The Riemann Zeta Function

and its analytic continuation



Abstract

The objective of this dissertation is to study the zeta function in particular its ana-
lytic continuation,the functional equation and applications. We begin from the historical
background ,the definition of the zeta function, some important tools which lead us the
functional equation of the Riemann zeta function. Then, prove fourth methods of the
functional equation. In addition, the ((s) has generalizations, we present one of them the
Dirichlet L-Function .Then, we move on to the zeros of ((s) . At the end, link between

the distribution of prime number and the Riemann zeta function.
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1 Introduction

One of the oldest branches of mathematics is number theory. Many mathematicians have
see the significant of the complex number analysis and it applied in number theory. The
relationship between the number theory and a complex analysis is called Analytic Number
Theory.

Our story beginning in Euler’s theorem, proved in 1737
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it is divergent.Then, Euler proposed the Euler product formula

o) 1 1 -1
Yoo I (-5)
n=1 p prime

Following that Riemann looking at the Euler’s definition and considering complex ar-
gument. In 1859, Riemann extended the definition of Euler’s zeta function from a real
variables to a complex variables except a simple pole at s = 1 with residue 1 by his paper
” On The Number of Primes Less Than a Given Magnitude”. Riemann forced the zeta
function to be a memorphic function. Furthermore, he proved the functional equation by

Replace with “using analytic tools.”
used the analytic tools.

functions
The Riemann zeta function is one of the most & essential function in mathematics.

Its applications include many areas of study such as number theory and other sciences.
This function was not created by Riemann. However, the zeta function is named after
and also showed

him beil¥se he developed the zeta function and proved the functional equation alse,the

significant relationship between the distribution of the prime number and the ((s).
that

We introduce some results—-erderto-present-theseresultswill be used # frequently

throughout this dissertation.

Definition 1.1. For Re(s) > 1 The zeta function is defined as

1 1 1 1 1
=l+—4+—+—4+—4+........ = —
C(S) +25+3s+45+5s+ Z

Definition 1.2. For Re(s) > 1 The Euler product is defined as

o-T(-b)
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Replace with “using analytic tools.”

functions

since

and also showed

that


Definition 1.3. For Re(s) > 0 The Gamma function is defined as

oo

[(s) = /ett51 dt
0
Definition 1.4. For Re(s) > 1 the Xi function defined as

£(s) = (s — Vr T () ¢(s)

The aim of this dissertation is to study the Riemann zeta function, in particular its
analytic continuation and functional equation and applications.

This dissertation is divided into eight sections. In the first section, we will briefly
give the historical background particularly, the development of the zeta function. In the
second section, we will recall some definitions and theoremswhieh-srelated to the analytic(jeaye space
continuation. Then, we will give some elementary asymptotic formula with out proof.In
the third section, we will provide an important analytic tools which will help us to the
prove the functional equation and play an important role in reaching our p&é‘,’gée. In the
fourth section, we will state the definition of the zeta function in two ways,as a Dirichlet

and as the

series and Euler product. In the fifth section, we will prove the functional equation by

fourth methods. Then, In the sixth section, the zeta function has generalizations we will
be presented as

present-one-of-them the Dirichlet L-Function and the analytic continuation of the Dirichlet

. Then we will prove the functional equation . .
L-Function—a-additien, proving—thefunetion—equation for the Dirichlet L-Function. In
the eighth section, we will introduce the zeros of the zeta function and the Dirichlet L-

Finally, o . . :
Function. At+the-end, we will give the application of the zeta function, the link between

the zeta function and the distribution of the prime numbers.

2 Background

was

tury ,the harmonic series ,( (1)[proved to be divergent.Then,in the first half 18th century,
to

Euler was the first mathematician 'introduced the zeta function. Euler’s zeta function is

defined for any real number s > 1
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be presented as

Then we will prove the functional equation

Finally,

was

to


Euler merely defined ((s) on R. H-means-thatEulergavebirth-to-&{s}. Then, in the 19th

century , Riemann improved the zeta function by using a-complex analysis. He extended

h
the Euler definition from real variables to & complex variables. Additionally= eHe proved

. . . . and . . .
the analytic continuation of the zeta function, henee-he obtained the functional equation.
(This is already stated
before)
Riemann and his paper became one of the most celebrates

He published his paper in 1859 which-is-one-of-the-mest—effeetive studies of the mod-
ern mathematics.Moreover, with thesuppert-efthe complex analysis Riemann connected
between the zeros of ((s) and the distribution of the prime number. Hewever,—before

He
he proved the two key conse-

quence:

(1) The zeta function can be meromorphic continued over the whole s-plane with a
simple poles at s = 1 namely ((s) — ﬁ is an integral function.

(2) The zeta function satisfies that  the reflection,

73T (%3) C(s) = n 31T (1 5 5) C(1—s)

functional relation which show

On the left hand side of this furetien is an even function on s — %, eatbe-condude the

leave a space

proprieties of the zeta function foé > (0 from the proprieties forc > 1 by the functional

has the poles of the Gamma function

equation. Particularly, when ¢ < 0 the zeros of the zeta function are-peles-of I' (%s) at

. These zeros region
negative even integers; these are called the trivial zeros. The stay of the plane, when

0< <

the o between—0-and 1 is called the critical strip. Furthermore, Riemann has some of
all its

remarkable conjectures:(i) The zeta function has several zeros in the critical strip

(ii) £(s) is an integral function defined as

S

€(s) = (s — Vx5 0 (3) ¢ls)

1

it has no pole when o < 1/2 and this function is even function of s — 3, also it has the

product
5(8) _ €A+B‘51:I (1 _ ;) oS/

such that A and B are absolutely constant and A\ runs through the zeros of the zeta

function in 0 < o < 1.
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and his paper became one of the most celebrates

He

the reflection,

functional relation

which show
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has the poles of the Gamma function

. These zeros

region

0<

<

:

all its


3 Analytic number theory

In this section, we recall one of the most significant of a complex analysis that will be
help us to know the basicsof the analytic number theory. Most of results taken from [3],[9]

and [12]

3.1 Uniform convergence

exists
Definition 3.1. If the partial sum S,(z) = > 7 fu(2)) the series > 7 fu() is uni-
formly convergent in (a,b), if every € > 0 such that € is small. There exist a number n;

depending on € howeversnr not depending on x
|S(z) — Sp(x)] <€
for n > n4, all value of z in (a, b).

Example: (i) Forz € [a,b], the power series >~ z" is uniformly convergent if

—-l<a<bgl

COS Nx

(ii) Over any integral, the series ) " | ——— is uniformly convergent.
n

1
(iii) For s € [a, b],the Dirichlet series Y~  — is uniformly convergent if 1 < a <b
nS

3.2 Identity Theorem

If a region R has two functions which are analytic and these functions have the same values
for all points within R , both functions are identical everywhere within R . Directly, we

can use this consequence to extend functions from the real axis to the complex plane.

3.3 Analytic functions

Definition 3.2. Suppose B C C be open set and let f: B — C

(i) let by € B,then the function f is differentiable at by if

£(bo) = Tim L&) = /()

b—bo b— bo

exist.

(i) f is analytic on B, it has derivative at all points in B.

4




s

exists


(iii) If the function f is analytic in a neighborhood of by then f is analytic of by.

(iv) The entire is a function on the whole complex plane.

Remark: If the function f has derivative,then f is continuous. However, if f is a

continuous function does not have to be differentiable.

Proposition 1. suppose B C C be open set and f : B — C , let f has a derivative at b

Jhence f is continuous at by.

3.4 Analytic Continuation

Definition 3.3. Suppose D; and D5y are domains in the complex plane, the intersection
of these domains D N Dy is the set of all common points between D; and Dy. The union
of these domains D U Ds is the set of all points in D; and Ds.

Now, let Dy N Dy # ¢ also,it is connected.The functions f;, fo are analytic over the
domains Dy, D, respectively, such that f; = fo on Dy N Dsy. Hence, we can call f5 is an

analytic continuation of f; on the second domain.

