptible plant classSC(t), exposed 92 plant classEC(t) and infected plant classIC(t). The vector population is subdivided into two 93 compartment classes: susceptible vector classSB (t)and infected plant classIB(t) 94 

The recruitment rate of plants and vectors are given by µC and π respectively. The rates at 95 which EC(t) recover naturally to SC(t) is given byω. Climate induced death occur at a rate δ in 96 SF(t) and GF(t)respectively. The constant natural death rate in subclasses SC(t), EC(t)and IC(t)is 97 given byµC. The rate at which EC(t) progresses to IC(t)isτ. The constant natural death rate in 98 subclasses SB(t)and IB(t) is given byµB. The immigration and emigration rate of vector is given 99 byθ, this implies that θ can be either be positive or negative. The infection rates for plants and 100 vectors are βIand βJrespectively while the vector biting rate is given by a. 101 

2.2 Model assumptions2.2 Model assumptions2.2 Model assumptions2.2 Model assumptions    102 

The model was formulated under the following assumptions; 103 
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i. Homogeneous mixing of the plants and vectors. 104 ii. It is possible for exposed plants to recover from natural immunity. 105 iii. The plant population is constant while vector population is not constant. 106 iv. Rate of immigration and emigration is constant and can be estimated. 107 v. Vector population is assumed to increase very fast and then attain equilibrium. 108 vi. Effects of competitions from other vectors are assumed to be insignificant. 109 vii. The susceptible plants are infected when they come into contact with infected insect 110 vectors. 111 viii. Susceptible insect vectors become infected only when they get in contact with an 112 infected plant and exposed plants. There is no vertical infection through birth and from 113 insect to insect directly. 114 Modification parameter k is such that L ≥ 1, implying that the climate factors increases force of 115 infection 116 

2.3 Flow chart diagram and the model equations2.3 Flow chart diagram and the model equations2.3 Flow chart diagram and the model equations2.3 Flow chart diagram and the model equations    117 

We considered the five state variables and parameters described in section 2.1 model 118 assumptions listed in section 2.2 to represent the model flow chart diagram in the figure 1 in the 119 next page; 120 

Figure 1: Flow chart diagram of the Figure 1: Flow chart diagram of the Figure 1: Flow chart diagram of the Figure 1: Flow chart diagram of the ISIES modelmodelmodelmodel    121 

 122  123 
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The model was described by the following differential equations draw from the flow diagram 125 

]^_]` = µCNC + ωEC − YkλC + µC[SC                                                (1), 126 

dECdt = kλCSC − Yω + τ + µC[EC                                                       (2), 
]d_]` = τEC − µCIC                                                                                    (3), 127 

dSBdt = πNB ± θSB − YkλB + δ + µB[SB                                            (4), 
dIBdt = kλBSB ± θIB − Yδ + µB[IB                                                       (5), 
where 128 

NB(t) = SB(t) + IB(t), NC(t) = SC(t) + EC(t) + IC(t), λC = aβIIB and λB = aβJ(EC + ηIC). 
The insects have very short life span, they reproduce within a very short time and therefore it is 129 plausible to assume the dynamics of the insects analyzed at steady states. We equate equations 130 

(4 − 5)to zero to obtain the expressions below at steady state, 131 

gF∗ = iF∗ + GF∗ ; iF∗ = πgF∗kλB + δ + µB ± θ
;  GF∗ = kλBπgF∗YkλB + δ + µB ± θ[Yδ + µB ± θ[ ; 

λj∗ = aβIkλBπgF∗(kλB + δ + µB ± θ)(δ + µB ± θ) 
After substituting λj∗  at steady state, the system of equations(1 − 5) reduces to; 132 

]^_]` = µCNC + ωEC − k lβmnoπpq∗ rs(trsuδuµs±θ)(δuµs±θ) + µCv SC                                     (6), 133 

dECdt = aβIxJπgF∗λBSC(kλB + δ + µB ± θ)(δ + µB ± θ) − Yω + τ + µC[EC                           (7), 
]d_]` = τEC − µCIC                                                                                                      (8), 134 

With initial conditions as,SC(0) =  (SC)y, EC(0) =  (EC)y and IC(0) =  (IC)y. The sum of system 135 of equations[(6) − (8)] which is the rate of change of total population  136 

is given by ]|_]` = 0. 137 

3. Model analysis3. Model analysis3. Model analysis3. Model analysis    138 

We analyzed the model by proving various theorems and carrying out algebraic computation 139 dealing with different attributes. 140 

 141 
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3.1. Positivity and boundedness of the 3.1. Positivity and boundedness of the 3.1. Positivity and boundedness of the 3.1. Positivity and boundedness of the solutionssolutionssolutionssolutions    142 

We proved positivity and boundedness by stating and proving the theorem below. 143 

