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1 Introduction

It is well known that the Reed-Muller codes of length p™ over the prime field IF,, are the radical powers
of the modular group algebra F, [Fy~] ([3],[4]).

In general, this property is no longer true for the Generalized Reed-Muller (GRM) codes over a non
prime field Fy,-(r > 1). Let M be the radical of the modular group algebra F,-[G] where G is the
additive group of the Galois ring GR(p", m) of characteristic p” and of rank m. Since F,-[G] is
isomorphic to Fp,r [ Xo, X1, ..., Xm,l]/(Xgr —-1,..., Xj;ll — 1) (see Proposition 3.7), then as shown
in [1], except for M°, M and M™®" =1 none of the radical powers of F,-[G] is a GRM code over the
non prime field F-.

Many authors have described the GRM codes in group algebras, especially in the group algebra
F,~[H] where H is an elementary abelian p-group or H is the additive group of an extension field of
Fpr ([4LI51,[9])-

We give a description of the GRM codes over an arbitrary finite field F,,~ in the group algebra F,-[G]
where G is the additive group of the Galois ring GR(p", m). The main theorem is Theorem 3.4.
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2 Preliminaries

2.1 Galoisring

Let us start with some basic properties of Galois rings (see [10]).

Set Z,» :=Z/p"Z and let h(X) € Z,~[X] be a monic basic irreducible polynomial of degree m. Such
a polynomial always exists by Hensel's Lemma. The Galois ring of characteristic p” and of rank m,
denoted by GR(p", m), is defined as the quotient ring

Zyr [X]/(P(X)). (21)

In particular, GR(p", 1) = Z,» and GR(p',m) = Fym.
GR(p",m) is a local ring with maximal ideal pGR(p", m) and residue field

GR(p",m)/pGR(p", m) = Fpm.
The Galois ring GR(p", m) is a finite chain ring; all the ideals of GR(p", m) are ordered as follows:
{0} =p"GR(p",m) Cp" *GR(p",m) C ... C pGR(p",m) C GR(p", m).

Each element v € GR(p",m) can be expressed as v = p'u where u is an invertible element in
GR(p",m) and in this expression ¢ is unique up to modulo p"~*.

Finally, we recall that if m is a positive integer such that m | m, then GR(p", m1) is a subring of
GR(p",m). Conversely, any subring of GR(p", m) is of the form GR(p", m1) for some mi | m.

2.2 Group algebra of an elementary abelian p-group

We recall in this subsection some properties of the group algebra F,- [F,= ] treated in [2]. Let F' := F,»
be any subfield of F,~. Set G equal to the additive group of the finite field F,~. Thus G can be viewed

as an elementary abelian p-group of order p™, i.e. G is an abelian group such that pg = 0 for every
g € G . Set

R = F[Q] (2.2)
the group algebra of G over the field F. Using polynomial notation, an element of R, which is a
function from G to F', is a formal sum }° _ . a, X ¢ where the coefficient a4 is simply the value of the

function at the group element g.
The operations in the group algebra R are defined as follows:

D agXT+ D beXT =" (ag +by) X7

geG geG geG
(D aaX) Qo baX) = D aghn X =% (3 an-nbn) X"
geG geG g,heG keG heG
and, forc e F,
C(Z agX?) = Z(cag)Xg.
geG geG

X0 is the multiplicative identity of the group algebra R; i.e X% = a for every a € R. We will simply
denote it by 1.
The augmentation map

¢: R—F
Z ag X9 —> Z ag (23)
geaG geG
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is an algebra homomorphism.
The kernel of ¢ is denoted by

M—{Zang€R|Zag—O}. (2.4)
geG geG

Thus, M is an ideal of R.
Since G is an elementary abelian p-group and the coefficients are in a field of characteristic p, then

we have
(D agX)P = (ag)" X" =Y (ag)’X° = (D ag)*X". (2.5)

geG geG geG geG
Proposition 2.1. R is a local group algebra with unique maximal ideal
M =Rad(R) ={a € R|d" =0}
where Rad(R) is the radical of R.

