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Abstract

In this paper, we purpose to prove the support theorem of the random evolution
equation

dX(t) = σ(X(t), Z(t))dWt + b(X(t), Y (t))dt (E)

where X = {X(t), t ∈ [0; 1]} is the solution of (E) considered as which a
random-variable to value in Cα,0([0; 1];Rd). The coefficients σ and b satisfied
Lipschitz condition and linear growth and depend to Z = {Z(t), t ∈ [0; 1]} and
Y = {Y (t), t ∈ [0; 1]} and W is a d-dimensional brownian motion.
For this, we use the method of approximations of the solution of random evolution
equations and extend the results well-known of diffusion processes.
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1 Introduction.
Stroock and Varadhan (1992) was began first to precise a support theorem for stochastic differential

equations(SDE) in finite dimensional state spaces and with finite dimensional Wiener processes.
Their research was next employed by different authors. Ben Arous; Gradinaru and Ledoux (1994)
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was extended for these results in Hölder-norm for α < 1
4
, and Ben Arous and Gradinaru (1993) for

α ∈ [0, 1
2
[. Aida (1990) used these methods for SDEs in separable Hilbert spaces driven by Wiener

processes without infinitesimal generators.

Furthermore, in Millet and Sanz-Solé (1994), another methods as an approximation method for
both inclusion was founded for obtained a support theorem for diffusion processes. This approach
follow the next framework. Stochastic integral is changed into a deterministic one. In Bally and
Millet (1995),Bally and Millet (1995) , Cardon-Weber and Millet (2000) , Kusuoka and Stroock (1993),
Millet and Sanz-Solé (1994), approximations were follow a main step to characterize the support of
the distribution of each stochastic evolution equations, treated in each of them. Nakayama (2004)
established a support theorem for the one dimensional heat or Burger’s equation for general mild
solution in Hilbert spaces.

But at 2002, Ledoux; Qian and Zhang (2002) was proved a support theorem for diffusion processes
via rough path. This approach consist to use continuity theorem of Lyons for rough path in p-variation
topology to transfer support theorem for geometric rough path associated with brownian motion to
support theorem for solution to SDE with respect to p-variation distance.

In this paper, we purpose to give in Cα,0([0; 1];Rd) a characterization of the topological support
law of the process X := {Xt, t ∈ [0, 1]} solution of the random evolution equation (see Mellouk
(2000)): 

dX(t) = σ(X(t), Z(t))dWt + b(X(t), Y (t))dt

X(0) = x
(1.1)

where x ∈ Rd, W is a standard Brownian motion on (Ω,F ,Ft,P), Y is a progressively measurable
random process which satisfies some integrability conditions, and Z is random process such that
topological support of Z is a compact subset of Cα,0([0; 1];Rd). Furthermore, W is independent of
(Y,Z) and: σ : Rd × Rl −→ Rd ⊗ Rk and b : Rd × Rm −→ Rd satisfy the following hypotheses:
(H0): the function b(x, y) is jointly measurable in (X,Y ) and their exist a constant Cb > 0 such that

|b(x, y)| ≤ K(1 + |x|) ∀(x, y) ∈ Rd × Rm

|b(x, y)− b(x′, y′)| ≤ Cb(|x− x′|+ |y − y′|) ∀ x, x′ ∈ Rd; y, y′ ∈ Rm.

(H1): The function σ is C2 and jointly measurable in (x, z) with linear growth and their exist a constant
Cσ > 0 such that

|σ(x, z| ≤ K ∀ (x, z) ∈ Rd × Rl

|σ(x, z)− σ(x′, z′)| ≤ Cσ(|x− x′|+ |z − z′|) ∀ x, x′ ∈ Rd; z, z′ ∈ Rl.

Let α > 0, and denote by Cα([0; 1];Rd) the set of α−Hölder continuous functions, i.e of continuous
functions f : [0, 1]→ Rd such that

||f ||α = sup
{0≤|t−s|≤1}

|f(t)− f(s)|
|t− s|α <∞.

Define the Hölderian modulus of continuity of f by

ωα(f, δ) = sup
0<|t−s|≤δ

|f(t)− f(s)|
|t− s|α .

The norm ||.||α is called the α−Hölder norm. It is well known that the trajectories X are α−Hölder
continuous for α ∈

[
0, 1

2

[
. It is well known that Cα([0, 1];Rd) is not separable but its closed subspace,

defined by
Cα,0([0, 1];Rd) = {f ∈ Cα([0, 1];Rd); lim

δ→0
ωα(f, δ) = 0},
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is separable.
Let H = {h(t) =

∫ t
0
ḣ(s)ds, ḣ ∈ L2([0, 1])}, the Cameron-Martin space associated of the norm

||h||H =
( ∫
|ḣt|2dt

) 1
2 . For all h ∈ H, ψ ∈ suppY , and χ ∈ suppZ, S(h, ψ, χ) is a solution of

differential ordinary equation.

 dS(h, ψ, χ)t =
(
b(S(h, ψ, χ)t, ψt)− 1

2
(∇xσ)σ(S(h, ψ, χ)t, χt)

)
dt+ σ(S(h, ψ, χ)t, χt)ḣtdt

S(h, ψ, χ)0 = x
(1.2)

where suppY is the support of distribution of Y , and suppZ is the support of distribution of Z .

The aim of this paper is to prove the characterization of the support of P ◦ X−1 as the closure
S of the set {S(h, ψ, χ), h ∈ H, ψ ∈ suppY et χ ∈ suppZ} in Cα,0([0; 1];Rd). The proof used the
approximation theorem for stochastic system using adapted linear interpolations ωn of ω. Thus we
cheek that ||S(ωn, ψ, χ)−X||α and ||X(ωn−ω+h)−S(h, ψ, χ)||α converge to zero in L2. Since the
law of the Tn defined by transformation Tn of ω defined by Tn(ω) = ωn−ω+h is absolutely continuous
with respect to P (by Girsanov’s theorem). The second convergence yields that the support of P ◦X−1

contains S, while the first one provides the converse inclusion in the usual way.