Theorem1:Theorem1:Theorem1:Theorem1:The region Z given by Z = }SC(t), EC(t), IC(t)ЄRu � ; NC = C� 144 

is positively invariant and attracting with respect to model system[(6) − (8)], 145 

Proof.Proof.Proof.Proof.    146 

Let} SC(t), EC(t) and IC(t)� be any solutions of the system with non-negative initial conditions  147 

}SC(0) ≥  0, EC(0) ≥ 0, IC(0) ≥ 0,�. 148 

Since,]^_]` = µCNC + ωEC − k lβmnoπpq∗ rs(trsuδuµs±θ)(δuµs±θ) + µCv SC, it follows that  149 

]^_]` = − k lβmnoπpq∗ rs(trsuδuµs±θ)(δuµs±θ) + µCv SC. On integration, we obtained  150 

SC(t) = e� �� �βm�oπ�q∗ �s(�)(��s(�)�δ�µs±θ)(δ�µs±θ)uµ_�]`�� ≥ 0. Clearly, SC(t) = e� �� �βm�oπ�q∗ �s(�)(��s(�)�δ�µs±θ)(δ�µs±θ)uµ_�]`�� is a 151 non-negative function of t, thus SC(t) stays positive. 152 

The positivity of EC(t) and IC(t)was proved along the same lines hence considering 153 equation(7)]�_]` ≥ −Yω + τ + µC[EC on integratingEC(�) = �I��Yωuτuµ_[�, where �I is a constant 154 of integration. Applying initial condition we obtain �I = EC(0). Hence EC(�) = EC(0)��Yωuτuµ_[� 155 and EC(�) = EC(0)��Yωuτuµ_[� ≥ 0. 156 

Similarly,IC(t) = IC(0)e�µ_` ≥ 0. 157 

Taking the time derivative of our total population along its solution path gives 158 dNCdt = dSCdt + dECdt + dICdt = 0, 
 159 

This implies that,NC(t) = C,where � is the constant of integration. 160 

Hence,lim`→� N(t) = C 161 

This proves the boundedness of the solutions inside Z. This implies that all the solutions of our 162 system[(6) − (8)], starting in Z and will remains in Z for all t ≥ 0. Thus Z is positively invariant 163 and attracting, and hence it is sufficient to consider the dynamics of our system in Z. This 164 completes the proof. 165 

3.2 Disease3.2 Disease3.2 Disease3.2 Disease----free equilibrium pfree equilibrium pfree equilibrium pfree equilibrium point (DFEP)oint (DFEP)oint (DFEP)oint (DFEP)    166 

The disease-free equilibrium point (DFEP) of the system[(6) − (8)], was obtained by setting all 167 theEC and IC classes to zero to obtain μNC − μijy = 0which yields,ijy =  NC 168 

The DFEP for our system is given by Ey = (ijy, �jy, Gjy) = (NC, 0,0). 169 
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The DFEP (Ey) is the infection free equilibrium point of the system[(6) − (8)], which indicates 170 that in absence of insects, the system[(6) − (8)] will consist of one compartment class  171 

3.3. The basic reproduction number (R3.3. The basic reproduction number (R3.3. The basic reproduction number (R3.3. The basic reproduction number (Roooo))))        172 

We used the next-generation matrix method to determine the basic reproduction number (R0) 173 of the model (Carlos Castillo-Chavez, 2001). Using the notation ƒ for a matrix of new infections 174 terms and � for the matrix of the remaining transfer of infection terms in our system, we 175 obtained 176 

ƒ = � aβIxJπgF∗λBSC(kλB + δ + µB ± θ)(δ + µB ± θ)0 � and v = �Yω + τ + µC[EC−τEC + µCIC �. 
We then obtained the matrices F and V by finding the Jacobian matrices of ƒ and �evaluated at 177 DFEP respectively  178 

� = ��JβIβJxJπgF∗NC(δ + µB ± θ)J �JβIβJxJπgF∗ηNC(δ + µB ± θ)J0 0 � � ¡ ¢ = kω + τ + µC 0−τ µCv. 
We computed¢�I  the inverse of V hence ¢�I = � I

ωuτuµ_ 0
τ

µ_(ωuτuµ_) I
µ_

�. 179 

The eigenvalues of the matrix (�¢�I) are 180 

q(1) = 0 andq(2) = �JβIβJxJπgF∗NC(δ + µB ± θ)J(ω + τ + µC) + �JβIβJxJπgF∗ητNC
µC(δ + µB ± θ)J(ω + τ + µC). 