Remark 2.1. Let p be a prime number. Then
1. (=1)*~' =1 mod p.
2. (";YY=(-1)"modpforalli=0,1,...,p— 1.

2

Proposition 2.2. Provided g # 0, we have
p—1
(X9 — 1)?*1 — ZXZQ
=0

Remark 2.2. Let U be a non-empty subset of G. Then

H (X9 — 1)p_1 _ dew X9 if Uis alinearly independent set
0 otherwise

geU
where (U) is the subspace spanned by U.

Let S be a subset of R = F[G]. The annihilator of S is defined by
Ann(S):={a€ R|as=0 forall se S}.
Theorem 2.1. Let G be an elementary abelian p-group of order p™, F' a field of characteristic p and
R = F[G].

1. For any basis {go, ..., gm-1} of G, the p™ elements []"_ ' (X9 — 1) where 0 < e, < p form
a linear basis for R.

2. Moreover, {H’D’:Ol(X 9 — 1) | Z:ol ev >t,0 < e, <p} forms a linear basis of M*, where
M is the radical of R.

3. Ann(M*") = mmP=DH—t,

Definition 2.1. The basis for F'[G] given in theorem 2.1. is called a Jennings basis of the group
algebra.
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3 Main Results

3.1 Group algebra of the additive group of a Galois ring

In this subsection, we give some natural generalizations of the properties of the group algebra
F,-[F,m=] formulated in subsection 2.2.

Let F be the field F,,» of p” elements where p is a prime number and » > 1 is an integer. Set G equal
to the additive group of the Galois ring GR(p", m). Set

R=F[G] = {Zaq g|ag€F} (3.1)

geG
the group algebra of G over the field F. The operations in R are defined as in subsection 2.2.

We consider the ideal M := {dec agX? €ER| Y cqag = 0} of R.

Since G is of characteristic p” and the coefficients are in the field of p” elements, we have by the
Freshmen identity

O~ agX) =3 (ag)” X7 =3 a,X" = (D ag)X°. (3.2)

gea geqG geG geG

Proposition 3.1. R is a local group algebra with unique maximal ideal
M = Rad(R) = {a ER|a" = o}.

Proof. The relation (3.2) shows that (3° .. ag,X9)P" is zero if and only if 37
the radical of R.

Moreover, it shows also that every element of R that is not in M is a unit of R and it follows that M is
the unique maximal ideal of R. O

gec @g = 0. Thus, M is

Remark 3.1. The set {X? | g € G} is a linear basis of R considered as a vector space over F'.

Proposition 3.2. The ideal M is generated linearly over the field F' by the elements X9 — 1 where
g€ G—{0}.

Proof. Each element X¢ — 1isin M. Conversely, let 3" _,a,X? € M,i.e >’ _,a, =0. We have

> agX? = a, (X7~ 1) +1]

geEG geqG
:Z[ag( — 1)+ agl] Zag 71)+Za91
9gei geG geG
—Zag 9-1) (Zag)lzz:ag(Xg—l)
geG geaq geG
= > ag(X7-1).
geG—{0}

Lemma 3.1. Letp be a prime number and r > 1 an integer. Then
1. (=1)?" = =1 mod p.
2 (P71 =(-1)modpforalli=0,1,...,p" — 1.

7
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Proof. The first assertion is trivial. The second can be proved by induction on . O

Proposition 3.3. Provided g # 0, we have

p"—1

(X9 —1)P" 1 Z X

Proof.
. i
(XQ _ 1):0 -1 _ <p ; >( 1)p —1 zng
1=0
p"—1 r_q p"—1
_ <p ] >(_1)prl zng Z ng
1

1=0

by Lemma 3.1. O

From (2.1), notice that
GR(p",m) = Zpr [X]/(h(X))