This method has been used by Millet and Sanz-Solé (1994) for the diffusion process (Z ≡ 0 and
Y ≡ 0). We adapted and extended this in our situation.

2 General results and approximations
In this section, we state criteria of convergence in Holder norms and a general theorem characterizing

of the law of the Weiner functional. The following proposition is a consequence of the Garcia-
Rodemich-Rumsey lemma (see e.g. Stroock and Varadhan (1979) p.60).

Proposition 2.1. (i) Let (Rn(t))t∈[0,1] be a sequence of Rd−valued processes such that
(A1) For every p ∈ [1,∞) there exists C such that

sup
n
E(|Rn(t)−Rn(s)|2p) ≤ C|t− s|p

for every s, t ∈ [0, 1].
Then, for any λ > 0 and β < p−1

2p
, there exists C > 0 such that

sup
n
P
(

sup
|s−t|≤1,s 6=t

|Rn(t)−Rn(s)|
|t− s|β > λ

)
≤ Cλ−2p. (2.1)

(ii) Let (Rn(t))t∈[0,1] be a sequence of Rd−valued processes such that (A1) and the following
assumption (A2) is satisfied:

(A2) For any ε > 0

lim
n→∞

P ( sup
0≤i≤2n

|Rn(i2−n)| > ε) = 0.

Then, for any α ∈ [0,
1

2
[, one has that

lim
n
P (‖Rn‖α > ε) = 0.
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The following proposition state sufficient conditions for inclusions on the support of the law of
the measurable map F : Ω −→ E, where (E, ‖.‖) is a separable Banach space. The proof is
straightforward.

Proposition 2.2. Let F : Ω −→ E be measurable.
(i) Let ξ1 : H −→ E be a measurable map, and let Hn : Ω −→ H be a sequence of variables such
that for any ε > 0 ,

lim
n
P
(
‖F (ω)− ξ1(Hn(ω))‖ > ε

)
= 0 (2.2)

then

supp(P ◦ F−1) ⊂ {ξ1(h) : h ∈ H}. (2.3)

(ii) Let ξ2 : H −→ E be a map and for fixed h let Thn : Ω −→ Ω be a sequence of measurable
transformations such that P ◦ (Thn )−1 << P , and for any ε > 0,

lim sup
n

P
(
‖F (Thn (ω)− ξ2(h))‖ < ε

)
= 0 (2.4)

Then
supp (P ◦ F−1) ⊃ {ξ2(h) : h ∈ H}. (2.5)

Given a positive integer n > 0 , let Dn = {i2−n; 0 ≤ i ≤ 2n} denote the set of n−dyadic points .
For t ∈ [0, 1], k

2n ≤ t < k+1
2n , set

t̄n =
k

2n
, tn =

k − 1

2n
∨ 0,

and let Wn be the adapted linear interpolation of ω defined by

Wn
t = Wtn + 2n(t− t̄n)(Wt̄n −Wtn).

We consider the map ξ1 = ξ2 = S(.), Hn(ω) = ωn, and Thn (ω) = ω − ωn + h. Girsanov’s theorem
implies that P ◦ (Thn )−1 is absolutely continuous with respect to P. Let Xn(ω) = X(ω − ωn + h).
Fix α < 1

2
and let β ∈]α; 1

2
[; X − x and X ◦ Thn − x, S(ωn, ψ, χ)− x a.s. belong to Cβ([0, 1],Rd) and

have initial value 0, using Ciesielski ( Ciesielski (1960)), on the isomorphisms spaces Hα , it is easy
to see that they also belong to the separable Banach space Hα

0 of Cα([0, 1],Rd) defined by:

Hα
0 = {f ∈ Cα([0, 1],Rd); f(0) = 0, |f(t)− f(s)| = ◦(|t− s|α) as |t− s| −→ 0}.

Thus, by proposition 2.2, the equality supp P◦(X)−1 = S will follow from the following convergence
results for every δ > 0.

lim
n
P (‖S(ωn, ψ, χ)−X(ω)‖α > δ) = 0, (2.6)

lim
n
P (‖X(ω − ωn + h)− S(h, ψ, χ)‖α > δ) = 0. (2.7)

Approximation of stochastic integrals of Riemann sums imply that Xn(ω) is solution of the SDE

Xn
t = x+

∫ t

0

σ(Xn
s , Zs)dWs −

∫ t

0

σ(Xn
s , Zs)ω̇

n
s ds+

∫ t

0

σ(Xn
s , Zs)ḣsds+

∫ t

0

b(Xn
s , Ys)ds. (2.8)

Let Xn be a map which ωn 7−→ X(ωn) a map which (Y,Z) 7−→ X(ωn)(Y,Z) solution of (2.8). Put
Xn
t = X(ωn)(Y,Z) = X(ωn, Yt, Zt).

S(ωn, ψ, χ) satisfies,

S(ωn, ψ, χ)t = S(ωn, ψ, χ)0 +

∫ t

0

σ(S(ωn, ψ, χ)s, χs)ω̇
n
s ds+

∫ t

0

(
b(S(ωn, ψ, χ)s, ψs)

− 1
2
(∇xσ)σ(S(ωn, ψ, χ)s, χs)

)
ds.