The basic reproduction number(Ry) is given by the spectral radius ζ (the dominant eigenvalue) 181 of the matrix FV −1denoted by ζ(F¢�I)hence 182 

Ry = ζ(F¢�I) = �JβIβJxJπgF∗NC(δ + µB ± θ)J(ω + τ + µC) ¤1 + ητ

µC¥. 
The basic reproduction number(Ry) is the average number of susceptible plants which can be 183 infected by an infected insect in absence of interventions. 184 

3.4. Existence of Endemic Equilibrium point for the model (EEP)3.4. Existence of Endemic Equilibrium point for the model (EEP)3.4. Existence of Endemic Equilibrium point for the model (EEP)3.4. Existence of Endemic Equilibrium point for the model (EEP)    185 

We state and prove the following theorem 186 

Theorem 2: Theorem 2: Theorem 2: Theorem 2: A positive endemic equilibrium exists whenever Ry > 1.    187 

ProofProofProofProof    188 

Let the endemic equilibrium point be �∗ = (ij∗ , �j∗ , Gj∗) and the force of infection at equilibrium 189 point beλF∗ = aβJ(�j∗ + ηGj∗). The system of equation (6)– (8)were equated to zero then solved 190 in terms of λ∗  to obtain; 191 
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ij∗ = µCNC[kλF∗ (δ + µB ± θ) + Yδ + µB ± θ[J]aβIxJπgF∗λF∗ + µC[kλF∗ (δ + µB ± θ) + Yδ + µB ± θ[J]
+ [kλF∗ (δ + µB ± θ) + Yδ + µB ± θ[J]ω�j∗aβIxJπgF∗λF∗ + µC[kλF∗ (δ + µB ± θ) + Yδ + µB ± θ[J] 

�j∗ = aβIxJπgF∗λF∗ µCNCYω + τ + µC[}aβIxJπgF∗λF∗ + µC[kλF∗ (δ+ µB ± θ) + Yδ + µB ± θ[J]� − aβIxJπgF∗λBω, 
Gj∗ = τaβIxJπgF∗λF∗ µCNC

µC[Yω + τ + µC[}aβIxJπgF∗λF∗ + µC(kλF∗ (δ + µB ± θ) + Yδ + µB ± θ[J)� − aβIxJπgF∗λBω], 
λF∗ = λF∗ µCRy(δ + µB ± θ)J(ω + τ + µC)Yω + τ + µC[}aβIxJπgF∗λF∗ + µC[kλF∗ (δ+ µB ± θ) + Yδ + µB ± θ[J]� − aβIxJπgF∗λBω 

 192 

λF∗ = 0, Corresponds to DFE, while the expression for λF∗ below correspond to endemic 193 equilibrium point 194 

λF∗ = µCYδ + µB ± θ[JYω + τ + µC[(Ry − 1)Yω + τ + µC[¨aβIxJπgF∗ + µC©kYδ + µB ± θ[ª« − aβIxJπgF∗ω 
Since Yω + τ + µC[¨aβIxJπgF∗ + µC©kYδ + µB ± θ[ª« − aβIxJπgF∗ω > 0, the condition necessary 195 and sufficient for λF∗ > 0 is µCYδ + µB ± θ[JYω + τ + µC[(Ry − 1) > 0 that is Ry > 1. That 196 completes the proof 197 

The endemic equilibrium point (EEP) for our system E∗ = (ij∗ , �j∗ , Gj∗) is obtained by 198 substituting,   199 λF∗ = µ_Yδuµs±θ[oYωuτuµ_[(¬­�I)Yωuτuµ_[¨lβmnoπpq∗ uµ_©tYδuµs±θ[ª«�lβmnoπpq∗ω in ij∗ , �j∗  � ¡ IC∗ . 200 

    201 

3.5. Local Stability of the disease free equilibrium point (DFE).3.5. Local Stability of the disease free equilibrium point (DFE).3.5. Local Stability of the disease free equilibrium point (DFE).3.5. Local Stability of the disease free equilibrium point (DFE).    202 

To determine the local stability of the disease free equilibrium point we stated and proved the 203 following theorem. 204 

Theorem 3: Theorem 3: Theorem 3: Theorem 3: The DFEP of the system [(6) − (8)]is locally asymptotically stable Ry < 1 and 205 unstable otherwise.    206 

ProofProofProofProof    207 

To establish the local stability of the system[(6) − (8)], we used the Jacobian of the model 208 evaluated at�∗y. Stability of this steady state was then determined based on the signs 209 eigenvalues of the corresponding Jacobian which were functions of the model parameters. The 210 Jacobian matrix evaluated at disease free equilibrium point Ey is obtained as 211 
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¯(Ey) =
°±
±²− aβIxJπgF∗NC(δ + µB ± θ)J + µC − aJβIβJxJπgF∗NC(δ + µB ± θ)J + ω − aJβIβJηxJπgF∗NC(δ + µB ± θ)J

0 aJβIβJxJπgF∗NC(δ + µB ± θ)J − Yω + τ + µC[ aJβIβJηxJπgF∗NC(δ + µB ± θ)J0 τ −µC ³́
µ́ 