According to James and Ruel (1996) The essential theorem from the theory of complex

variable is

Theorem 3.1. (/3] Theorem p.g. 84)

A function that is analytic in a domain D is uniquely determined over D by its values
m a domain, or along a line segment, contained in D.

The definition of F(b) analytic over Dy U Dy

fi(b)  for b isin Dy
F(b) =

fa(b)  for b isin Dy
Since, fi = fo over Dy N Dy, F' is given by f1 and fs over the domains Dy and Do
respectively. Based on theorem this is a holomorphic function.
Since F' is analytic in the union Dy and Dy the function is uniquely determined by f1 on
a domain Dy furthermore, it is uniquely determined by fo on a domain Ds.

Thus, F(b) is analytic continuation over the union of Dy and Do of either fi or fs.



3.5 Some Elementary Asymptotic Formula

Definition 3.4. (The big oh notation)

leave a space o
If we have h(z) > 0 for allz > a ,then f(x)is big ek of h(x) when f(z) = O(h(x))

zero

and for z > a f(z)/h(z) is bounded. There exists a constant M greater than 8-such that

|f(x)| > Mh(x) Moreover, it satisfies this equation:

f(x) = g(x) + O(h(x))

we observe that f(y) = O(h(y)) for | > a implies

/xf(y)dy = 0(/96 h(y)dy) for x> a

Theorem 3.2. If X > 1 we have that

(a) Z%:Log:c—i—C—}—O(i)

n<x

(b) ZLZ$I_S+C(S)+O(QT‘S) if s>0 s#1

n? 1l-—s
n<x
1 1-s .
(¢) —=0(x""") if s>1
xa+1
(d) Zn a+1+0($) if a>0

Proof: See reference [1]

Note that the definition and theorem above is taken from [1]
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O
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4 Some Analytic Tools

As we mentioned before, Euler defined ((s) only for a real variable. However, Riemaan
extended

developed this defintion for real variable to a domain of complex variablesand-fer-achieve

to_establish . X X . . .
the analytic continuation of {(s). The functional equations

leave space before next sentence
are ai important in analytic continuation.In order to prove functional equation we will
provide some analytic tools and discuss some of their properties Which‘grllie lead us to the
prove functional equations. This section divides into six subsections, which start with The
gamma funtion ,the theta function and the mellin transform. Then, the Dirichlet series

and Abel summation (Partial summation).Finally,Fourier transform. The information

taken from the references [1], [4] , [7] ,[12] [17] [18] and [19]

4.1 The Gamma Function

The Gamma function is one of an important function for analytic number theory. It is
useful function when dealing with the theory surrounding zeta function. especially, it is
extension of the factorial function to Re(s) > 0. Also, it is convergent.

Let we introduce this function :

The Gamma function has some properties:

Proposition 2.

L(s+1)=sI(s)

Proof.

o0

I(s+1)= / e i gt = / et dt
0 0

o)

—e_tts|go +s / e 't dt = sI'(s)
0












extended

s

to establish 

leave space before next sentence

will


when is taken

For o > 0 the term (—e 't%)|; tendsto zero. However, #f—we—take I'(s) to the entire
complex plane it ﬂelglesl-s—bhe analytic continuation. we—will-present—a—nice—propertiesthat
held-e

[

Corollary 4.0.1. The Gamma function has analytic continuation on complex number

with simple pole at s=0,-1,-2,-3,...

Definition 4.1. (Euler’s gamma-function) the Euler gamma-function defined as

+ f) e—s/n
n

b
['(s)

such that ~ is Euler’s constant.

= s exp (7s)

1
N
[

Theorem 4.1.

%7:1 (1+ ) ( +2)_1 (4.2)

Corollary 4.1.1.

I'n+1)=n! forne N

Proposition 3. The Gamma function I'(s) satisfies extension formula:

T
P —s) = sin s
Proof. By Euler gamma function
LI s exp (7ys) ﬁ (1 + f) e=s/m
[(s) vt n
11 ) s s
- - _ —s/n (1 o _> s/n
(s T (=) s” exp (vs) exp ( }_[1 < > .
Since we have
1—s
[(=s) = —T'(——)

Then we-cati—vwrite—that










s

when

is taken

has


Using infinite product formula,we-ebtainthat

sin(rs _SWH(1——)

Hence
T
I'(s)l'(1 —s) =
()T °) sin s
Corollary 4.1.2. ([7] Corollary 1)
— 1)
['(s) = lim (n = 1)in

n—oo (s(s+1)...(s+n) —1)

Corollary 4.1.3. ([7] Corollary 4)

L(1/2) = V7

Corollary 4.1.4. (doubling formula) ([7] Corollary 5)

I'(s)I'(s+ !

2) =2 /7 272 T(2s)

convergent ?

Proposition 4. The integral of the gamma function is uniformly when 0 < a < ¢ <0,

such that

00 1 0o

00 1

/ts te7tdt = /+/ =0 /taldt +0 /tbletdt =0(1)
0 0 1

o

1

the ek big dependson ¢ Thus, for ¢ > 0 this integral shews a continuous function.

Proposition 5. If s is complex, the gamma function 4.1 is uniformly convergent R(s) <

a>0,ifs = o +it. Hence, [t*7! =t}

4.2 The Theta function

Definition 4.2.

Also, we-ean-be written as








convergent ?

O

s

is


Definition 4.3. If
:Ze” and 0(t Ze’“”
n=1
The relationship between 6(t) and w(t) as 2w(t) = O(t ) -1

Proposition 6. The theta function 6(t) satisfies the function equation:

we will prove this proposition, However before we prove it we will introduce
The Possion Summation Formula

If Y f(t +n) uniformly converges for 0 < ¢ < 1 ,f is continuous and if > f(n)e?™

o0

converges. Hence, S f(t+n) =Y. f(ne*™"*) where,

8

= 7 f(t)e 2™ qt

o

Proof. Let 0(t) = > e ™ *t and S fln)= 2 f Fly e=2miky gy
n=—oo nez keZ —
— Zf(n) — Z / €—7ry2t 6—27‘("ik‘y dy
nez keZiOO
_ Z / e—TryQt—Qm'ky d
= Y
kEZ

2

:§ :/ —mt[y?42i & Ty+i t—2—12k2] dy
kez_*

Z/ 7ﬂ't y+z 71-2%2 dy

keZ

It can be shown that

keZ *
o
21 k)2
= E e /e_”t(yﬂi) dt
keZ .

k k k
let y+i?:zand dy = dz \‘f’oo—>oo+i¥ and —oo+z?

10



kez —oo+i%
We can say that
oo+z'% 00
/ e ™ dt = / ™ dt
—0o0

So, we obtain-that

0(t) = Z e~ ™ / e dz = Z e‘”kQ%w / %

keZ kez
1
3 ot _ 3 em;\/j
nez nez t
We know that
0(t) = Z e
keZ

It followsthat

w-gr()

Corollary 4.1.5. suppose 0(t) = 3.°° e~ ™" then,

1 1 1

4.3 Mellin Transform

The Mellin Transform is an integral transform defined as
M) = [ rtee a
0

Examples: (1) As we know the gamma function is defined as

[e.e]

[(s) = /ts_le_t dt

0

11




s


directly, we show that

such that

It is
we obvious that this is analytic continuation on (0, co).

1
1 and let Re(s) greater than 1

(2) Suppose that f(z) =

By mellin transform we have that

M(f)(s) = / fla)rst dt

et —1 ex l1—e*® -

n—=

Since

Then

n=1

M(f)(s) = /Ze_mxs_l dt

Setting nx =t and dt = ndx

o % s—1 _3
t e
-3/ (_) o
n n
n=1 0
oo
oo
1
=y —/ts_le_t dt
nS
n=1 0
Hence, from the definition of the zeta function and the gamma function we find that

=1
2

n=1

t et dt = ((s)I'(s)

Remark: We will relate the theta function and the zeta function. Specially, there is
and

a relationship between the mellin function and the zeta function ef the theta function.

