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Abstract

In this paper, we purpose to prove the support theorem of the random evolution
equation

AX () = (X (t), Z(£))dW; + b(X (), Y (£))dt (E)

where X = {X(t),t € [0;1]} is the solution of (E) considered as which a
random-variable to value in C*%([0;1];R%). The coefficients o and b satisfied
Lipschitz condition and linear growth and depend to Z = {Z(t),t € [0;1]} and
Y ={Y(t),t € [0;1]} and WV is a d-dimensional brownian motion.

For this, we use the method of approximations of the solution of random evolution
equations and extend the results well-known of diffusion processes.
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Introduction.

Stroock and Varadhan (1992) was began first to precise a support theorem for stochastic differential

equations(SDE) in finite dimensional state spaces and with finite dimensional Wiener processes.
Their research was next employed by different authors. Ben Arous; Gradinaru and Ledoux (1994)
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was extended for these results in Holder-norm for @ < %, and Ben Arous and Gradinaru (1993) for
o € [0, ]. Aida (1990) used these methods for SDEs in separable Hilbert spaces driven by Wiener
processes without infinitesimal generators.

Furthermore, in Millet and Sanz-Solé (1994), another methods as an approximation method for
both inclusion was founded for obtained a support theorem for diffusion processes. This approach
follow the next framework. Stochastic integral is changed into a deterministic one. In Bally and
Millet (1995),Bally and Millet (1995) , Cardon-Weber and Millet (2000) , Kusuoka and Stroock (1993),
Millet and Sanz-Solé (1994), approximations were follow a main step to characterize the support of
the distribution of each stochastic evolution equations, treated in each of them. Nakayama (2004)
established a support theorem for the one dimensional heat or Burger’s equation for general mild
solution in Hilbert spaces.

But at 2002, Ledoux; Qian and Zhang (2002) was proved a support theorem for diffusion processes
via rough path. This approach consist to use continuity theorem of Lyons for rough path in p-variation
topology to transfer support theorem for geometric rough path associated with brownian motion to
support theorem for solution to SDE with respect to p-variation distance.

In this paper, we purpose to give in C*°([0; 1]; R?) a characterization of the topological support
law of the process X := {X:,t € [0,1]} solution of the random evolution equation (see Mellouk
(2000)):

{ dX(t) = o(X(t), Z(£))dW: + b(X (1), Y (t))dt
(1.1)

X(0) ==z
where z € R%, W is a standard Brownian motion on (Q, F, F:,P), Y is a progressively measurable
random process which satisfies some integrability conditions, and Z is random process such that
topological support of Z is a compact subset of C*°([0; 1]; R?). Furthermore, W is independent of
(Y,Z)and: o : R x R' — R?® R* and b : R? x R™ — R? satisfy the following hypotheses:
(Ho): the function b(z, y) is jointly measurable in (X,Y") and their exist a constant C;, > 0 such that

lb(z,y)] < K(1+]z]) Y(z,y) € R? x R™

bz, y) —b(z',y)| < Co(lz—2'| +|y—¥]) Yo,z €RY y,y/ €R™.
(H,): The function ¢ is C? and jointly measurable in (z, z) with linear growth and their exist a constant
Cs > 0 such that

lo(z,2] <K V(z,2) € R* x R

lo(z,2) —o(a',2)] < Co(lx—a'| +|z—2]) Vo, €RY 2,2 € RL
Let a > 0, and denote by C*([0; 1]; R?) the set of a—Hdlder continuous functions, i.e of continuous
functions f : [0, 1] — R? such that
lf(t) = f(s)]

o<it—si<1y [t —s|*

1l =

< 00.

Define the Holderian modulus of continuity of f by
o) = sup HOZIGN
0<|t—s|<6 [t — s
The norm ||.||« is called the a—Hdlder norm. It is well known that the trajectories X are a—H®older
continuous for a € [07 1 [ It is well known that C([0, 1]; R%) is not separable but its closed subspace,

defined by
CH[0,1:RY) = {f € C*([0, 1}; RY); lim wa (f, 6) = 0},
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is separable. ) )
Let H = {h(t) = fot h(s)ds,h € L3([0,1])}, the Cameron-Martin space associated of the norm

[lhlln = (f|ht|2dt)%. For all h € H, v € suppY, and x € suppZ, S(h,,x) is a solution of
differential ordinary equation.