. (3.3)
={io+ia+...+imaa™ " |i €Ly, 0<1<m—1}
where a := X + (h(X)).
Proposition 3.4. We have
(X' 1) e — P e oy =y xv
geG
Proof. By Proposition 3.3, we have
(X' 1) e — P e oyt
p’—-1 p’-1 p’—1 _ .
= (3 X X)L (3w
i9=0 i1=0 im—1=0
= 3 Xl x| ximoia™
0<i;<p"—1,0<I<m—1
_ 3 xioltitat . dig_1a™ "t X0
0<i;<p"—1,0<I<m—1 geG
O
Set
E:=[0,p"™ —-1]={0,1,...,p"™ -1} (3.4)
the set of integers between 0 and p™" — 1. Let i be an element of E and
i =id0+i1p" +i2p” + ...+ imorp ™" (3.5)
where 0 <4 <p" —1foralll=0,1,...,m — 1 its p"-adic expansion.
The p"-weight of 7 is defined by
m—1
i (3.6)
=0
Then, set
. —1
Vii= (XD =)0 (X = 1)L (X 1=t (3.7)
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and
By :={V;|i € E,wpr(i) >t} (3.8)
forallt suchthat0 <t < m(p" —1).

Proposition 3.5. By is a linear basis of R over F.

Proof. We have card(By) = p"™ = dimr(R) where card(By) is the number of elements in By and

dimp (R) is the dimension of R over F'.
Let us prove that By is a linearly independant set over F'. Consider the linear combination

Y. AVi=0

wpr(i)zﬂ
where \; € F forall : € E . We have

MoVo + Z AiVi=0

wpr (1) >1
where 1, = 1 is the identity element of R. Multiplying by V,~m_1, we get

MVprmoi+ > AViVprmo1 =0,

wpr (1) >1

Let ¢ € E such that w,-(7) > 1. Then, there is an integer [ (0 < ! < m — 1) such that ¢; > 1. Thus,
ii+p" —1>p". Since (X9 —1)?" = 0 for any g, we have
m—1

ViVirm _y = (X1 — 1) P" =1 (x® — )t ol (e yimete 1 g,

Then
0=XVprm_1=Xo ZXg
geqG

by Proposition 3.4. Hence, Ao = 0.
Thus, we have

> oavi=o.

wpr (1)>1
Let ¢ € E such that wy- (i) = 1. We have
AVit YD NV =0
wpr (§) =147
Multiplying by V- _1_;, we have
AiViVprm 14 + Z NV Vprm 13 = 0.

wpr () 21,57

Let j =30 aw'" #i= 3", up'" be two elements of E such that w,r(j) > 1 = w,r(i). Then,
thereis aninteger I (0 <! <m —1)suchthatj; > i;,andhencej; >4 +1landji+p" —1—1i; >
(ii+1)+p —1—1i;=p". Since (X9 —1)* =0forany ge G, we have

m—1

ViVprm 1 = (X1 — 1)jot®’=1=io - (xo _qyitrT=lmi o xe™ T qyimeatr S lmimen g

105



British Journal of Mathematics and Computer Science X(X), XX-XX, 20XX

Consequently,
0=X\ViVprm 13 =X »_ X7
geqG
Hence \; = 0.
Continuing in this way, we have
Xi =0forall ¢ € E suchthatw,-(i) =1,and \; = 0forall : € E suchthatw,-(i) =2,3,...,m(p"—
1). O

Corollary 3.2. B, is a linear basis of M over F.

Proof. Since B1 C By, then Bj is a linearly independant set of R over F. And since V; € M for all
such that w,- (i) > 1, By C M. Moreover, we have dimp (M) = p™™ — 1 = card(B1). O

Corollary 3.3. B is a linear basis of M* over F where 1 <t < m(p" — 1).
Proof. Since B, C Bo, B; is a linearly independant set of R over F. M"* is generated as ideal by the

set{ai1az...a; | a; € M,1 <i < t}. Consider a product aias . ..a; where a; € M foralli (1 < ¢ <t).
Since M is linearly generated by By over F, then we have

S
@i = E : Ai; Vi
Jj=1

where \;; € F'forall i and j. Therefore,

t pt™—1
alag...at:H( Z )\Z]V]): Z B]VJ € By
=1 j=1 wpr (§) =2t

where §8; € F. Anditis clear that a finite sum of such products is a linear combination of the elements
of B; with coefficients in . Thus, M" is generated by B; over F. O