We will see later this relationship in the third method of the functional equation.

4.4 The Dirichlet series

Definition 4.4. A Dirichlet series is a statement of the form

e}
Qn

f(n) = v

12






It is

and


such that a,, € C' and s = o + it

an . .
Theorem 4.2. Let the series Y -, —, s convergent, hence for every closed region con-
nS
An . .
sisted in the region R(s) > R(s1) the seriesy -, — s uniformly convergent. Thus, for
nS
o) Ap . .
R(s) > R(s1) the function } .~ — is analytic.
ns

Theorem 4.3. Assume that in the region o1 < o < oo for Vo

= a
fs)=) —
n=1 n
gy
nis) =S 0
(s) ~
n=1
and
F(o) = h(o)
Hence, a, =b, forVn=1,2,3,4,.....
Theorem 4.4. If
) a,
f(s) = -
n=1
and
[%S) bn
h(s) = —
()=
n=1

for o = oy, these functions are definitely convergent and |a,| < b,

Hence
L 2L
/|f(01—|—z’t)|2 <9 / (o + it)|2dt
L -2,
for any L >0

4.5 Abel Summation (Partial Summation)

Theorem 4.5. Suppose ¢(x) is a function whose values belong to C and this function has

continuous derivative on the interval [a,b], let ¢, be arbitrary in C'and C(x) =Y, .. < Cm

Then,

3 andln) = - [ Cl)d (@) + IO

a<n<b

13



Theorem 4.6. (Euler Summation Formula)

Assume f(x) be a complex valued and f(x) has continuous derivative on [a,b] then,

a<n<b

3 o) = [+ [ M@ 2)ds + Ml@)ota) - M(B)o0)

where, \(x) =z — [1] — 5

Theorem 4.7. From Theorem 4.5, let ¢,y =1 Then, Clz] = [z]—[d]

3~ 6w = (0] - o)~ [ (] al)o! ()

a<n<b a

:m—mw@+mw@—am—/mwwm

We have \i(z) =z — [z] — 1 also, we can be written as [z] =z — 1 — \i(z)
Therefore, we get

Y o(n) = (b= (b) = (a = Aa(a))(b) + (a — L. Ai(a))(9(b) — ¢(a))

2
a<n<b

- [e= 5= Ma@)d s

— i(a)é(a) — A (B)6(b) + bé(B) — ad(B) + () (b) + ag(d)

b

~a(a)= 5 (6(b) ~0(a)) ~ M (@)0(0) ~26(0) [+ 50(0) ~6(a) + [ dla)da+ [ ()6 (w)da

a

Hence, we obtain the required result, after canceling.

4.6 Fourier Transforms Functions

[10] If the function F'(x) is an even, then the Fourier integral represent as

f(z) = %/COS xy dy/cos yt f(t)dt (4.4)
0 0

this formula called the Fourier’s cosine.

14



leave space .., if
Similarly,éf the function F(x) is an odd, then we obtain that

[e.9] [e.9]

flx) = %/sinxy dy/sinyt f(t)dt (4.5)

is 0 0

this formula'called the Fourier’s sine. If we say

. m [t 110 a
f (2) [ onst ey

Hence, the functions F'(x) and h(z) have a reciprocal relation between them. Likewise,

Then, 4.4 provides:

from 4.5 we find that the reciprocal formula

_ \/@fsinxt £(¢) dt
) [t v a

4.6.1 Integration of Fourier Integral

and

By 4.4 we obtain that

[e.o]

2 o
/ = —/ sin ey dy/cosyt f(t) dt
T
0

0

it holds over the interval (0, 00) for any integral function f(t)

sin
/ mey dy/cosytf
0
y

[e.9]

sin ey cos yt
- [ aw [

Vs 7,
for every ¥ and 4 the uniform convergent and inner product on the right is bounded.

Therefore, we obtain that

Y Yy
1 sin(e + ¢ 1 sine — ¢
_/ ( )ydy+_/( )ydy
2 y 2 y

0 0

15
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is

y,

t,


Y Y

. , .
/(e+t)812“ du £ 5/(6—@8”‘“ du

u
0 0

N | —

Now, we write the sign of € — t and

U

sin
du
U

0

this formula is bounded function of U. Therefore, by Lebesgue’s convergence theorem and

as
wher y goes to infinity underthe-intesral-sien

[e.o]

sin ey cos yt
Tdy -

0

bo | 3

5 The Riemann Zeta Function ((s)

5.1 Definition of ((s):

The Riemann zeta function defined by simple formula in two representations, the first

representation of ((s) by the Dirichlet series

o0

1 1 1 1
C(S)=F+§+§+ ..... :;E for s=o+it,o>1 (5.1)
) 1 1
If ¢>1and o >1, since |—|=|—| Then,
n ne
= |1 |1 = |1
S |E -S| <] <
n=1 n® n=1 ne n=1 n

Hence, it is uniformly converges. Moreover, the Riemann zeta function is analytic for

o> 1.

16
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5.2 The Euler Product:

Theorem 5.1. The second way of ((s) due to by Euler in 1779 defined by
1\
o -TI(1-5)

for s=o+41t , o> 1 where, this product is taken over every prime number

Proof. Suppose X > 2, let we have the function (x(s) we defined it as

1\ !

() =] (1 — —S> (5.2)
p<X p

with every factors on the right hand side, we can write the term by a geometric series

=1
=2

=0

such that every geometric series is convergent. Therefore, we can multiply term by term

and substitute the right hand side with this equation:

Cx(S) = H Z e L Zl—gjs (53)
x = P i P (P e D; )

such that p; < ps < ....... < p; and p; represents all the prime numbers up to X.

By the fundamental theorem of arithmetic (unique factorization of integers). We see

that every positive integer number n < X can be represented as

when the ¢,

Z%+Z% (5.4)

n<X n>X

where the ’ is stands for summation over those natural numbers (n greater than X') whose

primes divisors are all less than or equal X. We can provide an upper bound of this sum
as

/

DEEIRPONLER AE

n>X

17



1 w—oth |

X”+ —o+1|y

1 Xo-1 o
- < XO'—].
XU+0—1_0—1

The last formula provides an upper bound of the sum. Now, if we combine the definition

of the zeta function (x(s) and (5.2),(5.1),(5.4) we find that

x(s) =] (1 - ;)1 =3 ni +0(- = -X')

p<X

If X goes to +00 we obtain X!77 goes to +o00 as well. Since o > 1 and thus, we proved

that

]

Now, we present an important properties of Riemann zeta function and Analytic

continuation.

Theorem 5.2. The function ((s) — ﬁ extend to the right half plane for o > 0 and this

function is analytic when o > 0.
1
s—1
Firstly, we will prove f,(s) is convergent then we will find that f,(s) = {(s) —

Proof. consider f,(s) = ((s) —

1
s—1

By the equation 5.1 we have that

3

Then

n+1
1 1 1 1
‘fn(S)‘ = / (— — —) dx S Marp<g<n+1 e

:L-S

However, we know that



Hence, we have

n+1

S |S| / u_U_ldu S M i — ;
o \n° (n+1)

N Bl v ) _ sl
;‘fn(sﬂ = o Z (n" (n—i—l)”) o

n=1

1

1
ns xs

We obtain

Since, f,(s) is entire function.So, Y > | |f.(s)| is converges. In addition,) >~ |fn(s)]

is analytic function for o > 1.

By the equation 5.1 we get

Thus, for o >1  ((s) =>", fals) + s—1

1
T are analytic , we show that > 7 f.(s) +

s—1

18

1
Since, for ¢ > 0 f,(s) and
S p—

analytic continuation of the zeta function for ¢ > 0 with a simple pole at s = 1.