{ dS(h, ¥, x)e = (b(S(h, ¥, X)t, ) — 5(Vao)a(S(h, ¥, X)e, xt))dt + o (S(h,, X)¢, xe)hedt

S(h7 ’I,ZJ, X)O =T
(1.2)
where suppY is the support of distribution of Y, and suppZ is the support of distribution of Z .

The aim of this paper is to prove the characterization of the support of P o X' as the closure
S of the set {S(h,%,x),h € H,v € suppYet x € suppZ} in C°([0;1];R?). The proof used the
approximation theorem for stochastic system using adapted linear interpolations w,, of w. Thus we
cheek that ||S(w™, ¥, X) — X ||« and || X (w™ —w + h) — S(h, 1, x)||o cOnverge to zero in 2. Since the
law of the T, defined by transformation 7, of w defined by T}, (w) = w™ —w-+h is absolutely continuous
with respect to P (by Girsanov’s theorem). The second convergence yields that the support of Po X 1
contains S, while the first one provides the converse inclusion in the usual way.

This method has been used by Millet and Sanz-Solé (1994) for the diffusion process (Z = 0 and
Y = 0). We adapted and extended this in our situation.

2 General results and approximations

In this section, we state criteria of convergence in Holder norms and a general theorem characterizing
of the law of the Weiner functional. The following proposition is a consequence of the Garcia-
Rodemich-Rumsey lemma (see e.g. Stroock and Varadhan (1979) p.60).

Proposition 2.1. (i) Let (R™(t)):c(0,1] be a sequence of R?—valued processes such that
(A1) Foreveryp € [1,00) there exists C such that
sup E(|R"(t) — R"(s)[*") < Clt — s|”

for every s, t € [0, 1].
Then, for any X\ > 0land 5 < ’g;pl , there exists C' > 0 such that

app( wp EO=RG)

<CONTPP, 2.1
n ls—tl<t,sze |t — s/ ” /\) = OA @1

(ii) Let (R™(t)):c(0,1 be a sequence of R%—valued processes such that (A1) and the following
assumption (A2) is satisfied:

(A2) Foranye >0

lim P( sup |[R"(i27")| >¢) = 0.

n— oo 0<i<an

Then, for any a € [0, %[, one has that

lim P(||R"|o > €) = 0.
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The following proposition state sufficient conditions for inclusions on the support of the law of
the measurable map F : Q@ — FE, where (E,||.||) is a separable Banach space. The proof is
straightforward.

Proposition 2.2. Let F': Q — E be measurable.
(i) Let & : H — E be a measurable map, and let H,, : Q0 — H be a sequence of variables such
that foranye > 0,

li7anP(||F(w) — & (Ha ()] > 5) =0 (2.2)

then

supp(Po F~") C {&i(h) : h € H}. (2.3)
(i) Let &, : H — E be a map and for fixed h let T : Q — Q be a sequence of measurable
transformations such that P o (T)")~* << P, and for any e > 0,

lim sup P(HF(T,?(W) — &) < 5) =0 (2.4)

Then
supp (PoF~ ") D {&(h): h e H}. (2.5)

Given a positive integer n > 0, let D,, = {i27";0 < ¢ < 2"} denote the set of n—dyadic points .
Fort € [0,1], = @t &5 set
- k k-1
n=—, L = V O7
t on t, on
and let W™ be the adapted linear interpolation of w defined by

W= Wa, +27(t — Fa)(Ws, — Wy,).