Remark 3.2. The index of nilpotency of the radical M is 1 + m(p" — 1). And we have the following
sequence of ideals:

{0} = Mm@ =D ¢ pymT-D ¢ c M?c M CR.
Proposition 3.6. Ann(M?) = M =Vt where 1 < t < m(p" — 1).
Proof. Let ¢ be an integer such that 1 < ¢ < m(p” — 1). By Corollary 3.3, (3.8), (3.7) and (3.3),
By :={Vi|i€ E,wpr(i) >t}
is a linear basis of M* over F' where
Vii= (X' —1DOX* =1 (XY —1)ime

andi =ig+i1p" + ... +im_1p™ V(0 <4 < p" —1,VI) by (3.5).

By definition, Ann(M") :== {a € R |as =0 forall s € M'}.

Since the index of nilpotency of M is 1 4+ m(p" — 1), then we have Ann(M?) D MI+mE" —D—t,
Let a € Ann(M*). Since a € R, we have

a= Z iV

wpr (1) >0
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where \; € Fforall ie E .
Let ¢ € E suchthat w,-(i) = m(p" —1). Thus, i =p™™ — 1.
Since Vprm 1 € M™® =1 C M*, then

a‘/prmfl = )\ovprmfl = )\0 Z Xg =0.
geG
Hence, \o = 0.
Leti € E such thgt wpr (i) =m(p" —1) — 1.
Since V; € M™®" ~D=1 C Mt then

aVi=X\ Y X'=0
geG
wherei= (p" —1—ido) +(p" —1—i)p" +...4+ (" — 1 — im_1)p™ V", Hence A\; = 0. We have
wpr (1) = m(p” — 1) — wpr (i) = 1. Therefore, \; = 0 forall i € E such that w,r (i) = m(p” — 1) — 1.
Let ¢ € E suchthatwy-(i) =m(p" —1) — 2.
Since V; € M™®"~D=2 C M*, then
aVi =X Y X?=0.
geG

Hence X; = 0. It follows that A; = 0 for all ¢ € E such that wpr (i) = m(p” — 1) — 2, i.e wpr(7) = 2.
Continuing in this way, finally let ¢ € E such that w, (i) = t.
Since V; € M*, then

aVi=X\ Y X’=0.

geaG

Hence )\; = 0 with w,r (i) = m(p” — 1) — .
It follows that A\; = O for all i € E such that wyr (i) = ¢, i.e wpr (i) = m(p” — 1) — ¢.
Then a € M™® ~H=t+1, O

3.2 Isomorphism

We give here an isomorphism between F,-[G] and F,r [Xo, X1, ..., Xm_1]/(XE —1,...,XP | —1)
where G is the additive group of the Galois ring GR(p", m).
Recall that F- [G] = {deGang | ag € Fpr}.

Proposition 3.7. The group algebra |G| is isomorphic to the quotient ring
Fpr[Xo, X1, ..., X ] /(X2 —1,..., X2 —1).

Proof. Consider the mapping

1/): Fr[Xo,Xl,...7Xm71]—>]F T[G]

’ " (3.9)
Xi — Xa

where « is defined in (3.3).

It is clear that the ideal <X§’T —1]0<i<m-— 1> C ker .

Conversely, let a(Xo, ..., Xm—1) € kert. By using the division algorithm in Fy,- [ Xo, X1,..., Xn_1]
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(see [6]) with the lexicographic order such that Xo > X1 > ... > X,,,_1, letus divide a(Xo, ..., Xm-1)
by {Xg"" — 1., XP 1}. We have

a(Xo, .., Xm_1) =bo(XE = 1)+ ... 4 bm (X = 1) +9(Xo,-. s Xm_1)
where b; € Fpr[Xo, X1,..., Xm—1] forall i and

9(Xo, ..., Xm—1) = Z Gio,..., imleéo...X;;"’:ll

$(a(Xo, .., Xno1)) = $(g(Xo, ., Xin-1)
T IS < L T}

0<ip<pr—1
By Remark 3.1, gi,.....i,,_, = 0 forall i such that 0 <4, <p" —1(0 < k < m — 1). This implies that
9(Xo, ..., Xm_1) = 0 and thus a(Xo, ..., Xm_1) € <X§’T —1]0<i<m~— 1>. O