Theorem 5.3. suppose
s (S

§(s) =750 (5) ¢(s) (5.5)

such that £(s) is analytic continuation on the entire plane also ¢(s) satisfies

§(s) = &1 —s)

19



Proof. Using the definition of the zeta function and the gamma function. Since
S - S—-1_—x
(—) = x2 e Mdx (5.6)
2 0

C(s) = ni (5.7)

Appling (5.6) and (5.7) in (5.5) we find that

and

T

Consider that y = then z = ymn?

m™n?
5(5)=Z/ 9516”"2ydy:/ Y= P(y)dy
n=1"0 0

Now, we divide the integral as
1 S e S
£(s) = / vz~ (y)dy +/ Y2~ 1(y)dy
0 1

1
changing the variable y = -
then
1 (o]
&(s) = / w2 M (y)dy +/ y2 1 (y)dy
0 1

According to the corollary (4.1.2) we find that

1 1 . 1 * s
31 (-5 +ut + uw(u)dU) +/ vy (y)dy
1

M
©
I
»—\
8
:l
%)

]_ o S ]_ & S 1 o S > s
— _—/ u21du+—/ u22du+/ u21¢(u)du+/ y2 M (y)dy
2 1 2 0 0 1

1+ 1
s s—1

+/O ug‘lw(U)duﬂL/ y2 W (y)dy

1

assume that




1
K(s) is entire function. In addition, since — and

S s —
1+ 1
s s—1

T are analytic then, £(s) =

+ K (s) is analytic continuation of £(s)

6 Functional Equations and Analytic continuation

One of our aims in this dissertation is prove the functional equation of ((s). In this
section, we will give fourth different proofs of the functional equation. The proofs had

been taken from the references [4], [5] , [7] and [11]. One can see more methods in [11].

6.1 First Method

Theorem 6.1. The function ((s) is reqular for all value of s except s=1, where there is

a simple pole with residue 1, it satisfies the functional equation
s, s—1 .2 1
C(s) =2°n sin g s ['(1—s)C(1—s) (6.1)

Proof. We will prove this theorem depending on the summation formula
assume ¢(x) be function which has continuous Differetiable on [a,b] and [z] denotes

the greatest integer less than x by Euler summation formula we have

b

> otm) = [owdo+ [(@ - 4] = )0 (@do + (0= [d) - o) (62)

a<m<b o

with respect to (a,b] , this formula is clearly additive. It is enough to assume that

n<a<b<n+1. then

b b
1 1

/ (2= n— ) (@)dz = (b—n— 2)6(b) ~ (a—n —~ 1)o(a) - / oo)d  (63)

a a

C(s):s/mdabk%—l—l (6.4)
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We know the numerator  — [z] + 3 is bounded and when o > 0 the integral in (6.4) is
convergent and (this integral is uniformly convergent in any finite region to the right of
o=0).

Hence, for 0 > 0 , it defines analytic function of s regular. The right hand side gives
the analytic function ((s) up to ¢ = 0 and it is clear that a simple pole at s=1 with
residue 1 .

For 0 < o0 < 1 we have

and

By (6.4) we can write that, for 0 <o <1

C(s) = / [i;xdx (6.5)

We have seen the function (6.4) provides the analytic continuation for o > —1

If f(z) =[z] —2+ 3 fl(-T):ff(?/)dy

n+1
Since, [ f(y)dy =0 V ninteger ,then fi(x) is also bounded. Thus,

T2 T2

f(z) fil=)]™ fi(x)
/ e = | v [ 2 (6.6)
1
which goes to zero as r; — oo and xy — 00
If 0 > —1, hence the integral (6.4) is convergent also,
[l =}
s/ e for(c <0) (6.7)
0
Therefore,
C(S):s/% de for—1<0<0 (6.8)

0

The function [z] — 2 + 5 has a Fourier series expansion
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1 . sin 2naw
] — 2+ 5= Z o (6.9)

n=1

If x is not integer, we will substitute the series (6.9) in equation (6.8) Then we get:

S w1 [ sin2nzn
C(s) = ;Z;g/ sl
n= 0
s (2nm)? oosiny
_; — n /ys+1
- 0
C(s) = 2(2nm)*~T(—s)sin sm¢(1 — s) (6.10)

™

This permitted for —1 < o < 0, but, for ¢ < 0 the right hand side is analytic for all
value of s. Therefore, it gives the analytic continuation (not just for —1 < o < 0), this
mean it provides the analytic continuation all over the plane.

Hence, it is enough to prove

A—00 s+l
n=1

) =1 OOsin 2nmx
hmzﬁ/—dmzo (-1 <0 <0)
A
to justify the term-wise integration.
Since, the series in (6.9) is bounded convergent, the term wise integration is absolutely

justified over any finite range. Then

o0 [e.e]

sin 2nxm —cos2nmx | s+1 cos 2nmx
pe 2nm () |, P

T
2nm

1 1 T da 1
:O(m>+0 E/W :0<m)
A
Thus -
lim 1 sin 2nrwx dr — 0
A—00 n s+l
n= A

as result of (6.4) we obtain

1 —z+1 1
iii%(qs)_s—l):/mx—fﬂdx—i_g




UNDER PEER REVIEW

= lim [x]x; Ldr+1
1
_ m+1
n—1 dx
= lim m P logn+1
m=1 m
n—1 1
= 113;10 Zﬁ-l—l—logn:v
m=1
Thus, we get
((s) = —= +7+Ols ~ 1)
(near s=1)
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Note:

We can write the function (6.1) as different ways, if we change s into 1 — s we obtain

that

(1 —s5) =275 cos% st I(s)C(s) (6.11)
It could be written
((s) = x(s)¢(1 =) (6.12)
where o
1 I'(5 —5s
x(s) =201 sin= 27 ['(1 — 5) = 7° 2 (I‘Q(%si )
and

X(s)x(1—s) =

£(6) = ol =1 7T (35 €09

it is exactly proved from (6.11) and (6.12) that

§(s) = &1 —s)

1
ifs:§+iz and z € C

Fanetion

(1-2)(s) = Y0 0T

n=1

For Re(s) > 0, the Diriclet series is convergent. By—the—zero-of-otherfactor—the—pole-of

Ri : . 1 Hed-

Hardy’s proof: one can see the proof in reference [11]

25







6.2 Second Method

C(s):—/ o de  for o>1

Proof. to prove this formula, we have

[e.e]

['(s) :/xs_le_“ dx

0

if we replace the variable x = nx , we obtain

f: Fr(;) — io: /$‘S_16_n$ dr
n=1

n=1 0

:/ [Ze‘"m] Y dr for o>1
0

n=1

Since,

n=1 n=1

Z / e dy gi]ox” e d ZF()

this is definite convergent for ¢ > 1 Hence
SO
n=1 0

-)
o3 [

LCS_l

Py dx

w 1
_ s
27 dr = dx
et —1
0
e

—_

n—

By the definition of ((s) we find that

er —

T(s)¢(s) :7 xs_ll dz

Now, we assume the complex integral

s—1
I(s):/;_l dz

26

(6.13)

(6.14)

(6.15)

(6.16)





such that the contour C containing of the positive real axis from oo to p for 0 < p < 27,

the circle |z| = p and the positive real axis from p to oo then, on the circle |z| = p |
’Zsfl| _ |€(371) log z| _ ‘e((ofl)+it)(log|z\7i arg z)’

_ 6(0—1)log|z|—t arg z

< |Z|U—1627r\t|
le* — 1| > A|z]

Therefore, the integral round this circle goes to 0 as p — 0 for o > 1

Hence on letting p — 0 , we obtain

% s—1 ® 2mi\s—1
I(s):—/x dx—l—/%dx
0 0

et —1

= —I'(s)¢(s) + ™ T(s)((s)

= T(s)((s)(e*™ — 1)

by using the result
T

L)1 —s) =

sinms

2mis
<(s) 271 ¢

- 1“(1 _ S) em's _ 6—7ris

— C(S) 211 ewis

I'1—s)

() = C L =) / -

271 er —1

Hence,

c

This integral is convergent in any finite region of the s-plane. Therefore, it defines an
entire function. The zeta function defines as a meromorphic function over the whole
plane.The poles of I'(1 — s) are merely possible poles. On other words,s = 1,2,3,..... We
see that ((s) is regular for all values of s except s = 1. Thus, the only possible pole is at

s=1
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+ .

