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Abstract

With new approach, trigonometric solutions of the well-known Lane-Emden equation for m = 0,1
are derived. To the best of author’s knowledge these trigonometric solutions oscillating are not
reported in the existing literature yet. New solutions are compared with the classical ones.
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1 Introduction

The well known Lane-Emden (LE) equation is

V(@) + 2y (@) + " @) = 0 (1.1)

subject to the initial conditions
y(0)=1 and %'(0)=0. (1.2)

where m is real number. Since the LE equation is very important it has been the focus of several
studies [1, 2, 3, 4, 5, 6] and more studies which are not reported here. In general, the solution of
the Lane-Emden equation can not be given analytically but only numerically [6, 8, 9, 10]. It is solved
analytically only for m = 0,1 and 5 in [3]. For the other values of m, analytic solutions are still missing
and thus the equation must be dealt with other techniques to get at least either approximate solutions
or exact solutions. It is confirmed that the power series solutions obtained in [ T Tanriverdi, Harran
University, Turkey, Unpublished results ] satisfying (1.1) and (1.2) guarantees that numerical results
obtained in [6, 8, 9, 10] are correct. In these article, with new approach trigonometric solutions which
are not known yet are derived for m = 0, 1.
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2 Main Results
One always rewrites (1.1) as
(Ile)/ +az%y™ = 0. (2.1)

One of the main problems with the LE equation is the singularity occurring at zero which is a challenging
task for many analysts to get its solution. Now set

x = sind. (2.2)
Then one obtains J L4
Y Y
4y _ 2J 2.
dr  cosfdb (2:3)
dy _d(omis) 1
dz? do cosf’ (2:4)
Plugging (2.2), (2.3) and (2.4) into (2.1) one obtains
sin? 6 dy ! L2, m
( os @> + cosfsin” 9y"™ = 0. (2.5)

So one formally has the following theorem.
Theorem 2.1. Equations (2.1) and (2.5) are equivalent.

Theorem 2.2. Letm = 0 hold. Then (2.5) has solution

sin” 0 c1
y(0) + 6 _sin0+02_0'
Proof.
sin? 0 dy ! 2
put- i =0. 2.
(0059 d9> + cosfsin“ 6 =0 (2.6)
Integrating (2.6) one obtains
sin?@dy = sin®6
cos0 do 3 ta=0
where ¢; is a constant. One more integration yields
sin’ 0 c1
vO+ ==~ Gg =0
where ¢, is a constant. O

Corollary 2.3. Let (1.2) andm = 0 hold. Then (2.5) has solution

sin’ 0
6

y(0) =1~

Remark 2.1. Let (1.2) hold. Then classical solution for m = 0 is a parabole y(z) = 1 — % In the

in2
new case, we have an oscillating solution y(§) = 1 — 2%,

Remark 2.2. Let (1.2) hold. The bound for classical solution is |y(z)| < 1+ %. The new solution is
bounded and oscillating around line y(z) = Z for any z since |y(z)| < Z. The classical solution has
a similar bound when x goes to zero. But when z gets bigger then the bound for the old one grows

infinitely.
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Theorem 2.4. Letm =1 hold. Then (2.5) has solution

cos(sin 0) . sin(sin 6)

sin 6 sin
Proof. ltis easy to see that with m =1,
__ sin(sin )
sin 6
satisfies (2.5). If one substitutes
1=
into (2.5) then one gets
u” 4 (2 cos 6 cot(sin #) + tan #)u’ = 0. (2.7)
Now integrate (2.7) one gets
"_ o cos @
sin?(sin @)’
One more integration yields
u = —ccot(sinf) + ca.

So general solution of (2.5) with —c = ¢, is

cos(sin @ in(sin 6
P (.sm ) o sin(sin 6)
sin 6

sin

Corollary 2.5. Let (1.2) andm = 1 hold. Then (2.5) has solution

sin(sin 0)
sinf

y(0) =

Remark 2.3. Let (1.2) hold. Both the classical solution y(z) = S”‘Lﬂ and the new solution y(0) =

sin(snf) are oscillating. It is easy to see that the classical one has infinitely many zeros when z = k,
k is an integer and differs from zero, and —1 < y(z) < 1. However, the new one does not have any
zeros and oscillating around line y(xz) = 1 for any z. If z = kx where k is an integer, then the new
one y(x) — 1 by using L Hospital rule.

One can prove Theorem 2.4 differently from above.
Proof. In (2.5) set sin fy(0) = u(0) then one gets
u” + tan(0)u’ + cos®(0) sin' "™ ()u™ = 0. (2.8)
Now, for m = 1 one gets a solution in [7]
u(0) = c1 cos(sin @) + ¢z sin(sin 6).
Therefore, the desired solution is

y(0) = o1 cos(sin 0) Yo sin(sin 0)
sin 0

sin 6
O

Remark 2.4. It is important to note that the relation of (2.8) to the LE equation is not mentioned in [7]
with m = 1.
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Conclusion

New trigonometric solutions, which are completely oscillating that is not reported yet in the literature,
are derived for m = 0,1. Equation (2.8) which is not studied well and its connection to the LE is
reported.

Competing Interests

Author has declared that no competing interests exist.

References

(1]

(2]
(3]
(4]
(5]
(6]
(7]
(8]

9]

Lane, J-H. (1870). On the theoretical temperature of the sun under the hypothesis of a gaseous
mass maintaining its volume by its internal heat and depending on the laws of gases known to
terrestrial experiment. Am. J. Sci. Arts, Vol. 50, pp. 57-74

Emden, R. (1907). Gaskugeln: Anwendungen der Mechanischen Warmetheorie auf
Kosmologische und Meteorologische Probleme. Leipzig: Teubner

Chandrasekhar, S. (1939). An introduction to the Study of Stellar Structure. Chicago: The
University of Chicago Press

Davis, H-T. (1962). Introduction to Nonlinear Differential and Integral Equations. New York: Dover
Publications

Horedt, G-P. (2004). Polytropes: Applications in Astrophysics and Related Fields. Dordrecht:
Kluwer Academic Publishers

Seidov, S-F and Kuzakhmedov, R-Kh. (1977). Solution of the Lane-Emden problem in series. Sov.
Astron., Vol. 21, pp. 399-400

Polyanin, A-D. and Zaitsev, V-F. (1995). Handbook of Exact Solutions for Ordinary Differential
Equations. Boca Raton: CRC Press

Wazwaz, A-M. (2001). A new algorithm for solving differential equations of Lane-Emden type.
Appl. Math. Comput., Vol. 118, pp. 287-310

Liao, S. (2003). A new analytic algorithm of Lane-Emden type equations. Appl. Math. Comput.,
Vol. 142, pp. 1-16

[10] Ramos, J-I. (2015). Series approach to the Lane-Emden equation and comparison with the

homotopy perturbation method. Chaos Solitons & Fractals, Vol. 38, pp. 400-408

103



	Introduction
	Main Results
	Conclusion