By the isomorphism induced by (3.9), the group algebra F,~[G] and the quotient ring
B=Fp[Xo,X1,..., Xm 1]/(XE" —1,...,X” _, —1) have the same algebraic structure. We can identify
the elements of B with the elements of F,~[G] in the following way:

] ) io im—1 ] ) doldigadt...dip_1a™™ !
§ Gigseorim—1%0 L1 7 E Gigseeyim—1X
0<ip<p”—1,0<k<m-—1 0<ip<p”—1,0<k<m—1

where z; = X; + <X§’T —1]0<i<m-— 1>. In particular, B and F,~[G] are local algebras and the
index of nilpotency of their radicals is 1 + m(p" — 1). It was proved in [1] that, except for Rad(B) and

(Rad(B))™®" =1 none of the powers of Rad(B) is a GRM code if » > 1. The same result is true for
F,~[G]. Thus, a description of the GRM codes in F,~[G] is proposed in the next subsection.

3.3 Description of the GRM codes

We describe the GRM codes in Fp,» [GR(p", m)].
Setn :=¢™ —1where ¢ = p", pis a prime number and r, m are integers > 1. Let A = F,[Z]/(Z" -1).
We have

A= {ao taz4+ ... tan_2"t | a; € ]Fq}
where z = Z + (Z" — 1).
The shortened Generalized Reed-Muller code of length » and of order v (0 < v < m(q — 1)) over Fy
denoted by HC, (m, q) is the ideal of A generated by

folz) = II (z—=7") (3.10)

0<wqg(i)<m(q—1)—v—1

where ~ is a primitive element of the finite field Fo= ([8],[14]), and wq () is defined in (3.6).
Recall that G is the additive group of the Galois ring GR(p", m).
Let us order the elements of G = {0, go, 91, .., gqm—2} as follows:

0<go<gr <...<ggm—a.
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Thus, we have the following identification:

m

> gec 0 X? € FqG] «— (ag)gec € (Fq)?
Let us order the monomials {X7 | g € G} such that
X9 < X% ifand only if g; < g;.

Fora =3 cqasX? € Fy[G], set md(a) := maz {g € G | ag # 0} and we define the leading term of
a by
LT(a) = amd(a)de(a).

Consider the linear transformation

p: A—F4G]

n

|
-

= 3.11
ao+arz+ ...+ an-12""" — (= ai)XO—i—Zangi @11

=0

Il
<}

%

The Generalized Reed-Muller codes of length ¢™ and of order v (0 < v < m(qg—1)) over I, is defined
by

Cuv(m, q) = ¢(HC\(m,q)).
We have the following sequence:
{0} C Co(m, q) C C1(m,q) C -+ C Cruggy-1(m, q) C Fo[G] (3.12)
The morphism ¢ sets up a one to one correspondance between HC, (m, q) and C, (m, q), thus
dimy, (C\ (m, q)) = dimy, (HC\(m, q)). (3.13)

Since HC\, (m, q) is the cyclic code of length ¢" — 1 over F, generated by f. (z), then

dime, (HC, (m,q)) = ¢™ — 1 — deg(f,(2)) (3.14)
where deg(f.(z)) is the degree of the polynomial f, (z).
Set _ A
0, = ¢(2’ fu(2)) (3.15)
where 0 < v <m(¢g—1)—1.
By (3.11), we have _
LT(6)) = X%des(=3 fu(2)) (3.16)

Set
N(t) := card({k € [0,¢™ — 1] | wq (k) = t})
where [0, ¢™ — 1] is the set of integers between 0 and ¢ — 1 (see (3.4),(3.5) and (3.6)) .

Theorem 3.4. We have
1. {63} is a linear basis of Co(m, q).