dz 1
I(1) = = 2mi 'l —s)=-—
(1) /ez—l i and I'(1 — s) T

c

Therefore, the residue of ((s) at the poleis 1 ,if s € N and since

2 1 22 23
such that (By, Bs...Bernoulli numbers).
1 (—=1)"Bm
Th — = ((=2m) = 1—2m) = 2M
en, ¢(0) = 5, C(~2m) =0, (1 —2m) = "L
such that m = 1,2, 3, ..
(2n + 1)(=1 +1) (2n + 1)m(1 + )
Ch

(A
Y
\ -/ 2n

Y

—(2n+1)m(1 +1) 2n+ 1)m(1 —1)

s—1
dz take the integral along the contour C), as in the diagram,

Let the integral [ :
e* —

There is the integral between C and ), which has poles at the points +2im, ....., £2inm the
residue at —2mir is (2mme2’™)*! and the residue at 2mir is (2mme2'™). taking together
(2mmez™)* ! 4 (2mme2m)s!

s—1 _im(s—1) 1
= (2mm)* e 2 cos §7r(s - 1)
= —2(2mn)* e sin §7T(s —1)

By theorem of residue we have

s—1 ) 1 n
I(s) = / ef — 1dz + 4me'™ sin 7S Z(?mw)s_l
m=1
Ch
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Now,consider ¢ > 0 and n goes to infinity, on the contours C,,, the function

bounded.
12°7H = O(|2]")

Therefore, the integral round C), goes to zero and we get

< ITS 1 = s—1
I(s)=4mie™sin 57s Zl(Qmﬂ)

- 1
= 4mie’™" sin 5(27r)3_1F(1 —3)

* When Re(s) < 0 and therefore by analytic continuation for Vs

F(f>F(S+1) VT hs)

2 5 ) T 21

Since we have

Changing the variables from s to 1 — s we obtain that

() () =t

Then

Using this result

Therefore, we have

Hence

29
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6.3 Third Method

In this method we will prove this equation by the Gamma function

73T (%) C(s) = n— 31T (1 5 S) C(1—s)

The relationship between Gamma and Riemann

[(s) = /tSIet dt
0

We will replace from s to 5
S

——1
F(%) :/t2 et dt
0
If t = mn’z and dt = mn?dz ,Then

o0

r <§> = /(Wn%);le”"%ﬂnzdx

0

o
r (g) = /W;nsxge_m% dx
0
oo

72l s i = [ 28 te™* gy
2/ ns
0
We add sum to obtain the zeta function

iﬂ_gf (g) % = i/xé_le_’mzw dx
0

Hence,
o0
S > 1 > 2
_ 3 s —
7T2F<§)E —s:/w21 e ™" dx
n=1 n 0 n=1
since,
o0
1
((s) = v
n=1
Hence,
S T it
_S s _ _ 2
T 2F<§):/x2 ! E e ™ dx
0 n=1

30
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Now,we write

and
O(z) = Ze S S
nez
=142 w(x)
/333_1 Ze‘”"% dr = /azg_lw(m)daz
0 n=1 0
o0 [ee) 1
/xi—lw(x) dr = /IL’2_1’LU($) dr + [ 22 'w(z) do
0 1 0
1 1
= — 0 —_
or

it follows that
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Now
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 variable,


6.4 Fourth Method

This method depend on self-reciprocal function. If ¢ > 1 could be written

1 o]
1 1 1 x5!
I'(s) = sl 1
C(s)T(s) D/(w—l a)x dx+5_1+/?$_fm (6.19)
0 0

holds.
For o greater than zero and analytic continuation (4.6.1) is held. Moreover, if 0 < o < 1

1 7 s—1
S / T e (6.20)

we apply(6.20) in (6.19) , Hence we obtain that

then

C(s)['(s) = /1 ( Lo~ 1) ¥ dw for0<o<1 (6.21)

et—1 =x
0

1 1
V@) 1 xy/(27)

flz) = () f(y)sinzy dy
[

Therefore, letting x = €4/(27) in (6.21)

The function f(x) = is self-reciprocal for transforms

3

C(s)I( m)2° | fle)e e [ fy)siney dy
i [ |

let we invert the integration, then

o0

f(y) dy/es_l sin ey de

0

[\
N]]
')
+
ol
N
ol
[
|
ol
0\8

Pute=u
oo

fy )dy/ “tsinu du

0

()
(SIS
V)
+
(SIS
3
(SIS
i
(SIS
o
\8

™

)2 cos smsI'(1 — s)

Il
[\
Nl
w
+
=

r2s %(27r) 7F(1—s)§(1—s

Now we-justify—the-investigationswe know that the integral [ f(y)siney dy is uniformly
0

convergent when 0 < § < e < A and it is enough to prove this function equalsto zero.
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holds.

s


00 8 00
. s—1 _: —
6_>0111£1_>00/f(y) dy (/+/> e siney de =0
0o A

5
/681 siney de = /O(GSlﬁy)dE = O0(67y)
0

o

Furthermore, we have

Since,

as y tend to zero and O(y~!) as y tend to infinity, we get that

-

0

) 1 1 .
[ sy [ sineyae= [ o6+ [ o6+ i+ [ 0wy
0 : / )

0
5

=0() =0
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7 Generalization of ((s)

7.1 The Dirichlet L-Function

[16] There are many various ways in which the zeta function has been generalized. We
will introduce one of these generalizations. In this section,we will give the definition of
the Dirichlet L-Function, Analytic continuation of L(s,y) and the functional equation of
L(s,x). Most of information taken from the references [7] and [16].

The function L(s, x) was introduced by Dirichlet in 1837 , it defined as

L(s,x) = Z x(n)

nS

n=1
This function is a holomorphic function for the real part of a complex variable s greater

than 1. Moreover, the L-function can be written as an Euler’s product for ((s)

Lis.v) =[] (1 - X}gf)>1 (7.1)

For Re(s) > 1
The proof of (7.1) is precisely the same proof of theorem (5.1)

Assume x(n) = x1(n) where x1(n) is principal character modulo ¢ and if

1 if (4,n) =1 (7.2)
xi(n) =
0 if (¢,n) > 1 (7.3)

For the real part Re(s) > 1, the L(s, x) connected with a character x modulo ell

p

Applying (7.2) in (7.1) we have that

By this relation



We obtain that

L) =<)L (1- )

pS
pl¢

The different between L(s, y1) and ((s) merely by a simple factor.

7.2 Analytic continuation of L(s, ;) for Re(s) >0
By following next lemma , the analytic continuation is obtained

Lemma 7.1. Assume

=> x(n)

n<x

such that x(n) is non principal character modulo £.Then, for Re(s) greater than zero we

= 8/5(56):6516156
1

we use Abel summation (partial summation)

have that

Proof. Suppose Re(s) > 1 and N > 1

taking derivative of (z~%)

=1+ S/C(x)l‘_s_l +c¢(N) N~?
1
Such that ¢(x) = S(xz) — 1 and = > |c¢(x)]|, let N goes to infinity we get that

SX—1—|—8/C v 5 Ny
1

o

=1+ s/(S(x) — 1z~ dw

1
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o0

=5 / S(z)z~* tdx
1
The lemma is proved.

Corollary 7.1.1.