(2.9)
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Thus both processes (Xn
. ) and (S(ωn, ψ, χ).) are particular cases of the different processes

(Kn
. ) and (K̃n

. ), solutions of the following stochastic differential equations:

Kn
t = x+

∫ t

0

F (Kn
s , Zs)dWs +

∫ t

0

G(Kn
s , Zs)ω̇

n
s ds+

∫ t

0

H(Kn
s , Zs)ḣsds

+

∫ t

0

I(Kn
s , Zs)ds+

∫ t

0

B(Kn
s , Ys)ds,

(2.10)

and

K̃n
t = x+

∫ t

0

F (K̃n
s , χs)dWs +

∫ t

0

G(K̃n
s , χs)ω̇

n
s ds+

∫ t

0

H(K̃n
s , χs)ḣsds

+

∫ t

0

I(K̃n
s , χs)ds+

∫ t

0

B(K̃n
s , ψs)ds,

(2.11)

where the coefficients F,G,H, I and B satisfy the following conditions:
(C1) F,G,H, I : Rd×Rl −→ Rd⊗Rk are globally Lipschitz functions i.e. there existsCF , CG, CH , CI >
0, such that

|F (x, z)− F (x′, z′)| ≤ CF (|x− x′|+ |z − z′|),
|G(x, z)−G(x′, z′)| ≤ CG(|x− x′|+ |z − z′|),
|H(x, z)−H(x′, z′)| ≤ CH(|x− x′|+ |z − z′|),
|I(x, z)− I(x′, z′)| ≤ CI(|x− x′|+ |z − z′|),

∀ x, x′ ∈ Rd; z, z′ ∈ Rl.
(C2) G is of class C2 with bounded partial derivative, there exists CGx , CGy et CGxy such that

|∂G
∂x

(x, z)| ≤ CGx

|∂G
∂y

(x, z)| ≤ CGz

| ∂
2G

∂xi∂xj
(x, z)| ≤ CGxz i, j = 1, 2.

(C3) B : R+ × Rd × Rd −→ Rd, there exists CB

|B(x, y)−B(x′, y′)| ≤ CB(|x− x′|+ |y − y′|) ∀ x, x′ ∈ Rd; y, y′ ∈ Rm.

Given the coefficients F,G,H, I and B, let (Lt) be a solution of the SDE:

Lt = x +

∫ t

0

[F (Ls, Zs) +G(Ls, Zs)]dWs +

∫ t

0

H(Ls, Zs)ḣsds+

∫ t

0

[B(Ls, Ys) + I(Ls, Zs)]ds

+

∫ t

0

∇G(Ls, Zs)[F (Ls, Zs) +
1

2
G(Ls, Zs)]ds.

(2.12)
Fix α ∈ [0, 1

2
[ and for every ε > 0, we consider the following convergences:

lim
n
P
(
||Kn − L||α > ε

)
= 0 (2.13)

and
lim
n
P
(
||K̃n − L||α > ε

)
= 0. (2.14)

Then (2.6) et (2.7) are the particular cases of (2.14).
Indeed, for F = 0;G = σ;H = 0; I = − 1

2
(∇σ)σ and B = b, we obtain (2.6) and for F = σ;G =

5
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−σ;H = σ, I = 0 et B = b, we obtain (2.7).

For s, t ∈ [0, 1], p ∈ [1,∞[, there exists an constantC depend of p;CF , CH , CI , CG, CB , CGx , CGz , ||ḣ||
such that

E
(
|Lt − Ls|2p

)
≤ C|t− s|p. (2.15)

Indeed, for s, t ∈ [0, 1] and p ∈ [1,+∞), we have

Lt − Ls =

∫ t

s

[F (Lu, Zu) +G(Lu, Zu)]dWu +

∫ t

s

H(Lu, Zu)ḣudu+

∫ t

s

[B(Lu, Yu) + I(Lu, Zu)]du

+

∫ t

s

∇G(Lu, Zu)[F (Lu, Zu) +
1

2
G(Lu, Zu)]du.

Then

E|Lt − Ls|2p) ≤ 22p−1
{

E
(
|
∫ t

s

F (Lu, Zu) +G(Lu, Zu)dWu|
)2p

+ E
(
|
∫ t

s

H(Lu, Zu)ḣudu|
)2p

+E
(
|
∫ t

s

B(Lu, Yu) + I(Lu, Zu)du|
)2p

+E
(
|
∫ t

s

∇G(Lu, Zu)[F (Lu, Zu) +
1

2
G(Lu, Zu)]du|

)2p}
.

Burkholder’s inequality implies

E
∣∣∣ ∫ t

s

F (Lu, Zu) +G(Lu, Zu)dWu

∣∣∣2p ≤ E
( ∫ t

s

|F (Lu, Zu) +G(Lu, Zu)|2du
)p

≤ C(p, CF , CG)|t− s|p.

(2.16)

Using Schwartz’s inequality, we have

E
∣∣∣ ∫ t

s

H(Lu, Zu)ḣudu
∣∣2p ≤

( ∫ t

s

E|H(Lu, Zu)|2du
)p

(

∫ t

s

E|ḣu|2du|
)p

≤ C(p, CH , ||h||2H)|t− s|p.

(2.17)

By Hölder’s inequality

E
(
|
∫ t

s

B(Lu, Yu) + I(Lu, Zu)du|
)2p ≤ C(p, CB , CI)|t− s|p (2.18)

and since (∇G)G and (∇G)F are Lipschitz, we obtain

E
(
|
∫ t

s

∇G(Lu, Zu)[F (Lu, Zu) +
1

2
G(Lu, Zu)]du|

)2p ≤ C(p, CF , CG, CGx , CGz )|t− s|p. (2.19)

The moments estimate (2.16)-(2.19) imply (2.15).