We consider the map &1 = & = S(.), Hn(w) = w™, and T (w) = w — w™ + h. Girsanov’s theorem
implies that P o (T)*)~! is absolutely continuous with respect to P. Let X™(w) = X (w — w" + h).
Fixa < 1 andlet 8 €]a; i[; X —zand X o T} — z, S(w", %, x) — = a.s. belong to C*([0, 1], R?) and
have initial value 0, using Ciesielski ( Ciesielski (1960)), on the isomorphisms spaces H, , it is easy
to see that they also belong to the separable Banach space HS of €% ([0, 1], R?) defined by:

H = {f € C*([0,1],R"); f(0) = 0,|f () = f(s)| = o[t — ) as [t —s| — O}.

Thus, by proposition 2.2, the equality supp Po(X) ™! = S will follow from the following convergence
results for every 6 > 0.
lim P(||S(w", %, %) = X(@)lla > 8) =0, (2.6)
lim P(|[ X (@ — w" + h) = S(h, v, x)]la > 8) = 0. (2.7)
Approximation of stochastic integrals of Riemann sums imply that X" (w) is solution of the SDE
t t t . t
X ==z —|—/ o(X7, Zs)dWs — / o(X2, Zs)weds +/ o(X7, Zs)hsds +/ b(X.,Ys)ds. (2.8)
0 0 0 0
Let X" be a map which w" — X (w™) a map which (Y, Z) — X (w")(Y, Z) solution of (2.8). Put

X! = X (W)Y, Z) = X(W", Y, Z1).
S(w™, v, x) satisfies,

S0 = SW 000+ [ oSEvnxatds [ (86N v )
(2.9)

—%(Vw)a(S(ww,x)s7x5))ds.
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Thus both processes (X™) and (S(w",v,x).) are particular cases of the different processes
(K™) and (K™), solutions of the following stochastic differential equations:

t t t
Ki= o+ F(Kf,Zs)dWS—i—/ G(K:,zs)wgds+/ H(K™, Z.)heds
0 0 0
(2.10)
t

t
+ [auc zods+ [ B voas,
0 0

and
t t t
Ri= =+ / FRT, x2)dWs + / GR™, X ds + / H(RT, xa)hads
0 0 0
@2.11)
t _ t _
+/ I(K?,xs)dSJr/ B(RT, .)ds,

0 0

where the coefficients F, G, H, I and B satisfy the following conditions:
(Ch) F,G,H,T:R*xR" — RYQR” are globally Lipschitz functions i.e. there exists Cr, Cq, C, Cr >
0, such that

|F(x,2) — F(2',2)| < Cr(lz — 2| + |2 — 2|),
|G(z,2) — G2, 2")| < Ca(|z — 2'| + |z — 2]),
|H(z,2) — H(a',2")| < Cr(|z — 2’| + |2 = 2']),
[I(z,2) = I(a,2")| < C1(|z — 2’| + |z = &),

V' eRY 2,2 e RL
(C2) G is of class C* with bounded partial derivative, there exists Ce, , Cq, et Cq,, such that

oG

|%($72)\ < Ce,
15 @) < Co
>’G
< i, ] =1,2.

(C3) B: R x R? x R — RY, there exists Cp
|B(z,y) — B(a',y")| < Cp(lz —a'| + |y —y']) Va,2' €R% yy eR™.
Given the coefficients F, G, H, I and B, let (L) be a solution of the SDE:

t t t
L=z +/ [F(LS,ZS)-i-G(LS,ZS)}dWS-i-/ H(Ls,Zs)hSds—&—/ [B(La,Ya) + I(Ls, Z))ds
0 0 0

t
+/ VG(Lo, Z)F(La, Z,) + 5G(Le, Z,))ds.
0

(2.12)
Fix a € [0, 5[ and for every e > 0, we consider the following convergences:
lim P(||[K" — L||a >€) =0 (2.13)
and ~
lim P(||K" — L[« >€) =0. (2.14)

Then (2.6) et (2.7) are the particular cases of (2.14).
Indeed, for F = 0;G = 0;H = 0;1 = —3(Vo)o and B = b, we obtain (2.6) and for F = ;G =
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—o;H =0, =0et B=>0,we obtain (2.7).