L(s,x)=s 75($)x31d:c

gives an analytic continuation of L-function L(s,x) for Re(s) > 0

7.3 Functional equation for L(s, )

Theorem 7.2. Assume
0 ifx(=1)=1 (7.4)
1 ifx(=1)=—1 (7.5)

such that x is primitive character modulo k

The function (§,x) defined as

€050 = (k)92 (10 £

Then, we have the identity
i'Vk
9(x)

6(1 - S?Y) - 6(87X)

before prove this theorem, we present an important Lemma for this theorem

Lemma 7.3. ([7] Lemma 4.2)

Suppose that x is primitive character modulo k, if x is even character define 0(t, x)

by setting
O(r,x) = Z x(n) exp(—mmn*/k)  ,7>0
if x is an odd character defined

01(7,x) = Z nx(n) exp(—7mn®/k) 7 >0

n=—oo

These functions 0(t, x) and 01(T, x) satisfy the following functional equations

9(x) 0(,x) = VEr10(r7',X)

37



9(X) 01(7.x) = VET30(771,X) (7.9)
where g(x) is Gauss sum

k
Z exp(2mia/k)
a=1

Proof. the theorem (7.1)

Firstly, let x is an even character as in (7.4), then

/2 ks/2F (s,%x) / s/2-1 (ZX exp( 7r7'n2/k‘)d7'> (7.10)

0

Using lemma (7.6) we have that

ZX ) exp(—mTn?/k) = %9(7’, X) (7.11)

Applying (7.11) in (7.10), we obtain that

o0

—s/2 ps/2p (S :1 s/2—1
IT E*<T (2> L(s,x) 5 /7’ O(r,x) dr

0

Dividing the integral into two parts, changing the variable from 7 to 7!, consequently,

we have
—s/2 1.5/2 1 5/2 1 1 —s/2—1 -1
I1 k F<2 25 0(T,x) dT—|—2 T O(t7,x) dr
1 1
1T 1 VE T
~2 / /271 (7, x) a_g / ~O(nx) dr (7.12)
1 1

Therefore, (7.12) gives an analytic continuation of L-function L(s, x) onto the whole
s-plane. L(s,x) is regular because I < > # 0
Using the fact

9(x)9(X) = 9(x)g(x) = k

Since, x(—1) = 1 we show that if we changed the variables s by 1 —s and x by . The
k
Right hand side of (7.12) multiplied by%. this provide us the theorem in(7.4) when
giX
0 =0.

Now, let x is odd character x(—1) = —1, by (7.7) in lemma (7.3) we have that

[[-5+1/2 ps+l/2p (3 + 1)

/n exp(—mTn®/k)r2" 2dr
0
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Multiplying both of sides by > 7 | x(n) as a result,for Re(s) greater than 1

1 & [
qms /2 st/ (—S;r ) ZX(H)/N_S = /7’2_5 ZX(H) n exp(—nn’/k)dr
n=1 0 n=1

1 1
e o (1) g -

Dividing the integral into two parts

T s_ 1 1 Z\/E T
O1(r,x) T2 2dT + = —_/9 T,x) 72 7.13
1/1< ) 2 o | 40 (7.13)

Therefore, (7.13) provide us an analytic continuation of L(s, x) onto the whole s-plane.
Then, the L(s, x) is regular. Moreover,if s is changed byl — s and x by X, the Right hand
NV k
side of (7.13) is multiplied by i

9(x)’
Using the fact

gx)9(x) = —k

Hence, this give us the theorem in(7.2) O

8 The Zeros of ((s)

According the theory of the Riemann zeta function, the critical strip is the region 0 <
o < 1 of the complex plane. The critical line is the line ¢ = 1/2. The trivial zeros of
the Riemann zeta function is the real zero of ((s) at —2, —4, —6, ..., —2n.. the negative
even numbers. The non trivial zeros are the complex of ((s). This section will gives

the theorems of trivial and non trivial zeros. Hewever—before—that—it—will-bestate—a

- Note that by the
references [13] and [14] we found these results. One can see (chapter 7 in [14]) for more

details.

Theorem 8.1. ([14] Theorem 1.3)
The function T'(s) initially defined for Re(s) > 0 has an analytic continuation to
a meromorphic function on C whose only singularities are simple poles at the negative

integers.
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Lemma 8.2. the function 1/I(s) is an entire function of s in C with simple zeros, such

that s are negative even integer and this function has zeros nowhere else.

Theorem 8.3. (Trivial zeros)
The only zeros of the zeta function outside of the critical strip are the negative even

integers.

Proof. From the third method of the functional equation we see that

72T (%s) ((s) =T 21T (1 ; S) ¢(1—s)

and the fact that {(s) has no zero when s > 1, also with the fact I'(s) has no zero. Hence,

((1—s) can only be zero when I'(1—s/2) has a simple pole at s = —2, —4, —6, ...., —2n...We
find that when 1 — s/2 is negative even integer.Therefore, when 1 — s is negative even

integer. It follows that for s < 0 the ((s) can be only zero if s = —2, —4, —6, ...., —2n..

Theorem 8.4. (Non Trivial zeros)
The zeta function has merely zeros at s = —2,—4,—6,... — 2n,.. and the complex
numbers X\, that lie in the critical strip (0 < Re(s) < 1). Moreover, on the critical strip

the zeros are situated symmetrically respecting the lines Im(s) equal to zero to Re(s) equal

to 1/2.

Proof. Firstly, we will Define the Mdbius function u(s) as

;

1 fn=1

pu(s) = (—1)* if n = pi...pe and p;....p, are distinct primes

0 Otherwise

\

The relation between this function and Euler Product is
1 1 >
— = 1—— | = wn)n—?
- (1-5) =m0

Hence
n+1

<i/%dm+1
n=1

n

<

> uln)n

)
>
n=1

@
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ool o+l |o©
:/—da;+1: i
x° —o+ 1|,
1

=o/o—1

From the inequality , we prove the zeta function has no zero when Re(s) greater than 1.
Also, for Re(s) less than zero and by the Riemann’s function equation,we obtained ((s)

has no zero. However, excepting the zero at s = —2, —4, —6, .... — 2n...

Theorem 8.5. The ((s) has no zero when Re(s) equal 1.
The proof of this theorem need some work with some theorems. We will state some

important lemmas. Furthermore, we present an essential theorems about zeros and poles.

Lemma 8.6. If the real part Re(s) greater than 1, we have that

7@8 o0
P Cn
log((s) = E e vy
4

n=1

Lemma 8.7. If ¢ in R, we have that
0<3+4cosp+cos2p
Lemma 8.8. If the real part Re(s) greater than 1 and let t € R then
0 < log|¢*(0)¢ (o + it)¢(o + 2it)|

Theorem 8.9. ([14] Theorem 1.1)
Suppose f be holomorphic in a connected open set £ such that it has a zero at sy € €2
and does not vanish identically in ) Then there exists a neighborhood U € ) of sy a

non-vanishing holomorphic function g on U, and a unique positive integer n such that
f(s) = (2= =)"g(s)
forall s e U

Theorem 8.10. ([14] Theorem 1.1)
If f has a pole at sq € €) then in a neighborhood of that point there exist a non-vanishing

holomorphic function h and a unique positive integer n such that

f(s) = (z = 20)"h(s)
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Proof. We will prove it by contradiction

let we have a point so = (1 + it) such that (1 + it) = 0 for ¢ # 0, we know that the
zeta function is holomorphic at the point (1 + it), it must disappear at least to order 1 at
(1 +4t), by theorem 1 there exist a constant C| it is greater than 0

Therefore,
(o +it)[*
Clo—1)4

<1 as o goestol
Likewise, by theorem (8.9) the zeta function has a simple pole at s = 1 and there exist a

constant C'| it is greater than 0 So

C(o)

——————— <1 asogoestol

C'(oc—1)3 —
At the end, since the zeta function is holomorphic at o+ 2it , |0+ 2it| is remains bounded
as o tend to 1

Hence,

lim [¢3(0)¢* (o + it)¢(o + 2it)| = 0

o—1
However, this is contradiction with Lemma(8.8). Since the logarithm of R between zero
and one is non positive. Thus,the zeta function has no zero on the real line Re(s) = 1.

]

8.1 Weierstrass product for ((s) and L(s, x)

Lemma 8.11. &(s) and £(s, x) are entire functions of order 1.

In order to understand and prove this lemma we need to review some theorems and

corollary.