We consider for all s, t ∈ [0, 1], p ∈ [1,∞[,

sup
n
E
(
‖Kn

t −Kn
s ‖2p

)
≤ C|t− s|p; (2.20)

sup
n
E
(
‖K̃n

t − K̃n
s ‖2p

)
≤ C|t− s|p (2.21)

6
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and
lim
n
E
(

sup
0≤i≤2n

|Kn
i2−n − Li2−n |2

)
= 0; (2.22)

lim
n
E
(

sup
0≤i≤2n

|K̃n
i2−n − Li2−n |2

)
= 0. (2.23)

3 Main result and discussion

The following theorem is the main result of this paper.

Theorem 3.1. Let σ and b be functions such that conditions (H0) and (H1) are satisfied and let X be
a solution of random evolution equation (1.1). Then, for any α ∈ [0, 1

2
[, the support of the probability

P ◦X−1 in Cα([0, 1],Rd) is the closure S of the set {S(h, ψ, χ), h ∈ H, ψ ∈ suppY, χ ∈ suppZ} where
S(h, ψ, χ) is given by (1.2).

For the proof of this theorem, it suffice to checking the moments estimate (2.21) and (2.23) by
proposition 2.2. Otherwise, using (2.13), (2.20) and (2.22) together with the following results, we
obtain (2.23).

Proposition 3.1. Let (R) be a random processes and let ν ∈ SuppR. Then

lim
n
E
(

sup
0≤i≤2n

|νi2−n −Ri2−n |2
)

= 0. (3.1)

Proof. Since P (R ∈ suppR) = 1, there exists ν̃ ∈ suppR such that ν̃ = R(t) for any t ∈ [0, 1]. Then,
we prove that E

(
sup0≤i≤2n |νi2−n − ν̃i2−n |2

)
→ 0 when integer n is large enough. And the following

results in Mellouk (2000) complete our proof: sup0≤i≤2n |νi2−n− ν̃i2−n | → 0 as n is large enough.

The following theorem is the one of version of the Arzelà-Ascoli Theorem(see Mellouk (2000)
pp-979).

Theorem 3.2. A set A ⊂ Cα;0([0, 1],Rd) has compact closure in Cα([0, 1],Rd) if and only if the
following two conditions holds:

sup
f∈A
‖f‖α <∞

and
lim
δ↓0

sup
f∈A

ωα(f, δ) = 0.

The following results are consequences of this theorem. Since suppZ is a compact subset of
Cα;0([0, 1],Rd), the above theorem 3.2 implies

lim
n

sup
t∈[0;1]

|χs − χsn| = 0 (3.2)

and by the triangular inequality together with the proposition 3.1 and (3.2), we obtain

lim
n

sup
t∈[0;1]

|Zs − Zsn| = 0. (3.3)

We will consider two cases for the proof of the main result.
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3.1 Bounded case
We check that the moments estimates (2.20); (2.21); (2.22) et (2.23) are true. Furthermore we

will prove the following propositions.

Proposition 3.2. Let F,G,H, I and B be the functions such that conditions (C1)− (C3) are satisfied
and let (Kn

. ) and (K̃n
. ) be the respective solutions of (2.10) and (2.11). Then given p ∈ [1;∞),

there exists a constant C depend on p, CF , CG, CH , CI , CB , CGx , CGz and ||h||H such that for every
s, t ∈ [0; 1], we obtain (2.20) and (2.21).

Proposition 3.3. Assume F,G,H, I andB the functions such that conditions (C1)−(C3) are satisfied
and that the solution (Kn

. ) of (2.10) satisfies (2.20). Then, we obtain (2.22).

Proof of the proposition 3.2. the proof of (2.20) and (2.21) are similar. It is enough to show one of
them.
Fix p ∈ [1;∞), s, t ∈ R. Then, for every n ≥ 1;

E
(
|Kn

t −Kn
s |2p

)
≤ C(T1 + T2 + T3 + T4 + T5) (3.4)

with

T1 = E
(∣∣∣ ∫ t

s

F (Kn
u , Zu)dWu

∣∣∣2p) ,
T2 = E

(∣∣∣ ∫ t

s

G(Kn
u , Zu)ω̇nudu

∣∣∣2p) ,
T3 = E

(∣∣∣ ∫ t

s

H(Kn
u , Zu)ḣudu

∣∣∣2p) ,
T4 = E

(∣∣∣ ∫ t

s

I(Kn
u , Zu)du

∣∣∣2p) ,
T5 = E

(∫ t

s

B(Kn
u , Yu)du

∣∣∣2p) .
Burkholder’s inequality on T1, from Schwartz and Hölder’s inequalities, we have

T1 + T3 + T4 + T5 ≤ C(n, p, CF , CH , CI , CB , ||h||2H)|t− s|p.

Finally, T2 ≤ T2,1(n) + T2,2(n), where

T2,1(n) = E
(
|
∫ t

s

G(Kn
un
, Zun

)ω̇nudu|2p
)
,

T2,2(n) = E

(∣∣∣∣∫ t

s

|G(Kn
u , Zu)−G(Kn

un
, Zun

)||ω̇nu |du
∣∣∣∣2p
)
.

We have,
sup
n
T2,1(n) ≤ C(n, p, CG)|t− s|p.

Let a > 1, b > 1, such that 1
a

+ 1
b

= 1; using Hölder’s inequality

T2,2(n) ≤ |t− s|2p−1

∫ t

s

E{|G(Kn
u , Zu)−G(Kn

un
, Znun

)||2pa}
1
a {E|ω̇nu |2pb}

1
b du

≤ C(p, CG)|t− s|2p−12np
∫ t

s

E{(|Kn
u −Kn

un
|+ |Zu − Zun

|)2pa}
1
a du.