Using the Mathematica software the eigenvalues of the matrix ¯(Ey) are; 212 

¶(1) = − aβIxJπgF∗NC(δ + µB ± θ)J + µC, 
 ¶(2) = 12 (−τ − ω − 2µC + RyµCYτ + ω + µC[

ητ + µC
− ·(τ + ω)J + 2Y(−1 + 2η)τ − ω[RyµCYτ + ω + µC[

ητ + µC + RyJµCJYτ + ω + µC[J
Yητ + µC[J )), 

q(3) = 12 (−τ − ω − 2µC + RyµCYτ + ω + µC[
ητ + µC  )

+ ·(τ + ω)J + 2Y(−1 + 2η)τ − ω[RyµCYτ + ω + µC[
ητ + µC + RyJµCJYτ + ω + µC[J

Yητ + µC[J  
 213 

Clearly, ¶(1) < 0. We used Mathematica software to make Rythe subject of the expressions for 214 q(2) and q(3) as below, 215 

12 (−τ − ω − 2µC + RyµCYτ + ω + µC[
ητ + µC )

< ± ·(τ + ω)J + 2Y(−1 + 2η)τ − ω[RyµCYτ + ω + µC[
ητ + µC + RyJµCJYτ + ω + µC[J

Yητ + µC[J  
We found that conditions necessary and sufficient for q(2) � ¡ q(3) to be less than zero is 216 Ry < 1. This completed the proof. 217 

3.6. Global 3.6. Global 3.6. Global 3.6. Global stability of the disease free point.stability of the disease free point.stability of the disease free point.stability of the disease free point.    218 

To prove the global stability, we stated and proved the following theorem. 219 

Theorem 4: Theorem 4: Theorem 4: Theorem 4: The conditions necessary and sufficient for the DFE to be globally asymptotically 220 stable in Lyapunov senseare ¸µ_
τ

+ η¹ ≤ 0 or lβm»oπ|s∗ ^_­ d_Yt(�_uηd_)uδuµs±θ[Yδuµs±θ[ ¸µ_
τ

+ η¹ < µC (^_�^_­ )o^_ +221 

µCIC + IC µ_o
τ

+ µCNC ^_­^_ + ωEC ^_­^_ and unstable otherwise    222 

ProofProofProofProof    223 
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We proposed the following Lyapunov function for the system [(6) − (8)] 224 

L(SC, EC, IC) = SC − ijy − ijy¼  ^_½¾­ + EC + ¿IIC     (9) 225 

L(SC, EC, IC) is positive definite and satisfies  the conditions. For  ]À(^_,�_,d_)]`   to be negative 226 definite, it must satisfy 227 

dLYSCy, ECy, ICy[dt = 0 and dL(SC, EC, IC)dt < 0 
Where, ¿Iand ¿Jwere positive constants to be determined. The time derivative of the Lyapunov 228 function is obtained as, 229 

]À(^_,�_,d_)]` = Á1 − ½¾­^_Â ]^_]` + ¿I Á1 − Ã¾­�_Â ]�_]` + ¿J ]d_]` ,    (10) 230 

On substituting for ]^_]` , ]�_]`  and ]d_]`  in equations (6) -(8)  and considering µCNC = µCijy we 231 obtained; 232 

dL(SC, EC, IC)dt = −µC (SC − SCy)JSC − Yτ + µC[EC + ¿I¨τEC − µCIC« − µCNC ijySC −ωEC ijySC+ � aβIxJπgF∗(EC + ηIC)Yk(EC + ηIC) + δ + µB ± θ[Yδ + µB ± θ[� ijy 
Setting EC to zero we obtain 233 

−Yτ + µC[ + aβIxJπgF∗ijyYk(EC + ηIC) + δ + µB ± θ[Yδ + µB ± θ[ + ¿Iτ = 0. 
¿I = 1 + µC

τ
− aβIxJπgF∗ijy
τYk(EC + ηIC) + δ + µB ± θ[Yδ + µB ± θ[ 

Then 234 

dL(SC, EC, IC)dt = −µC (SC − SCy)JSC − µCIC − IC µCJ
τ

− µCNC SCySC − ωEC SCySC+ aβIKJπNB∗ SCyICYk(EC + ηIC) + δ + µB ± θ[Yδ + µB ± θ[ ¸µC
τ

+ η¹, 
The conditions necessary and sufficient for ]À(^_,�_,d_)]` < 0 are 235 ¸µ_
τ

+ η¹ ≤ 0 or + lβm»oπ|s∗ ^_­ d_Yt(�_uηd_)uδuµs±θ[Yδuµs±θ[ ¸µ_
τ

+ η¹ < µC (^_�^_­ )o^_ + µCIC + IC µ_o
τ

+ µCNC ^_­^_ +236 

ωEC ^_­^_. This completed the proof. 237 

3.7 Bifurcation Analysis.3.7 Bifurcation Analysis.3.7 Bifurcation Analysis.3.7 Bifurcation Analysis.    238 

This bifurcation was explored using the Centre Manifold theory (Junli et al. 2011). The change of 239 variables was made first for simplicity. Let SC = yI, EC = yJ and IC = yÄ, so that, 240 
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NC  =  yI  +  yJ  + y�.  241 