Theorem 8.12. If £(s) is an entire function,then it satisfies that

§(s) =&(1—s) (8.1)

Theorem 8.13. Let G(s) is an entire function such that G(s) does not equal zero.The
set of zeros of G(s) is denoted by P, and the multiplicity of zero of G at X is denoted by
uA(G). Assume that

log max G(s)| <. (R+ 1)
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a


for¥e >0 and R > 0. Then
(i)
fs)= 1] ((1 _ ;) GS/A)UA(G)

AEPA>0

This product is uniformly convergent on every compact subset of the complex plane
therefore it determines an entire function f(s).
(i)
G(s) = s PDexp(As + b) f(s)

such that A and B are belong to C
(iii)
> u@)/AP

AEPA>0

This series is convergent.
(iv)
Z uA(G)/[A]

AEP,A>0

If this series is convergent. Then 3 ¢ > 0 ,c is absolutely constant. one has

log max |G(s)| <c(R+1)

Corollary 8.13.1.

N (o]
1 N1 AMu)du
&) =2 st +8/ et
n=1 N

Such that N belong to N and A = 1 — [u].

Theorem 8.14. (Stirling formula)

(1)

s—1

log T(s) = (

such that & greater than 0 and args between o — 7 and m — §.The constant O-big depend

) logs — s + logV/2m 4+ O(|s| ™))

on 9.

(2)

o0

log T(s) = (S_l)logs—s—i—log \/%+/M du

2 U+ s

0
such that X = 5 — [u].
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Proof. According to the theorem (8.12) we have that £(s) = £(1 — s), it will suffices to
prove [¢(s)| for Re(s) > 3

By the corollary (8.3.1), when Re(s) >
|s(s — 1)| = O(|s?|) we have that

and N = 1 and since |((s)| = O(|s]) and

1
2

¢(s)s(s — 1) = O(Is”])
Moreover, By the theorem (8.3) obviously that
[D(s)| < exp (Cls| logls|) [¢(s)] < (C]s])

and

72| < exp (Cls))
Then,

€(5) = ga(s — Dm0 (5) ¢(s) (8.2

The order of this function at most 1. However, when s goes to 400 i.e. s > 1 one has
log T'(s) ~ s logs i.e. log &(s) ~ s logs

Therefore, the £(s) is a function of order 1. (s, x) has similar steps to prove it and if

we use the theorem (7.1), we obtain that £(s, x) is a function of order 1 as well. O

* By using the lemma and the notice that s — 400

S(s) = e” 1, &ls,x)| = e”

such that the constant ¢ > 0 and it arbitrary large however, fixed.
Applying the theorem (8.3) to follow that each of the functions £(s) and £(s, x) could

be represented as
§(s) =] (1 - Ai) e*/An (8.3)

where A and B are constant and the series Y >~ |\,|717¢ convergent for Ve > 0 and the
series Y > |\,|7! divergent. The product of (8.3) has infinity many factors, therefore
&(s) and &(s, x) have infinity several zeros;+. We can see as a simple argument, when

the A, lie in 0 < 0 < 1 where s = o 4 it. In other words, if we take the function £(s).
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Then,


According to (8.1),(8.2), it is enough to see that £(s) # 0 when ¢ > 1. We can show that

iweprove ((s) # 0 when o > 1.
By the theorem (4.1) and when ¢ > 1 such that s = o + it, we have that

1 = nu(n) = du
= < — <1 —
n=1 n=1 1
u-ot | 1 o
* —o+1}; + o—1 o—1
Since
1 o
IC(s)]  o—1
Hence
oc—1
) >

The function £(s, x) has the same proof. By (8.1), it easy to show that £(0) does not
equal 0 and £(1) does not equal 0 as well. Since, I'(s/2) # 0. Therefore, all of zeros of
the function (8.3) are zeros of the zeta function ((s), for £(s, x) the-same-hold. Note that

the last subsection taken from the reference [5] and [7].

8.2 Theorems relating to the zeros of ((s)

This section will gives the consequence of the functional equation.It studies with the
logarithmic derivative ('(s)/((s) to know the poles and zeros of the Riemann zeta function.
Moreover, it focuses on the zeros for ¢ > 1 where s = o 4 it there are no zero . By (6.20)
in third method ,the zeros of the Riemann zeta function in ¢ > 0 are simple zeros at

—2,—4,—6, .....,2n, ... Most of results had been taken from the references [7] and [8].
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8.2.1 Results of the functional equation for the Riemann zeta function ((s)

[7] Since,
£(s) = ga(s — Vw30 () ¢ts) (8.4
and

§(s) =&(1 =) (8.5)

such that s = o 4 it also, as before can be written as

£(s) = AP0 ﬁ (1 - Ain)sm (8.6)

n=1

Therefore, we obtain that

)= 35— D LT (3) ey =€ =+ T <1 . r)/

By analytic continuation of ((s),the ((s) can represent as

N
1 NY o1 AMu)du
TS SR ER Py A1

n®  s—1
1

For ¢ > Oand N equal 1 we find that

1 1 r AMu)du
+s )
1

Multiplying the right hand side and the left hand side by (s-1), then take limit when s

tend to 1, we get

and
imes) = 5[ (5) =5

From the equation (8.5) we have that

Since, the inverse of I'(s) has expansion

) = s e ] (142) e

n=1
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1
Consequently, lim, o sI'(s) = 1 e = £(0) = —¢(0) = 5 then we can say that ((0) =

1
) Hence,we obtain

and

Now, for 0 > 1, we get

This demonstrated that ((s) # 0 for all real positive s. Therefore, the A, in (8.6) is
complex.It means that,the zeros of ((s) is also the zero of £(s),are does not belong to R.

Besides of the A,, the zeta function ¢ has another zeros by

1—s

3T (%) C(s) =92 ( ; ) C(1—s)

Since s = o +it, if Re(s) = o less than zero then, Re(1 — s) greater than one.
7~ (1=9/2 T (122) ((1 — s) does not vanish, However,I (%) has poles at g = —n such

that n = 1,2,3,4,........ . The zeta function ((s) vanishes when s = —2n such that

=1 (5 ¢(s) = — 514 )
n 2l <2> ¢(s) Y +1/(s + w(x)dx
such that w(z) = 3 e ™% and
§(s) =¢&(1 =)
It follow that
£(s) =€(3)



Theorem 8.15. The Riemann zeta function satisfies that

CC’(f;:g<sj2n_%)+g(szn—%n)—Si1+c (8.7)

such that c is constant and X\, runs through all of the complex zeros of the zeta function.

Corollary 8.15.1. The number of A\, where X, is the zeros of ((s) such that T <
|[ImA,| < T + 1 less than ¢ log T. By the O(logT),the A, in the region 0 < Re(s) < 1

and T < Im(s) <T +1 is bounded.

Corollary 8.15.2. For T greater than or equal 2 then we have that

O(logT') = Z %

T _

Theorem 8.16. assume T greater than or equal 2 and let N\, = B, + iy, such that

n=1,2,3,4,..... it’s complex zeros of the zeta function hence,

<clogT
Zl+T'yn c log

n=1

Theorem 8.17. Let —1 <o where s = o + it then,

<2
(5) i ! + O(log|t| + 2)
C(s) s — )\n -1

n=1

Proof. m = |t| + 2 and for —1 < ¢ < 2 where s = o + it we have that
= 1 1 1 1 ||

—— ]I < o — =0(!
Z(Qn—l—s Qn) _Z<n+n)+zn2 (log m)
n=1 nm nm
By the theorem (8.7) we have that

1 1 1
(s—)\n+)\_n_s—1)+0l0g<m>

Subtracting the same equality when s = 2 + it

= 1 1
Z(s—)\n_2+it—)\n)+0l09<m)

n=1

Ialba:
==
I
|M8

n=1

Then we have If |y, — t| > 1 hence, we obtain that

1 1

2 < 3
oF+it—A, 2+it—A\,

(=12 = (9 —1)?

<
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8.2.2 Results of the functional equation for L(s, )

The basic consequence focusing on the zeros of L-Function are similar to the zeros of the
zeta function.