2. The set ,
K, :={00}u{6] |1 <i<wv,0<j<N(m(q—1)—1i)— 1} forms alinear basis for C,(m,q)
wherel <v <m(qg—1)—1.
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Proof. Let v be an integer such that 0 < v < m(q — 1) — 1. We have

0 =o(fo() = [ G- =00+z+2"+. . +27 )= X7
i=1 geG

Since dimg, (Co(m, q)) = dimp, (HCo(m,q)) = ¢ —1 — (¢™ — 2) = 1, then the first assertion is
proved.
For the integer v such that 1 < v < m(q — 1) — 1, f.(z) is a monic polynomial and by (3.10) ,

deg(fv(2)) = L9 VT N ().
Thus,

deg(z'fu(2) =i+ >, N(t)

forl1 <j< N(m(g—1)—v)—1
By (3.16) , for the elements ¢/ in K, we have

LT(63) < LT(0F) if A > p, and LT(#4,) < LT(6%) if j < k.
This implies that the elements of K, are linearly independant. And by (3.12) , they are elements of

CV(m7 q)
Itis clear that card(K,) =1+ ., N(m(qg — 1) —1).

And since
N(m(q—1) — i) = deg(fi-1(2)) — deg(fi(2))
= (¢" — 1 —deg(fi(2))) — (¢" — 1 — deg(fi-1(2)))
= dimy, (HCi(m, q)) — dimp, (HC;—1(m, q))
= dimg, (Ci(m, q)) — dimg, (Ci—1(m, q)),
then card(K,) = dimg, (Cy(m, q)). O

For m = 1, we consider the case of the Reed-Solomon codes C, (1, ¢) of length ¢ and of order v
over F,.

Corollary 3.5. C. (1, q) is linearly generated over F, by the set {9? |0<i<v}where0<v<q—2.

3.4 Example

We consider the GRM codes of length 16 over F, in F4[GR(2%,2)]. Let G = {0, g0, 91, - .., 914} be the
additive group of the Galois ring GR(22%,2) with 0 < go < g1 < ... < g14.

Co(2,4):

We have Cy(2,4) = p(HCo(2,4)) with HCo(2,4) = (fo(z)) and

14

fo(z) = H (zf'yi):H(zfyi):1+z+z2+...+z

0<w4(i)<5 i=1

14

where + is a primitive element of F15. We have 03 = ¢(fo(2)) = X° 4+ X9 4 X9 4 ...+ X914, Thus,
LT(69) = X914,
By (8.13) and (3.14) , we have

dimg, (Co(2,4)) = dimg, (HCo(2,4)) = 15 — deg(fo(2)) = 15 — 14 = 1.
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Thus, Co(2,4) is linearly generated over 4 by 63.
Cy (2, 4):
We have C1(2,4) = p(HC1(2,4)) with HC1(2,4) = (f1(2)) and

= I -9

0<wy(i)<4
Consider N(5) := card({k € [0,15] | wa(k) = 5}) = card({11,14}) = 2.
We have deg(fi(z)) = deg(fo(z)) — N(5) =14 — 2 = 12.

By (3.13)and (3.14) ,
dimg, (C1(2,4)) = dimg, (HC1(2,4)) = 15 — deg(f1(2)) = 15 — 12 = 3.

On the other hand, by (3.16) , we have LT(69) = X912 and LT(01) = X913,
From (3.12) , we have
00(2,4) C 01(2,4).

Thus, {60,67,601} = K is a linearly independent set in C1(2,4). Then it is a linear basis of C1(2,4).
02(2, 4):
We have C5(2,4) = (HCa(2,4)) with HC2(2,4) = (f2(2)) and

BE= I -9

0<wa (:)<3
Consider N(4) := card({k € [0,15] | wa(k) = 4}) = card({7,10,13}) = 3.
We have deg(f2(z)) = deg(f1(z)) — N(4) =12 -3 =09.

By (3.13) and (3.14) ,
dim]F4 (02(2,4)) = dim]F4(HCQ(2,4)) =15— deg(fg(z)) =15—-9=6.