Fors,t € [0,1],p € [1, o[, there exists an constant C depend of p; Cr, Cy, Cr,Ce,C, Ca,, Ca. , | |h]|
such that

E(|L¢ — Ls|*") < C|t — s|P. (2.15)
() [ )
Li—Ls= [ [F(Lu;Zu)+ G(Lu, Zu)]dWu + [ H(Lu, Zu)hudu +
s ® l
e 36 Zuldu.

< C(p,Cr,Co)lt — 5|
o [ zonant <1 [mmzater by
< C(p, Co, |IRI3)E — s
By Holder's inequality
s
are Lipschitz, we obtain
s
‘The moments estimate (2.16)-(2.19) imply (2.15).
We consider for all s,t € [0,1],p € [1, 0],
sup B(||K}' — KI|[*) < Clt — oI (2.20)
sup B(| K7 = KI[1*) < Clt = sl (2.21)


HARINIAINA
Texte surligné 


British Journal of Mathematics and Computer Science X(X), XX-XX, 20XX

and
limE( sup |K}y—n — Lip-n|’) =0; (2.22)
n 0<i<2n
limE( sup |K}y-n — Lip-n|?) =0. (2.23)
n 0<i<2n

3 Main result and discussion
The following theorem is the main result of this paper.

Theorem 3.1. Leto and b be functions such that conditions (Hy) and (H.) are satisfied and let X be
a solution of random evolution equation (1.1). Then, for any a € [0, 1[, the support of the probability
PoX~'ince([0,1],R?) is the closure S of the set {S(h, 1, x), h € H,v € suppY, x € suppZ} where
S(h,, x) is given by (1.2).

For the proof of this theorem, it suffice to checking the moments estimate (2.21) and (2.23) by
proposition 2.2. Otherwise, using (2.13), (2.20) and (2.22) together with the following results, we
obtain (2.23).

Proposition 3.1. Let (R) be a random processes and let v € SuppR. Then

lmE( sup |vo-n — Ri2_n|2) =0. (3.1)

0<i<an

Proof. Since P(R € suppR) = 1, there exists o € suppR such that o = R(t) for any ¢t € [0, 1]. Then,
we prove that E(supoggn [Vig—n — Di5-n|?) — 0 when integer n is large enough. And the following
results in Mellouk (2000) complete our proof: supy<;<on [Via—n —P;2-n| — 0 @as n is large enough. O

The following theorem is the one of version of the Arzela-Ascoli Theorem(see Mellouk (2000)
pp-979).

Theorem 3.2. A set A ¢ C%°([0,1],R?) has compact closure in C*(][0,1],R) if and only if the
following two conditions holds:

sup || flla < o0
feA
and

li o(f,8) =0.
B g e

The following results are consequences of this theorem. Since suppZ is a compact subset of
C*°([0,1],R%), the above theorem 3.2 implies

lim sup |xs — xs,| =0 (3.2)
™ tel0s1]

and by the triangular inequality together with the proposition 3.1 and (3.2), we obtain

lim sup |Zs — Zs,| =0. (3.3)
n tel051]

We will consider two cases for the proof of the main result.
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3.1 Bounded case

We check that the moments estimates (2.20); (2.21); (2.22) et (2.23) are true. Furthermore we
will prove the following propositions.

Proposition 3.2. Let F, G, H, I and B be the functions such that conditions (C1) — (Cs) are satisfied
and let (K™) and (K™) be the respective solutions of (2.10) and (2.11). Then given p € [1;c0),
there exists a constant C depend on p,Cr,C¢,Cu,Cr1,Cg,Cq,,Cca, and ||h||u such that for every
s,t € [0; 1], we obtain (2.20) and (2.21).

Proposition 3.3. Assume F, G, H, I and B the functions such that conditions (C1)—(C3) are satisfied
and that the solution (K™) of (2.10) satisfies (2.20). Then, we obtain (2.22).