Further, by using vector notation, y =  ( yI, yJ, y�)Å, the insect vector disease model[(6) −242 (8)]was written in the form ÆÇÆ� = �(È), with F = (pI, pJ, p�)Å, as follows: 243 

yIÉ = pI = µCNC + ωyJ − k lβmnoπpq∗ rq∗∗(trq∗∗uδuµs±θ)(δuµs±θ) + µCv yI,              244  (11) 245 

yJÉ = pJ = lβmnoπpq∗ rq∗∗Êm(trq∗∗uδuµs±θ)(δuµs±θ) − Yω + τ + µC[yJ   (12) 246 

y�É = p� = τyJ − µCy�  (13) 247 

With λF∗∗ = aβJ(yJ + ηy�) 248 

The method entailed evaluating the Jacobian of the system [(9) − (11)] at the disease free 249 equilibrium point, byJ(E∗y), has eigenvaluesk− Yωuτuµ_[µ_ËoβoYµ_uητ[ + µC, − Yωuτuµ_[ητuητµ_uµ_o
µ_uητ  , 0v, 250 denoted by ¯(�∗y). This gave: 251 

J(E∗y). =
°±
±²− aβI∗xJπgF∗NC(δ + µB ± θ)J + µC − aJβI∗βJxJπgF∗NC(δ + µB ± θ)J + ω − aJβI∗βJηxJπgF∗NC(δ + µB ± θ)J

0 aJβI∗βJxJπgF∗NC(δ + µB ± θ)J − Yω + τ + µC[ aJβI∗βJηxJπgF∗NC(δ + µB ± θ)J0 τ −µC ³́
µ́ 

We considered the case whereRy = 1. Suppose, further, that βI = βI∗is chosen as a bifurcation 252 parameter. Solving for Ì∗ from RÍ∗ = 1 gives  253 

βI∗ = (δ + µB ± θ)J(ω + τ + µC)µC�JβJxJπgF∗NC(µC + ητ)  
Using Mathematica software the Jacobian of  ]Ê]` = F(y) at the disease free equilibrium point, 254 with β = β∗, denoted by J(E∗y), has eigenvalues k− Yωuτuµ_[µ_ËoβoYµ_uητ[ + µC, − Yωuτuµ_[ητuητµ_uµ_o

µ_uητ , 0v. 255 We obtained one zero eigenvalue and two negative eigenvalues hence, the Centre Manifold 256 theory was used to analyze the dynamics of the model(Junli Liu, et.al 2011).  257 

Eigenvectors of JÎ∗: For the case, when Ry = 1 it can be shown that the Jacobian[J(E∗y)]at 258 

βI = βI∗(denoted byJÎ∗) has a right eigenvector given by u = [uI, uJ, u�]Å , where, 259 

 260 

uI = − loβm∗βonoπpq∗ |_Ïo(δuµs±θ)o − loβm∗βoηnoπpq∗ |_ÏÐ(δuµs±θ)o + ωuJlβm∗ noπpq∗ |_(δuµs±θ)o − µC < 0, uJ = uJ > 0, u� = τuJ
µC > 0, 

Further, JÎ∗ has a left eigenvector(v = [vI, vJ, v�]), where, 261 
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vI = 0,   vJ = vJ > 0, v� = loβm∗βoηnoπpq∗ |_Ño(δuµs±θ)o
µC > 0. 

Since(vI =  0), we only need to compute the partial derivatives of pJ and p� (at the disease free 262 equilibrium point). For the system [(9) − (11)]the associated non-zero partial derivative of f� 263 (at the disease free equilibrium) is given by 264 

ÒoÓoÒÊm ÒÊo = ÒoÓoÒÓo ÒÊm = loβmβonoπpq∗Yδuµs±θ[o   and ÒoÓÐÒÊm ÒÊÐ = ÒoÓÐÒÊÐ ÒÊm = loβmβoηnoπpq∗Yδuµs±θ[o .    265 

This implies that, 266 

r = Ô vJuÕuÖ ∂JpJ∂xÕ ∂xÖ
�

Õ,ÖØI , 
r = ÙvJuIuJ aJβIβJxJπgF∗Yδ + µB ± θ[J + vJuJuI aJβIβJxJπgF∗Yδ + µB ± θ[J + vJuIu� aJβIβJηxJπgF∗Yδ + µB ± θ[J