Furthermore, the proof of (2.20) reduce to check that this estimate follow the particular case s = un
et t = u. These arguments imply that

sups E

(
|
∫ s

sn

{F (Kn
u , Zu)dWu +H(Kn

u , Zu)ḣudu+ [I(Kn
u , Zu) +B(Kn

u , Yu)]du}|2p
)

≤ C(p, CF , CH , CI , CB , ||h||H)2−np.
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Therefore, we should checking that for each p ∈ [1;∞),

sup
s

E

(∣∣ ∫ s

sn

G(Kn
u , Zu)ω̇nudu

∣∣2p) ≤ C(n, p, CG)2−np.

Indeed,

E
(∣∣ ∫ s

sn
G(Kn

u , Zu)ω̇nudu
∣∣2p) ≤ CE

(
(2n

∫ s̄n
sn
|G(Kn

u , Zu)|du)2p|Wsn −Wsn−2−n∨0|2p
)

+CE
(

(2n
∫ s
s̄n
|G(Kn

u , Zu)|du)2p|Ws̄n −Wsn |
2p
)

≤ C
[
E
(
|Wsn −Wsn−2−n∨0|2p

)
+
(
|Ws̄n −Wsn |

2p
)]

≤ C(n, p, CG)2−2n.

This inequality implies supn T2,2(n) ≤ C(n, p, CG)|t− s|p. The proof of (2.20) is complete.

We will need the following lemmas for the proof of proposition 3.3. We are omitted their demonstrations
which are in Millet and Sanz-Solé (1994).

Lemma 3.3. Suppose that (Kn
. ) is a sequence of processes such that (2.20) holds. Let be f a

globally Lipschitz function; then

lim
n

E

(
sup

1≤k≤2n

∣∣∣ ∫ k2−n

0

f(Kn
sn
, Zsn){ω̇ns ds− dWs}

∣∣∣2) = 0. (3.5)

Lemma 3.4. Let (Jnt ; t ∈ [0; 1]) be a sequence of measurable processes such that there exists
p ∈ [1;∞), C > 0 and an sequence α(n) such that

lim
n
α(n) = 0, et sup

t
E(|Jnt |2p) ≤ α(n)2−np (3.6)

then

lim
n

E

(
sup

1≤k≤2n

∣∣∣ ∫ k2−n

0

|Jns ω̇ns |ds
∣∣∣2) = 0. (3.7)

Proof of proposition 3.3. For the proof of (2.22), let n ≥ 1, t = k.2−n

Kn
t − Lt =

∫ t

0

[
(F +G)(Kn

sn
, Zsn)− (F +G)(Lsn , Zsn

]
dWs

+

∫ t

0

[
H(Kn

sn
, Zsn)−H(Lsn , Zsn)

]
ḣ(s)ds+

∫ t

0

[
I(Kn

sn
, Zsn)− I(Lsn , Zsn)

]
ds

+

∫ t

0

{
B(Kn

sn
, Ys) + [(5G)F +

1

2
(5G)G](Kn

sn
, Zsn)−B(Lsn , Ys)

−[(5G)F +
1

2
(5G)G](Lsn , Zsn)

}
ds+

6∑
β=1

Anβ(t)
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where :

An1 (t) =

∫ t

0

[
F (Kn

s , Zs)− F (Kn
sn
, Zsn)− (F +G)(Ls, Zs) + (F +G)(Lsn , Zsn)

]
dWs,

An2 (t) =

∫ t

0

[
H(Kn

s , Zs)−H(Kn
sn
, Zsn)−H(Ls, Zs) +H(Lsn , Zsn)

]
ḣ(s)ds,

An3 (t) =

∫ t

0

[
I(Kn

s , Zs)− I(Kn
sn
, Zsn)− I(Ls, Zs) + I(Lsn , Zsn)

]
ds,

An4 (t) =

∫ t

0

{
B(Kn

s , Ys)−B(Kn
sn
, Ys)− [B(Ls, Ys) + [(5G)F +

1

2
(5G)]G(Ls, Zs)]

+B(Lsn , Ys) + [(5G)F +
1

2
(5G)G](Lsn , Zsn)

}
ds,

An5 (t) =

∫ t

0

G(Kn
sn
, Zsn)[ω̇ns ds− dWs],

An6 (t) =

∫ t

0

[G(Kn
s , Zs)−G(Kn

sn
, Zsn)]ω̇ns ds− [(5G)F +

1

2
(5G)G](Kn

sn
, Zsn)ds.

Gronwall’s lemma apply to
ϕ(t) = E( sup

i.2−n≤t
|Kn

i.2−n − Li.2−n |2)

imply that

E( sup
0≤i≤2n

|Kn
i.2−n − Li.2−n |2) ≤ C(n,CF , CG, CH , CI , ||h||H)

6∑
β=1

E( sup
0≤i≤2n

|Anβ(i2−n)|2).

Burkholder’s inequality, (3.3) and proposition 3.2 imply that E(supt|An1 (t)|2) ≤ C(n,CF , CG)2−n since
(2.12) is a particular case of (2.10).
By Schwartz’s inequality,(2.15) and (3.3), we have E(supt|An2 (t)|2) ≤ C(n,CH)‖h‖2H2−n and
E(supt|An3 (t)|2) ≤ C(n,CI)2

−n.
Since (∇G)F and (∇G)G are Lipschitz; proposition 3.2, (2.15) and (3.3) imply E(supt|An4 (t)|2) <∞.
Lemma 3.3 yields limn E(supt|An5 (t)|2) = 0. Therefore the proof of (2.22) reduce to check that,

limn E
(

sup
0≤j≤2n

∣∣∣ ∫ j.2−n

0

[
G(Kn

s , Zs)−G(Kn
sn
, Zsn)

]
ω̇ns ds

−
∫ j.2−n

0

[
(5G)F +

1

2
(5G)

]
(Kn

sn
, Zsn)

∣∣∣2) = 0.