Proof of the proposition 3.2. the proof of (2.20) and (2.21) are similar. It is enough to show one of
them.
Fix p € [1;00), s,t € R. Then, for every n > 1;

E(|K{ — K2|?") < C(Ty + Ta + Ts + T + T5) (3.4)

:]E(‘/tFK )dW,, 2;,)7
E ‘/GKU,Z)wudu’ )
‘/HKZ}, )hdu’ )
E (/ (K", Z, du‘ )
Ts —E (/SBKU,YU)du‘ )

Burkholder’s inequality on T4, from Schwartz and Hoélder’s inequalities, we have
T+ Ts+Ts+T5 < C(n>p7 CF7CH, 017 CB7 ||h'||'2H.)|t = S|p’
Finally, T, < Tg_’l(’n) + T 2(’/7,) where

Ts,1(n) = / G(K, du|2p> g

/|G (KD, 2.) — G(KT. , Zu, )lo7]du

with

T

T3 =E

TN N N

T2 2 =

2p>
We have,

sup szl(n) < C(n7p> CG)‘t - Slp'

Leta > 1, b > 1, such that 2 4+ 1 = 1; using Hélder’s inequality
t
Taaln) < o= [ BUGURD, 2) — GURE, 25,7} (BIGLFP
< Ol Cole— 2 [(B(IKE — KL | +120 — 20, [/ du

Furthermore, the proof of (2.20) reduce to check that this estimate follow the particular case s = u,,
et t = u. These arguments imply that

sup, </ {F(K}, Zu)dW, + H(K}}, Zu)hudu + [[(K}}, Zu) + B(K}, Y, )}du}|2p>
< C(p,Cr,Cu,Cr,Cs,||h||1)2"
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Therefore, we should checking that for each p € [1; c0),

SupE (\ / ) G(Kg,zu)wgduﬁp) < Cln,p,Ca)2™.
Indeed,
B () 3 cuimzaia®) < CE (@ [0 (G, 2.)ldu) W, =W, >-nol™)
+CE (2" [3, G, Z0)ldu)™ (W, = We, )
< C[E(IWey, = Wa, —a-nvol™) + (1Ws, = W, )]

< C(n,p,Cg)272".

This inequality implies sup,, T2,2(7) < C(w, p, Ca)|t = s|?. The proof of (2.20) is complete.
We will need the following lemmas for the proof of proposition 3.3. We are omitted their demonstrations
which are in Millet and Sanz-Solé (1994).

Lemma 3.3. Suppose that (K") isla sequence of processes such that (2.20) holds. Let be [ a
globally Lipschitz function; then

k2"
limE < sup / f(K;n, Zs, Hwsds — dW,}
0

n 1<k<2n

2) —0. (3.5)

Lemma 3.4. Let (Ji*;t € [0;1]) be a sequence of measurable processes such that there exists
p € [1;00), C > 0 and an sequence «(n) such that

lima(n) = 0, et supE(|J;'[*") < a(n)2™ ™" (3.6)
n ¢
then
k:2—77/ 2
LimE | sup / \J:wﬁds‘ =0. (3.7)
n 1<k<an 1 Jo

Proof of proposition 3.3. For the proof of (2.22), letn > 1,t = k.27"

t
KP — L = / [(F+G)(KE, Z0,) = (F + G)(Ls, . Z, | aW,
0 t t
+ / [H(KD, Z0,) = H(Ls,, Z,) | (s)ds + / (K2 Z2,) = I(Ls, . Z2,)] ds
0 0

s [{BEL Y+ (COF + L@, 2,) - Bl ¥

6
(VG + 5(TO)GN(Ls, . Ze,) bs + 3 A5 (1)
B=1
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where :
/0 [F(K,2) = F(KY, Z.,) = (F 4 G) (Lo, Z5) + (F + G)(Ls,,, Zs,,) | aWs,
/0 [H(KE,2.) = H(KS, Zs,) = H(La, Z0) + H(Ls,,, Zs,) | h(s)ds,
/0 (12, 2. fIK:,Z§n)fI(LS,ZS)JrI(Lﬁn,Z%)]ds
/0 (B, UG, Yo) = B )+ (9P + 5 L (V6L 2.)
+B(Ls,,Y2) + (VO)F + 5 (VG)G)(Ls,, Zs,) b,

A5 = /OfG<K2 2, [olds — dW.),

Ag(t) = /Ot[G(K?,Zs)*G(Kllvzﬁn)}w?dsf[(VG)F+ (VG)GIKS, , Zs,, )ds.