+ vJu�uI aJβIβJηxJπgF∗Yδ + µB ± θ[J Ú. 
Since uI are less than zero, it follows that, 267 

r = 2vJ ¤uIuJ ∂JpJ∂yI ∂yJ + uIu� ∂JpJ∂yI ∂y�¥ < 0. 
Also, 268 

¶ = ∑ �ÜÝÞ ßoàáßÇâßã∗ (0,0)äÜ,ÞåØI   269 

∂JpJ∂yJ ∂βI∗ = aJβJxJπgF∗NC(δ + µB ± θ)J ; ∂JpJ∂y� ∂βI∗ = aJβJxJπηgF∗NC(δ + µB ± θ)J  
q = Ô vJuÕ ∂JpJ∂yÕ ∂βI∗ =�

ÕØI vJuJ ∂JpJ∂yJ ∂βI∗ + vJu� ∂JpJ∂y� ∂βI∗ , 
q = 2vJ ¤uJ aJβJxJπgF∗NC(δ + µB ± θ)J + u� aJβJxJπηgF∗NC(δ + µB ± θ)J ¥. 

Since vJ, uJ and u� were greater than zero it followed that, q > 0. 270 

Hence, it followed (from theorem of Castillo-Chavez and Song, considered the following general 271 system of ordinary differential equations with a parameter,  βI∗) that when βI∗ <  0  with 272 æβI∗æ ≪ 1, (0,0) is unstable, and there exists a negative and locally asymptotically stable 273 equilibrium; when 0 < βI∗ ≪ 1, (0,0) is stable and there exists a positive unstable equilibrium. 274 

3.8. Global stability of the Endemic Equilibrium point (EEP)3.8. Global stability of the Endemic Equilibrium point (EEP)3.8. Global stability of the Endemic Equilibrium point (EEP)3.8. Global stability of the Endemic Equilibrium point (EEP)    275 
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To determine global stability we stated and proved the following theorem. 276 

Theorem 6:Theorem 6:Theorem 6:Theorem 6:The conditions necessary and sufficient for the EEP to be globally asymptotically 277 stable in Lyapunov sense is ]»(^_,�_,d_)]` ≤ 0 is è > é and unstable otherwise, where,    278 

P = µC (SC − ij∗)JSC + }1 + µC
τ

�µCIC� + aβIxJπgF∗(EC + ηIC)SCYkλB + δ + µB ± θ[Yδ + µB ± θ[
+ � �JβIβJxJπgF∗(�j∗ + ηGj∗ )YkaβJ(�j∗ + ηGj∗ ) + δ + µB ± θ[Yδ + µB ± θ[� ij∗ ij∗SC + ω

ij∗SC EC + }1
+ µC

τ
�τ Gj∗ ECIC , 

 279 

é = �JβIβJxJπgF∗ij∗YkaβJ(EC + ηIC) + δ + µB ± θ[Yδ + µB ± θ[ }EC + ηIC SC�j∗EC + ω
ij∗�j∗SC + }1 + µC

τ
�µCGj∗

+ Yτ + µC[�j∗ + �JβIβJxJπgF∗(�j∗ + ηGj∗)ij∗YkaβJ(�j∗ + ηGj∗ ) + δ + µB ± θ[Yδ + µB ± θ[ 
ProofProofProofProof    280 

We proposed the following Lyapunov function, 281 

K(SC, EC, IC) = SC − ij∗ − ij∗ê  SCij∗ + �EC − �j∗ − �j∗ ê  EC�j∗ � + XI �IC − Gj∗ − Gj∗ê  ICGj∗�, 
�∗ = (ij∗ , �j∗ , Gj∗) 

where, XI is a  positive constant to be determined. The Lyapunov function K(SC, EC, IC) satisfies 282 the conditions, x(ij∗ , �j∗ , Gj∗) = 0 � ¡ K(SC, EC, IC) >  0, hence it is positive definite. For  283 ]»(^_,�_,d_)]`   to be negative definite, it must satisfy, 284 

dK(ij∗ , �j∗ , Gj∗ )dt = 0       and dK(SC, EC, IC)dt < 0. 
Determining the time derivative of the lyapunov equation we obtain, 285 

dK(SC, EC, IC)dt = �1 − ij∗SC� dSCdt + �1 − �j∗EC� dECdt + ¿I �1 − Gj∗IC� dICdt , 
Substituting for ]^_]` , ]�_]`  and ]d_]` and considering that at endemic equilibrium point �∗ =286 (ij∗ , �j∗ , Gj∗)   for the system satisfies equations (6) - (8) 287 