Indeed, by Taylor’s formula∣∣∣G(Kn
s , Zs)−G(Kn

sn
, Zsn)−∇G(Kn

sn
, Zsn)

(
Kn
s −Kn

sn

) ∣∣∣ ≤ C(n,CG, CGx , CGz )
(
|Kn

s −Kn
sn
|+|Zs−Zsn |

)2

.

Let

ϕn(s) =

∫ s

sn

{
[F (Kn

u , Zu)− F (Kn
un
, Zun

)]dWu + [G(Kn
u , Zu)−G(Kn

un
, Zun

)]ω̇nudu

+H(Kn
u , Zu)ḣ(u)du+ [B(Kn

u , Yu) + I(Kn
u , Zu)]du

}
.

Then

E( sup
1≤j≤2n;

|An6 (j.2−n)|2) ≤ c(n,CH , CI , CB)

6∑
β=1

Bnβ
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where

Bn1 = E

(
sup

1≤j≤2n

∣∣∣ ∫ j.2−n

0

(
|Kn

s −Kn
sn
|+ |Zs − Zsn |

)2

|ω̇ns |ds
∣∣∣2) ,

Bn2 = E

(
sup

1≤j≤2n

∣∣∣ ∫ j.2−n

0

|5G(Kn
s , Zs)ϕn(s)||ω̇ns |ds

∣∣∣2) ,
Bn3 = E

(
sup

1≤j≤2n

∣∣∣ ∫ j.2−n

0

(5G)F (Kn
sn
, Zsn)

(∫ s̄n

sn

dWu

)
ω̇ns ds

−
∫ j.2−n

0

(5G)F (Kn
sn
, Zsn)ds

∣∣∣2),
Bn4 = E

(
sup

1≤j≤2n

∣∣∣ ∫ j.2−n

0

(5G)F (Kn
sn
, Zsn)

(∫ s

s̄n

dWu

)
ω̇ns ds

∣∣∣2) ,
Bn5 = E

(
sup

1≤j≤2n

∣∣∣ ∫ j.2−n

0

(5G)G(Kn
sn
, Zsn)

(∫ s

s̄n

ω̇nudu

)
ω̇ns ds

−1

2

∫ j.k.2−n

0

(5G)G(Kn
sn
, Zsn)ds

∣∣∣2),
Bn6 = E

(
sup

1≤j≤2n

∣∣∣ ∫ j.2−n

0

(5G)G(Kn
sn
, Zsn)

(∫ s̄n

sn

ω̇nudu

)
ω̇ns ds

∣∣∣2) .
Let Jns =

(
|Kn

s −Kn
sn
| + |Zs − Zsn |

)2

, E|Jns |2p ≤ α(n)2−np where α(n) = Cp2
−np, proposition 3.2

and lemma 3.4 imply limnB
n
1 = 0. Let Jns = ∇G(Kn

s , Zs)ϕn(s), then proposition 3.2 and Hölder’s
inequality imply that if a > 1 , b > 1 are conjugate exponents such that 1

a
+ 1

b
= 1, for any p ∈ [0,∞)

and s ∈ [0, 1],

E(|Jns |2p) ≤ {E(|5G(Kn
s , Zs)|2pa)}

1
a {E(|ϕn(s)|2pb)}

1
b

≤ C(n,CGx , CGz ){E(|ϕn(s)|2pb)}
1
b .

(3.8)

Therefore, apply lemma 3.4, it suffices to check that supt E(|ϕn(s)|2p) ≤ α(n)2−2p with limα(n) = 0.
Burkholder’s inequality, H0̈lder inequality, (3.3) and proposition 3.3 yield

E(|ϕn(s)|2p) ≤ CE
[∣∣∣ ∫ s

sn

(
|Kn

u −Kn
un
|+ |Zu − Zun

|
)2

du
∣∣∣p

+2n

(∫ s̄n

sn

(
|Kn

u −Kn
un
|+ |Zu − Zun

|
)2p

du
)
|Wsn −W(sn−2−n)∨0|

2p

)
+2n

(∫ s

s̄n

(
|Kn

u −Kn
un
|+ |Zu − Zun

|
)2p

du)|Ws̄n −Wsn |
2p

)
+

(
sup{(

∫
I

|ḣ(u)|2du))p : λ(I) ≤ 21−n}2−(n−1)(p−1) + 2−n(2p−1)

)
×
∫ s

sn

(1 + |Kn
u |2p)du

]
≤ C(p, CB , CF , CG, CH , CI)2

−npα(n),

where α(n) = 2−np + sup{(
∫
I
|ḣ(u)|2du)p : λ(I) ≤ 21−n} −→ 0 as n→∞. Thus, lemma 3.4 implies

that limnB
n
2 = 0.
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Since Kn
(i−1)2−n and (W(i+1)2−n −Wi.2−n) are independent,

Bn3 = E( sup
1≤k≤2n

∣∣∣ (k−2)∨0∑
i=0

(5G)F (Kn
(i−1)2−n∨0, Z(i−1)2−n∨0)

×[(W(i+1)2−n −Wi.2−n)2 − 2−n]
∣∣∣2)

≤
2n−2∑
i=0

E((5G)F (Kn
(i−1)2−n∨0, Z((i−1)2−n∨0)))

2

×E[(W(i+1)2−n −Wi.2−n)2 − 2−n)|2]
≤ C(CF , CGx , CGz )2n2−2n −→ 0 when n → +∞.

An similar computation yields

Bn5 ≤ C(CF , CGx , CGz )2n2−2n −→ 0 when n → +∞.