Gronwall’s lemma apply to
p(t) =E( sup [K[y-n = Lip-nl*)
.27 <t

imply that

6
]E( Sup ‘Kz’.bQ_" - Li427"|2) S C(TL, OF7CG70H7017 ||hH’H Z Sup |Aﬁ 22 )| )

0<i<2n — <on

Burkholder’s inequality, (8:8) and proposition 3.2 imply that E(sup,| AT (¢)|?) < C(n,Cr,Cq)2™" since
(2.12) is a particular case of (2.10).

By Schwartz's inequality,(2.15) and (3.3), we have E(sup,|A3 (t)|*) < C(n,Cr)|/h||7,2™" and
E(sup,|A3(8)[?) < C(n,Cr)27™.

Since (VG)F and (VG)G are Lipschitz; proposition 3.2, (2.15)(and (8.8) imply E(sup,| A% (¢)|*) < co.
Lemma 3.3 yields lim,, E(sup,| A% (t)|?) = 0. Therefore the proof of (2.22) reduce to check that,

j.2™ "
/0 [G“(? ,Zs) — G(K¢ Zén)] whds

2) —0.

lim,, E( sup
0<j<2n

_/0]'2_ [(ve)F+ %(VG)](KQMZ%)

Indeed, by Taylor’s formula

2
G(K, 2)=G(KL,, 2:,)=VG(KL, Zu,) (K} = KL,) | < C(n,C6, e, Ca.) (KU KL |41 2.~ 2, |)
Let

onls) = / (1P, 20) = FUSE, 20, JdWa + [GUKE, Z0) = G(KZ, , 2, )it du

FH(K?, Z)h(w)du + [B(KL, Y,) + I(K2, Zu)]du}.

Then
6

E( sup [Ag(j.27")[*) < c(n,Cu,Cr,Cp)>_ B

1<5<2m; —

10
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where
2
Bl = sup (|K" KD | +1Z, — \) | \ds‘ :
1<j<2n
- 2
By = sup \vG(K:,ZS)gon(s)Hwﬂds’ > ,
1<j<an

12"
By = ]E( sup

1<j<2"

0

(VG)F(KL, Z,)(/ AW,,)ikds

j.27" 2
-/ vG)F(K;;,Zin)ds\ ).

0

BY= E ( sup (VG)F (K, ,Zs,) </ qu) wyds

1<j<2n

2)
)
n
By = E( sup
1<5<2n

327 s
/ (VG)G(K, ,Zs,) (/ w:;du> wtds
1

j.k.27 2
A woeu, 2w,

j2mn £ 9
By= E ( sup / (VG)G(KS , Zs,) (/ LZJZdu) w?ds‘ ) .
1<i<2n | Jo 5

2
Let Jg' = (|K§’ - K7 | +1Zs - Z§n|) JE|JZ PP & @(m)2 P where @) = Cp2 "2, proposition 3.2
and lemma 3.4 imply lim, B = 0. Let JI = VG(KZ, Zs)en(s), then proposition 3.2 and Holder’s
inequality imply thatif a > 1, b > 1 are conjugate exponents such that £ + ; =1, for any p € [0, o0)
and s € [0, 1],

E(J17) < A{E(VG(KT, Z)PP)}e {E(len(s)")}? 38)

<{
< C(n, Ca,, Ca {E(|pn(s)[*")} b

Therefore, apply lemma 3.4, it suffices to check that sup, E(|¢n (s)|*?) < a(n)27 % with lim a(n) = 0.
Burkholder’s inequality, HOIder inequality, (3.8) and proposition 3.3 yield