µCNC = −ω�j∗ + k lβmnoπpq∗ rq∗(trq∗ uδuµs±θ)(δuµs±θ) + µCv ij∗ , 288 

aβIxJπgF∗λF∗ ij∗(kλF∗ + δ + µB ± θ)(δ + µB ± θ) = Yω + τ + µC[�j∗ , 
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τ�j∗ = µCGj∗  and  λF∗ = aβJ(�j∗ + ηGj∗),  we obtained, 289 

dK(SC, EC, IC)dt = −µC (SC − ij∗)JSC + ¨−Yτ + µC[ + ¿Iτ«EC
+ �JβIβJxJπgF∗(�j∗ + ηGj∗)ij∗YkaβJ(�j∗ + ηGj∗) + δ + µB ± θ[Yδ + µB ± θ[ − ¿IµCIC
+ �JβIβJxJπgF∗ij∗YkaβJ(EC + ηIC) + δ + µB ± θ[Yδ + µB ± θ[ }EC + ηIC�
− aβIxJπgF∗(EC + ηIC)SCYkλB + δ + µB ± θ[Yδ + µB ± θ[ SC�j∗EC− � �JβIβJxJπgF∗(�j∗ + ηGj∗)YkaβJ(�j∗ + ηGj∗ ) + δ + µB ± θ[Yδ + µB ± θ[� ij∗ ij∗SC − ω

ij∗SC EC − ¿Iτ Gj∗ ECIC+ ω
ij∗�j∗SC + ¿IµCGj∗ + Yτ + µC[�j∗ , 

Setting EC to zero we obtained the following equation, 290 

−Yτ + µC[ + ¿Iτ = 0; ¿I = }1 + µC
τ

�. 
Hence, 291 

dK(SC, EC, IC)dt = −µC (SC − ij∗)JSC − }1 + µC
τ

�µCIC� − aβIxJπgF∗(EC + ηIC)SCYkλB + δ + µB ± θ[Yδ + µB ± θ[
− � �JβIβJxJπgF∗(�j∗ + ηGj∗ )YkaβJ(�j∗ + ηGj∗ ) + δ + µB ± θ[Yδ + µB ± θ[� ij∗ ij∗SC − ω

ij∗SC EC − }1
+ µC

τ
�τ Gj∗ ECIC + �JβIβJxJπgF∗ij∗YkaβJ(EC + ηIC) + δ + µB ± θ[Yδ + µB ± θ[ }EC + ηIC SC�j∗EC+ ω

ij∗�j∗SC + }1 + µC
τ

�µCGj∗ + Yτ + µC[�j∗
+ �JβIβJxJπgF∗(�j∗ + ηGj∗ )ij∗YkaβJ(�j∗ + ηGj∗) + δ + µB ± θ[Yδ + µB ± θ[, 

 292 

Let, 293 

P = µC (SC − ij∗)JSC + }1 + µC
τ

�µCIC� + aβIxJπgF∗(EC + ηIC)SCYkλB + δ + µB ± θ[Yδ + µB ± θ[
+ � �JβIβJxJπgF∗(�j∗ + ηGj∗ )YkaβJ(�j∗ + ηGj∗ ) + δ + µB ± θ[Yδ + µB ± θ[� ij∗ ij∗SC + ω

ij∗SC EC + }1
+ µC

τ
�τ Gj∗ ECIC , 
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é = �JβIβJxJπgF∗ij∗YkaβJ(EC + ηIC) + δ + µB ± θ[Yδ + µB ± θ[ }EC + ηIC SC�j∗EC + ω
ij∗�j∗SC + }1 + µC

τ
�µCGj∗

+ Yτ + µC[�j∗ + �JβIβJxJπgF∗(�j∗ + ηGj∗)ij∗YkaβJ(�j∗ + ηGj∗ ) + δ + µB ± θ[Yδ + µB ± θ[, 
dK(SC, EC, IC)dt = −è + é, 
The conditions necessary and sufficient for the EEP to be globally asymptotically stable in 294 Lyapunov sense that is  ]»(^_,�_,d_)]` ≤ 0 is è > é. This completes the proof. 295 

3.93.93.93.9 : SENSITIVITY ANALYSIS: SENSITIVITY ANALYSIS: SENSITIVITY ANALYSIS: SENSITIVITY ANALYSIS    296 The analytical sensitivity analysis of Ry with various parameters was obtained by partial 297 differentiation as follows, 298 

¡Ry¡ω = − �JβIβJxJπgF∗NCYδ + µB ± θ[JYω + τ + µC[J ¤1 + ητ

µC¥ < 0; ¡Ry¡δ
= − 2�JβIβJxJπgF∗NCYδ + µB ± θ[�Yω + τ + µC[J ¤1 + ητ

µC¥ < 0 
When  θ > 0, Æ¬­Æθ = − Ëoβmβonoπpq∗ |_Yδuµsuθ[oYωuτuµ_[o ì1 + ητ

µ_í < 0 and when θ < 0 then  299 

¡Ry¡θ = �JβIβJxJπgF∗NCYδ + µB + θ[JYω + τ + µC[J ¤1 + ητ

µC¥ > 0; dRydτ = aJβIβJKJπNB∗ NC(ηω + µC[η − 1])
µC(δ + µB ± θ)JYω + τ + µC[J > 0 