Using Doob’s inequality and proposition 3.2; we have

Bn4 ≤ E(
∣∣∣ ∫ 1

0

2n(s̄n + 2−n − s)(5G)F (Kn
sn
, Zsn)[Ws̄n −Wsn ]dWs

∣∣∣2)

≤ C
∫ 1

0

E(|(5G)F (Kn
sn
, Zsn)|2)E(|Ws̄n −Wsn |

2)ds

≤ C(n,CF , CGx , CGz )2−n;

and the conjugate exponents a > 1 and b > 1,

Bn6 ≤ E(
∣∣∣ ∫ 1

0

(5G)G(Kn
sn
, Zsn)(

∫ s

sn

ω̇nudu)dWs

∣∣∣2)

≤ C
∫ 1

0

E([(5G)G(Kn
sn
, Zsn)]2a)

1
aE(|Wsn −W(sn−2−n)∨0|

2b)
1
b ds

≤ C(n,CGx , CGz )2−n.

This complete the proof of limn E
(
sup1≤k≤2n |An6 (k.2−2n)|2

)
= 0, and hence that of the proposition.

Proposition 3.4. Assume F,G,H, I andB the functions such that conditions (C1)−(C3) are satisfied
and that the solution (K̃n

. ) of (2.11) satisfies and (2.21). Then, we obtain (2.23).

Proof. For t = i.2−n with i = 0 to 2n

K̃n
t − Lt =

∫ t

0

[
(F +G)(K̃n

sn
, χsn)− (F +G)(Lsn , Zsn

]
dWs

+

∫ t

0

[
H(K̃n

sn
, χsn)−H(Lsn , Zsn)

]
ḣ(s)ds+

∫ t

0

[
I(K̃n

sn
, χsn)− I(Lsn , Zsn)

]
ds

+

∫ t

0

{
B(K̃n

sn
, ψs) + [(5G)F +

1

2
(5G)G](K̃n

sn
, χsn)−B(Lsn , Ys)

−[(5G)F +
1

2
(5G)G](Lsn , Zsn)

}
ds+

6∑
β=1

Qnβ(t)
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where :

Qn1 (t) =

∫ t

0

[
F (K̃n

s , χs)− F (K̃n
sn
, χsn)− (F +G)(Ls, Zs) + (F +G)(Lsn , Zsn)

]
dWs,

Qn2 (t) =

∫ t

0

[
H(K̃n

s , χs)−H(K̃n
sn
, χsn)−H(Ls, Zs) +H(Lsn , Zsn)

]
ḣ(s)ds,

Qn3 (t) =

∫ t

0

[
I(K̃n

s , χs)− I(K̃n
sn
, χsn)− I(Ls, Zs) + I(Lsn , Zsn)

]
ds,

Qn4 (t) =

∫ t

0

{
B(K̃n

s , ψs)−B(K̃n
sn
, ψs)− [B(Ls, Ys) + [(5G)F +

1

2
(5G)]G(Ls, Zs)]

+B(Lsn , Ys) + [(5G)F +
1

2
(5G)G](Lsn , Zsn)

}
ds,

Qn5 (t) =

∫ t

0

G(K̃n
sn
, χsn)[ω̇ns ds− dWs],

Qn6 (t) =

∫ t

0

[G(K̃n
s , χs)−G(K̃n

sn
, χsn)]ω̇ns ds− [(5G)F +

1

2
(5G)G](Kn

sn
, χsn)ds.

We have

|K̃n
t − Lt|2 ≤ c(n,CF , CG, CH , CI , CB , CGx , CGz , ||h||2H)

×
[ ∫ t

0

{
|K̃n

sn
− Lsn |

2 + |χsn − Zsn |
2 + |ψs − Ys|2

}
ds+

6∑
ζ=1

Qnζ (t)
]
.

Using Grownwal’s lemma applied to

ϕ̃(t) = E( sup
i.2−n≤t

|K̃n
i.2−n − Li.2−n |2),

we obtain

E(supi.2−n≤t|K̃n
t − Lt|2) ≤ C(n,CF , CG, CH , CI , CB , CGx , CGz , ||h||2H)

(
E(supi.2−n≤t

∫ t
0
|χsn − Zsn |

2dt)

+E(supi.2−n≤t
∫ t

0
|ψs − Ys|2dt) +

∑6
ζ=1 E(supi.2−n≤t(Q

n
ζ (t))

)
.

By proposition 3.1, we obtain

E( sup
i.2−n≤t

|K̃n
t − Lt|2) ≤ C(n,CF , CG, CH , CI , CB , CGx , CGz , ||h||H)

( 6∑
ζ=1

E( sup
i.2−n≤t

(Qnζ (t)))
)
.

Furthermore, the rest to prove that E(supi.2−n≤t(Q
n
j (t)) −→ 0 as n tend to∞ for j = 1 to 6.

Thus, by Burkholder’s inequality, (3.2), (3.3) and (2.15); we have

E(sup
t
|Qn1 (t)|2) ≤ C(n,CF , CG)2−n

and using the argument above and the idea of the proof of the moment estimate Ani (t) for i = 2 to 6,
we obtain

6∑
ζ=2

E( sup
i.2−n≤t

(Qnζ (t)) ≤ C(n,CF , CG, CH , CB , CGx , CGz , ||h||H)2−n.

Proposition 3.2, 3.3 and 3.4 complete the proof of the main result.
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3.2 Unbounded case
In this section, we will check theorem 3.1 for b and σ unbounded.