Bllen () < CE| [ (1K2 = K2, 14120 = Zu,[) o

=n

42" /j” (|Kn Kn | +1Zu — Zu |) pdu>|W§n — W(sn2")vo|2p>

s 2p
s ([ (e - w412 2, 1) i, - w2

+ (sup{(/m(u)\Qdu))p S A(I) < 2' e (e 4 2-"<2P—1>>

< [ K
< C(p,Cs,Cr,Cq,Cr,Cr)2 " a(n),

where a(n) = 27" + sup{(f,|h(u)[*du)? : \(I) < 2'""} — 0 as n — oo. Thus, lemma 3.4 implies
that lim,, B} = 0.
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Since K(;_y5-n and (W 1)5-n — W, 5-») are independent,

(k—2)V0
BY =E( su ‘ GYF(KT1yenvos Zis11an
3 (1gkgpzn ; (VG)F( (i—1)2=7v0) Z(i—1)2 vo)
2
X[(Wiip1)a—n — W o-n)>—27"]|)
DL
< Z ]E((VG)F(K(TZ'—I)Q—"\/O?Z((i—l)Z*”\/O)))Q

=0
XE[(W(H-l)Z n—W;o- n) -27" )| ]
< CO(Cr,Ca,,Cc.)2"27% — 0 when n — 4oo.

An similar computation yields
B < C(Cr,Ca,,Cq,)2"27% — 0 when n — +oo.
Using Doob’s inequality and proposition 3.2; we have

1 2
By <8(| [ 227 )(GOFRL, 2o We, — W, JaW.[)

<c / E((VG)F(KL , Zy ))E(Ws, — W, [2)ds
0
< C’(Tl, CF7 OGma CG2)2_n;

and the conjugate exponents a > 1 and b > 1,

B§ <E<\/ (VG)GKS, , Zs ></S'Zdu)dws )

= Sn Sn

n a l
<c / B((VG)GKL , Zo )V EE(W,, — Wi, a-nol™) P ds
0
<C(n,Cqg,,Cq,)27".

This complete the proof of lim,, E (sup, <,<on |45 (k.27%")|?) = 0, and hence that of the proposition.
O
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3.2 Unbounded case

In this section, we will check theorem 3.1 for b and o unbounded.
Define for R > 0,

mp = sup{b(t, z,y),0(t, x,2), t € [0, 1], [z < R, |y| < R, |z| < R},

b i= —(mr — 1) Vb A (mgr + 1) and of; :== —(mr — 1) Voi; A (mgr +1), 0 < 4,5 < 1. Let
br == (bf’)lgigzd and or = (Ufj)lgi,j§2d, then b(t,x,y) = bR(t,m,y) and O’(t,:C,Z) = JR(t,m,Z)
for |z] < R, |y| < R, and |z| < R. Furthermore br and or verify Lipschitz condition. Consequently,
for R > 0 large enough, b(t,z,y) = b (¢, z,9) and o(t,z,2) = o (¢, 2, 2) for z,y, 2 € R? with
lz| < R,|y| < R, et |z| < R such that '® is globally Lipschitz and bounded and b*) is of class C*
and bounded.

Let X ¥ be the solution of differential equation

dXE(t) = cB(X (), Z())dW; + b (X (1), Y ())dt.
We need the following proposition for the proof of the main result.

Proposition 3.5. Forallt € [0,1],
Jim E <sup |X(t) — X (t)] > 5) =0 5> 0. (3.9)
— 00 t

Proof. Consider for ¢ € [0, 1],
X)) — X(t) = [0(X(t), Z(t)) — e (X (1), Z(1)]dW: + [b(X (), Y (£)) — b (X (2), Y ()] dt.

The construction of 5 and of o which verify Lipschitz condition and the local uniqueness of the
solution of truncated SDE for R large enough imply (3.9). O

Finally, we may follow the argument in the case of bounded coefficients and we complete the
proof of the main result.

4 Conclusion

In the first section, we state historical support theorem for different equations study by many
authors before to give the aim of our work which prove the support theorem of random evolution
equations in Hélder norm. In second section, the basic results and tools necessary are given for
proving our main result. At third section,we propose two cases: b and o are bounded or none for the
proof of our main result.
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