¡Ry¡βI = �JβJxJπgF∗NC(δ + µB ± θ)J(ω + τ + µC) ¤1 + ητ

µC¥ > 0;  ¡Ry¡βJ = �JβIxJπgF∗NC(δ + µB ± θ)J(ω + τ + µC) ¤1 + ητ

µC¥> 0 
¡Ry¡K = 2 �JβIβJKπgF∗NC(δ + µB ± θ)J(ω + τ + µC) ¤1 + ητ

µC¥ > 0; ¡Ry¡a = 2 aβIβJxJπgF∗NC(δ + µB ± θ)J(ω + τ + µC) ¤1 + ητ

µC¥> 0 
The parameters which are greater than one are directly proportional to Ry while those that are 300 less than zero are inversely proportional to Ry. Climatic factors  affect immigration or 301 emigration of insects vectors, their biting rate, infection rates and death induced rates.  302 

4.  Results and discussion4.  Results and discussion4.  Results and discussion4.  Results and discussion    303 

The expression for basic reproduction number(Ry) obtained in model analysis estimates the 304 number of secondary exposed plants and/or infectious plant that would be obtained if one 305 infectious plant or exposed plant is introduced into the completely susceptible plant population. 306 If Ry > 1, the disease would invade the plant population and reach endemic equilibrium 307 point(EEP)and should worry stakeholders. If  Ry < 1,the disease would die out.If Ry = 1, the 308 number of infected plants would remain constant. 309 
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The DFEP was found to be locally stable wheneverRy < 1, which means that any starting values 310 are near DFEP, they would move toward DFE asymptotically over time. The conditions 311 necessary for global stability of DFEP and EEP were obtained, inferring that if those conditions 312 are satisfied, any values they take would move toward equilibrium points asymptotically over 313 time. 314 

5. Conclusion5. Conclusion5. Conclusion5. Conclusion    315 

In this paper, we formulated a non-linear deterministic model for plant vector borne diseases by 316 incorporating temperature and precipitation under the biting rate and wind as an agent of 317 immigration and emigration, obtained the conditions for positivity and boundedness, local and 318 global stability of the solution. The expression of vector population at equilibrium point was 319 obtained and incorporated in model to consider shorter life span of vector. The expression of 320 basic reproduction number(îy) was obtained. Basic reproduction number(îy)  estimates the 321 number of secondary infection when one infected individual is introduced in completely 322 susceptible population, this study carried sensitivity analysis to determine how various   323 parameters in the model affectsîy.  Estimated numerical results, normalized sensitivity analysis 324 and simulations to validate the model will be in our next paper. This study developed a 325 deterministic model, future studies can consider stochastic model. 326 
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Appendix 1: List of Variables and ParametersAppendix 1: List of Variables and ParametersAppendix 1: List of Variables and ParametersAppendix 1: List of Variables and Parameters    399 

    VariablesVariablesVariablesVariables    DescriptionsDescriptionsDescriptionsDescriptions    
NB(t) The total population of the vectors NC(t) The total population of the plants SC(t), The population of susceptible plant EC(t) The population of exposed plant IC(t). The population of infected plant SB (t) The population of susceptible vectors IB(t) The population of infected vectors     ParametersParametersParametersParameters     DescriptionsDescriptionsDescriptionsDescriptions π The recruitment rate of  vectors 
µC The recruitment rate of plants  
ω The rates at which EC(t) recover naturally to SC(t). δ The rate at which climate induced death occur in both  SF(t) and GF(t) 
µC The constant natural death rate in subclasses SC(t), EC(t) � ¡ IC(t) 
τ The rate at which EC(t) progresses to IC(t). 
µB The constant natural death rate in subclasses SB(t) � ¡ IB(t) 
θ The immigration and emigration rate of vector (this implies that the rate can be either be positive or negative). βI The infection rates for plants βJ The infection rates for vectors  a The vector biting rate  
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λC The number of individual plants which become infected at given time(force of infection of plants) λB The number of individual plants which become infected at given time(force of infection of plants) 
k            The rate of change of force of infection due to climatic factors. Assumption is 1≥K  400 

Appendix 2: Definition of termsAppendix 2: Definition of termsAppendix 2: Definition of termsAppendix 2: Definition of terms    401 

TermTermTermTerm    DefinitionDefinitionDefinitionDefinition    Susceptible population The populations who are free of infection but are at a risk of contracting the infection. Exposed population The populations that has contracted the infection but are at a lower risk of transmitting it and/or with no signs of infection Infected population The population with the disease causing pathogen and capable of transmitting the infection to other plants or vectors on contact   Basic reproduction number/ratio The number of cases one generates on average over the course of infectious period in a completely susceptible population Bifurcation It occurs when  a smooth change is made to parameter values causes the system to change its behavior Disease free equilibrium point It is infection free point 
Endemic equilibrium point The stationary  point at which the disease has completely invaded the population    402 