Define for R > 0,

mR := sup{b(t, x, y), σ(t, x, z), t ∈ [0, 1], |x| < R, |y| < R, |z| < R},

bRi := −(mR − 1) ∨ bi ∧ (mR + 1) and σRi,j := −(mR − 1) ∨ σi,j ∧ (mR + 1), 0 ≤ i, j ≤ 1. Let
bR := (bRi )1≤i≤2d and σR := (σRi,j)1≤i,j≤2d, then b(t, x, y) = bR(t, x, y) and σ(t, x, z) = σR(t, x, z)
for |x| < R, |y| < R, and |z| < R. Furthermore bR and σR verify Lipschitz condition. Consequently,
for R > 0 large enough, b(t, x, y) = b(R)(t, x, y) and σ(t, x, z) = σ(R)(t, x, z) for x, y, z ∈ Rd with
|x| < R, |y| < R, et |z| < R such that σ(R) is globally Lipschitz and bounded and b(R) is of class C1

and bounded.
Let XR be the solution of differential equation

dXR(t) = σ(R)(X(t), Z(t))dWt + b(R)(X(t), Y (t))dt.

We need the following proposition for the proof of the main result.

Proposition 3.5. For all t ∈ [0, 1],

lim
R→∞

E
(

sup
t
|X(t)−XR(t)| > δ

)
= 0 δ > 0. (3.9)

Proof. Consider for t ∈ [0, 1],

X(t)−XR(t) =
[
σ(X(t), Z(t))− σ(R)(X(t), Z(t))

]
dWt +

[
b(X(t), Y (t))− b(R)(X(t), Y (t))

]
dt.

The construction of b(R) and of σ(R) which verify Lipschitz condition and the local uniqueness of the
solution of truncated SDE for R large enough imply (3.9).

Finally, we may follow the argument in the case of bounded coefficients and we complete the
proof of the main result.

4 Conclusion
In the first section, we state historical support theorem for different equations study by many

authors before to give the aim of our work which prove the support theorem of random evolution
equations in Hölder norm. In second section, the basic results and tools necessary are given for
proving our main result. At third section,we propose two cases: b and σ are bounded or none for the
proof of our main result.

Acknowledgment
The authors would like to thank the anonymous referees for their valuable comments and suggestions

for improving the quality of this work.

References
Aida, S., Support theorem for diffusion processes on Hilbert spaces, Publ. RIMS, Kyoto Univ. 26)

1990 pp 947-965.

14



British Journal of Mathematics and Computer Science X(X), XX–XX, 20XX

Bally, V., Millet, A. Sanz-Solé, M., Approximation and support theorem in Hölder norm for parabolic
stochastic differential equations, Ann.Proba, 23, 1995, pp 101-109.

Bally, V., Millet, A. Sanz-Solé, M., Approximation and support theorem in Hölder norm for parabolic
stochastic partial differential equations, Ann.Proba, 23, 1995, pp 178-222.

Ben Arous, G., Gradinaru, M., Normes hölderiennes et support des diffusions, C. R. Acad. Sci. Paris,
316: 1993, pp 283-286.

Ben Arous, G., Gradinaru, M., Ledoux M., Hölder norms and the support theorem for diffusions, Ann.
Inst. H. Poincaré Probab. Statist., 30, no3, 1994, 415- 436.

Cardon-Weber, C., Millet, A., A support theorem for a generalized Burgers SPDE, Potential Anal. 15,:
2000, pp 361-408.

Ciesielski, Z., On the isomorphisms of the spaces Hα and m, Bull, Acad. Pol. Sc., 8, 1960, pp
217-222.

Gyöngy, I., Pröhile, T., On the approximation of stochastic differential equations and on Stroock-
Varadhan’s support theorem, Computers Math. Applic, 19, 1990, 65-70

Kusuoka, S., Stroock, D.,Asymptotic problems in probability theory: Wienerfunctionals and
Asymptotics, in : K. D. Elworthy and N. Ikeda(Eds)., Pitman Research Notes in Math. Series
284,Longman Scient. Tech., 1993, pp 3-34.

Ledoux, M., Qian, Z., Zhang, T., Large deviations and support theorem for diffusion processes via
rough paths, Stoch. Proc. and their Appl.,102, 2002, pp 265-283.

Mackevicius, V., On the support of the Solution of Stochastic differential Equations, Lietuvos
Matematikow Rinkings XXXVI (1), 1986, pp 91-96.

Mellouk, M. A large deviation principle for an random evolution equation Bernouilli 6(6), 2000, pp
977-999.

Millet, A. and Sanz-Solé, M., A simple proof of the support theorem for diffusion processes, In: I.
Azema, P.-A. Meyer, M. Yor (eds) Seminaire de Proba XXVIII, 1583, ( Lect. Notes Math. vol.1583),
Berlin Heidelberg New york: Springer, 1994, pp 36-48.

Millet, A. and Sanz-Solé, M., Support of the solution to an hyperbolic SPDE„ Prob. Theory and Rel.
Fields, 98, 1994, pp 361-387.

Nakayama T., Support Theorem for mild solutions of SDE’s in Hilbert spaces, J Maths. Sci. Univ.
Tokyo, 11: 2004, pp 245-311.

Stroock, D.W., Varadhan, S.R.S., On the support of diffusion processes with applications to the strong
maximum principle, Proc. of Sixth Berkeley Symp. of Math. Stat. Prob. III 1970, University of
California Press, Berkeley, 1992, pp 333-359.

Stroock, D.W., Varadhan, S.R.S., Multidimensional processes, Springer-Verlag,Berlin Heidelberg
New York, 1979.

Twardowska, K., Support theorem for stochastic nonlinear partial differential equations,in I. Csiszar,
Gy. Michaletzky( Eds.), Stochastic differential and difference equations(Györ 1996) Systems
Control Theory,23, Birkhauser, Boston, 1997, pp 309-317.

15


	Introduction.
	General results and approximations
	Main result and discussion
	Bounded case
	Unbounded case

	Conclusion