On the other hand, by (3.16) , we have LT(69) = X%, LT(63) = X9° and LT(03) = X911,
From (8.12) , we have
Co(2,4) C C1(2,4) C C2(2,4).
Thus, {65,67,61,65,63,605} = K, is a linearly independent set in C2(2,4). Then it is a linear basis of
02(2, 4).
03(2,4):
We have C3(2,4) = p(HC3(2,4)) with HC5(2,4) = (f3(2)) and

)= I &=

0<wy (i) <2

Consider N(3) := card({k € [0, 15] | wa(k) = 3}) = card({3,6,9,12}) = 4.
We have deg(fo(2)) = deg(fa(2)) — N(3) = 9 — 4 = 5.
By (3.13) and (3.14) ,

dimg, (C3(2,4)) = dimg, (HC3(2,4)) = 15 — deg(f3(2)) = 15 — 5 = 10.
On the other hand, by (3.16) , we have LT(63) = X9, LT(03) = X%, LT(63) = X7 and LT(63) =
X8,
From (3.12) , we have
00(2,4) C 01(2,4) C 02(2,4) C 03(2,4).

Thus, {60,69,061,69,05,05,09,03,03,03} = Ks is a linearly independent set in Cs(2,4). Then itis a
linear basis of C'3(2,4).
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C4(2,4) :
We have C4(2,4) = p(HC4(2,4)) with HC4(2,4) = (f4(z)) and

pE= I G-
0<wy (i)<1

Consider N(2) := card({k € [0,15] | wa(k) = 2}) = card({2,5,8}) = 3.
We have deg(f4(2)) = deg(f3(2)) — N(2) =5—-3=2.
By (3.13) and (3.14) ,

dimg, (C4(2,4)) = dimg, (HC4(2,4)) = 15 — deg(f1(z)) = 15 — 2 = 13.
On the other hand, by (3.16) , we have LT(69) = X2, LT(0;) = X and LT(63) = X%.
From (3.12) , we have
00(2,4) C 01(2,4) C 02(2,4) (- 03(274) C 04(2,4).

Thus, {60,69,61,69,05,05,09,03,03,03,03,01,03} = K, is a linearly independent set in C4(2,4).
Then itis a linear basis of C4(2,4).

C5(2,4):

We have C5(2,4) = o(HCs(2,4)) with HCs(2,4) = (f5(2)) and

= ] E-2)=1
0<wy (i)<0
Then deg(f5(z)) = 0.
By (3.13) and (3.14) ,
dimM (05(2,4)) = dim]F4 (HC5(2, 4)) =15— deg(fs(z)) = 15.
On the other hand, by (3.16) , LT(02) = X% and LT(63) = X 9.
From (8.12) , we have
00(2,4) C 01(2,4) C 02(2,4) C 03(2,4) C 04(2,4) C 05(2,4).

Thus, {69,67,61,65,063,063,63,03,05,603,609,01,0%,08,05} = K5 is a linearly independent set in
C5(2,4). Then itis a linear basis of C5(2,4).

4 CONCLUSIONS

a In the subsection (2.1), we recall the definition and some properties of the Galois ring GR(p", m).

b In the subsection (2.2), we summarize some results on the group algebra F,~[F,~ | developed by
Assmus and Key in [2]. In particular, some facts about a linear basis of the group algebra
F,-[F,m] called Jennings basis ([7]) are pointed out.

o

In the subsection (3.1), We give some generalizations of the properties of F,- [F,~]| presented in
subsection (2.2) by considering the group algebra F,~[G] where G is the additive group of the
Galois ring GR(p", m).

d In the subsection (3.2), we establish a natural isomorphism between F,[G] and

For [Xo, X1y ooy X} /(XP —1,..., X2 | —1).

e In the subsection (3.3), we describe the GRM codes over a finite field IF,,» in F,~[G] by using the

fact that GRM codes are extended cyclic codes.
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f In the subsection (3.4), an example is given.

A possible future work is to determine a new decoding algorithm according to this description of the
GRM codes.
A binary Reed-Muller code was used to transmit excellent pictures of the planet Mars taken by the

Satellite Mariner to Earth. | think that if one can propose a new decoding method from the algebraic
structure of the GRM codes and construct a fast decoding algorithm, the GRM codes become a more
powerful tool in the area of communication.
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