If x even character we have that

1—s

VEk(nk™)=/?D (g) L(s,x) = (mk~)~0=9)/2p < 5 ) L(1—s,%)

By (7.1) we have

o= [T (1= 42) (3

e~ L0 57)] =2

[
<1+/—du:1—|—(u_”+1/—a+1):0/0—1
uO’
1

Then

Thus
L(s.0)l =0 —1/0
when Re(s) greater than 0,therefore that Re(1 — s) greater than or equal 1.We find
that the merely zeros of L-Function are pole of I'(s/2) at negative even integers.

If x an odd character then

VR ok 0 T (32 Ls0 = 900 (k)0 T (250) - s

As a result, when o < 0 such that s = o + it the zeros of L(s, x) are poles of I' (%)

at negative odd integers.Theses zeros called trivial zeros. By the last section we know

that L(s, x) has infinity many non trivial zeros.

8.2.3 The Theorem of de La Vallée-Poussin of ((s)

Theorem 8.18. The Riemann zeta function does not have any zeros in the region of the
s-plane and c is constant which is greater than zero,then we have that

B c
log(|t] + 2)
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Proof. Firstly, assume A\ = (8 + i7 is zero of the zeta function, hence v, < || such that

~v1 > 0 Since,

= Aln (s
3 (n)  d(s)

n® ¢(s)

such that Re(s) greater than one Then, we have

()5t

n=1

n=1

Since, ¢ € R then
3+ 4cos ¢+ cos2p = 2(1 + cos p)> > 0

(am)(aim) ()20 oo

for every terms on the left hand side in(8.8) we obtain an upper bound and by corollary

Thus

(8.15.1) we get that for s=c and 1 <o <2

1

At ()

¢(o)

such that A; is constant and it’s greater than zero. Using Theorem (8.15)

' 1
e (i((g—ig) ZRe (8 T ) + Ay log(Jt] +2)

such that A, is constant and it’s greater than zero. Since, A\, = By + it, B > 0

c—1>—

L _ 1 _0—bk 9
s Ao e Brritt— (0= ﬁk)2+(t W) >0
L B
e
Then
('(o +1it) oc—2
e (W) = (0= B+ (t—7)? + A log([t] + 2)

We substitute —o — /(o — 8)? + (t — 7)? by a weaker one. In addition, assume ¢ = 2t
then

('(o +it)
—R Ayl 2t 2
e( o1 i) < +Ay log(2|t] + 2)

Now, the terms on the left hand side in (8.8)are bounded. Hence, we obtain

)

-7)

w
—~

|
|

5+ Alog(t] +2) >0

20



such that A is greater than one and it is constant,for |t| > v, ¢ and ¢ when 1 < 0 < 2 we

have t = o

1
-1 -
? * 2Alog(7y) + 2

We have that
4

o—p

3
—— + Alog(|y| +2) >
oc—1

Finally, we get
1

<1-—
B o (h 1+ 2)

8.2.4 The Theorem of de La Vallée-Poussin of L(s, x)

Theorem:([7], Theorem 7.2.2) Let x be a complex character modulo k, and let s = o +
it. Then L(s, x) has no zeros in the region

c
Re(s)=02>1— ————
() - logk(|t] + 2)
If on the other hand, x is a real character modulo k, s = ¢ +it, then L(s, x) has no zeros
in the region

Re(s) =0 > ¢

- >0
- logk([t| + 2) g

9 Prime number theorem

demonstrates an
The last part of the-aimin this dissertation is-the application of the Riemann zeta function.
but

In this section, we will state the theorem of the prime numbers,si not prove it here.

the
However, one can find the proof in [7]. Then, we will briefly give the link between Fhe
Distribution ofrime numbers and the Riemann zeta function.

The prime number theorem can defined as

bla) ~a (9.1)

X
as x tend to infinity, such that the function ¢ (x) is Chebyshev’s function. It satisfies that

Y(@) =) An)

n<x

we will present an important theorem of formula (9.1)
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Theorem 9.1. Let x > 1, there exist c is absolutely constant and it is greater than zero

such that

W(r) = ZA(n) =z + O(z exp(—cy/log x))

n<x

9.1 The Connection between The Distribution of Prime Num-

bers and The Riemann Zeta Function ((s)

Let the m(x) is the number of prime. For ¢ > 1 such that s = ¢ + it we have that

1 —1
o=, (1-2)
(s) = 1L, p
Accordingly,

Aeeording the partial sum swe—get becomes,

log((s) = =) _log (1 - pl) (9.2)
- 7l0g (1 - Ii) d 7(z) = 777(33) d log (1 - xi) ~log (1 - xi) (@) |

- 7 ng)—ﬂl)

Hence, we find that
1

the formula (9.2) is most significant method to study the number of prime numbers 7(z).

But, the Chebyshev function (z) is more appropriate than 7(x) from analytic point of

view.
Since,
¢'(s) i A(n)
= . (9.3)
((s) = n
such that
log p if n = p™ for some prime
A(n) = ]
0 otherwise
Then,we can write
w(z) =) A(n)
n<x

To obtain (9.3), we find that

¢'(s)

: ANY
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Accordingly,

becomes,


All of series is uniformly convergent for o > 1 + ¢ such that ¢ is positive number

Now, we have that
[o.¢]

(s) = n

Taking the integral , then

R 7 o) d ()

From the definition of ¢ (x), we know that

¥(x) = O(alogr)

as z tend to infinity and ¢ (0) = 1 Hence,

¢(s) :wax) "

C(S) rstl

A similar

The-shimier role is played by L(s, x) we have that

Uz, x) = > An)x(n)

n<x
By definition of L-Function we have that

L'(s, x) :
- L(S,X) = (_lOgL(S’X))

and from the

shmder steps of (9.10) we obtain that
i A(n)x(n)

n
n=1

Therefore .

5]

1 [,
1
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A similar

and from the 
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10 Conclusion

analytic continuation of the zeta function, proved

We have demonstrated the mostiPOR-o1—the—7eta—funetion—as—its analytie-econtint-
ation—PEowe-the functional equation and intreduee—the-appleation e applion apph?atReﬂewmg—wh&t—wemns" i
have-already-presented—[HSISIOAGONIROGHOBACKEFo MO T oFofas oo
e AR RS ORI RIGHANER - \ dditionally, we have proved
some of interesting properties of the zeta function. For example,

(i) The function ((s) — [1/(s — 1)] extend to the right half plane for ¢ > 0 and this
function is analytic when o > 0.

(ii) let &(s) = 72T (£) ¢(s) such that £(s) is analytic continuation on the entire plane
also £(s) satisfies £(s) = £(1 — s).

Then, we have proved the functional equation by fourth methods and- ety R

first

important—in—this-dissertation. The fist method we hawve proved this—theerem dependson

the summation formula. The function ((s) is reqular for all value of s except s=1, where

there is a simple pole with residue 1, it satisfies the functional equation
s,_s—1 .2 1
C(s) =2°n smiswl“(l—s)C(l—s)

The second methods, we-have proved The fundamental formula by using the theorem of
residue and contour integration, one can see more detail in [13] The third method, we

relation

hawve proved this egquation by the gamma function

o (g ) o =w i (5 ) e

The last method depend on self-reciprocal function Gi@#we-have-preved-by using Fourier
transform functions. Then, we have introduced the Dirichlet L-Function. H-isnetice that

it—has-stmilar—the-C(s)results: Moreover, we have shown the zeros of ((s) particularly,

trivial zeros, non trivial zeros and the ((s) has no zero when Re(s) > 1. We have given a

briefly discussion of the connection between the prime numbers and the zeta function.
Following this dissertation the Riemann zeta function and its analytic continuation has
these related to

many other partslremam to be studied. One of @8 parts is tedeek the famous Riemann

Hypothesis. Another parts is tedeek-at Convexity and the Riemann zeta function.
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analytic continuation of the zeta function, proved 

introduced their applications.
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